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1. Introduction

Consider an operator A with continuous negative definite symbol. Our aim is
to find out when (—A, H;b, 2) with zero Neumann boundary condition generates
an L,-sub-Markovian semigroup, and whether it is possible to characterize the
process on the boundary. Here A is an operator with continuous negative def-
inite symbol ¥ (§), € € R", and H;fjf = HgQ(R”)mi, where R} = {(z,z,) :
¥’ € Rz, > 0}, is the restriction to the half-space of the 1)-Bessel potential
space, see the definitions below. This problem is well known for the diffusion
and stable processes, we refer to, for example, [1] and [6]. In this paper we will
try to solve the more general problem.

To check whether an operator is the generator of a strongly continuous
contraction semigroup we apply the Hille-Yosida theorem. The first problem
which we need to overcome is to show the solvability of the boundary value

problem
A+Au=g, geL,R}), (1.1)

with some boundary conditions, which in turn depends on the existence of the
trace of HY?(R") on the boundary R"~!. Therefore first we need show that we
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are allowed to pose such boundary value problem and that the solution to (1.1)
exists. For this we need some notions on the spaces of generalized smoothness,
associated with the function 1. For such functions of special "locality” type it
is possible to show that (1.1) can be posed and it is uniquely solvable.

In case p = 2 it is known (see [6], or [20]) that if the Dirichlet form associated
with operator —A is regular (which is true in our situation) we can associate
with (—A, H;j f) a Markov process. We would like to characterize the associated
process on the boundary. It can be characterized as the time changed process
with respect to the right inverse of the additive functional, which is in the
Revuz correspondence with the measure on the boundary. In [12] it was done
for subordinated reflected diffusion for the case when the subordinator is an
a-stable process. We show that for some generators it is possible to describe
the time-changed process in terms of the symbol of the generator of the initial
process, and, moreover, to get more simple description of the trace of the domain
of this generator on R"!,

Further we consider a pseudo-differential operator ¢(x,D) defined for
u e C3°(R™):

n

o(x, Dyu(z) := (2m)3 / ¢ g(z, €)0(E) d

where ¢ : R" x R" — C is a locally bounded function such that for every x € R”
the function ¢(z,-) : R™ — C is continuous and negative definite.

Under some conditions on the symbol ¢(x, §) it is possible to specify the do-
main D(q(z, D)) of the operator ¢(z, D) in L,(R"), and (—q(x, D), D(q(z, D)))
generates an L,-sub-Markovian semigroup. This problem was solved for p = 2,
see [8, 9], also [11] and the reference therein. In general case, 1 < p < o0,
the methods which are applicable when p = 2 do not work, we need stronger
estimates on the symbol, i.e., we need to work with symbol classes a bit differ-
ent from those introduced by W. Hoh, see [8] and [9]. We require a different
technique to prove that there exists the unique solution u € D(q(x, D)) to the
equation

(A+q(z,D))u(zx) = g(x) for all g € L,(R"). (1.2)

Working with the symbol classes introduced in [2], it is possible to obtain the
necessary estimates for ¢(x, D) and for the symbol ¢*(z, &) of the adjoint oper-
ator ¢*(x, D). Then applying the Fredholm principle we can show that (1.2) is
uniquely solvable and the solution belongs to D(q(z, D)).

Finally, we show that it is also possible to pose the boundary-value prob-
lem (1.1) for some pseudo-differential operators g¢(z, D). We prove that if
(—q(z, D), D(q(x,D))) is a generator of an L,-sub-Markovian semigroup on
L,(R™), then under certain conditions on the symbol ¢(z,§) the operator
(—q(x, D), D(q(x, D))|r7 ) generates an L,-sub-Markovian semigroup on L, (R} ).
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2. Basic settings

We start with some notions and results on the spaces of generalized smoothness.
The definitions below are taken from [2], see also [3].

Definition 2.1. A sequence v = (7;)en, of positive real numbers is called

i) almost increasing if there exists dy > 0 such that dyy; < v, for all j, k
such that 0 < j < k;

ii) strongly increasing if it is almost increasing and in addition there exists a
natural number k¢ such that

27; <, forall jand k and j + ko < k;
iii) of bounded growth if there are positive constants d; and Jy € Ny such that

Vir1 < dyy; for all 7 > Jo.

Let (0)jen, be a sequence which satisfies for some dy, d; > 0 the inequality
doO'j < Oj+1 < le'j for all] e N. (21)

This means that both (0;),en, and (aj_l)jeNO are of bounded growth. We will
call the sequences which satisfy (2.1) the admissible sequences.

For a fixed strongly increasing sequence N = (N;);en, and a fixed J € N
we define the associated covering QN = (Q") ey, of R" by

QNI — EER™:  [§] < Nyt when j =0,1,..., kg — 1
! E€R": Nj_j < €] < Njijn,, when j=Jrg, Jrg+1,....

Further, let ®Y7 be a collection of all function systems ™7 = (©27);cy, such

that ’
i) goj-v"] € C3°(R™), gojv‘](f) >0 for all £ € R, for any j € Ny;
ii) supp gpﬁv"] C Q;-V’J;
iii) for any v € Nj there exists ¢, > 0 such that for all j € Ny

DN (€)] < ey (1 + €[2)""3 for all € € R™

iv) there exists a constant ¢, > 0 such that

0< Z(pjv‘]({) =c, <oo forall {eR"
=0
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Definition 2.2. Let N = (NN;) ey, be a strongly increasing sequence, J € N,
and let (goj-v"])jeNj € ®M/ and (0;);en, be an admissible sequence.

i) Let 1 < p < 00, 1 < ¢ < oco. Then the Besov space of generalized
smoothness is

o, n\ __ . . N,J
Bp,éV(R )—{U €s: ||U||Bg;év([gn)—||(‘7j90j (D)u)jeNolllq(Lp)< OO} (2.2)

i) Let 1 < p < 00,1 < g < oo. Then the Triebel-Lizorkin space of general-
ized smoothness is

o n N,J
FeN (R ={u € 8" lull g oy = [|(050) (D)w)jena |, 0,y < 00} (2:3)

The spaces (2.2) and (2.3) are the generalizations (due to the standardization
theorem) of those introduced by Kaljabin [14, 15]; they are equivalent (to the
spaces from [14, 15]) if o is strongly increasing and of bounded growth, see [3]
for details. As an example, we note, that the sequence (2°%);>¢, s > 0, is almost
strongly increasing and of bounded growth.

We will need theorems on the existence of the trace space of F7.N(R")
and BJY(R™) on some domain G C R™ with smooth boundary dG, and the
existence of continuous restriction and extension (i.e., the retraction and the
coretraction) to this trace space.

Define (see [15], also [22]) B3N (G) as the space of functions from B3N (R™),
restricted to G, i.e.,

BIN(G) = {u: there exists g € BE" (R"), glc = u},

with the norm

HUHB;{(}N(G) = inf ||9||Bg;1N(Rn)-

N
g€Bp; (R™), glg=u

Analogously one can define the space F3N(G).

Suppose that (3;);en, is a strongly increasing sequence of bounded growth,
and let 1 < m < n be an integer. Denote

o = iN; " (2.4)
Theorem 2.3 ([16, Theorem 5.1]). The condition (a;')jen, € ly is necessary
and sufficient for the existence of retraction from FJ:N(R™) to BN (R™) with
the corresponding coretraction.

For the next statement we refer to [15, Theorem 1 and Lemma 1] and [16,
Lemma 7.2].
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Theorem 2.4. Let G C R™, OG be smooth. There exists the coretraction from
FPN(G) to F2N(R™).

Note that the restriction can be defined in the natural way: Reu(z) = u’G,
and it is continuous:

IReull gy < cllull g eny
which follows from the definition of the norm in F/:N(G).

Definition 2.5. Let A be the class of all non-negative C*°-functions a : R® — R
with the following properties:
A limgoo a(§) = 00;
B. a(§) is almost increasing in ||, i.e., there exist constants o > 1 and R > 0
such that a(§) < dpa(n) if R < [¢| < |nl;
C. there exists m > 0 such that a(£)[{]™™ is almost decreasing in [£], i.e.,
there exists a constant d,,, 0 < d,, <1, and R > 0 such that

a()[E[™™ = dmal(n)|n|™"™, R <[] < nl;

D. for every multi-index a = (ay,..., ), a; € NU{0}, ¢ = 1,...,n, there
exists some ¢, > 0 such that

|

a _lol .
|D%a(é)] < caa(§)(1+[E)7=, if[¢] > R.
The functions from A are called admissible functions.

Later on we will need condition
E. there exists 7 € [0,1) such that the function & — a(&)(1 + |£]?)72 is
increasing in |¢].
It was proved in [3] that for an admissible function a(€) the sequence N* =
(N]‘-l)jeNO, where

Ni = sup{\f] cag) < 22j}, j € Ny, (2.5)

is strongly increasing, see Lemma 3.1.17 from [3]. Note that the definition of
the strongly increasing sequence by (2.5) does not require the radial symmetry
of the symbol.

Let ¥ be a real-valued continuous negative definite function with represen-
tation

6@ = [ (- conle-y)wids).
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where v(dy) is a Lévy measure which satisfies [p. (1 Aly[*) v(dy) < oo, and
consider the generalized 1-Bessel potential space

Hpo R = {ue S®Y : [FH((1+v(E)ia@), < o},

where s > 0, 1 < p < co. We refer to [4] or [11] for more details about such
spaces.

Suppose in addition that v is an admissible function, and let N¥ = = (V; ¢) >0
be the strongly increasing sequence associated with . Then the spaces H s (R)
and F, oY (R™) coincide, 0° = (27%)en,, see [3] for details. We use the notatlon
HY* for H}»*(R"™) when it is clear which space is meant.

Let A be an operator with a continuous negative definite symbol . On
C°(R™), A admits the representation ([10])

B o — ) — () — "Ny Ou(x) ,
aur)= [ (e =)t S ) van. 0

It was proved (see [4]) that for real-valued ¢ the domain of A in L, is H}"?, the
operator A is an isomorphism between Hg”S_Q and H;f’s, —o0 < s < 00, and
(—A, H?) is a generator of an L,-sub-Markovian semigroup.

Let

H;/’j = {u: there exists g € H}"*, glrn = u}.
with the norm
gl gre = T [[F]] g

where the 1nﬁmum is taken over all such extensions (note that H 2 ».t coin-
cides with F. N (R") = (2%);50). In this case the operator, deﬁned as
Reu(x) = {u(x O) 5a-(2',0)} is the retraction from H 2(]R”) F;;’Nw (R™) to
Bal AN (R B;fj? N(RP-1), where alV = 22J(Nj’) Ll = 22Ny,
and there exists the corresponding coretraction.

Let Ry, = {(«/,z,) : 2’ € R™', 2, > 0}. Later on we will also need the
space

ﬁ[g’j ={u:ue H;f’s, suppu C Ry,

Here and below we understand suppu C K, K is a closed set, in the sense of
distributions, i.e., [p, u(x)¢(x)dr = 0 for any ¢ € S(R™), suppyp C R"\K.

Consider some examples.

Example 2.6. Let ¢(¢) = In(1 + [£|). Then
Ny = sup {J€] In(1+ Je < 27} = sup {Jg] ¢ < — 1} = 1

and thus o; = (L Clearly, («
&

13 1)jen, does not converge in I, for any p,
1<p<oo.

J
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Example 2.7. Let ¢(¢) = [£]°In(1 + |¢]), and 0 < 3 < 1. Then
NY = supg{l¢] - |s|ﬂ1n<1 +1¢l) <29} <sup{l¢| : €’ <2V} =2%. (27)

Then o' <27 2/1=35) " and the sequence (a; ') jen, is convergent in I, for 3 > %.

We will also need some symbol classes, as well as some results from sym-
bolic calculus. The following definition and the theorem are taken from [2,
Chapter 16].

Definition 2.8. Let ¢ : R™ — R be an admissible continuous negative definite
function which satisfies E. Let p € R and 0 < 9 < 1. Then let Sﬁ;“ be the
collection of all complex valued C'*° functions a : R” x R — C such that for
any multi-indices 3 and « there exists a constant c,g > 0 such that

—la|+3|8]
2

| DIDga(x, )] < cap(L+4(€)2 (1 + [€)

Theorem 2.9 ([2, Theorems 16.3.5/16.3.7]). Let ¢ : R" — R be an admissible

continuous negative definite function which satisfies E, p € R, 0 <6 < 1, and
€ Sﬁ;“. For1 < p < oo and s € R the pseudo-differential operator a(-, D) is

continuous from the space H;,“SJW into H;f”s, i.e., for any u € H;,/”SJ”‘ it holds

for any z,£ € R".  (2.8)

(e, Dyull gy < el yposn

For simplicity we will consider only the symbols from Sf o€ R e, with
0 = 0. Although we will not work with the spaces S;’W, for our convenience we
give the definition of these spaces.

Definition 2.10. Let m € R and ¢ be a continuous negative definite function
such that for all o € Nj it holds
m=p(lal)

021+ 9(€) 7| S oL +v(©) 2,

where p : Ny — Ny, p(k) := min(k, 2). We call a C*°-function ¢ : R" x R" — C
a symbol in the class S;)”’w if for all o, € Njj there are constants c,3 > 0 such
that

o m=p(la)

02079, )] < cas(1+1(€) "
Clearly, for admissible ¢ we have Sf o C Sg“". We refer for the definitions

and some results below to [11, Chapter 2.4], and also to the original papers

8, 9.

(2.9)

Definition 2.11. The class Y consists of all complex valued C°°—functions
a:R" x R" — C such that for all o, 5 € Nj and all ,y € R" the estimate

7rL+6\ﬁ\

050 aln, )| < cas(L+ 1) 2 (14 [yl*)? (2.10)
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holds for some m € R, 6 € [0,1) and 7 > 0. For all a« € ¥ and x € S(R" x R")
such that x(0,0) = 1 we define the oscillatory integral by

o // ~Ma(n, y) dy dn —hm// “Vx(ensen)a(n,y) dydn (2.11)

Theorem 2.12. For all a € ¥ the oscillatory integral (2.11) exists, it is inde-
pendent of the choice of x and

Os — e_iy'ﬁa(n’ y) dy dn
// (2.12)
- / / LY (1= 0,) {1+ ) (=4, aln,y) Yy dy

holds for 1,1I' € N, such that —2l(1 — §) + m < —n, =2I' + 7 < —n, where §, T
and m are from equation (2.10).

In the same fashion as the classes SI"™¥ were introduced in [8], we intro-

/
duce the classes SV

Definition 2.13. Let ) be an admissible continuous negative definite function,
m, m" € R. The class Sfj bm’m/ of double symbols of orders m and m’ consists of
all functions ¢(z,&;2/,¢&) : R* x R" x R" x R" — C, n times differentiable in £
and ¢, and r times in x and 2/, r € N, such that

7

aaaﬁao{aﬁ/’q(:p’f;xlygl) < Coparl /(1 +¢(€))a% (1 +¢(€ ))ﬂ
o < o e E (1 )T

(2.13)

for all 0 < [al,|o’| < n, 0 < |88 < r.

In the end of this section we formulate the Hille-Yosida theorem which gives
us the necessary and sufficient conditions when a closed operator generates a
strongly contraction semigroup. Denote by R(A) the range of an operator A.

Theorem 2.14 (Hille-Yosida theorem). A closed linear operator (A, D(A)) on
a Banach space (X, |- ||x) is the generator of a strongly continuous contraction
semigroup (T})i>o if and only if the following conditions hold:

1. D(A) C X is dense;

2. A is a dissipative operator;

3. RA—A) =X for some X\ > 0.

Let X = L,(R™). A strongly continuous contraction semigroup (7});>¢ is
sub-Markovian, if its generator A is a Dirichlet operator: for u € D(A)

/R Au(z) ((u(z) ") dx <0,

For pseudo-differential operators with negative definite symbols this condition
is satisfied, see §4.6 from [10], also §2.6 from [11].
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3. The solvability of the boundary-value problem

In this Chapter we prove the solvability of boundary value problems in R for
some operator with continuous negative definite symbol, and we show that this
operator is a generator of an L,-sub-Markovian semigroup in L, (R’ ).

Consider an operator A with symbol ¢4(€), & = (£,&,), & e R &, € R,
which satisfies the following condition:

F. For z € C, Imz > 0 there exists an extension ¢y(¢’, z) of the function
o(&, &n), which is analytic in z, and |A + ¥y(£, 2)| > 0 for some A > 0.

Under such a condition we obtain by the same method, used in Theo-
rem 2.10.3/1 from [22], that A+ A is an isomorphism between H;% 7 and L,(R?).
We postpone the proof of this fact to Section 6, where we give the proof for a
wider class of pseudo-differential operators.

In addition, suppose that vy € 81%2 for some admissible continuous nega-
tive definite function ¢, which satisfies E. Under this condition D(A) = H;f 2
is closed with respect to the graph norm of A. Sometimes we can easily deter-
mine t. For example, let ¢y(§) = (6(£') +i&,), € = (£,&) € R*, 0 < o < 1,
and ¢ be an admissible real-valued continuous negative definite function. It can
be shown that ¢¥(§) = Re¢y(€), see [18] or [17]. For p = 2 we even don’t need the
condition ¥y € 51%2 (for (&) = Re)o(€)), since we always have D(A) = HY?,
if 1)y satisfies the sector condition

| Im 4| < cRe . (3.1)

We will come back to this problem later in Section 5, for an operator with more
general symbol ¢(x, §).

Consider the boundary value problem

A+ Au(z) =g(x), xeRY, (3.2)
with Dirichlet
u(z’,0) = h(2'), 2/ € R" (3.3)
or Neumann
Ou (2,0) =r(z'), 2/ eR"! (3.4)
8xn ) ) .
boundary conditions. Denote further by || - ||, 4 the norm in L,(R?%).

Theorem 3.1. Let 1)y be a continuous negative definite function, satisfying
condition F, and such that 1y € S}%Q for some admissible continuous negative

definite function v, which satisfies E. Let (—A, Hﬁf) be an operator with symbol
Yo, oz;l) = 223.(]\7;#)75, a§2) = 227(N;-b)7175, where Nf is defined in (2.5).
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a) If ((ag-l))_l)jeNo € ly, then the boundary value problem (3.2), (3.3) is
uniquely solvable for any h € B;Y;)’Nw (R 1),
b) If ((a§2))_1)jeNo € ly, then the boundary value problem (3.2), (3.4) is
uniquely solvable for any r € Bgf)’Nw (R™1).
Proof. From the structure of the symbol ¢y we see, that we are allowed to pose
the Dirichlet or Neumann boundary conditions.

We prove that the boundary value problem (3.2) with the Dirichlet or Neu-
mann boundary conditions is uniquely solvable. Since A is an isomorphism
from H;% 7 to L,(R?) (see Section 6 for the proof in the more general sit-
uation), then the equation (A + A)uy = ¢ is uniquely solvable in the class
I:[;ff for all g € L,(R%}). The space I:I;ff is a closed subspace of H;/”Q, there-
fore H;,Z”Q = ]:I;ff &) H}ff, i.e., each u € H¥? can be uniquely decomposed as
u = ug + u1, where ug € f[ﬁf, and u; € pr.

Consider the Dirichlet boundary value problem (3.2), (3.3) with u(z’,0) =
h(z") (we can proceed similarly in the case of Neumann boundary condition).
Let v be a continuous extension of A to H;fj 2w = uy + v, and denote by @ the
function, on which the infimum infv{||u||H;p,2 : ||u||ng < oo} is attained, and
0= arginfv{HuHH;p,z : HuHH;pz < oo}. Then @ = up + 0. We will show below
that HﬁHHﬁ < 00. Since v(2’,0) = h(2’), then a(2’,0) = h(z'). We have

A+A)iu=AN+Aus=g, zeR].

Therefore the boundary value problem (3.2), (3.3) (or (3.2), (3.4)) is uniquely
solvable and it remains to show that the solution belongs to Hpﬁ.

On R™ we have the inequality (see [4], also [11])
allullgys < [|AullL, + llullz, < collull gy (3.5)
Let w € H”}. Then w(-,0) € BN (R*) (or %;0) € BoNY(R*)), and

Oz
suppose that ‘ .
du(z',0)  Pw(a',0)

ox, oxl, 7 =01
We also have
g < el Ol o er Iwllyge <@ 522 36
PP

Since supp(@ — w) C Rf,, we obtain, because the inequalities (3.5) hold for
functions with support in Ry, ,

. P
||u||H;gf <|la w||H;gf + ||w||H;gf

< es([lA@ — w)llp+ + [l —w

o 0] yv2)

< ca([Aallps + lllp+ + wlgos),
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where in the last line we used that by the definition of the norm in H;b, v
[Awllp, 4 + [lwllp+ < eljwl] gz -

Finally, using (3.6), we arrive at

&, 0)

oz,

cillillygs < (1Al + Nl + | o) Slillge D

for j = 0,1 (the right-hand side follows from the existence of continuous re-
striction). But (3.7) shows that the solution to (3.2) with boundary conditions
(3.3) or (3.4) belongs to H;ff. O

Theorem 3.2. Let A be an operator with continuous negative definite symbol,
which satisfies the conditions of Theorem 3.1. Then the operator (—A, H;ff) 18
the generator of an Ly,-sub-Markovian semigroup.

Proof. We need to check the conditions of Hille-Yosida theorem.

1. The space H;f 7 is dense in L,(R?).

2. Since —A is a Dirichlet operator on HY"? (see [11], for example), then by
the definition of H;ﬁ f it is a Dirichlet operator on H;ﬁ f

3. The solvability of (3.2) follows from Theorem 3.1. O

4. Dirichlet forms and the boundary process

Suppose we can construct a Markov process moving in R’. Our next aim is
to describe the jump process on the boundary. To do this we consider the
Lo-setting, and use the methods from the theory of symmetric Dirichlet forms.
We start with some general notions, see [6] and [5] for details.

Let (X,B,m) be a locally compact measure space, and m be a positive
Radon measure such that suppm = X. Consider the Hilbert space Lo(X,m).
A form & is a symmetric form on Lo(X,m) if

a) £: FxF — R, and F is dense in Ly(R");
b) E(u,v) = E(v,u), E(u+ v,w) = E(u,w) + E(v,w), a&(u,v) = E(au,v),
E(u,u) > 0 for u,v,w € F and a € R.
The space F is called the domain of £.

The Dirichlet form is a symmetric, closed and Markovian form on Lo(X, m),

where Markovian mean that

ifueF, v=(0Vu)Al, then veF, Ev,v)<E(u,u).

The Dirichlet form (&, F) is called regular, if there exists a subset C' which
is dense in F N Cy(X), where Cy(X) is a space of continuous on X functions
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with compact support. It is known (see, for example, [6, Chapter 7]), that
regular Dirichlet forms and Hunt processes (i.e., strong Markov processes whose
sample paths are right continuous and quasi-left continuous) are in one-to-one
correspondence, and therefore studying a regular Dirichlet form we can get the
information about the behaviour of the corresponding Hunt process. One can
construct the symmetric Dirichlet form starting with a self-adjoint Dirichlet
operator, i.e., if —B is a self-adjoint Dirichlet operator, then

Ex(u,v) = (V=Bu,V—Buv) + Au,v)

is the corresponding Dirichlet form, and F = D(v/—B) (here (-,-) is a scalar
product in Ly(X, m)). We will use the notation &(-,-) for &(,-).

Denote by F. the family of m-measurable functions v on X such that
lu| < oo m-a.e., and there exists an £-Cauchy sequence {u,},>0 € F such
that lim, o u, = u m-a.e.. (E,F,) is called the extended Dirichlet space of
(€, F), and under such a completion it is a Hilbert space (note that (£, F) is
complete, so F = F,).

We need the notions on the capacity of a set. Let O be a family of open
sets in Lo(X,m), and Lo = {u € F, u > 1 a.e. on C}. The set function

Cap(C) = {infuegc E(u,u), Lo# @

o0, ‘CC =,
denotes the capacity of an open set C' (see [6, §2.1]). For an arbitrary set D the
capacity is defined in the following way:

Cap(D) = inf{Cap(C) : D C C, C is open}.

A positive Borel measure is called smooth, if it charges no set of capacity
zero, and there exists a so-called exhausting sequence (see [6, §2.1]). Let u be
the smooth measure (with respect to £(+,)), with support F. Then there exists
a positive continuous additive functional (L;);>¢, which is in Revuz correspon-
dence with p (see [6]). Let F be the support of (L;)i>0, and denote by o the
first moment when the random process associated with (£, F,) hits F. Since
p is smooth, and F — F is p-negligible, then oz < oo, see [5, §4.2-4.3]. Let
Hiu(zx) = Ex(u(X,,)), z € X.

F

Definition 4.1. The time changed Dirichlet form is (£, F), where

F= {90 € Ly(F,p) 1 ¢ =wu p-a.e. on F for some u € .7-}}
Elp,p) = E(Hpu, Hpu), ¢ € F.

The following Dirichlet principle holds:
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Lemma 4.2. For o € F,u € F., E(p,¢) = inf{E(u,u), u= ¢ p-a.c.}.

We will show below that starting with a Hunt process associated with (€, F.)
we can construct the time-changed process, associated with (5’ JF ), i.e., we can
show how this time change is defined. In our situation we even will be able to
find (€, F) explicitly.

Now we turn into our situation. Let A be an operator with continuous
negative definite symbol 1)y, satisfying the sector condition |Im | < cRe ).
Let ¢ = Re 1)y, and consider the symmetrization of the Dirichlet form associated
with —A, i.e.,

EY (u,u) (fu fu) with u € HY(=: HJ").

Note that in this situation
cllullFon < EF(u,u), we H (4.1)

holds, and therefore S{ﬁ (+,-) is equivalent to the scalar product on H¥!.

We claim that if the space H"!(R") admits the trace on R"7!'  then
Cap(R™™1) > 0, which is necessary to define a time-changed process on the
boundary R". Indeed, suppose that the space H¥'!(R™) admits the trace space
on R" ! Let K be a compact subset of R®!. Then there exists a function
u € HY!(R") such that u > 1 on K x [0, 1]. Due to the existence of the trace of
uw on R"™! we obtain that u(z’,0) > 1 on K. Then L # &, and Cap(K) < co.
By Lemma 3.1.1 from [5] there exists the unique element ey, 0 < e < 1 p-a.e.,
and ex = 1 on K p-a.e., where p is the Lebesgue measure on R™!, and
&l (ex, ex) = Cap(K). But then Cap(K) > 0, otherwise ex = 0, since E7(-,-)
is a scalar product on H%!(R"). By monotonicity, Cap(R"~1) > Cap(K).

Thus, Cap(R™™') > 0. Then there exists a smooth measure on it. Let u(dz)
be the Lebesgue measure, supp 1 = R""1. It is smooth, therefore there exists a
positive continuous additive functional (L;);>o which is in Revuz correspondence
with . In our situation the resolvent measure associated with £ is absolutely
continuous with respect to the Lebesgue measure on R"; denote by g,(x,y) its
density. Let (Y;)i>0 be a Hunt process associated with €. By Theorem 5.1.3
from [6] we get

[ )| e [T o) - [ aw o] a0

for every Borel measurable and positive functions h and ¢, which leads to

Em[ /O ) e”st] = / (@, y)u(dy) (4.2)



14 V. Knopova

(note that supp u = R™™1). From (4.2) we have for t(s) := inf{t : L;(w) > s} —
the right inverse of L; — that

Ex [ef)\t(s,w)} — e_r)\(sx’)7 x c Rnflj (43)

where z = (2/,0), r\(2z') = [p. or(z,y)u(dy), because [° E,eMe“)dy =
I Exe ™ dL, = rx(2’). Since in our case gx(z,y) depends on the difference
x —y, then ry(2') =: 7(\) does not depend on 2’ € R"~!. The process t(s) is an
increasing compound Poisson process, and therefore it is a subordinator, and
the function ﬁ is its Laplace exponent.

Let p(&') = oy

Lemma 4.3. The trace space D is equivalent to HP(R"™1).

. To simplify the notation let D = trgn-1 H¥'!.

Proof. Indeed, the Dirichlet form & (u,v) is a scalar product on H%'. From
Lemma 4.2 and the existence of the retraction and the coretraction on the space
H%! we have for the time changed Dirichlet form

&Y (v,v) = inf {ullZpn : =10 prae,ue H"'}
~inf {|lu(-,0)||p : u=v p-ae,ue H"'}

(where ”~” means ”equivalent”). Therefore £ (v, v) is equivalent to the scalar
product on D. But £V (v,v) corresponds to (Y;),=o — the time changed process
with respect to t(s) of (Y)>o, i.e., Y, = Yy(s)- And as we saw above the symbol
of the generator which corresponds to (Y;)ss0 is equivalent to p(¢'), & € R*1
Therefore the Dirichlet form & (v,v) is equivalent to £7(v,v), which gives us
the equivalence of D and H"'. O

Let (X;);>0 be a Markov process which corresponds to (—A, H{®) with
zero Neumann boundary condition. Consider the time changed process X, =
Xi(s), s =2 0. From above, its Laplace exponent is (by subordination) p(§’) =
[r(v0(€',0))]7Y, and the (non-symmetric) Dirichlet form, associated with (X)sso
is equivalent to (£°, H#'), which is a Dirichlet form associated with (Y}).>o.

Consider some examples.

Example 4.4. Let (X;);>0 be a diffusion process with generator —A. Then
the corresponding Dirichlet form is

Eiu) = [ (1 1gP)a(e) de

and its domain is H i The resolvent kernel associated with —A\ is

gA(x):/ e_)‘teigtﬂ dt,
0 2
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and thus

) — 2ol 1
r(\) = x)dx’ :/ el = dt = —.
) /Rn—lg)\( ) ‘:vn:O 0 (2mt)2 ’“:0 V2X

Therefore subordinating ﬁ = /X with |€'|? we obtain

Elwe) = [ A+ leNa)ie) e,

and thus the trace space of H'(R") (or H*(R")) on R*~! is H/2(R"~!), which
is known.

Example 4.5. Consider the subordinate diffusion (X;);>¢o with generator
—(=A)*, 1 < a < 1. Then the corresponding Dirichlet form is

Eiue) = [ (14 IgP)a(e)oe) de.

and its domain is H{. The resolvent kernel associated with —(—A) is

/ / % (s,t)dsdt,

where (04(s,t)ds);>o is one-parameter semigroup of measures, which corre-
sponds to the Bernstein function f(z) = 2%, 1 < @ < 1. Thus

\zm
Ca
r(A) = /Rn N x)dx’ ‘xn—O / / % (s,t)ds dt‘ )\1?

Therefore subordinating TIA) = A"2s with [€/|2* we obtain

o) = [ () a)ne) e,

and thus the trace space of H*(R") (or H*(R")) on R"! is Ho 1/2(R"1),
which is known.

Example 4.6. Let f be a Bernstein function, such that f(x) > z?, % <a<l,
as x — 0o, and consider A = —f(—A). Then

[T e
= e ds
/0 /0 ot 277t(

) dt,
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where 7,(ds) is the convolution semigroup which is in one-to-one correspondence
with f, and thus

() = /R o)

ok

—9 5
/0 (>\+f(\C! )
Thus for p(|¢')?) = (|§ T7qery We have

xp=0

‘In|

n(ds) dt

n,=0

NIH

) = [ (1ol P)a(€)ie) de.

and the trace space of HﬂHQ)’l(R") on R is equivalent to HP(1*)-1(R"~1),

Remark 4.7. Although the symbols of operators in Examples 4.4-4.6 do not
satisfy the assumption F, we still can prove that for such operators the boundary
value problem (3.2) is uniquely solvable. In Example 4.4 we have an elliptic
operator, and for it the boundary value problem (3.2) is uniquely solvable. In
Examples 4.5 and 4.6 the solutions to (3.2) are constructed by subordination,
ie., if

RAQZ/ e Mg dt
0

is the resolvent for the equation (A + A)u = g (with some boundary condition),
where (1});0 is the semigroup generated by (—A, H2), then

R/\g —/ e_’\tthg dt
0

is the resolvent for the equation (A + f(—A))u = g (with some boundary con-

dition), where f is a Bernstein function, such that f(z) > 2%, § < o < 1,

as x — oo, and T} = J° Tog(x)ni(ds), (ni(ds))=o is the convolution measure
which corresponds to f.

Example 4.8. Consider an operator A with symbol ¥y(&) = (i€, + [£']),
% < a < 1. Since the domain H® of A admits the trace on R, we see
from Theorem 3.2 that (—A, Hf’Q) generates an Lo-sub-Markovian semigroup.
Denote by (X;):>o the associated process. But the domain of the corresponding
Dirichlet form H/? does not admit the trace for 5= < a < 1. This means that
we can construct the process (X¢)¢>o with the generator (—A, HY?), but this

process with probability 1 will not hit the boundary, it will jump only inside.
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Another probabilistic interpretation of the behaviour of (X;);> is the fol-
lowing. (X})i>0 is obtained by subordination of the process (Z;);>o, which
corresponds to the symbol ¢ (§) = i€, +|¢’|, and the subordinator (73);>0, with
the Laplace exponent f(\) = A%, % < « < 1. The term £, in the symbol 9,
stands for a constant-speed movement of the process (Z;);>¢ from the boundary
R"~! while the term |¢'| stands for the Cauchy process which moves parallel
to the boundary. Thus, (Z;);>o drifts away from the boundary R"~! and never
hits it; the subordination with (7¢);>¢ does not change this type of behaviour.

Remark 4.9. Note that the symbols of operators considered in Examples 4.4—
4.8 were obtained by subordination of functions |£]? (or i§n+|§’ |?) with Bernstein
functions, and for operators —A = A and —A = — A, the boundary
value problem (3.2) is uniquely solvable for Neumann or Dirichlet boundary
conditions. Theorem 3.1 says more: it generalizes the class of operators for
which we can solve the boundary value problem (3.2) in the half-space.

5. Some properties of pseudo-differential operators
in L,(R")

In this Chapter we will find the conditions under which a pseudo-differential
operator ¢(z, D) with continuous (with respect to &) negative definite symbol
q(z, &), generates an L,-sub-Markovian semigroup in R™.

We start with some auxiliary lemmas, which adjust the results obtained
for symbols from Hoh’s symbol classes to our situation. For details, see [19],
also [11]. For g € Sipbm’m we define on S(R™) the operator

q(x, Dy;x’, Dy )u(

(2r) /// e 0 60! )iE') de'dade.

Theorem 5.1. Let ¢ be an admissible continuous negative definite function,
and q € Sffbm’m . Then for u € S(R™) the iterated integral exists and defines a
pseudo-differential operator. The function

w8 =0~ @0 [ [ ey natydydy (50

. /
is a symbol in SYI"™ | and

q(z,Dy; ', Dy )u = qp(x, D)u  for u € S(R"). (5.2)

Proof. For q € S;”’d’ the statement was proved in Theorem 2.4.17 from [11], and
in such a way (5.2) follows from the embedding Sﬁ o C S;”’d’. We only need

to prove that qr(z,&) € Sw ™ Bor more details see also Theorem 2.5, p. 73,
from [19].
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By Peetre’s inequality for continuous negative definite functions we have for
admissible 1

L+ 9 _ y
o S22+ vE—n) )
and since
(1+(€)) < el +[¢) (5.4)

holds for any real-valued continuous negative definite function, we get for all
a, 3 € Ny

/

. FOE+n) T (1 + ()%
1+ 1€ +72)'%
<1+ )T (1 +9(E)”

Thus, for fixed = and £ the function (n,y) — q(z,& +n,x + y, &) belongs to X,
and therefore the oscillatory integral (5.1) exists. Using representation (2.12)
we find for sufficiently large [ and [’

|0 07 an (@, &)] = '@”)‘" £0r / / (L) -y

A+ )= A (@ E+ x4y, )y dn

0800 q(x, & +m; 2+ y,€)| <

+m

!

m
2

(1+\€+?7! )5
(1 +w<f>)m7 dy dn
<. <1+w<£>>’“a’”
(1+[¢2)%
ie., qp(x,€) € Sy O

Lemma 5.2. Let ¢ be an admissible continuous negative definite function, and
q€ Swmm . Then 9)q(x, &', ¢') € Sfbmfh"m

Proof. Clearly, in view of (5.4) we have
020008 00 (0] q(w, &2/, €))| = |0g 0008 0L q(w, & 27, &)
_ 1) ()
=a o] '
(1+¢7) =
G

= *2 loltlo/]

(1 +1¢?)

which proves the Lemma. O

(1+[¢2)'F

+m =l
)
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Lemma 5.3. Let ¢ be an admissible continuous negative definite function, and

€ Sﬁbm’m/. Then qr(x,€) — q(z, &, x,€) € Si’[jberm’_l.

Proof. Although the proof is analogous to those of Theorem 3.1, p. 75, from
[19], we will give a short outline. By Taylor’s formula we have

q(z, &+ 0+ 2,8) =q(z, &7+ 2,8)

+Z /agq:c£+tn,x+z§ }5,

[v|=1

where 7 :=n;, if v = (0,0, . .. ,1, 0,...,0) € Nj. From Theorem 5.1 we derive

(2m)"qr(x, &) = // e Fg(x, & x4 2,€) dzdy
+ZO g (2, 2,€,m) dn
yl=1 //
=L+ I,
lvI=1

where ¢,(z,2,&, 1) = Z|’y|:1 n? fol 9lq(x,§ +tn,x + 2,¢) dt. Clearly, Iy =
q(z,&x,€) € Swm+m.

Due to (5.3) and (5.4) we find

§'=¢

1
080205 07 4, (2,2, €,m)| = \ | oeosoror a4 v+ 2.6
0

<q/“ A+eE+tm)? (1+9E)*
S -

1+ !€+t77|2)7'a‘+21_2 (1+[¢)¥
< 2<1+w(£))|a‘+1 (1_|_|77|2)|a\+\a/2|+1+m‘
(1+ [¢[2) 5™

Then by (2.12) we obtain for 2/ > |a| + 1+ m +n and 2ng > n

m+m/

02001, (x,€)| < e (1+¢|€’ B /n /n (1+ [n?) ‘a|+2+ (14 |21*) " dzdn
)™
(1+¢P) =

Thus I, € Sw ' =1(Rn) and the Lemma is proved. O
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Theorem 5.4. Let ¢ be an admissible continuous negative definite function,
which satisfies E, and q(x,§) € 51%2. Then the equation

(A+q(z, D))u = f, (5.5)
is uniquely solvable for all f € L,, X\ > 0, and the solution belongs to H;M.

Proof. First we show that the operator (¢(x, D), H;f’z), g\(x, D) = A +q(x, D),
is closed, i.e., the graph norm of ¢, (z, D) in L, is equivalent to the norm in H;”’Q.

Denote by (qx(z, D))~! the operator with symbol m, and consider the
composition

(ax(2, D))" o ga(w, D)u(x)

=¥ [ ety [ e [ e i) ag ar g

/// o 5*’“’% (€)de’ o’ de

where ¢ (x, D) is an operator with double symbol % By Lemma 5. 3

= qr(

qr(z,€) can be decomposed as §r(z,&) = 1 + ¢ (z, &) with some ¢V € S :

(the latter is because gy '(z,£) € Si%ﬁz). Due to Theorem 2.9 we obtain for
u € H}»* that

lull e < e1(ll(an(z, D))" 0 ga(@, D)ull ywe + [lg™ (2, Dyull yy.2)
< ex(llaa(@, Dyullr, + [lull 7p.)-

Since for all u € Hy»* the inequality [ull o < ellull oz + £llullz, holds for an

arbitrary small £ > 0 and some positive constant ¢ (see [10, Corollary 4.3.23]),
we arrive at

[ull o2 < es(llaa(x, D)ull, + [lullz,), (5.6)

which together with Theorem 2.9 gives
callull o2 < llga(z, D)ulle, + llullz, < esllull yp.e-

Therefore (gx(x, D), H}”*) is closed.

To prove the solvability of (5.5) we use the Fredholm principle, i.e., the
equation Au = g, where (A, D(A)) is a closed operator in a Banach space X,
is uniquely solvable for all g € X if and only if Ker A* = {0}, where A* is the
adjoint operator.
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Due to Lemma 5.3 we can decompose the symbol of the operator adjoint to
qx(z, D) as

g (2,€) = q(2,€) + ¢?(2,€), where ¢ € S}y

Let (¢5(x, D))~! be the operator with symbol m € Sy % By Lemma 5.3

symb ((¢3(z, D)) o ¢3(z, D)) =14 ¢¥(,9),

where ¢ € Sf’ofl(R"), and due to Theorem 2.9 for v € D(¢}(z, D)) = L, we
have

lollz,, < I((ai(z, D))" o gi(z, D)llz,, + ll¢® (z, D)l

* 5.7
< (a3, DYl + ol ) 7
Suppose that v is such that ¢}(z, D)v = 0. Then from (5.7) we obtain that
v =0 ae. in L,. Thus Kergi(z,D) = {0}, and by Fredholm alternative
R(gx(x, D)) = L, which proves the theorem. O

Since (—q(x, D), Hj*) is an L,-Dirichlet operator (by structure), we arrive,
using the Hille-Yosida theorem, at

Theorem 5.5. Let i be an admissible continuous negative definite function
which satisfies B, q(x, D) be a pseudo-differential operator, the symbol q(x, &)
of which is a continuous negative definite function with respect to & € R™, and
q € Sﬁg. Then the operator (—q(z,D),H;M) generates an L,-sub-Markovian
Semigroup.

6. Solvability of the boundary-value problem for some
pseudo-differential operator

In the end we generalize Theorem 3.1 for the case when A is a pseudo-differential
operator ¢(x, D) with continuous negative definite symbol ¢(x,&), satisfying
certain restrictions. In what follows we use the notation ¢(z,&) = q(z,&’, &),

§= (&) eR™

Theorem 6.1. Let ¢ be an admissible continuous negative definite function
which satisfies B, q(x, D) be a pseudo-differential operator, the symbol q(x, &)
of which is a continuous negative definite function with respect to & € R™,
and q € S}%Q. In addition assume that q(z,€) satisfies the condition F with
respect to &,. If the conditions a) or b) of Theorem 3.1 are satisfied, then
(—q(z, D), H;ff) generates an L,-sub-Markovian semigroup.
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Proof. Since the operator (—q(z, D), H**) satisfies the conditions of Theo-
rem 5.5, it is a generator of an L,-sub-Markovian semigroup in R". The proof of
Theorem 6.1 will follow from the proof of Theorem 3.1 if we show that A+q(z, D)
is an isomorphism between HY7 o and Ly(R7).

The conditions of Theorem 3.1 imply that there exists the trace space of
Hj ¥2 on R"~!. Then H “2 is the closure of the space C§°(Rj_) of infinitely many
dlfferentlable functlons Wlth compact support in Rj_ with respect to the norm

Il Y2 Analogously, H'? o+ is the closure of the space C§°(R{, ) with respect

to || - HHw 2. Due to the decomposition H}»? = Hw e H;;Z’E it is enough to show

that for u € C{°(Rj_), we have supp(\ + ¢(z, D))u € Ry_, or, to show that for
u € C3°(RG, ), we have (A + ¢(z, D))u = 0.

We will follow Theorem 2.10.3 from [22], see also [18, 17]. Let u € C§°(R),
suppu C [g,00) for some ¢ > 0, and let M € N large enough. Taking the
Fourier-Laplace transform of g we derive the estimate

(L +12)Y9(2)] < Cyare™™. (6.1)

Consider for u € C3°(R™), suppu C R"™ X [g, 00)

/Rn 1/ g (2, € € )i &) dEndE

Since the function A+¢(z, ', z) has no zeros in the upper half-plane, by Cauchy’s
theorem we obtain

(A+q(z,D))

tN+o0
/ / zf’-x’+i$nz()\ T q<x7£/’z))’&(5/72) dz dg/
Rr=1JiN
+OO P
:/ / elg x +7,an—an()\+q(x’€/’T+Z.N)>a(€/,T+Z'N) def’.
Rn—1

The condition q € Sf” {)2 implies, taking in account the growth at infinity of a
continuous negative definite function, the estimate

la(z, &)l < (1 +(€) < C(1+ g™

Then taking M in (6.1) large enough we get

el @ et =Nan(\ L g(z, &' 7 +iN))a(€', T + ZN)}
C«e—(xn—e)N

<C,
= Mg+ VP N2
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By Lebesgue dominated convergence theorem we obtain for z, > ¢
+w i ! .
/ / s TRt Nen (X (2, € T+ iN))a(E, T+ iN) dr dE' — 0
R7*—1 J—c0

as N —o0. Thus for u € C5°(R"), suppu C Rfj,, we have (A + ¢(x, D))u = 0,
and thus A + ¢(x, D) is an isomorphism between I{[;Zf 2 and L,(R™), and, conse-
quently, between H;lj ? and L,(R?). O
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