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Existence and Multiplicity of Positive Solutions
for Singular p—Laplacian Equations

Haishen Li and Yi Xie

Abstract. Positive solutions are obtained for the boundary value problem
—Apu = Au" + 1) inQ
u >0 in (*)
u=0 on 082,

where Ayu = div(|Vu[P72Vu), 1 <p < N, N > 3, Q C R" is a bounded domain,

O<a<landp—-1<pg<p" -1 *:N—_p are two constants, A\ > 0 is a real
p p =55

parameter. We obtain that Problem (x) has two positive weakly solutions if A is small
enough.
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1. Introduction

In this paper we study the singular boundary value problem

—Apu=Au"+ L) inQ

u>0 in (1)
u=>0 on 0f,
where Ayu = div(|[Vu|P™2Vu), 1 <p < N, N > 3, Q C R" is a bounded do-
main, 0 <a<landp—-—1<pg<p"—1 (p* = NN—_’;) are two constants, A > 0

is a real parameter.
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Definition 1.1. A function u € W, (Q) is called a positive weakly solution of
Problem (1), if u(z) > 0 for x € Q and

/ (|VulP*Vu, Vo)ds = )\/
Q

uPodx + )\/ P dr for all © € WyP(Q)
Q o u®

holds.

In the pioneering work [1], A. Ambrosetti, H. Brezis and G. Cerami inves-
tigated the problem

—Au= *+u" inQ
u>0 in 2
u=>0 on 0f)

with 0 < a < 1 < b. In the succeeding work [2], the above problem is extended
to the p-Laplacian by A. Ambrosetti, J. G. Azorero and I. Peral. Motivated by
this, this paper attempt to improve the above results to the singular p-Laplacian
equation, i.e., —1 < a < 0. We must point out that since the functional of (1)
fails to be Frechet differentiable in 2, critical point theory where [1, 2] have used
could not be applied to obtain the existence of solutions. So the method in [1, 2]
could not be used. So, it is very difficult to find existence and multiplicity of
positive solutions for Problem (1).

The existence of solutions to the elliptic equation

—Au:% in Q 2)
u=20 on 0f)

on a smooth domain 2 C RY has been extensively studied (cf. [5, 7, 8, 11, 12]
and their references). For bounded €2, in [7] it is shown that Problem (2) with
0 < v < 1 has a unique positive weakly solution in Hg () if p(z) is a nonnegative
nontrivial function in L?(€2). For the general problem

u=0 on 0f (3)

{—Au: 1%+)\uﬂ in 2
It is worth mentioning that, in [10] the existence of a unique positive solution
in the cases when f = 1 and 0 < § < 1 (the sub-linear problem) has been
proved. On the other hand, in [4], Y. Sun, S. Wu and Y. Long have proved that
Problem (3) has at least one positive weakly solution v € H{(§2) for all A > 0
and o € (0,0%].
Our goal in this paper is to prove that Problem (1) has two positive weakly
solutions for all A small enough. In this paper, critical point theory could not be



Positive Solutions 27

applied to obtain the existence of solutions since the associate functional fails
to be Frechet differentiable in 2. We mainly rely on the Ekeland’s variational
principle [6] and careful estimates inspirsed by Lair-Shaker [7] and Tarantello [3].

We work on the Sobolev space Wy () equipped with the norm |ul| =
1

(Jo IVulPdz)?. For u € Wy (Q) we define I : W,7(Q) — R by

| A A
I(w) = —/ VulPdz —/ [+ da — —/ ' da.
P Ja g+1Jq l—a /g

On the other hand, LP(Q2) denote Lebesgue’s spaces, the norm in L? is denoted
by || - |lp; C1, Ca, -+ denote (possibly different) positive constants. Our main
results is the following:

Theorem 1.2. Let Q be a bounded domain in RN, N > 3. Let 0 < a < 1,
p < B+1 < p*. Then there exists Ao > 0 such that for all X € (0, \g) Problem (1)
possesses at least two positive weakly solutions ui(-), us(-) € WyP(Q) and

/Q|Vui]p_2Vui-V<pda: = )\/Q ufgpdas—l—)\/g %dw for all o € WP(Q), i =1,2.

Moreover, uy is a local minimizer of I in WyP(Q) with I(uy) < 0; and uy is a
minimizer of I on A_ (A_ is defined behind) with I(us) > 0.

Remark 1.3. The conclusion of Theorem 1.2 can be extended to the case of
the more general problem

—Ayu = u(% + g(x)uT) in

u >0 in Q2
u=>0 on 0f2,

where f, g : 2 — R are two given non-negative and non-trival function in L?((2).

Remark 1.4. When N = 1, the type of equations has been studied by Agarwal
and O’Regan [9] who proved that the equation

— (|72 = g<m+1 + u? + 1) for0<t<1,1<g<oo
u(0) =u(1) =0,
249

where ay > 0, f; > ¢—1land 0 < ¢ < g(q_ﬁa)q_l, has two solutions u,

uy € C[0,1] N CH0,1) with u; > 0, ug > 0 on (0,1) and [Ju;]jec < 1 < |Jt2]]co-
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2. Preliminary lemmas

Let us define

A= {uewir@ s e - Al o [ e o}

It is easy to see that A\{0} is a Nehari manifold, see [14]. Notice that if u is a

weak of (1), then u € A. For the sake of the convenience, we record

—1 — 1 —1

a_b-lta g Ooptl o pta-l

e B+ B+1—p
pr=p0-1 _ fta
pr(B+1)° B+1

Further, we define G : W,*(Q) — R by
G(u) = Allul]” = Mull31: -
In succession, let
Ay ={ueA:Gu) >0}
Ao={ueA:G(u) =0}
A ={ueA:Gu)<0}.

(4)

For the sake of the convenience, we list some inequalities which we will use in

the next section. By Sobolev’s embedding Theorem, we have

lullp < Collull - Vu € Wy™(%)

N
fulle < (5) al vue wir),

()

where Cy > 0 is a constant and S > 0 is the best Sobolev constant. By Holder

inequalities we have

lullger < 190" Nully  Vu € Wo"(Q)

[ el ede < @0l v e Won(@),

By (5) and (6), we have
[ullg+r < Cillull Yu € Wy"(Q)

where C = |Q|E(%)% By (7) and (8), we have

/Q fl0dz < Collul'® Vu € WP(Q)

a—1

where Oy = |Q|F+E1-2) g7
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Lemma 2.1. Let )
A BSy\ "
)\1 - |Q|T+F 5 (10)

where A, B, D, E, F, S are defined in (4) and (5). Then, for all A € (0, A1),
we have the following conclusions:

1. For every u € A, u £0, then G(u) # 0, (i.e., Ag = {0} );

2. A_ is closed in W,P(Q).

Proof. 1. Suppose, by contradiction that there exists some v € A, u # 0 such
that G(u) = 0. Then

A
lull = Sl (11)

So
0= llull” = Allullzs - A /Q [ul'~dz = [lul]” — Afjul]” - A /Q jul'~da.

Thus

1—A B
[ tupede = Sl = Sl (12)
By (11) and (12) we have
B (AN el
— [Jul? (—) _— /|u|1_ad$:O. (13)
AT A g e

On the other hand, by (7) and (8) we have

1 D+
Z e ] [ Juedo -7 (4 sl ey
JulH0P - [QIF |lu) G2 i
+ +

A
APB S¥ B
()\1+D |Q|E |Q| ) || ||,8+1

If 0 < A < Ay, then £582% — 2|" > 0. Thus

B (Al
_ 2 l1-a
Sl (3) i — e >0,

B+1

which yields a contraction by (13). So Ay = {0}.

2. Let {u,} C A_ be a sequence such that u, — ug in Wy”(Q). Then
U, — up in LPH(Q) and uy € A_ U Ag. Now we prove ug € A_. Suppose
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uy € Np. Since Ag = {0}, it follows that ug = 0. On the other hand, for all
ue N,

A _ ol
AT P
By (8), we have
AS B
Thus »
W < Huanii"’ for n € N.
Let n — 0o, we have
AS -
NQJEr < Hungi} b,
So ug # 0. Hence up € A_. -
Lemma 2.2. Let .
D 1
Ay = AT-D . BT-D . |Q|pE+F (15)

where A, B, D, E, F, S are defined in (4) and (5). If 0 < A < Ay, then for all
uw € WP (Q), u 0, there exists a unique t+ = t+(u) > 0 such that ttu € A_.

Proof. For all u € Wy (Q), u £0, define H : [0,00) — (—o00,00) by

H(t) = 70 ull? — X7+l 5

Easy computations show that H achieves its maximum at

1
ty = (é lul” >B“p
: .
Alullgiy

A\ P ul|p(B+a) Bt1-p
)= (X> " [||u|‘||éﬁ|*’f“p+°“”] |
If A € (0, Xp), then AQ|7[Jull55$ < H(to). By (7), X [ Jul'~*dx < X|Q|F[Jul| 55
So A [ |u|'~*dx < H{(ty).
On the other hand, H'(t) < 0 for t € (tg,00) and lim;_, o, H(t) = —o0.
So, there exists a unique t* € (fp,00) such that H(t") = A [ |u|'"*dz, i.e.,
[t+ullP — N[tFull55) = X [, |tu]'~*dz. So t*u € A. By

H'(t7) = (p— 1+ @)t full” = A8 + ) () ull3; <0,

we have G(t+u) = (Allt+ul[” — A[t+u/51) < 0. So ttu e A_. O

Remark 2.3. From Lemma 2.2 it follows that the set A_ is nonempty.

So
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Lemma 2.4. Given u € A_, then there exist ¢ > 0 and a continuous function
f=fw) >0, we WeP(Q), |ull < e, satisfying

f0)=1, f(w)(u+w)e A_ for allw e WyP(Q), ||w|| < e.
Proof. Define F : R x WyP(Q) — R as follows:

Pltw) = -t wl? = Mt w32 -3 [ Jut wf'da,
Q

Since u € A_(C A), it follows that F'(1,0) = 0 and
Fi(1,0) = (p = 1+ a)l|ull” = A(B + a)l[ull 557 <0,

then we can apply the implicit function theorem at the point (1,0) and obtain
£ > 0 and a continuous function f = f(w) > 0, w € WyP(Q), ||lw| < E,
satisfying f(0) = 1, F(f(w),w) = 0 for all w € Wy*(Q), ||w| < & Hence
f(w)(u+w) € A. Let € € (0,2) small enough, we have f(w)(u + w) € A_ for
all w e Wy P(Q), |w]| < e. O

Lemma 2.5. Let 5
A= |——] D”|1Q"" —=. 16
= (T50) orar (16)
Then, for all X € (0, \3], the whole set A_ lies at the nonnegative level, that is
I(u) >0, for allu e A_.
Proof. We argue by contradiction. Suppose that exists ug € A_ C A such that
I(ug) <0, i.e.,
1 A B+1 A 1-a
lalP = 2ol = 2 [ fuol' e <o (17)
By uo € A, we have ||upl||P = )\||u0||gﬂ + A [ luo|'~*dz. By (17), we have

11 11
A= — Gtz (2 - —— / 1-agy < 0
(p 6+1)HUOH5H+ (p 1—04) o ol e <0,

and by (7), we have

Bta D(l_'_ﬁ)

F
luoll 5 < —=1e"

By (14) (noticing up € A_), we have

B+oa
AS B+1-p Bta
() < ol

If 0 < A < A3, we have

« -D(]. +6) AS B+a o
HUOHQL S T|Q|F ()\‘Q‘Ep>ﬁ+l_p S HUOHgil

This is a contradiction. So I(ug) > 0. O
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3. Proof of Theorem 1.2

In this section, we prove that there exist A\g > 0 such that, for all A € (0, o),
there exist at least two positive functions us(-), us(-) € Wy?(Q) such that

/ |V [P~ 2Vu;-Vipdr = )\/ ufgpdaj+)\/ u—gpadx for all ¢ € WyP(Q), i = 1,2.
Q Q Q U

Moreover wu; is a local minimizer of I in Wy(Q) with I(u;) < 0; and us is a
minimizer of / on A_.

Proof of Theorem 1.2. Using the inequalities (8) and (9), we have
1
I(u) > ];HUHP = MGl = ACq|lu] ', Yu € WyP(9),

where C3, Cy > 0 are positive constants. From this we readily find that there
exists Ay > 0 such that for all A\ € (0, \4] there are r,a > 0 such that

(i) I(u) > afor all ||u|| = r;

(i) I is bounded on B, = {u € WyP(Q) : ||lu|| <r};
Let A\g = min {\1, Ao, A3, Ay} where \;(i = 1,2,3) are the values found in (10),
(15), (16), and A4 is defined as above. Next, we fix A € (0, Ag).

Ezistence of uy. In view of of [6, Theorem 1.2 | the infinimum of I on B,
can be achieved at a point u; € B,. Note that, since 1 — a < 1, it follows that
for every v > 0, I(tv) < 0 as t > 0 small. So there exists v; € B, such that
I(v1) < 0. Hence I(uy) = infuep, I(u) < I(vy) < 0. This, together with (i),
implies that u; ¢ 0B;. Hence u; is a local minimizer of I in the I/VO1 P topology.
Clearly, u; # 0. Moreover, since I(|u|) = I(u), we may assume that u; > 0
in Q. Then, for any ¢ € Wy, ¢ > 0,

1 A
= = (s ol = hurlP) + 55 (323 = s+ 1353)

A
+— </ luy [*dx —/ |uy +t<,0|1_°‘dx)
11—« Q Q

1
< = (llus + tlP = s ),

S

ie.,
1
Q

provided ¢ > 0 small enough. Dividing (18) by ¢ > 0 and passing to the limit
as t — 0, we derive

/ \Vuy[P~2Vuy - Vpdz > 0 for ¢ € WyP(Q), ¢ >0,
0
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which means u; € W,?(Q) satisfies in a weak sense that —A,u; > 0 in Q. Since
up > 0, u; Z 0, then the strong maximum principle yields

u; >0 in Q.

On the other hand, from (18), we have

o A (/|u1+tgo|1_°‘dx—/|u1|1_adx>

1 A
< p(Hu1+ ol = lluall”) 771 Ul el = s

Dividing (19) by t > 0 and passing to the limit, it follows that

lim info luy + to|'~dx — fQ lug | dx
1 —«a t—ot t (20)
< / |Vuy P2V, - Vpdr — )\/ ul pd.

Q Q

Observing

1 / (uy +tp)t— — ui_a
Q

"o " dr = /Q(ul + Oty) “pdz,

where § — 0" as t — 0 and (u; + 0te) %@ — u;“p a.e. in Q as t — 0. Since
0 < (ug + 0tp)~“p, for all x € Q. By Fatou’s Lemma, we have

/ (ur + )~ —uy
Q

t

lim inf
— o t—0*

dx > / u; “odx. (21)
0
Combining (20) and (21), we have, for all ¢ € Wy(Q), ¢ > 0,

0< / |Vu, P2V, - Vipdr — )\/ ul pdr — /\/ uy “pdr . (22)
Q Q Q

On the other hand, there exists 1, € (0, 1) such that uy + tu; € B, for |t| < n;.
We define hy : [—n1,m] — R by hi(t) = I((1+t)u;). We have that hy(t) achieves

its minimum at ¢ = 0. Therefore,

dhy
dt

T /Q [|Vu1]p — )\ufJrl — )\ui_“}da: = 0. (23)
Therefore, u; € A.

We next prove that u; is a positive weakly solution. Suppose ¢ € VVO1 P(Q)
and € > 0. Let U = (uy + e¢)t, where (u; + £¢)™ = max {u; +£¢,0}. Then
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U € W,P(Q) and ¥ > 0. Inserting ¥ into (22) and using (23) again, we infer
that

0< / |Vuy[PVu, - V¥dr — )\/ u?\lldx — /\/ uy “Wdx
Q Q Q
= / [V [P~V - V(ug + e¢) — M (uy + £0) — MuT(uy + e¢)]dx
O\Q.
= / [|Vu1|p - /\ufJrl — )\u}_“}dx
Q

s / \Vuy [P~2Vuy - Vodz — e / ul pdx — e / uy®pda
Q Q

Q

B / [|VU1|p72VU1 . V(Ul + 5@5) — )\uf(ul + ETQb) — )\ufa(ul + €(b>:| dx

€

<e / (Vi [P2Vuy - Vo — Aufd — M ®dlde —e | [V |P72Vuy - Vda,
Q

Qe

where Q. = {z € Q : uy(z) + e¢(z) < 0}. Since the measure of €2, tends to zero
as € — 0, it follows that [, [Vui['"*Vu, - Védz — 0 as € — 0. Dividing by ¢
and letting ¢ — 0 therefore shows

/ [[Vur P2V uy - Vo — Aufd — Auy“¢lda > 0.
Q
Noting that ¢ is arbitrary, this holds equally for —¢. So
/Q [[Vur[P2Vuy - Vo — Aufd — My ®¢lde = 0, for all ¢ € WyP(Q).

Hence, u; is a positive weak solution of (1) and I(u;) <0

Next, we prove that (1) has another positive weakly solution us such that
I(ug) > 0. We first show that [ is coercive on A. Indeed, for u € A, we have

MW—AMME—AAmwﬂmza (24)

By (24) and (9), we have

1 A A
I(u) = ~||lullp — —— uﬁﬂ——/ ul*%dx
() =l = 52l - = [

1 1 1 1
> (Z_ - P _ _ l—a'
> (2= g ) WP = a6 (12 - 5 )

So, I is coercive on A. Since A_ is a closed set in W, 7(9), we apply Ekeland’s
variational Principle to the minimization problem inf,_ . It gives a minimizing
sequence {w,} C A_ with the following properties:
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(i) I(w,) < infs_ I+—
(i) I(w) > I(wy) = 3 flw —w,], Yw e A_.

Since I(|u]) = I(u), we may assume that w, > 0 in €. By coerciveness, {w,} is
bounded in Wy"(Q), i.e.,

lwal| < Cs, n=1,2,..., (25)

where C5 > 0 is some constant independent on n. So there exists a subsequence
(without loss of generality, suppose it is itself) and a function us > 0 such that

w, — Uy a.e. €

strongl
Wy meY uy in LA

weakly ) 1p
w, — ° uy in Wyt

On the other hand, by (14)

AS BH1-p
O < Jwnll55 (26)

so uy # 0. In addition, for the minimizing sequence {w,} there exists a suitable
constant Cs > 0 such that

Allwa|lP = Mwallji: < —Cs n=1,2,.... (27)

Suppose, by contradiction, that for a subsequence, which is still denoted by
{w,}, we have
Alfwn[[? = Mlwn||551 = o(1).
n nllg+1

Using {w,} C A_ and (26), we have

1 g1 1 A f+1
I(wn> = EHwan ﬁ 11 H n”ﬁ—i—l - —Hwn”p + 1—”wn||ﬁ+1
B+ a AB+1—p) B+1
_7G n - - 5 4 n
222Gt - 2,
< —MG(wn) —C; forn=1,2,...,
p(l—a)

where C'; > 0 is some constant independent of n. Passing to the limit as n — oo,
we get lim,, o [(w,) < —C%. This, together with I(w,) > infy I(u) implies
infyep I(u) < —C; < 0, which is clearly impossible because from Lemma 2.5.
It follows that inf,cn I(u) > 0.
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For all ¢ € WyP(Q), ¢ > 0, applying Lemma 2.4, with u = w,, w = to,
t > 0 small, we find f,,(t) = f.(te) such that f,(0) = 1 and f,,(t)(w,+tp) € A_.
Note that, since

0= fﬁ(t)Hwn + tSOHp - )‘f7?+1||wn + WH?E - fr{_a(t) /(wn + t@)l_adx
Q

and 0 = |Jw,||? — AH“M“?E — A Jqwpdx, so

o=/f@Mwn+th—wuf“Hwn+thIi—Aﬁﬁﬂ@)l}wn+twﬂﬂWw
~ anll + M3+ 3 [ i
= (/2@t) = 1) lwn + toll? + (lwn + teo]|P = [wnl|?)
— A = 1) fwn + 50— Al + ol = lenl§i)
—A(fr® )/Qwn—i—tgp)l_o‘dx—/\/ﬂ[(wn—l—tgp)l_a—w}l_a}dx
< (£2(8) = Dllwn + toll? + (lwa + tl]” = lwn]?)
= A = D) + ol = Al + b5 — lwal321)
- (

fre )/ (wy, + to) da.
Q

Dividing by ¢ > 0 and letting ¢ — 0, we infer that

OsmLmeW+g£Wwﬁ2W%Www

=M O + DllwalE = ME+ 1) [ wlode = 21 - a)f,(0) [ whodo
= oo O)[pllnl” = AB + D33~ AQ — ) 172]

+p/Q |Vw,|P~2Vw, - Vodz — (3 + 1)/Q wP pdx

= SO0+ 0 = DlfwalP = A+ o) 1311]

+p/ |Vw,|P2Vw, - Vodz — (8 + 1)/ wPpdz
0

Q

i.e.,
0< O+ = Dllewall? = A + ) e 1351]

40 [ Vw2V, Veds A3 +1) [ wiods,
Q Q
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where f,, (0) = lim, o+ M. For the sake of simplicity, we assume hence-
forth that the right derivate of f,, at t = 0 exists. Indeed, if it doesn’t exist,
we let ¢, — 0 (instead of t — 0), tx > 0 is chosen in such a way that f, sat-

fn(tk)_fn

isfies g, := limj_~ » © " then replace fi +(0) by gn. We next prove that

fry (0) # o0
By (8) and (25)

‘p/ |Vw, [P~ 2Vw, - Vipdr — M3 + 1) / w? odx
Q Q

< pllwalPHIelP + A + Dllwallzy lollger < Cs,

where Cg > 0 is a positive constant. For (27), (28) and (29), we know immedi-
ately that f, (0) # +o0o. Now we prove that f,, (0) # —oc. By contradiction,
we assume that f,, (0) = —oo, and so for ¢+ > 0 small there holds f,(¢) < 1.
Then

(29)

[ Fult) (w0 + 1) — | = ( [ 15@0Fw,+199) - an|pdx) 5

_ (/ﬂ |(fult) — 1)V, an(t)w‘pdx) ;

< [1= £u®]llwall + tfa®) 1l
provided ¢ > 0 small. Thus, from (ii) we have *||w — w,|| > I(w,) — I(w). So

%an( 1w+ 1) —
> L) 150w 1)

1 A 1
_ p g+1 N 1-a . D
pnwnn gl = 72 [ el =ede = ) + o)
)\ 11—«
B+1
+ MO + I+ 72 [ |l )]s
Using
o [ e = — P + )
and
11—« 1
[+ )] e = e+ gl
— O Jo 1
A

1
- mfgﬂ(t)HMn + W)HSL )
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we have
(G ELAnEL

n
1 1 A A

2| == 17— ) llwall” - — ) lwallsh
p 1—a« b+1 1—a«

- (5~ 125 ) 2w+l

b
1 1
a( T ) 52 O+ 1
P+ P+«
ﬁ(llwnﬁwllp [wa|”) + ﬁ(fp()—l)ﬂwn—l—tgpﬂp
N 200 (i + 13 — )
B+«

! B+1
- A(ff +1)(1-a) LF7F () — 1] [Jwnll51y -

Dividing by ¢ > 0 and passing to the limit as ¢ — 0, we have

NG )II Wy IIiH

pta—1 pta—1
— p(l— ) 11—

ﬁ+a B+a,
|wn|’3s0dw— —— Fu (O) w51

[<p+a — Dlwal” - <ﬁ+a>uwnu§ii] £r40)

/ |Vw, [PV w, - Vpdz + Fro (0w, ||P

T 1_a
bt a1 [ Vel Vpde = A3-+a) [ o]
ie.,
el o 1 {(era— Dlfwnll? = A3+ ) w5 + 222 Hwn”} +(0)
n 1 n
+ 1i [(p—i—a—l /|an|p *Vw, - Vedz (30)

- XF+a) [ unloda]

By (25) and (27), there exist Ny > 0 and Cy > 0 (independent of n) such that,
for n > Nj,

1

el (R ER T CEPYCRS)

1-—
A+l < —Cy.
1 n
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On the other hand, by (8) and (25), we have, for n > Nj,

1
T a [(p+oz—1 /|an|p 2Vw, - Vodr — A\ + «) /|wn|’8g0dx] < Co,

where Cp > 0 (independent of n) is a suitable constant. By (30), it is impos-
sible that f,.,(0) = —oo. Furthermore, (28) and (30) imply that |f,_ (0)] <
Chiiforn=1,2,..., where C1; > 0 is a suitable constant.

Now we prove that uy € A_ is a positive weakly solution of (1). From
condition (ii) we infer *|lw — wy,|| > I(w,) — I(w), i.c.,

%an(t) — llwall + tfalt) o]

> 2 alt)n + 1) — ]
> I(w,) - (fn< )(wn +19))

1 A
i P _ B+1 l—ad
SnlP = 2wl - 25 [ e da
1 A
— ) + )7+ T 1 0) (0 13
_/ ’fn(t)(wn+tgo)|l_adx
L BO B0 e (BT
= L+ AR 1) A2 oo
VIZ(t) P P B+1(¢ B+1 B+1
= (lw + 1 —HwnH) TR0 (e + 0l lwal1)

A
11—«

o / (w0 + 19)- — wi=]d.

Dividing by ¢ > 0 and passing to the limit as ¢ — 0, this yields
1
~ [ £ (O} lwnll + llel]
> = o Ol + Ao Ol 371+ A 0) [ '~
- / IVw, [P~ 2Vw, - Vipds + )\/ wPoda
Q Q

l-a« _ ,,,1—«
+ lim inf A / (wn—i—t(p)t Wn dzx
Q

t—0t 1 —

—/ |Vw, |[P~2Vw, - Vodr + )\/ wPpda
0

Q
l-a« _ ,,,1—«
+ lim inf A /(wn+t¢)t Wn dz.
Q

t—0t 1 —
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Since (wy,(x) + to(x))™* —wl=(z) > 0, for all z € Q, t > 0, then by Fatou’s
Lemma, we have

l-a 1—c
)\/ w};aSOdl‘ < lim inf A / (wn, + tp) w,, dr.
Q —a Jq

t—0t t

So
» 1.
A W pdr < ﬁ[|fn+(0)|\|wn||+H90H}

+/ |Vw, |[P~2Vw, - Vodr — /\/ wP pdx
Q Q

< DLy 1929, e < [ wdor
n Q @

Let n — oo, we have

hminf)\/ w,, “pdr < / |Vug|P~2Vuy - Vipdr — )\/ ulpd;
Q Q Q

n—oo

then using once more Fatou’s Lemma, we infer that, for all ¢ € W,7(Q), ¢ > 0,

/Q |Vus[P2Vuy - Vipdx — )\/ng(pdl' — )\/Qw2ag0da; >0, (31)

which means that u, satisfies —A,us > 0 in €. Since uy > 0 and ug # 0 in (2,
then the strong maximum principle yields us > 0 in €. In particular, using (31)
with ¢ = us, we infer that

Jusll? — Mua |31 — A / Wody > 0.
Q
On the other hand, by weakly lower semi-continuity of the norm
Jusll? < Alfuall35 + A / w-d,
Q

So
Juall = i s = Aal}324 4 3 [ k-2 (32)
n—oo Q

Consequently

t 1
SUIOREY uy in Wy P(Q)

and [(ug) = inf,_ I. Also from Lemma 2.1, it follows that necessarily uy € A_.
Then, following the same arguments as in proving the existence of u; and using
(31)—(32), we obtain us € A_ is a positive weakly solution of (1). This completes
the proof of Theorem 1.2. O

n
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