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Extreme Points and Strong U-Points
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Equipped with the Orlicz Norm

Yunan Cui, Henryk Hudzik, Marek Wista and Mingzria Zou

Abstract. We give some criteria for extreme points and strong U-points in Musielak—
Orlicz sequence spaces equipped with the Orlicz norm. It follows from these results
that the notion of the strong U-point is essentially stronger than the notion of the
extreme point in these spaces.
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1. Introduction

Let (X, ||||) be a real Banach space and S(X) be the unit sphere of X. By X*
denote the dual space of X. For any = € S(X), we denote by Grad(x) the set
of all support functionals at z, that is, Grad(z) = {f € S(X*) : f(x) = ||z||}.

A point x € S(X) is called an extreme point if for every y, z € S(X) with
T = y;Z, we have y = z = x. A Banach space X is said to be rotund if every
point of S(X) is an extreme point.

A point z € S(X) is said to be a strong U-point (SU-point for short) if for
any y € S(X) with ||z +y| = 2, we have x = y. It is obvious that a Banach
space X is rotund if and only if every x € S(X) is an SU-point.

Recall that the nature of SU-points is such that a point € S(X) is a point
of local uniform rotundity if and only if x is a point of compact local uniform
rotundity and an SU-point (see [4]).

Yunan Cui: Department of Mathematics, Harbin University of Science and Technol-
ogy, Harbin 150080, P. R. China; cuiya@mail.hrbust.edu.cn

H. Hudzik: Faculty of Mathematics and Computer Science, Adam Mickiewicz Uni-
versity, Umultowska 87, 61-614 Poznan, Poland; hudzik@amu.edu.pl

M. Wista: Faculty of Mathematics and Computer Science, Adam Mickiewicz Univer-
sity, Umultowska 87, 61-614 Poznan, Poland; mwisla@amu.edu.pl

Mingxia Zou: Department of Mathematics, Harbin University of Science and Tech-
nology, Harbin 150080, P. R. China; zuomxhust@yahoo.com.cn



88 Y.Cui et al.

Extreme points and strongly extreme points in Orlicz sequence spaces have
been investigated in [5] and [11]. The criteria for extreme points and strong
U-points in Orlicz sequence space were obtained in [2, 3, 4] and criteria for
rotundity of Musielak-Orlicz spaces were presented in [7]. In this paper, we
will give criteria for extreme points and SU-points in Musielak—Orlicz sequence
space equipped with the Orlicz norm. As it has been noted in [4], the notions
of extreme point and SU-point are different and the second notion is much
stronger than the first one. As it follows from criteria presented in this paper
the situation in Musielak—Orlicz sequence spaces equipped with the Orlicz norm
is similar.

The sequence M = (M), is called a Musielak-Orlicz function provided
that for any i € N, M; : (—o0, +00) — [0, +00] is even, convex, left continuous
on [0, +00), M;(0) = 0, and there exists u; > 0 such that M; (u;) < oo (see [10]).
By N = (V;)2, we denote the Musielak-Orlicz function complementary to
M = (M;) in the sense of Young, i.e.,

N;(v) = ili%){u ] — M;(u)}

for each v € R and i € NV.

Define b(i) = sup{u > 0 : M;(u) = 0}, B(i) = sup{u > 0 : M;(u) < oo},
b(i) = sup{v > 0 : N;(v) = 0} and B(i) = sup{v > 0 : N;(v) < oo} for
each i € N. Let p;(u) and p; (u) (¢;(v) and g; (v)) stand for the right and
left derivatives of M; (of N;) at u € R with 0 < v < B(i) (at v € R with
0 < v < B(i)), respectively. Here we define p;(B(i)) = oo, p; (u) = pi(u) = o0
for u > B(i), ¢;(B(i)) = oo and ¢; (v) = ¢;(v) = oo for v > B(i).

Moreover, for every u,v € R, we have the following Young inequality:

luv| < M;(u) + N;(v).

Further, |uv| = M;(u) + N;(v) if and only if p; (Ju|) < |v| < pi(|u]), when w is
fixed, or ¢; (Jv]) < |u| < g;i(|v]), when v is fixed (cf. [2], p. b).

Let [° denote the space of all real sequences z = (z(i)). Given any
Musielak—Orlicz function M = (M;), we define on {° the convex modular py; by

pu(x) = ZMl(JL‘(l)) for any = = (x (i)) € (°.

The space {z € 1°: pp(Ax) < oo for some A > 0} equipped with the Luxemburg
norm

|| = inf{)\ >0 pu(2) < 1}

or the Orlicz norm

] = sup { 3" (i)u(i) < pov(y) < 1
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is a Banach space, denoted according to the norm by I,; or 19, respectively, and
it is called the Musielak—Orlicz sequence space (see [2, 8, 10]). The subspace

{x € Iy : for any A > 0, there exists iy such that ZMz()\x(z)) < oo}

1>10

equipped with the norm || - || (or ||-]|°) is also a Banach space, and it is denoted
by har (resp. hY;). For Orlicz spaces, i.e. the spaces that are generated by the
Musielak—Orlicz function (M;)$°, with all M; being the same, we refer to [9].

We say that ¢ € (13,)* is a singular functional (¢ € F for short), if ¢(z) =
for any = € hY,. The dual space of 9, is represented in the form (I%,)* = Iy ©F,
i.e., every f € (I§,)* has the unique representation f =y + ¢, where ¢ € F and
y € ly is the regular functional defined by the formula (z,y) = > 7, x(i)y(7)
(for any = = (z(i)) € 19,).

For any i € N, we say that a point w € R is a strict convexity point
of M, if M;(*£%) < £(M;(u) + M;(v)) whenever w = “£* and u # v. We write
then w € SC)y,. An interval [a, b] is called a structurally affine interval of M; (or
simply SAI of M;) provided that M; is affine on [a, b] and it is not affine either on
la—e,b] or on [a,b+¢] for any € > 0. It is obvious that SCy, = R\ (U, (an, bn)),
where [an, b,] € SAI(M;), n=1,2,....

For any i € N, denote

SCyy, ={u € SCy; : & > 0 such that M; is affine on [u,u + €]}
SCY. = {u € SCy, : 3 &> 0such that M; is affine on [u — ¢, ul},
SCY. = SCu, \ (SC;, USCh,).

For any x € [9,, we put:

suppz = {i € N : z(i) # 0},

0(z) = inf {)\ > 0 : there exists iy such that ZM %) < oo}.

1>10

Let p o kx denote the sequence {p;(kz(:))} and let

\/

k>, 1nf{k:>0 pn(pokx) = ZN pz (kx(i))) > }

k;*:sup{k>0 pn(pokx) = ZN pi(kx (i) S }
k* k** ‘f k**
k’(l’) [ T ]7 1 xT <0
(kX 00), if ki< oo
and k}* = oo, and k(z) = 0, if k¥ = oo.

For the convenience of reading, we first list some known results.
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Lemma 1.1 (see [12]). If x € 1§, \ {0}, then k(x) # O if and only if
CicourpeNi(B(0)) > 107 Ticqp e Ni(B(0)) = 1 and. Do gy < 00

Lemma 1.2 (see [1]). Let = € 1§, \ {0}. If ElEsuppzNi(E(é)) > 1, then
|21 = L(1 + par(ka)) if and only if k € k(z), and if 3;cqup . Ni(B()) < 1,
then [|2]|° = 3 cqupp 12(D)] (B(D)).

Lemma 1.3. If 1 = ||z} = (1 + pm(kz)), then f = y + ¢ is a support
functional of x if and only if
L opn(y) + ol =1,

2. |10l = o(kx),
3. 2()y(i) 2 0 and p; (k|z(i)]) < [y())] < pi(k[z(i)]) for any i € N

Proof. The proof of this lemma is similar to that of Theorem 1.77 in [12] and [6],
so we omit it here. l

Lemma 1.4 (see [6]). For any ¢ € F, we have

6l = sup{o(e) : pr(r) < o} = sup T
Lemma 1.5. Let x € S(I%,). If 0(kx) < 1 for some k € k(x), then all support
functionals of x are in ly.

Proof. 1f (kx) = 0, then the implication is obvious. Let us suppose that
0 < f(kx) < 1. Take any support functional f = y + ¢ of . By Lemma 1.4,
we have [|¢|| = supg(,)o ‘g((y)) > 0((]”) > ¢(kx). From Lemma 1.3, it follows that
¢ = 0, which completes the proof of the lemma. O

2. Main results

We start with a criterion for extreme points of S(19,).

Theorem 2.1. A point x = (z(i)) € S(I3;) is an extreme point of S(1S,) if and
only if:
(i) k(x) =0 and card(suppz) =1, or
(i) K(x) # 0 and
(i-a)
(ii-b)

card(suppx) = 1 and b(i) = 0 for any i ¢ supp x, or
card(supp z) > 1 and kx(i) € SCyy, for any k € k(x) and anyi € N.
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Proof. Necessity. If (i) does not hold, without loss of generality we may
assume that (1) > 0,2(2) > 0 and k(z) = (). By Lemma 1.1 and Lemma 1.2,

we have 1= [|o® = 5%, [2(0)] B(i).

Take £; > 0 and &, > 0 satisfying e;B(1) = £,B(2) and z(1)— & > 0,
x(2)— 2 > 0. Define

(x(1) —e1,2(2) + €2, 2(3),2(4),...)

)
z = (x(1) +e1,2(2) — e2,2(3), 2(4),...).

It is obvious that y + 2z = 2z and y # z. Moreover, by the definitions of the
Orlicz norm and of B(), we can easily obtain that |jy||° < S2°°, [y(7)| B(i) =

oo |z (i) B(i) = 1. In fact, for any v € Iy with py(v) < 1, by the defini-
tion of E(), we have |v(i)| < B(i) for all i € N and hence Yo y(@)v(i) <
Yooy ly(@)] B( ). From the definition of the Orlicz norm, it follows that ||y||° =
sup { > y(D)v(i) - pa(y) <1} <32 |y(D)] B(i). Similarly, we have ||z]|° < 1.
Using ||z + yHO = 2, we get lyl|° = HZH = 1, which contradicts the fact that «
Is an extreme point.

Suppose (ii-a) fails. Then we may assume without loss of generality that
x = (2(1),0,0,...) and b(ip) > 0 for some ig > 1. Take k € k(x) and put

y@):{@ T z(z‘>={_ii2’ o

r o =1 o t=10-

Then y + 2z = 22 and y # z. We can get a contradiction with the assumption
that  is an extreme point by showing that ||y||” < 1 and ||z]|° < 1. Note that
from the definition of b(ig) we get

ol < 50+ parlly) = 3L+ page)) = o] = 1.

Similarly, we have |z|° < 1.

Now we verify the necessity of (ii-b). Otherwise, without loss of generality,
we may assume that z(1) > 0, x(2) > 0, and there exists k € k(z) such that
kx(1) € (a1, b), where [a1,b,] € SAI(M,) and M;(u) = Au+B for u € [al,bl]
Take up > 0 such that k2(1) £ ug € (a1,b1). By 1 = [|2]|” = £(1 + par(kz)), Wi
have k =1+ Akz(1) + B + >, M;(kz(i)). Put

h=1+A(kz(1) +up) + B+ Y Mi(ka(i))
i#1

=1+ A(k(1) — uo) + B+ Y_M(kz(i)),
i#1
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and y = F(z(1) + %, 2(2),2(3),...), z = ¥(z(1) — %, 2(2),2(3),...). Then
h+1 = 2k and hy + lz = 2kx, ie., v = iy + ﬁz. Moreover, by the left
continuity of p; , right continuity of p; and the fact that k(x) = [kX, kX*], we

x) X
have

pn(p~ o hy) = Ni(py (kz(1) +uo)) + > Ni(py (k(i)))
i£1
= Ni(py (kx(1))) + > Nilpy (ka(i)))
i£1
= pn(p~ okz) <1
and for any n > 0

pr(po (1+m)hy) = Ni(p((1+ 1) (kx(1) + u0))) + > _Ni(pi((1 + n)ka(i)))
i#1
= Ni(pr(L+mkz(1)) + Y Ni(pa((1+n)kx(i)))
i#1
= pn(po (1+n)kz) > 1.
Hence h € k(y), and so

ly|® = %(1 + pu(hy)) = %(1 + A(kz(1) +up) + B + ZMAkx(z’))) =1
i#1
Similarly we can prove that ||Z||0 = 1. Noticing that y # z, we conclude that
x is not an extreme point. This contradiction shows that condition (ii-b) is
necessary.

Sufficiency. Let y+2 = 2z, y, z € S(I3;). We should show that y = z = z.
First, we assume that k(z) = (). By (i), without loss of generality, we assume
that z = (2(1),0,0,---) and (1) > 0. Then by Lemma 1.1 and Lemma 1.2, we
have 1 = ||z]|° = 2(1)B(1). Hence, by ||z[|° = z(1) [les’, we get [le1]|” = B(1),
where e; = (1,0,0,...).

Now, we are going to prove that y(1) = z(1). In fact, if y(1) > x(1), then
there exist a > 0 such that y(1) > z(1) 4+ a. Therefore

1= lyl° > ly(el® = y(1)BA) > (2(1) + a)B) > 1.

This contradiction shows that y(1) < x(1). If we suppose that y(1) < z(1) — b

for some b > 0, then z(1) > z(1) 4+ b. Using similar arguments as above we get

a contradiction. So y(1) = x(1).
Next, we shall show that k(y)

= (). Otherwise, there exists kg > 0 such that
Iyll° = = (1 + par(koy)). Since k(z) =

(), we have

L= Dol = g (14 MG @)) 2 1o (14 MaChop(1)) > el = 1,
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a contradiction. Therefore

L= y|° = Z ly(@) B(i) = 2(1) B(1) + Z ly(@)| B(i) = 1+ Z ly(0)] B(i),

which yields that Y2, |y(i)| B(i) = 0. This means that y(i) = 0 = (i) for any
1 > 1. Using the equality y + 2z = 2z, we get that y = 2z = x.

Assume now that k(x) # 0 and k € k(x). We will consider the following
three cases.

Case I. k(y) # 0, k(z) # 0, k1 € k(y) and ko € k(z). In this case, by the
same method as in the proof of Theorem 2.8 in [2], we can prove that x is an
extreme point.

Case II. k(y) =0 and k(z) # 0. Since ||yJ2“ZH0 =1 and || - ||a is & convex
function, we have H%ﬂHO: |3y + izHO: 1 and H“T*ZHO: 1.

Take a sequence {ky},~; of positive numbers such that 7-(1 + pas(k,y)) <

Iyll° + L and put h, = ,?fZ:L Then we have

o] <o)

_ k+kn(1+pM< 2kk, _a:+y))

1=

Sk, Kk 2
kot k. . !

< 1

= Sk ( +k+kan(kx)+k+kan(k"y))

%(%(1 + pu(ka)) + kl—n(l + pM(kny>))

IN

N

1 1
(Il 1l + ) =1 (s o0)

Hence limy, o 7-(1 + pri(hy,55%)) = 1. Since the sequence {h,} is bounded, we
may assume (passing to a subsequence if necessary) that lim,, _..h, = h. If we

assume that k(*3%) = 0, then 1 = M < (14 pu(h™Y)). Next, we take
io € N such that 1 < +(1+ Ziolel(hw)), whence

)
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This is a contradiction, which shows that k(%) # 0.
Taking h € k(z), the condition

0 0

I [ N [
2 2
1 1 k+h 2%kh (x+ 2
> —(1 k —(1 h —— 1 >
2 o (Hrpaka))+ 7 (Leow(h2) = 5 ( +'0M(k+h< 2 )))—O’
tmplies that [| =" = (1 + pu(EE(52))), de., k(552) # 0.

Put y = % and 2z = “Z Then, by Case I, we have y = 2, ie., y = 2.
So, Case II can not occur if y 7é zZ.

Case III k(y) =0 and k(z) = 0. Put y’ = ¥ and 2’ = Z£=. Clearly y' +
2 = 2z. Similarly as in Case II, we can prove that [|y'[|° = ||| = 1, k(y') # 0
and k(z') # 0. By Case I, we conclude that ' = z". Consequently y = 2, and

the result follows. O
Theorem 2.2. A point v € S(IS,) with k(z) = 0 is an SU-point of S(1%;) if
and only if:

(1) card(suppz) = 1, say suppz = {j},

(2) for any i # j, we hcweN(B( ) + Ni(B(i)) > 1,

(3) 45 (B(j)) = o0 if N;(B(j)) < 1.
If x € S(48,) and k(z) # 0, then x is an SU-point of S(IS,) if and only if:

(I) card(suppx) =1 and b(i) =0 for any i ¢ suppzx, or

(IT) card(suppx) > 1, and for any k € k(x) we have

() kx(i) € SCyy, for alli € N,

(ii) {i e Nz klz(i)] € SCf; } =0 if O (k) = 1,
) i Nipi(k [z (D)) + Nj(p; (k|z()) < 1if klz(j)] € SCy, for
some j € N,

(v) D5z Nilpy (K |z(@D)]) + Nj(ps(k[z(7)])) > 1 if klz()] € SCy; for
some j € N.

(iii

Proof. Without loss of generality, we may assume that (i) > 0 for all i € NV.
At first, we suppose that k(x) = 0.

Necessity. Since any SU-point is an extreme point, by Theorem 2.1, con-
dition (1) holds and we assume, without loss of generality, that j = 1.

Let us suppose that (2) fails. Then there exists an iq > 1 such that
Ny(B(1)) + Ny (Blig)) < 1. Put
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Then, by Lemma 1.2, we have ||y||° = 5o )B(zo) —1and ||z +y|° = 2(1)B(1)+

é(lm)B(zO) = 2. But it is obvious that z # y, which means that x is not an SU-
point.
If (3) does not hold, then N;(B(1)) < 1 and ¢; (B(1)) < oo. Since
(

1
Ni(B(1)) + No(B(2)) > 1, there exists 5 € (b(2), B(2)) such that
Ni(B(1)) + Ny() = 1. (%)

We have 0 < ¢ (B(1)) < oo and 0 < g5 () < oo. Consider the following
system of equations:

{ wlé(l) + U}Qﬁg =1
wigy (B2) — waqy (B(1)) =0,

where we are looking for w; and ws. Denoting the solution of this system of
equations by (x1,z), we have 1 > 0 and x5 > 0. Let y = (21, x2, 0, 0,...).
It was already proved in Theorem 9 in [7] that ||y||” = 1 B(1) + 228, = 1.
Therefore, by (x), we have

21B(1) + 2200 + x(1)B(1) a1 + (1) &

e

i.e., ||z +yl|” = 2. But it is obvious that x # y, which means that z is not an
SU-point.

Sufficiency. For convenience, let * = (2(1),0,0.---), y € S(I,) and
|z +y||” = 2. Choose f € (19,) such that ||f|| = 1 and f(z+y) = ||z +y|° = 2.
Hence we obtain f(z) = f(y) = 1. Notice that z € hY,, so we have by k(z) =0
that f € S(ly) and f(1) = (1) = B(1).

Now, we shall prove that | f(i)] < B(i) for any i > 1. Otherwise, there exists
io > 1 such that |f(io)| = Bl(io). Hence, by (2), we have

12 px(f) 2 Ni(f(1)) + N (fi0) = Ni(B(1)) + N (B(i) > 1,
which is a contradiction, proving the claim.

Next, we are going to show that y(i) = 0 for any i > 1. Indeed, if we suppose
that y(ip) # 0 for some iy > 1, then

> " ly(i)| B(i) = [y(io)| B(io) + > _ |y(i)] B(i)
i=1 1710
> Jy(io)l 1 £Gio)| + > _ ly(a)| [ £ ()]
i#io

> > ) = f) = 1.
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By Lemma 1.1 and Lemma 1.2, we conclude that k(y) # 0. Take k > 0 satisfying
(1 + pu(ky)) = ly||” = 1. Then, by the Young inequality, we get

k= ka ) < pu(ky) + pn(f) < pu(ky) +1 =k

Therefore, the above inequalities are equalities in fact, whence ¢; (|f(i)]) <
kly(i)| < qi(|f(@)]), i =1,2,.... In particular, we have the inequality

¢r (B(1)) < kly(1)] < au(B(1)), ()

By k(z) = 0, if Ny(B(1)) = 1, then by Lemma 1.1, we have ¢; (B(1)) = oo; if
Ni(B(1)) < 1, then by condition (3), we also have ¢; (B(1)) = co. So we always
have ¢; (B(1)) = oo, which contradicts the inequality (s+). This contradiction
shows that y(i) = 0 for any ¢ > 1.

Therefore, from [jy||° = ||z|° = HxTJFyHO = 1, it follows that z(1) = y(1).
Consequently, we have x = y, which means that z is an SU-point.

Now, we shall consider the case when k(z) # 0.

Necessity. Clearly = is an extreme point. So, from Theorem 2.1, we get
that conditions (I) and (II)-(i) are necessary.

We are going to prove that (ii) in condition (II) holds. If not we may
assume, without loss of generality, that kz(1) = by € SC};, and 6(kx) = 1 for
some k € k(x). Take ¢; < by satisfying py (c1) = pi(c1) = py (b1) and let y = (¢,
x(2), (3),...). Then we have py(p~(ky)) = pn(p~(kz)) < 1. Moreover, for
any n > 0, by Oy (kz) =1, we get Y., M;((1+n)kz(i)) = co. From the Young
inequality, it follows that Zz>1N (pi((1 +n)kz(i))) = oo. Thus, for any n > 0,
we have

pr(po (L+n)ky) > Ni(pi((1+ n)ka(i))) = co.

i>1

So k € k(y). Take h = k ||y € k(+%5). Then

0
llyll

_ kh _( h k
o (7o 7+ o)) = S )49 o7 (o + )

i>1

- ZN,- (p; (kx(2))) +Ni(py (b1))

1>1

=pn(p~ okx) <1

and for any n > 0

ox(po e (e ) = SN+ ko) = o

i>1
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ie., Hh € k;( ”5”0). Therefore
Y kE+h kh Yy
I =T
TP kh ( +pM<k+h<$+HyH0>>
k; h _h k
k;—i—h( h k
= 1 + ZM ]fl’ Ml(bl) + —M1(01)>
= +h k+h
1 1
= £ (14 pu(ka)) + 7+ (1+ par (ky))
= 2.
B ” if (ii) does
not hold.

If (iii) does not hold, we may assume, without loss of generality, that
kx(1) = by € SCY; and ZZ# «(pi(kx(i))) + Ni(py (b)) > 1 for some k € k(x).
In view of 37, Ni(p; (kx(i)) + Ni(py (b1)) < 1, there exists v € Iy such
that py(v) = 1 and v(1) = p;(b1), p; (kz(i)) < v(i) < p;(kx(i)) for any
i > 1. From Lemma 1.3, it follows that v € Grad(z). Pick ¢; < b; such that
pi(er) = pr(cr) = pr (by) and put y = (% 2(2),2(3),...). Then pyn(p-(ky)) =

pn(p-(kz)) < 1 and py(p(ky)) = > Ni(pikz(i)) + Ni(py (b)) = 1. So
k € k(y). Thus, by Lemma 1.3, we get that v € Grad(y). Therefore

0 N oy !
2 ( +||y||°’> A A

ie., | IInyIO ‘0 = 2. This leads to the conclusion that x is not an SU-point.

Suppose (iv) fails. Then we may assume that kz(1) = a; € SC); and
> iz Ni(py (kx(4))) + Ni(pi(a1)) < 1 for some k € k(z). Take ¢; > a; satisfying

p1 (c1) = pi(c1) = pi(a1) and put y = (¢, 2(2),2(3),...). Then

Y

2> T+ —=

N(poky) =Y Ni(p; kx(i)+Ni(py (c1)) =Y _Ni(py (kx(i))+Ni(pi(ar)) < 1
i#1 1#1

and, for any n > 0, we have py(po (1 +n)ky) = py(po (1 +n)kz) > 1, ie,
ke k(y). Put b = k|ly||° e k(ﬁ) By the argumentation as above, we can
finish the proof of (iv), so we omit the remaining procedure of the proof.

Sufficiency. Let y € S(I%,), |z +y|° = 2 and k € k(). In the following
we will investigate two cases.
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Case 1: k(y) # 0,h € k(y). In order to show that 2z = y, we only need to
prove that kx = ky. From the inequalities

0 0 0
0= [l + lzl” = ll= + yli

> L0t park0) + 10+ )~ S5 (Lo (o )

kh
kE+h h k kh
SNAIILY LT N (hy) — e
T (et + ) — o (a4 0)
_k:+h°°( h

M;(kz(i)) + LM@-(hy(i))

kh k+h k+h

i=1

h k
— M;(—— k(i) + ——hy(i)) ] >
(et + o)) 20

we obtain that kx(i) = hy(i) or kx(i) and hy(i) belong to the same affine

interval of M; for all i € N and % € k(z +y).

If card(supp x) = 1, without loss of generality, we may assume that z(1) # 0.
Then by (I), we have b(i) = 0 for all & > 1, ie, 0 € SCY, for all i > 1.
Therefore, y(i) = 0 for any i > 1. Using ||z|° = ||y|° = ||%HO =1, we get
that (1) = y(1).

If card (suppz) > 1, we will consider again two cases.

(8). O(kx) < 1. Since 0(kz) < 1, there exist 7 > 0 and iy € N such that
> inigMi((1 + 7)kx(i)) < oo. Take € > 0 small enough so that fj% <1l+7
Then

St (14 20 2 )+ 000)

1>10 h

(I1+e)k : (1—5)h l+e -
< M. RN R
< Do) + S S (k)
(1+e)k h —

L purlh) + = }fZMx(lw)mu)) < oo,

This means that 9(%@—#@) < 11z < 1. Then, by Lemma 1.5 and Lemma 1.3,

we have py (po 2 (x +y)) > 1.

For any i € N, if kx(i) € SCY,, then it is obvious that hy(i) = kx(i).
Now we want to prove that if kz(i) = b; € SCy; \ SCy, (that is b; € SCY;
and b; ¢ SC,;), then hy(i) = b;. Otherwise, there exists ip € N such that
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kx(ig) = b;, € SC’AZO \SCJ\}Z_O and hy(ig) < b, Then & (2(io) + y(io)) < by,

Therefore, by (iii), we have

1< okh(—|—)
SpN\P k—l—hx Y

_ ;N <pl<k o i) + y(z’)))) + N, (pz-o (%x(io) + y(zb)))

< SN (pi(ka(i))) + Ny (i (b)) < 1.
iio

This is a contradiction, proving the claim.

By a similar argumentation, we can deduce that for any i € N, if kz(i) =
a; € SCy; \ SCy,, then hy(i) = a;

For each i € N, if k(i) = a; € SCy; \ SC]\J}i, then by the same way as
above, we can obtain that hy(i) = a;.

(B). O(kx) = 1. ;From (ii), it follows that {i € N : kz(i) € SC; } = 0. So,
it is enough to prove that if kz(i) = a; € SCy; \ SCy, , then hy(i) = a;. In fact,
if there exists ig € N satisfying kxz(ig) = a;, < hy(zo) then e ((i0) 4y (i) >

. Hence

1> pn <p‘ o kkhh(l’ + y))
Sy (n (Hh( o0+ 900)) ) + Vo (i (7 o) + i)

> ZN ‘l‘ N (pio(aio)) > 1,
1#£io

a contradiction.

Case 2: k(y) = ). Using the same argumentation as in the proof of Case 11

PR =E
in Theorem 2.1, we can deduce that k(“3%) # @ and || +22y HO = 1. Thus, by
case 1 above, we obtain xTer = x. Consequently z = y. But x # y, so Case 2

can not take place. Thus, we finished the proof of Theorem 2.2. O

Remark 2.3. By comparing the criterion for extreme points with the crite-
rion for SU-points in Musielak—Orlicz sequence spaces equipped with the Orlicz
norm, we conclude that strong U-points are essentially stronger than extreme
points in this class of spaces what is illustrated by the following example.

Let M;(u) = 0 if |u] < 1 and M;(u) = oo if |u| > 1 for any i € N
and M = (M;)2,. Then it is easy to see that 9, = l... Notice that ||z]|° =
sup;ep (1 )| = |Jz||, for any x € [3,. This follows by the fact that for x # 0 and
ko = ||z]| ) we have Ips(kox) = 0, whence é(l + In(koz)) = ||z||, - Moreover,
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' we have (1 + Iy(kz)) > 1 > ||z . Finally, for any

for any k& < |jz|_, 3 T
k > ||z||2), there exists i € N such that k|z(i)| > 1, whence Iy (kz) = oo and
so k! (1 + [M(k:m)) = 00. Since, for the function M, we can apply to the Orlicz

norm ||z||” the Amemiya formula (cf. [9]), we get
1
0_ .ot _
|2 = inf = (1 + T (k) = [l

Define 2 = (1,1,...). Then z € 19, and ||z||° = ||z||, = 1. Notice that
k(x) = {1}. This follows by the fact that I;(x) = 0, whence 1+ I;(x) = 1 and
for all £ > 0 with k # 1 we have k' (14 I);(kz)) > 1. Evidently card(suppx) =
00, so applying Theorem 2.1 (ii-b) we see that = is an extreme point of the unit

ball of 19,.

Notice that z is not an SU-point of the unit ball of [, because taking
y = (1,0,0,...) we get o +y|" = |zl = 2 and |ly|* = [lyll, = 1 and
x # y. This fact follows also from our Theorem 2.2. Since k € k(x) only if
k = 1 and card(supp z) = oo, we should apply Case II of Theorem 2.2. Since
the functions M, are affine to the left of kx; = k|z;| = 1, we have kz(j) €
SCuy;, ﬂSC’A’}j for any j € N. However condition (iii) of Case (IT) does not hold,
since p;(k |x(2)]) = pi(1) = oo for any i € N and, for any j € N,

> Nilpi(k (i) + N;(pj (k |2()])) = oo.
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