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Two-Scale Convergence
of First-Order Operators

Augusto Visintin

Abstract. Nguetseng’s notion of two-scale convergence and some of its main proper-
ties are first shortly reviewed. The (weak) two-scale limit of the gradient of bounded
sequences of WHP(RY) is then studied: if u. — u weakly in WP(RY), a sequence
{uic} is constructed such that uic(z) — ui(z,y) and Vu.(z) — Vu(z) + Vyui(z,y)
weakly two-scale. Analogous constructions are introduced for the weak two-scale limit
of derivatives in the spaces WIP(RN)V L2 (R3)3, L3 (RV)N| L2 (RM)N *. The ap-
plication to the two-scale limit of some classical equations of electromagnetism and
continuum mechanics is outlined. These results are then applied to the homogeniza-

tion of quasilinear elliptic equations like V x [A(us(z), 2, £)-V xu.| = f.
Keywords. Two-scale convergence, homogenization, elliptic equations, electromag-
netism, continuum mechanics
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Introduction

The following notion was introduced by Nguetseng [27], and then developed
by Allaire [1] and others: a bounded sequence {u.} of L*(RY) is said (weakly)
two-scale convergent to u € L*(RY xY) (with Y := [0, 1["V) if and only if

lim ue(v) P(w, L) dr = //]RN Yu(x,y) Y(z,y)dx dy, (1)

e—0 RN

for any smooth function 1) : RY x RY — R that is Y-periodic w.r.t. the second
argument and such that ¢ € L2(RY xY). (This is easily extended to LP for
any p € [1,400[.) It should be noticed that the converging functions u. only
depend on x, whereas the limit function v may also depend on the variable y;
r and y may respectively be regarded as coarse-scale and fine-scale variables.
Two-scale convergence can thus account for occurrence of a fine-scale periodic
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structure, and indeed has been applied to a number of homogenization problems,
see e.g. [1, 4, 8,12, 15, 18, 28, 42]|. For periodic homogenization, this method is
indeed alternative to the classical energy method (or method of oscillating test
functions) due to Tartar, see e.g. [2, 6, 14, 19, 23, 26|, [29]-[33].

In this paper we deal with the two-scale convergence of some first-order
linear differential operators (with constant coeflicients). First we briefly review
some basic definitions and results, along the lines of [13, 34, 35] and of other
works. We then revisit a known result: if {u.} is a sequence of W!'P(RY)
(1 < p < +00) and u. — u weakly in this space, then there exists a (possibly
nonunique) function u; € LP(RY; W'?(Y)) (¥ being the N-dimensional unit
torus) such that, up to a subsequence,

Vue — Vu + V,uy weakly two-scale in LF(RY x )" (2)

This result was already proved in [27] and [1]. Here we investigate how w; may
be related to the sequence {u.}: in Theorem 2.2 we construct a sequence {u;.}
such that, up to a subsequence,

U1 — UL weakly two-scale in L (RN X))

eVui. — Vyuy weakly two-scale in Lp(]RN xy)N.

(3)

For any e, the function wu;. solves an elliptic periodic problem on each cell
e(m+Y), with m € Z¥. This result may be compared with Theorem 1 of [13],
which outlines a different approximation of the function ;. In addition we
show that conversely for any pair (u,u;) as above there exists a sequence {u.}
for which (2) is fulfilled, here with strong two-scale convergence. The stated
regularity of v and u; may thus be regarded as optimal.

There are analogies between our construction of u;. and the so-called cell
problem, that is at the basis of the homogenization of the elliptic equation
- Zgjzl aij(£)D;Djue. = f in RN (D, := %), the matrix function {a;;} being
Y-periodic and positive-definite. Elliptic equations like this have extensively
been studied in a large literature, via asymptotic expansions and Tartar’s en-
ergy method; see e.g. the abovementioned monographs. There is however a
major difference between the two settings: the classical cell problem involves
the elliptic operator, whereas here it only depends on the sequence {u.}, and is

not related to any specific problem.

The main aim of this paper is to derive analogous results for other first-
order linear differential operators (with constant coefficients), by extending the
construction of Section 2. Arguments relative to different operators exhibit
similarities but also several differences; we then develop them in detail. In
Section 3 for any fixed p € |1, 4+00[ we deal with sequences of the space

{ve LPRMN : (Viu);; := 3(Djv; + Dyv;) € LP(RY), 4,5 =1,...,N},

L
2
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that we equip with the graph norm. By the classical Korn inequality this space
coincides with WP(RM)N . Given a weakly convergent sequence in this space,
we construct a function u; € LP (RN S WhP(P)N ), a two-scale approximating
sequence {uy.}, and derive statements like (2) and (3), with the symmetrized
gradient, V* in place of the gradient, V. A converse statement for strong
two-scale convergence holds for this as well as for the other extensions that
follow. This theorem looks prone to applications to continuum mechanics, for
the linearized strain is the symmetrized gradient of the displacement.

In the remainder of this paper we assume that p = 2. In view of applications
to electromagnetism, in Sections 4 and 5 we deal with sequences of L2 (R3)3
and of L2, (R™)" (respectively the domain of the operators curl and divergence
in L?), and derive formulas analogous to (2) and (3). Dealing with L2, we
assume that N is any positive integer. On the other hand we study convergence
in L2, just for N = 3, which is the case of main applicative interest, for the
extension to N > 3 would be slightly cumbersome. In Section 6 we prove similar

results for sequences of the space
L5 (R = {v e L*(R*)]: 7., Djui; € L*(R%) (i = 1,2,3)},

that we equip with the graph norm (the index s restricts the space to symmetric
tensors). The latter setting is of potential interest for applications to continuum
mechanics, for the stress tensor is a typical element of that space, cf. [37],[38].

Despite of several analogies, Sections 4, 5, 6 differ from Sections 2, 3 in the
following respect. Weak convergence in WP(RY) entails strong convergence
in LV (RY); hence the weak two-scale limit does not depend on y and coin-
cides with the strong one-scale limit. On the other hand, weak convergence in
L2, (R?)? does not entail strong convergence in L2 (R?)3; hence the weak two-
scale limit v may also depend on the fine-scale variable y, and thus differ from
the weak one-scale limit @ := fyu(-,y)dy. This raises the question whether,
assuming that u. — u weakly two-scale in L?(R3*x))?, the weak two-scale limit

of Vxu. (Vx:= curl) should read
Vxu(x)+ Vyxu(z,y) or Vyxu(z,y)+ V,xu(z,y), (4)

We derive the former expression; this looks fairly natural, for it confines any
dependence on the fine-scale variable y to the correcting term V, xu;. Anyway
this is compatible with the second expression, which indeed has recently been
studied by Wellander and Kristensson [41] and used in [7] (analogous results
might be proved for the other first-order differential operators we deal with in
this paper). A similar remark applies to the results of Sections 5 and 6, dealing
with the divergence operator; also in this case the formula that we prove includes
the derivatives of @, and the two-scale limit reads V- a+ V- uy (V-:=div). It
may also be noticed that in all of these cases (for p = 2) we represent the weak
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two-scale limit of the differential operator as the sum of two orthogonal terms
of L2(RY x V)M (M depending on the specific setting).

In Section 7 we illustrate how these results may be applied to the study of
the two-scale limit of the classical equations of Ampere and Gauss of electro-
magnetism, and of the balance of momentum of continuum mechanics.

The above developments may be used in the homogenization of several
second-order elliptic equations, for the corresponding a priori estimates are typi-
cally expressed in terms of first-order operators like gradient, curl or divergence.
In Section 8 we deal with the asymptotic behaviour of the system

Vx[A(ug(a:),x,f)-(qug—i—f)} =0, Vo, =0 in €, (5)

coupled with homogeneous Dirichlet conditions. This may represent equilibrium
in a heterogeneous and anisotropic electric conductor with a magnetic-field-
dependent resistance A. Here we prove convergence to a two-scale solution.
Analogous conclusions might be reached for instance for the equation —V -
[A(u.(z), x,%)-Vu:] = f. The homogenization of quasilinear elliptic equations
in divergence form has been studied in a large number of papers, see e.g. [9, 16]
and references therein; two-scale convergence has been applied e.g. in [1, 10,
13, 27]. But apparently so far less attention has been paid to equations in curl
form, and to corresponding variational problems.

This work is part of a research on two-scale convergence. Some of these
results have been announced in [34]; see also [35]. This author intends to apply
them to the homogenization of nonlinear partial differential equations issued
from electromagnetism, phase transitions and continuum mechanics [36]-[39].
Further research will deal with the two-scale homogenization of elliptic opera-
tors.

1. Two-scale convergence of the gradient of a scalar field

Two-scale decomposition. In this section we briefly review some properties
of two-scale convergence, along the lines of Nguetseng [27] and Allaire [1]. Here
we use the formulation of [34, 35], that is based on a technique that has already
been investigated in several papers, cf. e.g. [3, 4, 8, 12, 13, 21, 22].

We set Y = [0, 1[", denote by ) the same set equipped with the topological
and differential structure of the N-dimensional unit torus. (The case of a cell of
the form [0, a[x[0,b][x [0, ¢[ might be dealt similarly.) We identify any function
on Y with its Y-periodic extension to RY. For any ¢ > 0 we set

(x):=max{n € Z:n <z}, 7(z):=z—n(x)(€[0,1]) VxR
N(z):=(7(x1),...,2(zn)) € ZY, R(x):=2—-N(z) €Y Vo e RY;

3>

(1.1)
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this yields the two-scale decomposition (also named periodic unfolding in [13]):
= e[N(%) + R(%)] for any z € RY; eN(£) and R(£) may respectively be
regarded as coarse-scale and fine-scale variables w.r.t. the scale . We also set

Se(z,y) :=eN (%) +ey V(z,y) € RV xY, Ve > 0. (1.2)

The next statement can easily be proved via a variable transformation. Let
us first denote by L(RY) (B(RY), resp.) the o-algebra of Lebesgue- (Borel-,
resp.) measurable subsets of RY, and define £()) and B()) similarly.

Lemma 1.1 ([35]). Let f : RV xY — R be such that

f is measurable either w.r.t. the o-algebra generated by B(RYN) x L(Y),

1.3
or w.r.t. that generated by L(RY)xB(Y), (1:3)

either || f|| @~y € LN(Y) and has compact support,

4
or || fllzey) € L'(RY). (1.4)

Let us extend f(x,-) by Y-periodicity to RN for a.a. v € RY. Then, for anye > 0,
the functions RN — R: x — f(x,2) and RV xY — R: (z,y) — f(S:(z,y),y)

are integrable, and

f(,2)de =N S / Felm+ 4l ) dy
RY mezN VY
e (1.5)
~[[ s ydzdy veso
RNxY

For any p € [1,+00] and € > 0, the operator g — g o S, is then a (nonsur-
jective) linear isometry LP(RY) — LP(RN x )).

Two-Scale Convergence in LP(RY x ))). In this paper, by ¢ we shall de-
note the generic element of an arbitrary but prescribed, vanishing sequence of
positive real numbers; e.g. e={1,%,%,...,=,...}. Let p € [1,400]; for any
sequence {u.} of LP(RY) and any u € LP(RVx))), we say that u. strongly two-
scale converges to u in LP(RY x ), whenever u. o S. — u strongly in the latter
space. We similarly define weak (weak star for p = 0o) two-scale convergence.
We denote these convergences by u, 5 U Ue 5 U, Ue *?u, resp., and reserve
the symbols —, —, = for the ordinary strong, weak, weak star convergence

(that we refer to as one-scale convergence). Thus for any p € [1, 400]
Ue 5 u in IP(RYxY) < wu.0S.—u in LP(RYxY)
us 3 u in IP(RVxY) < w.0S8. —u in LPF(RY x))
ue’;éu in L°(RVYxY) & w08, 2w in L®RY x)).
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For any domain 2 C RY, we then define two-scale convergence in LP(2x)) by
extending functions to R\ Q with vanishing value. These definitions slightly
extend the original ones of Nguetseng [27] and Allaire [1]; see [35]. The next
result is a simple consequence of the above construction.

Proposition 1.2 ([1, 27]). Let p € |1,+00|. For any bounded sequence {u.} of
LP(RYN) there exists u € LP(RN xY) such that, up to a subsequence, u. S umn

LP(RY) (u, 2w if p = 0.

In view of the next statement let us fix a radial function p such that p €
C'RY), p>0, p(x) =01if |z| > 1, [pn p(x)dz =1, and set

pe(x) == 5_%,0(5_%33) Vo € RV, (1.6)

Hence Vp.(z) = e~ "2 (Vp)(e~2z) and p. =&, (the Dirac measure) in CO(RVY'.
For any function u = u(z,y) henceforth we set

U= / u(-,y) dy, i:=u—1u ae in RVx). (1.7)
Yy

Proposition 1.3. Let p € [1,+oo| and {u.} be a sequence in LP(RY) such that
u: 5 u in LP(RY xY). Then

e — /R HE Dpe - dE—u in IP(RY) (1.8)

Proof. By Proposition 2.13 of [35] [pn @(§, £)p:(z—£) d§ > @ in LP(R¥XY). By
the hypotheses the same then applies to the sequence of (1.8). It then suffices
to notice that, for any sequence {w.} in LP(RY) and any w € LP(RY), w. — w
in LP(RY) if and only if w, - win LP(RN x V). O

Further Notation. By appending the index * to a space of functions over ), we
shall denote the subspace of functions having vanishing mean. For any function
of (z,y) € RY x ), we shall denote by V, (V,, resp.) the gradient w.r.t. to the
first (second, resp.) vector argument. Finally expressions like Vuv should be
interpreted as (Vu)v (this will make formulas look a bit lighter).

2. Two-scale convergence of the gradient of a scalar field

In this section we deal with the two-scale limit of the gradient of weakly conver-
gent sequences of W1P(RY), for any p € |1, +oo[ and N € N. Trivial examples
show that u. — u in W'P(RY) does not entail Vu. —* Vyu in LP(RY xP)N:
in general the weak two-scale limit of the gradient need not coincide either
with the weak one-scale limit of the gradient or with the gradient of the weak
one-scale limit.
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In view of the next statement, for any Banach space B let us denote by
((B) the Banach space of p-summable functions Z" — B.

Lemma 2.1 (Cell Projection). Let p € |1,400] and € > 0. For any w €
WLP(RN) there exists a unique w* = w*(m,y) € (P(WLP(Y)) such that

/y (Vaw*(1m, y) — (Vo) (. + y))]-VC dy = 0

Ve e W (D) (v = L), Ym e ZV.

(2.1)

Moreover there ezists a constant Cy; > 0 (independent of w and €) such that

N * * P
7 [[Vw™ || oo (e <: (gzvz |Vw (m,.)ngmN) ) (2.2)

mezZN
< ||Vw||LP(RN)N

i *
e [[wlle ey < Cil[ Vo g (2.3)

Notice that (Vw)(e(m+y)) := Vw(z) |x:€(m+y) = e 'V, [w(e(m+y))]. Here
Vw*(m,-) (Vw, resp.) is the gradient in the sense of D'(V)N (of D'(RM)V,
resp.). Having identified Y to I, LP(Y)N = LP(Y)N, but WIP(Y) # WIP(Y).

Leaving aside translations and rescalings, the equation fy(Vz—Vv) V(dy =

0 (for any ¢ € W' ()))) defines a continuous projection (namely a continuous,
linear and idempotent operator) L : W'P(Y) — WIP(Y) : v — 2.

Proof. Let us fix any m € Z" and set g := (Vw)(e(m +-)) € L?(Y)N. For
p = 2 the equation (2.1) is equivalent to minimizing the functional

1
H (V) = R:v / (EIVU‘Z = g-VU) dy;
Yy
existence and uniqueness of w, := w*(m, -) are then straightforward. For p # 2

this setting does not fit the standard framework because of periodicity; we then
provide a direct argument for existence and derive a uniform estimate.

If g € D()), then there exists a unique w}, € H}(Y) such that
/ (Vw};, —g)-Vody=0 Yve H'(Y); (2.4)
Yy

actually w?, € D.()) by a known result of local regularity and by the compact-
ness of ). Similarly there exists a unique ¢ € D,()) such that

/(W — |Vw [PV}, )-Vody =0 Yo e H(Y).
y
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By taking first v = w},, then v = Vw(e(m + -)) in the latter formula, and then
v =1 in (2.4), we get

[ vovuidy= [ 9wy

y y
/ Vg dy — / IVt P2V, g dy
y y

/Vw;-V@Ddy :/g-V¢dy.
y y
The three latter formulas yield
[ 1vuilrdy = [ (9w 29w gdy < 190 b ol
Y Y
whence

IVwnlleyy < gy = [(Vw)(etm + Dy YmeZ¥. (2.5)

The restriction to D(Y) of the linear mapping w(e(m + -)) — w?, is thus non-
expansive w.r.t. the Wl P-seminorm. It can then be extended by density to a
unique mapping W'?(Y) — Whr()). By (2.5) Lemma 1.1 yields

1

F 190 o wrom) = (2 3 190, )
meZN
v (2.6)
< (ENZ |(Vw)(e(m + -))||Zzp(y)zv)
meZN

= ”VU)HL;D(RN)N,

namely (2.2). By the classical Poincaré inequality, there exists a constant C'; > 0
independent of w and e such that [}, jw;,[Pdy < Ci [}, [Vw;,[Pdy. (2.5) then
yields (2.3). The uniqueness of the solution of (2.1) follows from (2.3). 0

The first part of the next result may be compared with analogous theorems
of [1, 27] for p = 2; more recently a different argument based on the approxima-
tion of the function wu; (cf. (2.10)) was outlined in [13]. Here the main novelty
is that we construct an approximation of that function; an analogous procedure
will be applied to other first-order differential operators in the next sections.
We also show that conversely any expression of the form Vu(x) + V,u;(z,y) is
the two-scale limit of Vu, for some bounded sequence {u.} of WP(RY).

Theorem 2.2. (i) Let p € |1, +o0o] and {u.} be a sequence such that u. — u in
WEP(RN). For any € there exists a unique uj. € (P(WIP(Y)) such that

/y Vi (m,y) — (Vaz)(e(m + )] V¢ dy = 0
V¢ e WH(Y), Ym e ZV.

(2.7)
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Moreover there exists uy; € LP(RY; W2P(Y)) such that setting

wie(e(m +y)) = ui(m,y)

. or a.a. y €Y, Ym € Z", 2.8
s(e(m+y)) = Vui(m,y) 7Y (28)

as € — 0 along a suitable subsequence,
wie 3> u an LP(RY xY), 2z 5 Vyur in LP(RY x V)V, (2.9)
This entails that, as € — 0 along the extracted subsequence,
Vue 5> Vu+Vyur in LP(RY < Y)Y (2.10)

(i) Conversely, for anyu € WHP(RY) and any uy € LP(RN; WP (Y)) there
exists a sequence {u.} of WYP(RN) such that

u. —u in LP(RY), Vue > Vu+Vyuy i LP(RY x V)V, (2.11)
(Notice that z. need not coincide with Vuy. a.e. in RY.)
Proof. (i) By Lemma 2.1, uj, exists and
| ze || Loy~ [[t1e || Lo ey < Constant (independent of ).

By Proposition 1.2 then there exists u; € LP(RY x))) such that, as e — 0 along
a suitable subsequence, u;. — uy in L(R¥xY); hence uie o> uy in LP(R¥XY).
For any ¢ € D(RY) and v € D(Y)" we have

[ @ @) de = 3 [ Vi m)-viupetem) dy

- ZEZZN/uMmyw (y)p(em) dy
- NZN/UE £(m + 1))V (y)p(em) dy

e / / T V() dr dy

As z is uniformly bounded in LP(R") and ¢(eN(%£)) — ¢(x) uniformly for
z € RN, the latter convergence also holds if in the first integral p(eN(%)) is
replaced by ¢(z). Thus u; € LP(RY; W}P(Y)) and (2.9) is fulfilled.

(ii) In view of the derivation of (2.10), let us still fix any ¢ € D(RY) and
any 1 € D(Y)¥, and notice that there exists a (unique) ¢ € H!()) such that

/VC-Vvdy:/w-Vvdy Yo € HX(Y).
y y
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Hence (setting V- := div) A = V-¢ + C in Y for some constant C' € R;
integrating over ), by the Y-periodicity of ( and ¢ we get C' = 0. By the
regularity of ¢ we infer that ¢ € D(Y). By setting ¢ := V(¢ and V= —
in Y, we thus have

b e DY), V=V, Vhb=0 in).

By Lemma 1.1, (2.7) and (2.9) we have

:/qu; gp(gj\/(g))/y(vug)(s/\/(f)+6y)-VC(y)dy
R (2.12)

:/RNdx e(eN(2)) qu’{E(N@);y)‘VC(Z/)dZJ
- / ., Vo) D)elz) de dy.

Moreover, as V-9 = 0 a.e. in ) and fyz/;(y) dy = [, V((y)dy =0,

| Ve i@e@ e == [ @i Ve s -

_ / /R ) Vo) drdy = / /R Vel iete) dedy
/RNXyVyw(:v, y)-U(y)p(z) dr dy = —//RNqul (z,y)V-0(y)p(x) dz dy = 0,
J[[ vt iew s = [ Vutwrstoyds | dt)ar=o.

As ||Vue|| oy~ is uniformly bounded and (e N (£)) — ¢(x) uniformly in RY,
cf. (1.1),

[ V) i(2)pa)de — | Vu(e)-0(2)p(N (7)) dr — 0

a similar statement holds for the first member of (2.12). Assembling the five
latter formulas, we get

Vi) v2)eyds = [ ([Fuw) + Ty ) v)e) dedy

RN

that is (2.10).
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(iii) Let us now come to part (ii) of the thesis. Let us fix any u € WHP(RY)
and any u; € LP(RY; WP(Y)), define p as in (1.6), and set

ue(z) == u(x) + 6/ u (&, 2)pe(x — ) dé for a.a. v € RY; (2.13)
RN

hence u, — u in LP(RY) and

Viela) V(o) +2 [ w6 HVolo = e+ Ve Doule — s
We claim that
/ (&) Vpela — €) d — 0 214
/ Vyur (& 2)pe(x =€) d€ 5 Vyur in LP(RY < Y)Y, (2.15)

which suffices to infer (2.11). As e2 Jan Vpe(x) dz is independent of e, (2.14) is
easily checked. In view of proving (2.15), notice that by Lemma 1.1

|gs(55($7 y)) — Vyul(SE(x, y), y)|7’
= ‘/RN Vyui (&, y)p=(Se(z,y) — §) d§ — Vyui(Se(z,y),y) " ove,

and as ¢ — 0 the latter function vanishes a.e. in RY x )Y, for S.(z,y) — «
uniformly in RY xY by (1.2). Thus g. - Vyur ae. in RY %Y. By the equi-LP-
integrability of g., and by Lemma 2.3 below, we then infer (2.15). O
Lemma 2.3 (Two-Scale Vitali’s Theorem [35]). Let p € [1,+o00[, {u.} be a

sequence in LP(RY) such that sup, [gx, g g [U(2)|P dz — 0 as R — +oo, and
Ue 3> U a.c. in RV xY. Then

u € LP(RY x ), U 5> u o in LP(RN x ) (2.16)
iff {|ucP} is equi-integrable, in the sense that lim,, . sup, fAn lus(z)[Pdr = 0
for any sequence {A,} of measurable subsets of RN such that A, \, 0.

Remarks. (i) Trivial counterexamples show that the function u; need not be
uniquely determined by the sequence {u.}.

(ii) Denoting the weak one-scale (two-scale, resp.) limit by lim._,") (by
lim._o®, resp.), (2.10) also reads

lin% "Wu, = hm Wu, +V yur (= th u. + Vyuy) ae. in RV xY. (2.17)

This illustrates the relation between the one-scale and two-scale limit of the
gradient. For p = 2 the decomposition (2.17) is orthogonal in L?(RY x Y)¥.
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For N =1 the proof of Theorem 2.2 might be simplified, by decomposing
ue. — w into its piecewise linear interpolate {u.(me) : m € Z} plus a remainder.

By the argument of Theorem 2.2 one can also study the limit of sequences
{u.} that are bounded in LP(RY) jointly with a fixed directional derivative,
{Dju.} say. In this case the variables x; with i # j are reduced to parameters.

3. Two-scale convergence of the symmetrized gradient of
a vector field

In this section we assume that N € N, p € |1, 400], and define the symmetrized
gradient

(V*v);j := 2(Dju; + Dyv;) fori,j=1,...,N, Yo e WHPRY)V, (3.1)

Throughout this paper we shall label spaces of symmetric tensors by the index
“s”. We also denote by “:” the scalar product in RV (i.e. the contraction w.r.t.
two indices); thus A: B := Z” L aijbi; for any A = {a;;}, B = {b;} € RN".

The classical Korn inequality (cf. e.g. [17, Sect. VIL.2]) can be extended to
any N. Thus {v € LP(Y)N : V50 € L?(Y)V*} equipped with the graph norm
coincides with W1P(Y)N. In the Poincaré inequality Vv may be replaced by
Vev, and WP(Y)N may be equipped with the equivalent norm Vo] Lo w2

Lemma 3.1 (Cell Projection). Let p € |1,400[ and ¢ > 0. For any w €
WEP(RMN there exists a unique w* = w*(m,y) € P(WLP(Y)N) such that
[ 9o (m ) = (97w (el + )V dy =0
Yy

V¢ e W ()Y (p = -2r), Ym e ZV.

p

(3.2)

Moreover there exists a constant Cy > 0 (independent of w and €) such that

&7 1V o) ( ( > v (m. I, )> (3.3)

meZN
< Hvs7~U||Lp(]RN)N2

N * s
v [[wller(reyvy < Col[ Vo[ o gavyn2.- (3.4)

The argument mimics that of Lemma 2.1, and is omitted. Here the Poincaré
inequality is replaced by the Korn inequality.
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Theorem 3.2. (i) Let {u.} be a sequence such that u. — w in W'P(RN)N. For
any € there exists a unique ul, € (P(WP(V)N) such that

/y (Voul.(m,y) — (Vue)(e(m + 9))]- V¢ dy = 0

(3.5)
Ve e WY (V)N vm e ZV.
Moreover there exists uy € LP(RY; WHP(Y)N) such that, setting
uie(e(m +y)) = ui(m,y) N
o ora.a.yeyY, VYmeZ", 3.6
welm ) o= Vup(m,y) 70 (30
as € — 0 along a suitable subsequence

ue 3 Uy i LP(RY x )V, ze 5> Vyur in LP(RN x V)N, (3.7)

This entails that, as € — 0 along the extracted subsequence,
Viue o> Vou+ Viuy i PRV xY)N (3.8)

(i) Conversely, for any u € WHP(RM)N and any uy € LP(RY; WlHr(Y)N)
there exists a sequence {u.} of WYP(RM)N such that

ue —u in PRYY, Vo 2> Vout Viu in (RN Y)Y (3.9)
Proof. (i) By Lemma 3.1, u;. exists and
12l 1o gvyn2, [[uae || o gryv < Constant (independent of €).

By Proposition 1.2 then there exists u; € LP(RY x )™ such that, as € vanishes
along a suitable subsequence, ui — wuy in L(RY x Y)™. Let us now fix any
¢ € D(RY) and any v € D(Y)N’. Setting (V-1)); := Zjvzl D, 1 for i =
1,..., N, we have

[ @ eN (@) de = S | Gui ) viwptem)dy

- ZGZZN/ulamy )V -w(y)p(em) dy
- NZN/% (m +1))-V-(y)p(em) dy

— —/4nyu1(x,y)’v‘w(y)w(x) dz dy.
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As z is uniformly bounded in L?(RM)¥ and ¢(eN(2)) — ¢(x) uniformly for

z € RY, the latter convergence also holds if in the first integral p(eN(%)) is
replaced by ¢(z). Thus u; € LP(RY; W}P(Y)Y) and (3.7) is fulfilled.

(ii) In VleW of the derivation of (3.8), let us fix any ¢ € D(RY) and any
¥ € D(Y)N’, and notice that there exists a (unique) ¢ € W ()N such that

/ Vi(:Vivdy = / v:Vivdy Vv € Wl’p/(y)N.
Y y
Setting (V*-1); == % Zévzl(D]wij + Dj;1)j;), we then have V*- V¢ =V*- ¢+ C

in ) for some constant C' € RY; integrating over Y, by the Y-periodicity of ¢
and ¢ we get C' = 0. By setting ¢ := V*( and ¢ := 1 — 1 in Y, we then have

b, € Wl’p(y)NQ, Vih = Vo1, Ve =0 ae in).

By Lemma 1.1, (3.5) and (3.7), we have
. Vsug(a:):qﬂ(f)gp(sj\f(f)) dx
:/ dz p(eN (£ /Vsug N(Z) +y]): V*C(y) dy
RN
:/ dz p(eN (2 /Vsule ),y):V3((y) dy
— // Voui(z,y) )b (y)o(x) da dy.
RVXY

Moreover, as V*-1) = 0 a.e. in Y and fy y)dy = fy V((y) dy = 0,

[ ot d@pta)dn = = [ ae)i@) Vela) o —

- / /]R nyu(x)ﬂ(y)-vso(x) d dy = / /R . Veu(z):(y)p(r) dz dy,

//RNXJ,VZUI (. y): 9 (y)p(x) dz dy = _//RNqul (2,9)-V*-d(y)p(e) e dy =0,
/ Viu(x) &(yﬂﬂ(x) dzx dy = Véu(z)p(x) da::/ &(y) dy =
RNXY RN y

As [|Voue|| 1 gyne is uniformly bounded and ¢(eN(£)) — ¢(z) uniformly in
RY, cf. (1.1),

(3.10)

[ Vo) @ e [ V)2l () do - o

RN
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a similar statement holds for the first member of (3.10). By assembling the five
latter formulas we end up with

e e~ [[ (90 + Gyt vt dedy

that is (3.8). The proof of part (iii) of the thesis mimics that of Theorem 3.2,
and is then omitted. O

Remarks. (i) The function u; need not be uniquely determined by the sequence

{uc}. )

(ii) Defining lim, ™" and lim._o® as in Section 2, (3.8) also reads

lim®Vou, = V limWu, + Vi, = limWVou, + Viu, (3.11)
e—0 4 e—0 Y

e—0

a.e. in RN x ). If p = 2 this decomposition is orthogonal in L2(RY x })N*

4. Two-scale convergence of the curl of a vector field

In this section we assume that N = 3 and p = 2. We remind the reader that
L2,(Y)3 = {v e L2(Y)? : Vxv € L*(Y)?} (Vx := curl) is a Hilbert space
equipped with the graph norm.

The same applies to L2 (R?)? and L2 ())?; notice that the tangential com-
ponents of the functions of the latter space coincide on opposite faces of Y.

Lemma 4.1 (Cell Projection). Let e > 0. For any w € L2 (R3)? there exists a
unique w* = w*(m,y) € (*(H(Y)?) such that for any m € Z3

V-w*(m,y) =0 foraa yel (V-:=div)

/J,[wa%m,y) (Vxw)(elm+y)] - Vxcdy =0 veem )y O

This entails that there exists a constant C3 > 0 (independent of w and €) such
that

%
AV o (= (F X 9w molton) )y

mezZ3
< NV xwr2ms)s

LTI
€2||w ||Z2(L2(y)3) < 03||VXIU||L2(R3)3. (4.3)
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Proof. Let us fix any m € Z3, define the Hilbert space V,, := {v € H}(Y)3 :
V-v =0}, and consider the quadratic functional

Vin = R:v— /y (%|V><v|2 — (wa)(e(m+y))-va> dy.

By the Poincaré inequality this functional is coercive on V,,; hence it has a
(unique) minimizer, and this is the unique solution of (4.1). This yields (4.2).
It is not restrictive to assume that w is divergence-free, for w* only depends on
Vxw; (2.7) then yields (4.3). The uniqueness of the solution of (4.1) is a simple
consequence of (4.3). 0

Theorem 4.2. (i) Let {u.} be a bounded sequence in the space L2 (R3)? such

rot

that ue —> w in L*(R3xY)3. For any € there exists a unique uj, € (*(H}(Y)?)
such that, for any m € Z3,

Vui,=0 foraaye)

J (7 tim.) = (950 el + )] FxCay =0 ¢ € V) 44)

Moreover there exists u; € L?(R% H(Y)?) such that V,-uy =0 a.e. in R¥xY
and, setting

wiz(e(m +y)) = ui(m,y)

. ora.a. y €Y, Ym e Z?, 4.5
(elm+y) = Vxut.(my) 77 )
as € — 0 along a suitable subsequence

ue 3t U, Z 5 VyXupoin L*(R*x )3 (4.6)

This entails that, as ¢ — 0 along the extracted subsequence, defining 4 as
in (1.7),
Vxu: > Vxa+Vyxu, in LA (R3x V)3 (4.7)

Furthermore u € L* (R?’; L? ()))3) and for the whole given sequence

rot

eVxu. 3> Vyxu=0 in L2(R°xY)°. (4.8)

(ii) Conversely, for any ue€ L*(R*xY)? such that u€ L2,,(R*)? and V,xu = 0
in D'(R*xY)? and for any uy € L*(R% HX(Y)?), there exists a sequence {u.}

of HY(R?)3 such that

u. —u in L*(R?)? Vxue o VXU +Vyxu in LX(R*x ). (4.9)
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Proof. (i) By Lemma 4.1, u;. exists and
|| 2|l z2(3)3, || w1c]| 2(rsys < Constant (independent of ¢).

By Proposition 1.2 then there exists u; € L?(R3x))3 such that, as ¢ — 0 along
a suitable subsequence, ui. - ui in L*(R*xY)®. For any ¢ € D(R?) and any
1 € D(Y)? we then have

[ @eeN ) de =2 S [ Vi fm.)-vi)etem) dy

:”Ezs/ulsmy )Vt (y)p(em) dy
_ . Zg/uk (m + 1))V x(y)p(em) dy

~-f / (9 T xppla) dedy

As z is uniformly bounded in L*(R?)* and ¢(eN (%)) — ¢(z) uniformly for
z € R?, the latter convergence also holds if in the first integral @(eN (%)) is
replaced by ¢(z). Hence V, x u; € L*(R*x))? and (4.6) is fulfilled. By (4.4);,
we also have u; € L? (]R3; Hj(y)?’) and V,-u; =0 a.e. in R3x ).

(ii) Let us fix any ¢ € D(R?®) and any v € D(Y)®. Arguing as for
Lemma 4.1, it is easy to see that there exists ¢ € L%, ())? such that

/(VxC—¢)~vady:0 Yo e HY (D). (4.10)
Y

By setting ¢ :=Vx( and ¥ := ¢ —¢ in Y, we then have ¢, ¢ € L%(Y)3,
Vxi =0in (L2,(V)?)". By Lemma 1.1, (4.4) and (4.5), we have

rot

| vxuapi@o(en ) do
:/RSd:p SN ))/(vXug( NV(2) +5]) -V xC(y) dy
/dw (eN (2 /vXuk_ ).y) -V x((y)dy
-/ / VX (e) 0)e(e) dr dy

(4.11)

(iii) In general u. will not converge strongly in L?(R?)3; we then construct
another sequence {w.} as follows. Having fixed a test function ¢ € D(R?), it is
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clear that the limit of que(x)iﬂ(f)cp(x) does not depend on the behaviour of
u. outside the support S of ¢, so that we may assume S to be equal to a ball
without loss of generality. Let us then set

Vs:={ve H'(R*?:v=0ae inR*\ S, V-v =0}

For any ¢ > 0, by the Poincaré inequality there exists a (unique) minimizer
w, € Vg of the functional

1
U, (v) ::/ <§|VXU|2 - qu5~V><v> de Vv € Vs.
R3
We then have

V-w, =0, / (Vxw. — Vxu.)-Vxvdr =0 Yo € V.
R3

As Vx Vs =Vx{ve H(R?)?:v=0a.e. in R*\ S}, we conclude that
Vxw. =Vxu. ae. inS, Ve. (4.12)

The sequences {w.} is bounded in H*(R?)3 (at variance with {u.}); hence
there exists w € H'(R?)? such that, up to a subsequence,

w, — w in H'(R?).

— 2
Asu. = win L,

(R3)3, passing to the weak (one-scale) limit in (4.12) we get
Vxw=Vxu ae. inS.

(iv) Recalling that ¢ is curl-free, by the three latter displayed formulas we
have

/Rg[qus(x)—VXwE(x)].@(g)w(x) de =0

[ Vxuca) bE)p()de = | Vxwe(e) d(E)ele) da
- _/R3 wa(ﬂf')'d}(%)XVg@(m) dr —
_// w(z)-(y) x Vo(x) de dy :/ V xw(z) - (y)p(z) de dy
Ry R3xY
=[] vxita)iete) oy

JL T dwedrdy = [ ) Ixi@)e =0

[ vxa@ et dedy = [ Vxa@)pw)de [ )y =o
R3xY R3 y
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In (4.11) we may replace (e (2)) by ¢(x), since their difference vanishes
uniformly. By this and the three latter displayed formulas above we get

| vxutayvp i [[ V) 4 ¥y, )] v (0) (o) drdy

i.e., (4.7). (4.8) follows by the argument of part (i).

(v) Part (ii) of the thesis can be proved via an argument analogous to that
of part (ii) of Theorem 2.2. However here instead of (2.13) we set

ue(z) = u(x) + 8/ u (&, 2)pe(x — €)dé for a.a. v € R (4.13)

RS

(here with @(x) instead of u(x)). The argument of part (iii) is also analogous
to that of Theorem 2.2; however here the strong convergence of the curl does
not entail that of the function. ad

Remarks. (i) The function u; need not be uniquely determined by the sequence

{uc}.

(ii) Defining lim. .o and lim._(® as in Sect. 2, (4.7) also reads

lim?V xu, = Vx lirr(l)(l)us + V,xu; = hr%(l)v X e + Vy X1 (4.14)
e— e

e—0

a.e. in R3x Y. This decomposition is orthogonal in L?(R?x Y)3. Thus

ImPVxu, =0 = VxlimWu =V, xu; =0.

e—0 e—0

5. Two-scale convergence of the divergence of
a vector field

In this section we assume that N € N and p = 2. Tt is known that L3 (Y)Y :=
{vel2(Y)V:V-we L}Y)} (V-:= div) is a Hilbert space equipped with
the graph norm. We similarly define L2 (R™)Y and L3, (Y)"; notice that the
normal traces of the functions of the latter space coincide on opposite faces
of Y. Dealing with N # 3, we define the curl as the antisymmetric part of the
Hessian matrix:

(VX’U)U = DjUZ' — Dﬂ)j \V/’l,j € {1, RPN N}, Yv € D/(RN)N. (51)

Lemma 5.1 (Cell Projection). Let ¢ > 0. For any w € L3 (RN)N there exists
a unique w* = w*(m,y) € CC(HHY)N) such that for any m € ZV

Vxw*(m,y) =0 fora.a ye)y

/y[vw*<m7y> (Vw)elmty)indy =0 Vger2y). 2
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This entails that there exists a constant Cy > 0 (independent of w and ) such
that

1

wnwnww( ( > Iv-w(m ”mwy) (5.3)

mezZN
< |V-w|l 2@

N
7 |wll ey < Cal|V-wl|p2@m). (5.4)

Proof. An argument analogous to that of Lemma 4.1, with the divergence in
place of the curl operator, yields the existence and uniqueness of w*.

It is not restrictive to assume that w is curl-free, for w. only depends on
V-w; hence [, |Vw*dr = [}, |V-w[*dz, and (5.4) follows from (2.3). 0
Theorem 5.2. (i) Let {u.} be a bounded sequence in L3 (R™)YN such that
Ue - uin LARN x Y)N. For any € there exists a unique ui. € C(HN(Y)V)N

such that, for any m € 7",

Vxui.(m,y) =0 foraa yey

/y Vol (m.y) — (Vw)elm+ ndy =0 Ve 2y). 9

Moreover there exists u; € L*(RN; HH(Y)N) such that Vyxu; =0 a.e. in RN,
and, setting

wie(e(m +y)) = ui(m,y)

. for a.a. y €Y, Ym € ZV, 5.6
2 (elm +9)) = Voui, (m, ) )
as € — 0 along a suitable subsequence

wie 5> win L*RY < Y)7, z 5 Vyur in L(RY % ). (5.7)

This entails that, as ¢ — 0 along the extracted subsequence, defining u as
n (1.7),
Veue 3> Vei+ Vyurin AR % Y). (5.8)

Furthermore u € L*(RY; L% (V)N) and for the whole given sequence
eVoue 2 Vyu=0 in LHRYxY). (5.9)

(ii) Conwversely, for any u € L*(RN x Y)Y such that u € L3 (RM)N and
Vy-u =0 in D'(RY xY) and for any vy € L*(RY; HX(Y)Y), there exists a
sequence {u.} of HY(RM)N such that

ue —u an RN, Ve » Veia+Vyu in PRYXY). (5.10)
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Proof. (i) By Lemma 5.1, u;. exists and
| 2|l L2y, [|Uie]| 2ayy < Constant (independent of ¢).

By Proposition 1.2 then there exists u; € L2(RY x V)Y such that, as ¢ — 0
along a suitable subsequence, uj. —* u; in L* RN x Y)N. For any ¢ € D(RY)
and any ¢ € D()), we have

N @) dr = 3 [ T fm pistu)etem) dy

- Nz/yulsmva)(em)dy
- NZ/uk c(m+ ) Vey)p(em) dy

o —/4nyul(m,y)-v¢(y)w(x) dx dy.

As z. is uniformly bounded in L*(RN)N and ¢(eN (%)) — ¢(z) uniformly for
z € RN, the latter convergence also holds if in the first integral ¢(eN(2))
is replaced by ¢(x). Moreover V, xu; = 0 a.e. in RY x Y, by (5.5);. Thus
wy € L*(RN; HY(Y)N) and (5.7) is fulfilled.

(ii) Let us fix any ¢ € D(RYN), any ¢ € D(Y), and define ¢ and 1) as
n (1.7). By (5.5) and (5.7),

L Tt @peN ) de = [ oo () d [ V(@) + )i dy
= [N @) i [ Vi (V) dy
. / /R Vo p)i)e(e) drdy
As u. — @ weakly in L2(RN)N,
[ Vi@ == [ )iVl o —

- [ 1o dedy = [ 9-itaiot) drdy

Moreover, as [}, Vy-ui(z,y) dy = 0 for a.a. 2 and fy y)dy =0,

// Y,z y)Pp(x) dr dy = / V(e y)dy | do(r)de =0
RNXY y RN

[ vawiwew iy = [ Tawgee s [ i@ -
RNXY RN v
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As o(eN(%)) — ¢(x) uniformly in R, the four latter formulas yield

[ V(e o — / /R - )+ Ve (2, ) () (@) dee dy,

ie., (5.8). (5.9) follows by the argument of part (i). Parts (ii) can be proved as
in Theorems 2.2 and 4.2, defining u. as in (4.13). 0

Remarks. (i) The function u; need not be uniquely determined by the sequence

{ue}.

(ii) Defining lim,_o™ and lim._¢® as in Sect. 2, (5.8) also reads

Im@V-u, = V-1limWu, + V4 = limOVou, + V0 (5.11)
e—0 e—0

e—0

a.e. in RY x Y. This decomposition is orthogonal in L?(RY x)). In particular
if Voue o> 0in L*(RV % Y) then V-a = V,-u; = 0, consistently with part (iii)
of Proposition 1.14 of [1].

6. Two-scale convergence of the divergence of
a tensor field

In this section we assume that N = 3, p = 2, and define the divergence and the
curl of a 3x 3-tensor field ve L?(Y)? as follows setting v; 1= (V;1,Vi2,V43):

(V-u); :=V-(v3), (Vxw);:=Vx(v;) inD(Y)3 fori=1,23.  (6.1)

Notice that ||V xvl|3, yyo IV |2, 2(yys = HVUHLQ(Y o7 for any v € HY(Y)?.

We also set L3, (Y ) = {v e L*(Y)?: V-v e L*(Y)3?}; this is a Hilbert sub-
space of H*(Y)? equipped with the graph norm. We similarly define L3, (R*)?,
L% (V)?, and so on.

Theorem 6.1. (i) Let {u.} be a bounded sequence of L% (R?)? such that Us 3> U

in L*(R3xY)Y. For any ¢ there exists a unique u}. € (*(H(Y)?) such that, for
any m € 73,

Vxui.(m,y) =0 foraa yey

AWﬂUmw%%VﬂMdm+wWMw=0Vnéﬁ@) (6:2)

Moreover there ezists uy € L? (R3; Hj(y)9) such that V,xu; =0 a.e. in Y for
a.a. * € R3, and, setting

uie(e(m +y)) = ui(m,y)

. or a.a. y €Y, Ym € 72, 6.3
clelm +9) = Veul (my) 7074V (6:3)
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as € — 0 along a suitable subsequence
Uie 3 U1 in LA(R*x ), ze 7> Vyur in LA(R*x Y)3. (6.4)

This entails that, as € — 0 along the extracted subsequence, defining u as
in (1.7),
Veue > Ve Vyurin RO Y)?. (6.5)

Furthermore u € L*(R3; L3, (¥)°) and for the whole given sequence
eVeu, 3> Vyu=0 in (RO Y)?. (6.6)

If the tensors u. are symmetric, then uy s also symmetric.

(ii) Conversely, for any u € L*(R3*Y)? such that u € L3, (R*)? and V,-u =0
in D'(R*xY)? and for any uy € L*(R* HX(Y)?), there exists a sequence {u.}
of HY(R?)® such that

u. —u in L*(R?)?, Veue 3> Voa+Vyur an PRPx ). (6.7)

Proof. 1t suffices to apply Theorem 5.2 to the sequences of vectors u. :=
(Uei1, Ueio, Ueiz), Tor @ = 1,2, 3. Part (ii) can also be proved via the procedure of
Theorems 2.2 and 4.2, defining u. as in (4.13). O

Remarks. (i) The function u; need not be uniquely determined by the sequence

{uc}.

(ii) Defining lim. .oV and lim. ¢ as in Sect. 2, (6.5) also reads

lim®V-u. = V-limWu, + Vyu = lim YV, + V- (6.8)
e—0 e—0

e—0

a.e. in R?*x Y. This decomposition is orthogonal in L*(R?x Y)3.

7. Two-scale limit of some classical laws

In this section we illustrate some simple applications of the above results, in
view of the application to the homogenization of linear and nonlinear problems
in electromagnetism and continuum mechanics, cf. e.g. [36]-[39].

Two-scale limit of the Ampere law. Let us consider the classical Ampere
law of magnetostatics, and assume that the magnetic field H and the electric
current field J depend on a scale parameter e:

VxH, =4rJ. ae. inR® (7.1)



156 A. Visintin

Under boundedness hypotheses (here omitted), after Theorem 4.2 as € vanishes
along a suitable sequence

Jeg J. Hep» Ho VxH.» VxH+V,xH in P(R*xY)’.  (7.2)

Defining J and .J as in (1.7), we then get the coarse- and fine-scale Ampere
laws:

VxH=4nJ a.e. in R?,
VyxH=0, V,xH =4rJ ae in R®xY. (73)
Moreover, as J. is divergence-free, by Theorem 5.2,
V-J=0 ae inR  V, J=0 aec in R®x). (7.4)

Two-scale limit of the Gauss law. Next we consider the classical Gauss law
of electrostatics, and assume that the electric displacement D and the electric
charge v depend on a parameter e:

V-D. =4ny. a.e.in R? (7.5)

Under boundedness hypotheses, after Theorem 5.2 as e vanishes along a suitable
sequence

D. > D in L*(R*x )3

- 7.6
%5 % VDo V-D+ VD in LX(R°xY). (7.6)

Defining 4 and 7 as in (1.7), we then get the coarse- and fine-scale Gauss laws:

V-D = 475 a.c. in R?

~ s (7.7)

Vy D=0, V, D=4y a.e. in R>x ).
Two-scale limit of the system of linear elasticity. Let us denote the
displacement by u, the deformation tensor by e, the Cauchy stress by o, and
an applied load by f in a domain Q of R?. Assuming dependence on a scale
parameter €, the definition of e and the balance of momentum read

Véu. =e., V-0.=f ae. in (. (7.8)

(Of course a further equation is needed to close the problem). Under suitable
boundedness hypotheses, after Theorems 3.2 and 6.2 as e vanishes along a
suitable sequence

u. —u in WH(R?)? e, 5 ¢ in LP(R*xY)? (p €]1,+]),

7.9
0.5+ 0 in P(R*xY)’, Vo, V-a+V,01 inLXR%xY). (79)
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Notice that u is independent of the fine-scale variable y, cf. Theorem 2.2. Defin-
ing e, ¢ and f, f as in (1.7), we then get the coarse- and fine-scale laws:

Viu = e, Vo=f a.e. in R?
0

g (7.10)
, Vyor=f ae inR’°x).

8. On the homogenization of some elliptic equations

So far we confined ourselves to first-order linear differential operators with con-
stant coefficients. It is clear that several results take over to operators with
z-dependent coefficients. One may also include coefficients that also depend on
the unknown function u., provided that the latter converges strongly two-scale.

The results that we derived so far are based on the L2-boundedness of some
first-order operators, and may be applied to the homogenization of a large
number of partial differential equations. Here we illustrate a simple example.

A quasilinear elliptic equation. We deal with the system

Vx [A(uc(z),z,2)- (Vxus + f)] =0

in R”. (8.1)

Ve, =0

This equation may account for equilibrium in a heterogeneous and anisotropic

electric conductor that occupies a domain € of R?® and is surrounded by an

insulating environment, e.g. air. In this case u. represents the magnetic field

(ue = H.), —f is a prescribed electric current field supported outside €2, and A

is the electric resistance (that vanishes outside §2). (8.1); then follows from the
stationary Ampere and Faraday equations coupled with Ohm’s laws:

VxH.=J., VxE. =0, E.=A-(J.+f) ae inR"

The resistance is here assumed to depend on the magnetic-field, as it is pre-
scribed by the classical Hall effect, cf. e.g. [20]. The magnetic field H. must
also be related by a constitutive law to the magnetic induction B., which is
divergence free. If the magnetic permeability is scalar and uniform, i.e., B, is
proportional to H, then we retrieve (8.1).

Let © be a bounded Lipschitz domain of R* and A (= {a;; : 4,7 = 1,2,3})
a function R3x Q) x ) — R? such that

A(v,-,-) is measurable w.r.t. the o-algebra

8.2
generated by B(Q)x L(Y), Vv € R? (8.2)
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(our discussion would be unchanged if B(Q2)xL()) were replaced by L(Q2)xB(Y)),
v — A(v,z,y) is continuous, for any z and a.a. y, (8.3)

dey, e € R (0 < €1 < ¢3) such that for any (v, x) and a.a. y
c1&i&s < aij(v, 7, 9)&E;, ’{azj(%%y)fi}‘ <olf] Ve R?.

The function (v, z) = A(v,z, Z) is thus of Caratheodory class, and the mapping
x +— A(v(r), 7, £) is measurable in 2 whenever so is the function v.

Let f € L*(Q)3 and for any € > 0 consider the problem of finding u. €
H!(Q)3 such that (8.1) is fulfilled in D’(€2). By the compactness of the injection
HI(Q)3 — L3(Q)3, it is easy to see that this equation has a solution.

Theorem 8.1. Assume that the conditions (8.2)—(8.4) are fulfilled. For any
>0 let u. € H(Q)? be a solution of (8.1), and let ui. € (*(H(Y)?) be such
that (extending u. with vanishing value outside Q) and omitting restrictions)

(8.4)

V-ui(m,y) =0 foraa yely

8.5
/[qu’{a(m,y) — (Vxu)(e(m +y))]-VxCdy=0 V¢ e HY(Y) (8:5)
Yy
(By Lemma 4.1 this problem has a unique solution.) Let us set
ure(e(m+y)) = uj.(m,
1e(e( v)) 1:(m y) for a.a. y €Y, Ym € Z3. (8.6)

z(e(m +y)) = Vxui(m,y)

Then there exist u € HH(Q)? and uy € L*(Q HE(Y)?) such that, ase — 0 along
a suitable subsequence,

Us — U in H(Q)?, (8.7)
ue 3 UL, % VyXup in L*(QxY)?3,
VXu: o Vxu+Vyxu  in L*(Qx )3 (8.9)

This entails that

J[| {9 xute) + 9, <) + o

[V xv(z) 4+ Vy,xuv(z,y)] dedy = (8.10)
Yo € H(Q)?, Yo, € L*(; H'(Y) )
Vu=0 1inD'(Q), Vyup =0 inD'(QxY). (8.11)
By the arbitrariness of v and vy, the equation (8.10) is equivalent to the
system
Vx/ {A(u y) [V xu(z)+V, xui (2, y)+ f(2)]}dy =0 in D'(Q)? (8.12)

V, < {A(u(e), 2,y)- [V xu(@)+ 7, xui(2,y) + f@)]} = 0 in D(Qx V)’
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Proof. In this argument all fields defined in © are extended to R? with vanishing
value. Multiplying (8.1) by wu. it is easy to see that the family {u.} is uniformly
bounded in H!(Q2)3. Theorem 3.2 then yields (8.7), (8.8) and

Vixue 2> Vxu+ Vyxu in L2(QxY)?,
as € vanishes along a suitable sequence. Thus u. — u in L*(Q)3, whence
A(ue(z), 2, 7) 5 Alu(z),z,y) in L*(QxY)°. (8.13)

For any v € D(Q)? and any v; € D(Qx))*, multiplying (8.1) by v(z)+ecvy(z, £)
and integrating in €2 we get

J[| (Ao 2 (9 + o))
- [Vxo(z) + eV, le( 2) + Vyxvi(z, £)] dx dy = 0.

(8.14)

Passing to the limit in (8.1) we then get (8.10). The equations (8.11) are direct
consequences of (8.1), and (8.5);.

Let us now come to (8.9). By (8.7), denoting by ¢’ a suitable subsequence,
Aue (), 7, 5) 5 A(u(x),z,y) a.e. in Q x Y. Let us set g := V X uo and
g = Vxu+ V,xu;. Recalling the upper estimate of (8.4), the two-scale Vitali
theorem (cf. Lemma 2.3) then yields

/Q [[A(u (@), 2, 2)-go(2)]-gor(z) — [Alu(), 2, £)-go (2)] -go(z) } dz — 0.

By (8.10) and (8.14) (here with v = g and v; = 0) we then get

/Q [A(u(2), 2, £)-go(2)]-gor () dt — / / [AQ(). 2ol o(r.) e dy
Notice that

v [ 1A, 2. 5)-o@)])v(o) o

w / / Alua), 2,9)-w(z,y)] w(e,y) de dy
197°0%

are the square of uniformly convex norms over L?(Q)% and L?*(2 x V)3, re-
spectively. By a two-scale extension of the property of compactness by strict
convezity [40], (8.12) then yields (8.9) for the subsequence {g.}. This actu-
ally holds for the whole sequence {g.}, since the same argument applies to any
subsequence. O
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Other quasilinear elliptic equations. If the magnetic induction w. = B. is
a nonlinear function of the magnetic field u,., then (8.1) must be coupled with
the condition V-w, = 0. If A is independent of u., for any ¢ existence of a
solution of the corresponding system can be proved via a procedure based on
Murat’s and Tartar’s compensated compactness and on compactness by strict
convexity. As € vanishes, convergence to a homogenized problem may then be
derived via two-scale extensions of those compactness techniques, cf. [39], using
the spaces L%, (R3)? and L2, (R3)?, and applying of the results of Sections 4, 5.

rot

The analogous of the system (8.1) for the gradient operator reads
—V-[A(ue(z),2,2)-(Vue + f)] =0 in (8.15)

here u. is a scalar function, and no further condition like (8.1), is needed. If u,.
is interpreted as a temperature field, this may represent thermal equilibrium in
a heterogeneous and anisotropic material, with a temperature-dependent heat
conductivity tensor A. It is easy to see that this equation has at least one solu-
tion. This problem has been studied in a large literature, see the monographs
quoted in the Introduction. The two-scale limit behaviour as € vanishes may
be treated along the lines of the procedure that we used for (8.1).

Finally let us come to equations of the form

Vx [A(Vxu:(z),2,%)-Vxu| = f inQ, (8.16)
—V-[A(Vu(z),x,%)-Vu.| = f in Q. (8.17)

For each of them existence of a solution may be proved, provided that the
corresponding operator is monotone; if it is even cyclically monotone, then this
is the Euler equation of a convex functional, and variational techniques may be
used, cf. [40]. More general quasi-linear equations will be studied apart.

9. Conclusions

Let a sequence {u.} be such that u. —* u in L2 (RN x )M and P :Dom(P) —
L2(RM)M be a first-order differential operator (with constant coefficients), for
suitable integers M, M. In each of the five cases that we dealt with in
Sections 2-6, we constructed a sequence {uj.} such that, as £ vanishes along a
suitable subsequence, defining u as in (1.7),

e 2wy, £Pui. - P, Pu. > Pi+ Py in PRV <)M (9.1)

here  is the weak one-scale limit of {u.}, P, is the version of P acting on the
variable y. For instance, in Section 2, M =1, M = N, P =V, Dom(P) =
HY'(RY); in Section 4, M = M = 3, P = Vx, Dom(P) = L2, (R3)3.

rot
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We encountered two basic situations. In Sections 2, 3 the domain of P
has compact injection in L2(R™)M so that u. — u in this space; the two-scale
limit function then coincides with u, which does not depend on the fine-scale
variable y. On the other hand in Sections 4, 5, 6 the sequence does not strongly
one-scale converge in L2(RM)™ so that the two-scale limit function u may
depend on y; however of course u. — @ in L?(RY)M. We then represented the
weak two-scale limit of Pu. in the form Pu + P,u;; this entails that the fine-
scale information are confined to the term V, x u;. Notice that Pu and P,u;
are orthogonal in L2(RY x Y)M.

An alternative representation of the form Pu + P,u; for the curl and di-
vergence operators was studied by Wellander and Kristensson [41], who used a
technique that is reminiscent of that of Theorem 3 of [27] and Proposition 1.14
of [1] for the gradient.

Remark added in proofs. Here we briefly compare the latter alternative
representation of the two-scale limit of the curl with that of Section 4. By
Theorem 4.2 V, xu = 0, hence there exists ¢ € L*(R* H!(Y)) such that
u(z,y) = u(x) + Vyp(z,y) for a.a. (z,y) € R®*x Y. Thus

Vxii=V,xu—V,xVyp=V,xu+V,xV,p inD(R*xY)>
Setting uj :=u; + Vo € H™'(R?* H!(Y)?) we then infer that
Vxu+ Vyxu = Vyxu+ V,x(Vyp+u) = Vyxu+ Vyxuj. (9.2)

However it is not obvious that V,xu € L?(R3xY)3, and thus the latter equality
a priori just holds in H~'(R?; L?(Y)?); in other terms, both V,xu and V, xu}
might be elements of the latter space.

An analogous remark concerning the representation of the two-scale limit
of the divergence applies to Theorems 5.2 and 6.1.
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