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Abstract. In this paper we generalise the Sallee theorem from [J. Geom. 29 (1987)(1),
1-11, Theorem 4.3] into non-symmetric sets and give its proof in the terms of
Minkowski subtraction.
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1. Preliminaries

Let X = (X, 7) be a Hausdorff topological vector space and let B(X) be the
family of all closed bounded and convex subsets of X. Let K(X) be the family
of all compact members of B(X). For a subset A C X of a vector space X we
denote by

k k
conVA:{x:ZaiaizaiZO,Zaizl, a; € A, keN}

i=1 i=1

the convex hull of A and by

k k
aff A = {x:Zaiai:aiER,Zaizl, a; € A, keN}.
i=1 i=1

the affine hull of A. The Minkowski sum for A, B € X(X) is defined by
A+B={a+b:aec A be B}.

We also define for A € R the sets A\A ={Aa:a€ A} and A—B=A+(-1)B.
We say that a set B € KX(X) is a summand of A € K(X) if there exists a set
C € X(X) such that B 4+ C = A.
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We introduce an equivalence relation ”~” on K?(X) = K(X)xX(X) by
(A,B) ~ (C,D) <= A+D=DB+C.

For a nonempty, compact, convex set A € XK(X) the support function
h(A,-) : X*—>R is given by

h(A, z) = max (a, x) ,

acA

where (-, -) is the dual pairing between X and X*, X* is the dual space (see [4]).
Let
A-B={reX:z+BCA}

be the Minkowski subtraction of A and B. The equality

A-B=()(A-b)
beB

holds true (see [2]). For A, B,C € K(X) the following conditions hold:

(i) A+ (B—A)CB.

(ii) f A=B+C, then B=A—-C.

(iii) If BC C, then A—C C A— B.
(iv) If @ € R, then a(A — B) = aA — aB.
(v) If a, 3 € R, > 3, then A — BA = (a — (B)A.

(vi) f B+C C A, then BC A—C.
For more properties of Minkowski subtraction see [2].

If aff AN aff B = {p}, then we write A®B instead A + B and we call it
a direct sum of A and B. If aq,...,a,,1 are n+ 1 points affinelly independent,
then the set conv{ai,...,a,+1} we call the n-simplex. By the cube in the R"
we mean a cartesian product [a,,b] X -+ X [a,,b,| of intervals, where a; < by
fork=1,...,n. Let f € X*, AC f~1(0) and B C f~*(0) + z for some z € X,
then the set conv(A U B) we call a frustum with the bases A and B. We call
the set A € K(X) centrally symmetric if A = —A.

2. Introduction

In this paper we focus on the summands properties. We generalise the Sallee
theorem from [5, Theorem 4.3] into non-symmetric sets and give its proof in the
terms of Minkowski subtraction. We also introduce the operator D", prove some
of its basic properties and show its connections with the operator 2" defined
by Sallee for symmetric sets in R™ ([5, Theorems 3.1 and 3.2]). We use this
connections to the modification of the proof of Theorem 4.3 given in [5]. By the
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way, we receive some new properties of Minkowski subtraction. Then, we give
some examples of members of the family F for which the implication

C-A=B and C—-B=A = A+B=C

is not true. This problem was considered by Sallee in [5]. In the last chapter
we investigate the following problem: for which sets A € K(X) the set A — B
is a summand of the set A. Although it is quite a complicated issue and we
do not receive a full characterisation of that family, now we are able to define
the family € whose each element has this property. That family is rather vast.
This problem was solved in the space R? (see [7]).

First let us define an operator
DF: K(X)x K(X) - K(X)U{d}, ke N

Dk(BA)— B-A fork=1
" | DY(B,D*(B,A)) fork > 1.

In [5] Sallee introduced the following operator:
QF : KR™) x K(R") — K(R"), k€N

B for k=0

DB, 4) = {ﬂ{x+A cx e QFYB,A)} for k>0,

where A is a centrally symmetric set in R”™.

3. The operators D" and ()"

In this section we give some basic properties of the operations D™ and Q.
Theorem 3.1. Let A, B € X(X). Then D3*(A, B) = D'(A, B).
Proof. For A, B,C, M, N € X(X) the following implication is true:
MCN = A-NCA-M. (1)
Since B + (A — B) C A we obtain
BCA-(A-DB). (2)

Replacing B by A — B in the above inclusion we get A— B C A— (A— (A— B))
which is equivalent to the following expression D'(A, B) C D3*(A, B). On the
other hand, putting M = B, N = A—(A— B) and applying the equalities
(2) and (1) we obtain A—(A—(A— B)) C A— B which proved D3*(A, B) C
D'(A, B). O
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Theorem 3.2. Let A,B € X(X) and B be a centrally symmetric set. Then
the following equation holds true:

Q"(A,B)=D"(B,(—1)"A) for neN.

Proof. From the definition of Minkowski subtraction we have

Q' (A, B)= [((B—(-2))= ()| (B=y) =B~ (-A4) = D'(B, -A).

€A ye—A

We shall prove the equality Q'(A, B) = —(B — A). From the definition of the
subtraction we have —{y :y+ ACB}=—{y:—y—AC —-B}=—{y: —y—
ACB}={-y:—-y—ACB}={y:y—AC B} =B—(-A)=DYB,-A).
Hence

(A, B) = Q1(QY(A, B), B)= QY(DY(B,—A),B) = D'(B,—D'(B, - A)). (3)
It is easy to see that
DYB, -A)=B - (-A)=—(B-A)=—(B-A)=-DYB, A). (4

Using the equalities (3) and (4) we obtain Q*(A, B) = DY(B, (D'(B, A))) =
D*(B, A). From the definition of Q™ we have Q?(A, B) = QY(QY(A, B), B) =
B—[-(B-(-A))]=B—(B-A).

In [5] was proved that Q3(A, B) = Q'(A, B) for A, B C R". Analogously
it can be proved that Q*(A, B) = Q'(4, B) for A, B C X. From the definition
of Q" Theorem 3.1 and the above we have Q3(A4, B) = Q'(Q*(A, B), B) =
QY (D*(A, B), B) = DY(B,—D*B, A)) = —DY(B, D*(B, A)) = —D3*(B, A)=
D3(B, —A) = —D'(B, A) = D(B, —A) = Q!(A, B).

Now, using the Theorem 3.1 we obtain that Q"(A, B) = D™(B, (—1)"A)
for n € N. ]

Corollary 3.3. Let A, B € X(X). Then

B-A for odd n

DB, A) = {B —(B—A) for even n.

Moreover, if B is a centrally symmetric set, then

B —(—A) for odd n

(4, B) = {B —(B—A) for evenn.

Definition 3.4. Let X be a topological vector space and let A, B, M € K(X).
A pair (A, B) is called an M -pair if and only if A+ B = M.
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Definition 3.5. Let X be a topological vector space. A pair of sets (A, B) €
K%(X) is called the pair of sets of constant width relative to S or S-pair if
A — B = )\ for some A > 0, where S is a centrally symmetric subset of X.

Notice, that S-pair and M-pair are different.

Theorem 3.6. Let X be a locally convex topological vector space and let A, B €
K(X). If (A, B) is an S-pair and there exists (C, D) such that (A, B) ~ (C, D)
then C' — D s centrally symmetric.

Proof. Using the quivalence
h(A, u) + h(B, —u) = Ah(S,u) <= A—B=\S

and the equivalence relation

(A, B)~(C, D) < A+D=B+C
we obtain

h(A, u) + h(D, u) = h(B, u) + h(C, u)

h(B,—u) + h(C, —u) = h(A, —u) + h(D, —u).
Hence from the above equality
AR(S, u) + h(D, u) + h(C, —u) = (S, —u) + h(C, u) + h(D, —u).

Therefore h(C, u) + h(D,—u) = h(D, u) + h(C,—u). It is easy to see that
h(D,—u) = max (D, —u) = max ( — D, u) = h(—D, u), hence from the above
equality we obtain h(C, u) + h(—D, u) = h(D, u) + h(—C, u),h(C' — D, u) =
h(D — C, u). Therefore C — D =D — C. O

Definition 3.7. Let X be a normed space and A € K(X). We call the set A
a set of constant width if A — A = \B,, where B is the unit ball.

Definition 3.8. Let X be a topological vector space and A € K(X). We call
the set A a set of constant S-width if A — A = \S, where S is a centrally
symmetric subset of X.

Definition 3.9. Let X be a normed space. A pair (4, C) € X*(X) is called
the pair of sets of constant width if A — C = AB, where B is a unit ball.

Theorem 3.10. Let X be a normed space and let A, B, M € K(X). Then the
following statements are equivalent:

(i) A is a summand of M;
(ii) (A,—DY(M, A)) is an M -pair.
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Proof. 1f A is a summand of M, then there exists B € K(X) such that A +
B = M. Hence A+ D'(M, A) = M, B = M- A = DYM, A). We have
~B=-D'(M, A).

Conversely, assume that (A, —D'(M, A)) is an M-pair. By the definition
of an M-pair, A is a summand of M. O

For A, B € X(X) we will use the notation A V B = conv(A U B). For
two elements a,b € K(X) the interval with end points a and b will be denoted
by [a, b] =a V b.

Example 3.11. Let K = a V b V¢ and K' = —2K, where K C R? is the
Reuleaux triangle (see [1],[6]). Then K and K’ are the sets of constant width.
Notice that —2K — K is not a set of constant width (see Figure 1).

a’ ¢
a”
a c
a// C
b//’ C
b
b! b//

Figure 1: Reuleaux triangles

It is easy to observe that the set —2K — K is not a triangle. Its boundary
is the union of three arcs with the vertices @, 0", ¢”. The curvature of every of

those arcs is less than |ja” —b ||7*. So —2K — K is not a set of constant width.

Let K =aV bV cVdVebe apentagon of constant width and let o < —1.
Similary we can show that « K — K is not a set of constant width (see Figure 2).

Corollary 3.12. The Minkowski subtraction does not preserve the constant
width of sets.

Proposition 3.13. The result of Minkowski subtraction of two centrally sym-
metric sets is centrally symmetric set.

Proof. Let A=—A, B=-—B. Then —(A—-B)=(-1)A—-(-1)B=A—-B. O
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4 ’

a’ d"

Figure 2: Reuleaux pentagons

IfA B, SeX(X)and A+ B=S5,then S—A=Band S—B=A. We
define a class § of sets S € K(X) such that S— A = B and S — B = A imply
A+ B = S. Moreover let us define F = K(X) \ S. It is easy to observe that
S € § if and only if the equality S — (S — A) = A implies that A is a summand
of S.

Example 3.14. G. T. Sallee in [5] gives the following example (see Figure 3)
of the member of the family J.

Figure 3: Octahedron

Let M be the octahedron, B = b VV b, A is the eight faceted set. Then
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A=M-B,B=M-A, A+ B+ M:

A=cVvc
M=aVivVjvevd VeV vgvi
B=hvVevevd Ve VE VEVeVd.
Let the polytope A be the convex union of a hexagonal pyramid, a hexagonal
prism and a wedge (see Figure 4). One of possible intersections A N (A — x) is
the convex union B of four-sided pyramid and four-sided prism, which is not a

summand of A. From the construction of the above set we obtain a quite wide
class of subsets of R? which belongs to the family F.

a

Figure 4: A polytope

The problem can be formulated as follows: to find all the sets .S, for which
the equality S — (S — A) = A implies that A is a summand of S.

4. Some properties of Minkowski subtraction

In this section we give some properties of Minkowski subtraction and prove the
Sallee theorem in its terms.

Theorem 4.1. Let A, B € KX(X) and let L be a linear invertible transformation
in X. Then LA~ LB = L(A~ B).

Proof. Let y € L(A— B). Then there exists z € X such that y = Lz and
r+B C A Soy+ LB = Lx+ LB C LA. Hence y € LA— LB and
L(A-B) C LA—LB. If L is invertible then using the above inclusion we
get LY (LA—LB) C A— B. Therefore LA— LB C L(A— B). O
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Example 4.2. Let L : R? — R? L(z,y) = (z,0) and A = [0,1] x [0,1],
B =10,1] x [0,2], then L(A— B =0 and LA— LB = {(0,0)}. So the assump-

tion of invertibility of L is essential.

Corollary 4.3. Let L be a linear invertible transformation in X. If L(A) = A
and L(B) = B, then L(A— B) = A— B.

Corollary 4.4. If L is a linear invertible transformation in X, L : X — X
and S € 8, then L(S) € 8.

Proof. Assume that L(S)— (L(S) — A) = A. Then
LHL(S) = (L(S) = 4)) = L™I(A).

Now by the linearity of L and L™ we have L7'(L(S)— L Y(L(S)—A)) =
L7'(A). Hence we obtain S—(L7YL(S))—L*(4)) = L'(A) and S—
(S—L7'(A)) = L7'(A). Putting L7'(A) = B we have S — (S — B) = B. Since
S € 8 so B is a summand of S. Therefore by the definition of the summand
there exists a set C' € K(X) such that B+ C = S. Putting L™'(A)+C = S
and from properties of the operator L we obtain

LL7HA) + L(C) = L(S),
hence A+ L(C) = L(S). Then A is a summand of L(S) and L(S) € 8. O

Lemma 4.5. Let A, B,C € X(X) and aff A = aff B. Let moreover C C W,
where W is a linear space, such that W Naff A = {p}. Then

(AeC)Nn(BaC)=(AnB)aC
(AeC)+B=(A+B)aC.
Proof. We assume V = aff A = aff B and W is a linear space with W NV =

{p}. Let U = V& W. Let us immerse isomorphicaly the space V & W into
VXWAVEW -V xW. We denote

A={(z,0) : z€ AACV xW
B={(y,0): yeB}CV xW
6’:{(z, 0): zeC}CV xW.

We have (;1—1—5')(1(12—1—5) ={(z,2) rx € A ze CN{(y,2) : y € B,
zeC} ={(u,z2) :ue ANB,z € C} = AN B+ C since the isomorphic
immersion is 1-1. So we have (A® C)N (B C) = AN B @ C. To prove the
second equality let us observe that aff (A+ B) C aff A+ aff B = 2aff A. Hence
aff (A+B)naff C c2aff Anaff W =2aff AnN2W =2(aff AN W) =2{p}. O
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Corollary 4.6. Let A, Ay, Ay, C C X fort,ty,to € T and aft A, = aff A,,.
Moreover let C CW , where W is an affine subspace of X, such that WNaff A; =
{p}. Then

Ao =4ac.

teT teT

Lemma 4.7. Let A € K(X) and let x,y € X. Then aff (A —x) = aff A — z.
Moreover, if v,y € aff A, then aff A —x = aff A —y.

Proof. We prove that aff (A—z) = aff A—xz. If u € aff (A—z), then there exist
at,...,ap, € R anday+---+a, =1, ay,...,a, € A such that

n n n n
u:g ai(ai—x)zg aiai—xg ai:E oza; —x € aff A — x.
i=1 i=1 i=1

=1

Moreover, let W be an affine space and let p,q,w € W. Then W —p =W —gq.
Let zeW —psox=w—-—p+q—q€ W —q, hence W —pCW —gq. Ina
similar way, we obtain W —q C W — p. Hence W — ¢ = W — p what ends the
proof. m

Lemma 4.8. Let {As}ses, {Bi}ier are two families of subsets of X such that
(1) affAsl = affAsZ, 81,82 € S
(i) aff A,naff B, ={p}, seS;teT.

Then
(| (A@B)=[)A®()B.
SES,tET seS teT

Proof. Let t € T. Using the Corollary 4.6 for the B, and A, sets we have

[ (Be+A) = [ As+ B (5)

seS seS

Since aff ((,cg As) C (Nyegaff A = aff A, then using the previous collorary
again for B, and C' = (),.g A, sets we have (), (By + C) = (Ve Be + C.

By (5) we have mteT mseS<Bt + A;) = ﬂteT(mseS As+ By) = mteT(C + By) =
mteT B +C = ﬂteT B, + ﬂses As. ]

Lemma 4.9. Let S1, Sy C X be convez sets and aff SyNaff Sy = {p}. Moreover
let AC afft S; @ aff Sy and let S = S1 ® S3. Then

S— A - (Sl — Al) @ (SQ ;Ag),

where A; = (A, aff S;),i = 0,1, is a parallel projection onto the subspace aff S;.
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Proof. Using the definition S — A = (1,.4(S — a) of Minkowski subtraction we
have

S-A= [ SieS—zey =[] (Si-2)&(S2-y). (6)
TEA1,YEA TE€AL,YEAS

Putting A, = S1—z,x € A and B, = So—y,y € Ay we have aff A, = aff (S1—x)
and from the previous lemma, aff (S1—z) = aff S1—z = aff S1—y = aff (S1—y) =
aft Ay, z,y € A,. Similary aff B, = aff B, for every =,y € Ay. Moreover because
p € aff SiNaff Sy so aff A, = aff (S; —x) = aff S;—p, x € Ay, aff B, = aff Sy —p,
x € Ay. We have aff A, Naff B, = (aff S; —p) N (aff So —p) = {0}. Now, using
the Lemma 4.8 and equality (6) we get (\,c4, ea, (51 — )@ (S2 — y)) =
ﬂxeAl,yeA? (ACC S Ay) ': mxeAl Ax D nyeAz Ay = mxeAl (Sl - :L“) S nyeAz (SQ -
y) = (Sl—Al)@(SQ—AQ). Ll

Corollary 4.10. Under the assumptions of the above lemma we have

S—(S—A)= (S — (S —A))) D (Sy — (S2 — Ay)).
Proof. We have S5 —2p = (51 —p) ® (52 — p) C aff (51 — p) @ aff (5S> — p) and
S—A = (Sl_Al) b (SQ—AQ), Sl—Al C aff(Sl —p), SQ—AQ C aff(SQ —p>,
hence

S—A= (Sl —Al)@(SQ—AQ) C aff (Sl —p)@aff (Sg—p)

Using Lemma 4.9 we obtain S—(S—A) —2p = (5 — 2p) —(S—A) =
[(S1 = p) @ (S —p)| = (S—A) = [(S1 — p) —7(S—A,aff (S — p))]|B[(5> —
p) —m(S— A, aff (52 —p))] = [(S1 —p) = (S1 —A)]®[(S1 —p) = (S1 —A1)] =
[Sl — (Sl — A1>] D [Sl — (Sl — Al)] - 2]9. Therefore

S—(S—A)= (51— (51— A1) & (S2— (S2— Ay)). [
Theorem 4.11. IfS},S; € § and aff S; Naff Sy = {p}, then S;® S, € 8.

Proof. Let A = (S1®5,) — (S;® S, —A). Denote B; = S; —(S; — A;) and
By = Sy — (Sy — Ay). From previous lemma we know that A = B; @ B, where
A; = w(A,aff S;). Hence By = Ay, By = A,. Because S1,5 € 8 so from
condition S; — (S} — A;) = A; there exists T} such that S; = T} + B;. Similary
Sy =T+ By. S0 S1® 8 = (B1+T11) @ (Ba+Ts) = (B1® Bo)+(Th1+12) = A+
(Ty +T5). Hence A is a summand of the set S; & Sy. Therefore S; & S, € 8. O

5. Some properties of a class C of sets
Now let us define a class € C K(X) by the following condition: A € € if and
only if its intersection with any summand of A is still a summand of A.

Lemma 5.1. Let A € C. Then the intersection of any finite number of trans-
lates of A is a summand of A.
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Proof. Let n = 2, hence (A —x1) N (A —x9) = (A—x1+23) N A —29. We
denote
C=A—x1+29)NA and D =C —x,.

Since C is a summand of A so D is a summand of A. Let the lemma holds
true for k translates, i.e., (A—xz1)N(A—29) N+ N(A—2k) N (A —2p11) =
(A—z)N(A—x9) N+ N (A —xp) + Tpr1]) VA — k1. We denote

E=[A—z)N(A—z)Nn---N(A—xk)+21]NA and F =F —xp41.
Hence the sets E and F' are summands of A. O

Lemma 5.2. Let X be a topological vector space and let A, Ay € K(X) for
X € A. Suppose that the family {Ax}rea is a chain of summands of the set A,
then the set (,cp A s also a summand of the set A.

Proof. 1t can be proved (see [4, p. 49, Lemma 4.11]) that, if C, D, € X(X),
and {Dj}xea is a chain, then

C+ (\Da=[)(C+ D). (7)

AEA AEA

Let A, Ay € K(X) for A € A and let the family { A} ea be a chain of summands
of the set A. Then there exists By € X(X), such that A = A, + B, for
A€ A Since By = A—Ay C A= (N eady), we deduce that the set J,_,Bx
is compact, and since the family {B)}.ca is a chain it is convex. Using the
equality (7) we obtain

AC m(A)\—l-E) = mA)\—F@.

AEA AEA AEA AEA

On the other hand
mA)\—i- UB)\ C ﬂA)\—F UB)\ C U(A)\ +B)\) =A=A.

AEA AEA A€A A€A A€A

Therefore A = [,c.aAx + U, eaBx and the set (1,4 Ay is a summand of the
set A. 0

Example 5.3. Let X = ¢ be the real Banach space of all sequences convergent
to 0 with the supremum norm, ||z| = supy |zx|. Let A ={x € ¢q : ||z]|<1} be
the unit ball, A, = {r € A:x; = =2, =1}, Cp,={r € A:z, = 0 for
k > m}, b, = (=1,...,—1,0,...), where the first m components equals —1.
Let B,, = by, + C,, for m € N. Then A, A,,, By, € B(X), Ay, + By, = A and
Apy1 C A, for m € N. Hence the family {4, }men is a chain of summands of
the set A, but the set [,y Am is empty and is obviously not a summand of A.
This example shows that the assumption A € K(X) in Lemma 5.2 is essential.
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Lemma 5.4. Let X be a normed vector space, B € B(X) and let {b,} C B be
a dense set in B. Then (\,c5(A—x) =o_1(A—by,) for any A € B(X).

n=1

Proof. Tt is enough to show that (17" ,(A — b,) C Nep(A — ). Let z €
N2, (A —b,) and let zy € B. Then there exists a subsequence of (b,,), which

we denote by (b,,) such that b,, — x¢. We have z = a,, — by, , a,, € A. The
closedness of A and the equality limy_.o @, = 2+2x9 € Aimply 2 € A—xy. O

Theorem 5.5. Let A be a convex, compact subset of a normed, separable space
X and let A € C. Then for any set B € K(X) set A— B is a summand of A.

Proof. From Lemma 5.4 we have A — B = (>~ (A —b,), where {b,} = B. Now
from Lemmas 5.2 and 5.4 and equality () (A — b,) = Ny (Moo, (A — by)),
we obtain that A — B is a summand of A. O

Proposition 5.6. The cubes and simplexes belong to the family C.

Proof. Let C, D € X(X) and C+D = [ay, by X+ - -X[an, b,]. Let p; : R* — R and
pi(x) = x;. Then pi(C + D) = [ag, bx] and hence pi(C) + pr(D) = [ag, bg]. Let
C1 =p1(C)x---xp,(C)and Dy = p1 (D)X - - X pp(D). Then C C Cy,D C D;.
We have

C+D1C01+D1C[a1,b1]x---x[an,bn]:C+D,

and by the cancellation law we obtain D; C D. Similary C; C C. Therefore
C = Cy,D = D;. We just proved that every summand of cube is still a cube.
Hence the intersection of cube with any summand of cube is still a summand
of cube. Therefore, cubes belongs to €.

From the indecomposability of a simplex it follows that any summand of
a simplex S is a simplex homothetic to S. Hence the intersection S with any
summand of S is still a summand of S. Therefore, simplexes belongs to €. [

There is still the open question how to characterise the class € for the space
R™ (n>2) .
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