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Existence Results for Strongly Nonlinear
Elliptic Equations of Infinite Order

A. Benkirane, M. Chrif and S. El Manouni

Abstract. In this work, generalized Sobolev spaces and Sobolev spaces of infinite
order are considered. Existence of solutions for strongly nonlinear equation of infinite
order of the form Au + g(z,u) = f is established. Here A is an elliptic operator
from a functional space of Sobolev type to its dual and g(z, s) is a lower order term
satisfying a sign condition on s.
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1. Introduction

This paper is devoted to the study of the following strongly nonlinear elliptic
equation:
Au+g(x,u) = f, x€Q, (1.1)

with boundary condition of Dirichlet type. Here 2 is a bounded domain in RY
and A is a nonlinear elliptic operator satisfying some growth and coercive-
ness conditions, the nonlinear term ¢ has to fulfil a sign condition. If A is a
Leray—Lions operator, let us mention that several studies have been devoted
to the investigation of related problems and a lot of papers have appeared
(cf. [2, 3, 5, 12]). In particular, Webb [12] has studied the isotropic case for the
problem (1.1) and proved the existence of at least one solution u in the Sobolev
space WP (Q2) (m > 1,1 < p < o). Note that for our case, by establishing
sufficient conditions, we obtain existence results for a general class of nonlinear
elliptic equations, which includes as a special case problems involving Leray—
Lions operators in the usual sense. We will separately consider a generalized
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problem and another one of infinite order to give an extension and complement
the results stated in [5] and [12]. For problems of infinite order, let us point
out that in this direction Dubinskij [7] proved, under hypothesis (A; — A4) (see
Section 3) and certain monotonicity conditions, the existence of solutions for
the Dirichlet problem associated with the equation Au = f in some functional
Sobolev spaces of infinite order. Our purpose is to prove the same result for
strongly nonlinear equations of infinite order of the form (1.1), more precisely,
we will assume more less restrictions on the operator A (no monotonicity con-
dition) to show existence of solutions.

To treat problem (1.1), we will define in Section 2 a functional space of
Sobolev type, the so-called generalized Sobolev space (or anisotropic Sobolev
space), that is W™?(Q2). We will define also the Sobolev space of infinite order
denoted by W (a4, pa)(£2). In Section 3, we assume that the operator A satisfy
the monotonicity condition, this allows us the study of (1.1) in the generalized
Sobolev space W™P(Q). And finally, we will consider the strongly nonlinear
equation (1.1) with infinite order, where A is assumed to be a nonlinear elliptic
operator of type

o0

A(u) = Y (=)D (Aa(z, D)), |7] < al,

la]=0

without a monotonicity condition. The real functions A,(z,§) are required to
have polynomial growth in £. The term g(x,u) is strongly nonlinear in that
no such growth restriction is imposed, but it is supposed that g satisfies the
sign condition g(x,u)u > 0. Here a,, p, are numbers and p'is a vector of real
numbers.

2. Preliminaries

Let Q be a bounded domain in RY. Further a, > 0,p, > 1 are real numbers for
all multi-indices o, and || - [|,, is the usual norm in the Lebesgue space LP=().
For a positive integer m, we define the following vector of real numbers:

ﬁ: {pav |O‘| < m}7

and denote p = min{p,, |a| < m}.

Now, let us consider the generalized functional Sobolev space
W™P(Q) = {u € LP(Q), Du € LP*(Q), |a| < m}
equipped with the norm

lull = 1Dullp,- (2.1)

|a|=0
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We define the space W7(2) as the closure of C°(2) in W™P() with respect
to the norm (2.1). Note that C£°(Q) is dense in W?(€2). Both of W™#(Q)
and W.™P(Q) are reflexive, separable Banach spaces, p, > 1 for all |a| < m
(the proof of this is an adaptation from Adams [1]). W=7 () designs its dual

where p’ is the conjugate of p] i.e., p,, = pfil for all |a| < m.

The Sobolev space of infinite order is the functional space defined by

W (aan) @) = {1 € C¥(@) s o) = 3 D@l <o}

|ee|=0

We denote by C§°(€2) the space of all functions with compact support in 2 with
continuous derivatives of arbitrary order.
Since we shall deal with the Dirichlet problem, we shall use the functional

space W5°(aq, pa)(€2) defined by

o0

W (a0, pa) () = {u e CPQ) - plu) = 3 aall D" < oo}.

|a|=0

We say that Wi°(aq, pa)(€2) is a nontrivial space if it contains at least a nonzero
function. The dual space of W§®(aq, pa)(£2) is defined as follows:

W (a0, ) () — {h: =3 (DD, f () = 3 au bl < oo}7
|ce|=0 |or|=0

where h, € LP=(Q) and p/, is the conjugate of p,, ie., p, = bat (for more
details about these spaces, see [6, 7, 8, 9]).

We need the anisotropic Sobolev embeddings result.

Lemma 2.1. Let Q be a bounded open subset of RY.

Ifm-p <N, then Wg"P(Q) C L) for all q € [p,p*[ with =1 — .
Ifm-p=N, then W"P(Q) C LY(Q) for all q € [p, +o0].
Ifm-p> N, then Wg"’ﬁ(Q) C L>®(Q) N C*(Q) where k = E(m — %)

Moreover, the embeddings are compacts.

The proof follows immediately from the corresponding embedding theorems
in the isotropic case by using the fact that W™?(Q) C W™2((Q).
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3. Main results
In this section we formulate and prove the main result of the paper.

3.1. Strongly nonlinear equation of finite order. Let A be the nonlinear
operator of order 2m defined as

Aw) =Y (-1)ID*Ag(z, D), 7] < ol
|ae|=0

where A, : Q x R — R is a real function and )\, is the number of multi-
indices v such that |y| < |a|. Consider the following strongly nonlinear problem
with Dirichlet conditions:

Au+g(x,u) = f in Q.

Here, the function g :  x R +— R is measurable and f € W‘mﬂ(Q). Note that
to deal with the Dirichlet problem, we use the space W;""(Q).

In the following we apply the theory of pseudo-monotone operators.

Definition 3.1 ([4]). Let Y be a reflexive Banach space. A bounded mapping B
from Y to Y™ is called pseudo-monotone if for any sequence u,, € Y with u,, — u
weakly in Y and limsup,,_, . (Bu,,u, —v) < 0, one has

lim inf(Bu,,, u, —v) > (Bu,u —v) forallveY.

n—-aoo

We start by stating the following assumptions:

(Ag) A: WP(Q) — W—mv () is a bounded operator, pseudo-monotone and
coercive, i.e.,

(Au, u)

m — = +00,
ullm,5—+00 || U]/ m 5

Do > 1, for all |a| < m.

(Go) g: Q2 xR +— R satisfies the Carathéodory conditions, that is, it is mea-
surable in x for each fixed u € R and continuous in u for almost all x € 2
such that

sup [g(z, u)| < hs(2),

lu|<s

for a.e. x € , all s > 0 and some function h, € L'(£2). We assume also
the "sign condition” g(z,u)u > 0, for a.e. x € Q and for all u € R.
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Theorem 3.2. Let m € N* such that mp > N. Suppose (Ag) and (Go) are
satisfied. Then for all f € W—m¥ (), there exists u € W (Q) such that

g(x,u) € LYQ), glo,u)u € L'(Q)
(Au,v) + / g(z,uyvde = (f,v), Yoe WIP(Q).
Q

Proof. Let ¢ € C§°(R2) such that 0 < p(z) < 1 and ¢p(z) = 1 for x close to 0.
Set

x ) & i€ <k
gr(x,u) = @(E)Pkg(a:,u) with P& = {ﬁ £ }5; >k
1€1° )

Thanks to this truncation and as in Webb [12], we prove that there exists a
u, € WiP(€2), which is the solution of the problem
Aug, + gi(x, ug) = f,

or in its variational formulation,
(i) + [ gulaods = (), Yo € WPF(Q).
Q

Further we have uj, — u weakly in WJ"?(Q), Auy — x weakly in W*m’ﬁ(Q),
gr(z,u) — g(z,u) in LY(Q) and g(x,u)u € L*(Q). Consequently, we obtain

{x,v) + /Qg(x,u)v de = (f,v) Yve Wg"’ﬁ(Q) N L>®(Q).

In view of Lemma 2.1, the last equality holds true for v = u since W{"?(Q) C
L>*(€2) with mp > N. Hence

<X,v)—|—/gg(x,u)vd:z::<f,v>, VvGWén’ﬁ(Q).

Now, we show that x = Au. Indeed, the Fatou lemma implies

lim sup(Aug, ug) < (f,u) — /Qg(m,u)udm = (x, u).

k——4o00

Hence we have lim sup,,_, | . (Aug, ug) < (x,u). Since A is pseudo-monotone, we
get y = Au. O

3.2. Strongly nonlinear equation of infinite order. We denote by A, the
number of multi-indices 7 such that |y| < |a|. Let A be an operator of infinite

order defined by

Aw) = Y (=1)D* Ao (w, DMu),  |y| < Jal,
|a|=0
with A, : Q x R* = R is a real function. The function ¢ : Q@ x R — R is
measurable and f € W~=(aq, p,,)(Q).
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Let us now formulate the assumptions:
(A1) Au(x,&,) is a Carathéodory function for all «, |v| < |al.

(Ay) For ae. x € Q, all m € N*, all £,,7,, |7| < |a| and some constant ¢y > 0,
we assume that

Z Aa(xaf'y)na < ¢ Z aa|§a|pa_1|770<|a
|| =0 |ee]=0

where a, > 0, p, > 1 are reals numbers for all multi-indices «, and for all
bounded sequence (pq)q-

(A3) There exist constants ¢; > 0,ce > 0 such that for all m € N*, for all
&y:&as 7] < |af, we have

Z Aoc('ragw) : éoz > Z aa'fa‘pa — Ca.
|er|=0 |or|=0

(A4) The space W§°(aq, pa)(2) is nontrivial.
(G1) The function g : 2 x R +— R is of Carathéodory type such that, for all
5 >0,
sup |g(z,u)| < hs(z) € L(Q).

|u|<d

(G2) We assume the "sign condition” g(z,u)u > 0, for a.e. x € Q and all
u € R.

Theorem 3.3. Let us assume the conditions (A1) — (Ay), (G1) and (Gg). Then
for all f €W =®(aqn,p,)(Q), there evists u€ W (aq, pa)(Q) such that

glx,u) € LYNQ), g(z,u)u € L'(Q)
(Au,v) + / g(z,u)vde = (f,v), for allv € W§*(an, pa)(£2).
Q

Proof. In order to get our result, we will deal with the following steps:
1. We prove the existence of approximate solutions t,,.
2. We establish the a priori estimates.
3. We prove that u,, converges to an element u € W§°(aq,pa)(§2) and we
finally show that u is the solution of our problem.

Step (1): The approximate problem.
Define the operator of order 2m + 2 by

Asmia(u) = D (=1 e, D*u+ Y (=)D (z, D), || < m,

la|=m+1 |or|=0

where ¢, are constants small enough such that they fulfil the conditions of the
following lemma introduced in [6].
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Lemma 3.4 (cf. [6]). For all nontrivial space W§°(aq, pa)(S2), there ezists a
nontrivial space W§°(cq, 2)(2) such that W§°(aa, pa)(€2) C WE°(ca, 2)(€).

The operator As,,. is clearly monotone since the term of higher order of
derivation is linear and satisfies the monotonicity condition, this follows from the
result of [11]. Moreover from assumptions (A;), (A2) and (A3), we deduce that
Aoy satisfies the growth, the coerciveness and the monotonicity conditions.
Hence by Theorem 3.1, there exists an approximate solution u,, of the following
problem:

9(x,um) €LY, g(z, Up)um € L' ()

Pb,, 1.5
( ) (Agmiotm),v) + /Qg(x,um)v dr = (fm,v), ve W7 (Q)

with fru = S _o(~1)*laa D 0, fu € L7 (€2).

Step (2): A priori estimate.
Set v = u,, and using (As), (G2) and the Hoélder inequality, we deduce the
estimates

> callDuml3 + ) aal Dum|le < K (3.1)
|o|=m+1 |ae|=0
and
/g(x, U ) U AT < K (3.2)
Q
for some constant K = K(f) > 0. The estimate (3.1) is equivalent to
m+1
> ol Do < K (3.3)
|a|=0

with a, = ¢, and p, = 2 for |a] = m + 1. Consequently, we have
[t |l w17 < K. (3.4)

Then via a diagonalization process, there exists a subsequence still, denoted
by w,, which converges uniformly to an element u € C§°(£2), also for all deriva-
tives there holds D%, — D% (for more details we refer to [6]).

Step (3): Convergence of problem (Pb,,).
There exists a solution w,, of problem (Pb,,), m = 1,2,.... Then, by passing
to the limit, we have

lim (Aomio(tm),v) + lim gz, up)vder = lim (fn,v),

m—-400 m——400 Q m——400

for v € W°(aa, pa)(2). It is clear that lim, i (fm,v) = (f,v) for all v e
W5 (aa, pa)(§2).
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Now, we shall prove that

lim (Agpio(um),v) = (Au,v), for all vE€Wi®(aq, pa)(2).

m—-+0o0

In fact, let mg be a fix number sufficiently large (m > mg) and let v €
W (aa, pa)(€2). Set (A(u) — Aomro(Um),v) = I1 + Iy — I3, where

mo

I =) (Aalz, D) — Ag(z, Dlty,), D)
|ar|=0
I = Z <Aa(x?D’yu)7D%>
|a|l=mo+1
Iy = — Z (An(z, Duyy), D%) — Z Ca (D%, D),
|a|l=mo+1 |a|l=m+1

or in another form,

m+1
Ii=— Y (Aa(z,Dy), D)
|a|l=mo+1
with A, (z,&,) = caa and ¢, > 0 for |a| =m + 1.

The aim is to prove that I, I, and I3 tend to 0. On the one hand, since
A, (x,&,) is of Carathéodory type, I; — 0, and the term I, is the remainder of
a convergent series, hence I, — 0. On the other hand, for all € > 0, there holds
k(g) > 0 (see [4, p. 56]) such that

m+1

Z (Ao(z, Duyy), D%)

|a|=mo+1

m+1

< > [{Aa(z, Duy,), D)

|a|=mo+1
m-+1

<o Y aa/\mumwa—lm%mx
|a|l=mo+1 Q
m+1
a—1
<co Y aal Dounlly D],
|a|=mo+1
m+1 m+1

<eco Y ol Dum|l + cok(e) Y aa| D

|a|=mo+1 |o|=mg+1
o0

<eqK +cok(e) D aal D[P,

|a|l=mo+1

where K is the constant given in the estimate (3.1). Since the sequence (p,) is
bounded, this implies that Zm:mo 11@allD][}* is the remainder of a convergent



Existence Results 311

series, therefore I3 — 0 holds. Hence (Agpi2(um),v) — (A(u),v) as m — +oo
for all v € W§°(aa, pa)(€2).

Now we prove that

lim g(x,um)vdx:/g(x,u)vdx.

m—-+00 Q Q

Indeed, we have u,, — wu uniformly in Q, hence g(z,u,,) — g(z,u) for a.e.
x € Q. In view of the Fatou lemma and (3.2), we obtain

/ g(x,u)uder < lim g(x, up)upy de < K,
Q

m—-+00 Q

this implies g(z,u)u € L*(Q2). On the other hand, for all § > 0 we have

|92, um)| < sup l9(@, )] + 07 g(@, um)um| < hs(@) + 07 |g(@, )t
t)<

If F/ is a measurable subset of {2 and £ > 0, we have
/ 9, 1)) de < / ho(z) dz + 57K,
E E

where K is the constant of (3.2) which is independent of m. For |E| sufficiently
small and § = 25 we obtain [, |g(z, u)| do < e. Using Vitali’s theorem we get
g(z,um) — g(x,u) in LY(Q). Hence it follows that g(z,u) € L'(Q).

By passing to the limit, we obtain
(Au,v) + /Qg(:v,u)v dr = (f,v), forall v € W5 (an,pa)().
Finally, we conclude that
g(x,u) € LY(Q), g(z,uw)u € L'(Q)

(Au,v) + / g(z,u)vdr = (f,v), forall v € W§°(an, pa)(£2).
0

This completes the proof. O

4. Examples

1. Let © be a bounded open set in RN, N > 2, with Lipschitz boundary 95).
Let m =1 and consider the Carathéodory functions

Ai(x7 S, 5) = |§l

It is easy to show that A;(x,s, &) are Carathéodory functions satisfying the
condition (Ag).

Pi-lggn(&;), fori=1,...,N.
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2. The following example of an operator of infinite order is closely inspired
from the one used in [7]. Let us consider the operator

Au = Z (—1)lelpe (a|DulP*>"*D%u),

|ar|=0

a, > 0 and p, > 1 are real numbers such that the space W§°(aq,pa)(2) is
nontrivial (for example, if a, = [(2a)!]™?, p > 1 and dimQ = 1), then the
conditions (A;), (Ay) and (Aj) are satisfied.

3. An explicit example of a function g that satisfies the conditions (Gy),
(G1) and (Gy) is g(x,t) = t|t|"h(z) with 7 > 0, where h € LY(Q), h(z) > 0 a.e.
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