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Nontangential Limits of Poisson Integrals
Associated to Dunkl Operators
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Abstract. In this paper we study the differentiation and maximal functions of com-
plex Borel measures on the unit circle of C with respect to the measures associated to
Dunkl differential-difference operators for dihedral groups. We prove that the Poisson
integrals corresponding to these differential-difference operators have nontangential
limits almost everywhere. Our approach relies on the proof of the doubling condition
to obtain an appropriate covering lemma.
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1. Notation and statement of the main results

The main purpose of this paper is to study the nontangential boundary be-
havior of Poisson integrals associated to Dunkl operators for dihedral groups.
The corresponding Dirichlet problem has been studied previously by the author
in [7]. Problems of this kind were considered for Poisson integrals associated to
ultraspherical expansions in [4]. For more information about Dunkl operators,
see [5].

For every integer g such that ¢ > 1, let D, be the dihedral group of order 2g,

2mil 2mil
that is, D, consists of the rotations z — ze ¢« and the reflections z — Ze <,

0<I<qg—-1,zeC.
Fix an integer k£ > 1 and real numbers o, 3 > 0, or § > 0 when £ is odd,
and consider the weight function h defined by

—k |
Zk—Zk
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h(z) =
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which is a product of powers of the linear functions on R? = C whose zero-sets
are the mirrors of the reflections in Dy if « > 0, 3 =0, and Dg if a, > 0

(see [1]).

Consider the measure dm(e®) = ¢, gh(e”)?df on the unit circle with

™ -1 -1
Cap = (/ h(ew)?de) = (28 (a + %,ﬂ + %)) ,

where B denotes the beta function.
The complex Dunkl operators are defined for a complex-valued function f
of class C'' on the unit disc D = {z € C: |z| < 1} by

k—

f(z 22+
Thf(2) = Z — mm 62 — ZW
and
— — — (32 k-1 _ (=, 241
Thf(z) = aj(;(;) — Ozz f(Zi — gf;jd )wm — BZ f<’2 — ;E;(lil ) 20+1
1=0 1=0

where w = e* (see [2], [3]).

We write S! for the unit circle {z € C: |z| = 1}, and B((,4) for the arc
{z € S':|z— (| <}, where ¢ € ST and § > 0.

The total variation measure of a complex Borel measure p on S* is denoted
by |u], and p L m means that u is singular with respect to m, i.e., that there is
a Borel set E C S' such that m(F) = 0 and |u|(E) = ||u||, where ||u| = |u|(S?).

Define the maximal function My of a complex Borel measure y on S* by

(B
(M(Q) = sup 0B 5))

for ¢ € S'. In Theorem 2.4 below we establish an estimate for the maximal
function, that will be used to prove the following

(1)

Theorem 1.1. If f € Ll(m), then

for almost every ¢ € S'. Hence

1
= lim —————— d
IO = I T S

almost everywhere.
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Theorem 1.2. If y1 is a complex Borel measure on S' and u L m, then

lim 2 (B(¢,6)) = 0

—0m
almost everywhere with respect to m.
Combining these two theorems, we obtain the following corollary:

Corollary 1.3. If i is a complex Borel measure on S, then its derivative

(D)(¢) = lim =(B(¢,9))

exists almost everywhere with respect to m; if du = f dm + du, with f € L*(m)
and ps L m, then

(Pp)(¢) = (<)

almost everywhere with respect to m.

In Section 3 below, we shall study the connection between the maximal
function My and the class Llog L of all Borel functions f on S! that satisfy

/ fllog" | f] dm < o,
Sl

where log™ | f(2)| = max(log |f(2)],0) for z € S'. More precisely, we shall prove
the following

Theorem 1.4. If ji is a complex Borel measure on S* for which My € L*(m),
then there is an f € Llog L such that du = f dm.

In Section 4, we assume [ = 0 and consider the Poisson kernel P associated
to the h-Laplacian operator A, = 4T,T},. It is given for z,w € C such that
|zw| < 1 by

1 — |z w]? ! w1 — u)*du
P(z,w) = _2/ — —a (2)
Bla,a+1)[1 =202 Jy [(1—u)|l —2Fwk]? + u|l — 2Fw*|?]

(see [2, Theorems 1.3 and 2.1]), and it satisfies A, P(.,w) = 0 on D, for fixed
w e St

For v > 1, we consider the nontangential approach region defined at a
boundary point ¢ € S! by

,(Q) ={zeD: [z =] <~(1-[z])}

We shall establish the following result:
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Theorem 1.5. Assume 3 = 0. To every v > 1 it corresponds a constant
C(v) < oo such that

sup
2€0Q5(C)

[ Peanran) < coom© cesh @

for all complex Borel measures pu on S*.

The Poisson integral P[f] of a function f € L'(m) is defined as in [7] by

Plfl(z) = . f(w)P(z, w)dm(w)

for z € D. Theorem 1.5 will be combined with Theorem 1.1 and the results in
Section 2 to prove the following

Theorem 1.6. Assume 3= 0. If f € L'(df), then for almost every ¢ € S*,

lim — P[f](2) = f(C)

2—(, 2€04(C)

for all v > 1.

2. Differentiation of measures on S}

In what follows, the symbol B always denotes an arc B((,¢), where ¢ € S and
d > 0. If B= B((,0) and 7 > 0, we write 7B in place of B((, 79).

To prove the results of Sections 2 and 3, it is natural to follow the ideas used
in the classical case by Rudin [6] for the normalized rotation-invariant surface
measure on the unit sphere of CV. However, some difficulties arise in proving
the finiteness of the constants

(1 >1).

This is established in Lemma 2.1 below, and is trivial when m is replaced by
the measure df on S*.

Lemma 2.1. For any real number 7 > 1,
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Proof. Fix 7 > 1. Since S! is compact, it is enough to show that for every
Co € S*, there exist a neighborhood U(p) of {y in S*, d;, > 0, and C¢, > 0 such

that (B(C, o))
mBG9) = o

For ( = ¢ € S' and 0 € (0,2], we have m(B((,0)) = G (¢, 2arcsin ),
where

for all ¢ € U((p), 6 € (0, 0d¢,]- (4)

p+0
G(p,0) = Ca7ﬁ/ (sin? kt)*(cos® kt)’dt (o € R, 6 € (0,7]).

p—0

Fix (o = e € S'. If (3 ¢ {—1,1}, we have G(p,0) ~ 2c, k¢l as
(¢,0) — (0,0), where k¢, = (sin® kpg)®(cos? kpgy)?® # 0, so that there are a
neighborhood U((y) of (o in S' and a number &, > 0 such that U({y), ., and
Cey = 7+ 1 satisty (4).

We now consider the case when (2 = £1. We may assume ¢y € {1,e2 },
because of the periodicity of ¢ — (sin® kt)®(cos® kt)?. For n > 0, let f, be the
function defined by f,(¢) = (t*)"t for any real number ¢ (with the understanding
that fo(t) :=t). Since

C7k’2a

Gl 0) ~ 22ﬂ+ 1

[fale +0) — falp — 0)]

and

p+0

_ 22 Jé] 2 «
G<2/~c —I—gp,@) —Ca7ﬁ/ (sin® kt)” (cos® kt)*dt

p—0

sk
~ 55 (e +0) = fole — 0)

as (p,0) — (0,0), it is enough to see that for fixed n > 0, there is 6 > 0 such
that the function F,, defined by

folp +0(70)) = foly — O(79))
fnlp +0(9)) = fy(w — ©(9))

is bounded on R x (0, 4], where ©(8) = 2 arcsin($).
If 0 <4 < 2, so that @9((65)) < 1 and if || > O(76), then

h (1 52) —h (125 ) (res)”
f (1 52) =0 (1= i) @(6) <S%5> |

ol

FW(SD’ 5) =

F77<§07 5)
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where 7,5 and s, s are real numbers such that

@(7—5) S 1 and |Sgo7§ _ 1| < ®<5) S 17
T

¢l
o(ro) [ 2r \*
F <
for 0 < 0 < 2 and |¢| > O(74). Since we also have

£,20(8) (O(r6) "
i) < Srem) (@(5))

if || < O(76), the desired conclusion follows easily. O

so that we get

The following covering lemma will be used in the proofs of Theorems 2.4
and 3.1.

Lemma 2.2. If E is the union of a finite collection ® of arcs B C S*, then ®
has a disjoint subcollection ' satisfying

Ec| /3B (5)

and

m(E) < A@3) ) _m(B). (6)

Proof. Write the members B,, of ® as B((,,d,) and index them so that ¢, >
dpt1. Set ny = 1. Assume that p > 1, ny < ... < n, are chosen and
By, ..., B,, are pairwise disjoint. If B, intersects U]_ B, for any n > n,,
stop; if not, let n,41 be the first index such that B, is disjoint from Uj_, B,,.
This process stops because @ is finite, and we thus get a disjoint subcollection
I'={B,,,...,B,,} of ®.

Now consider an arc B,, € . Let p be the largest integer between 1 and ¢
such that n > n,. Then there is [ € {1,...,p} such that B, intersects B,,,
and 9, < d,,, so that B, C 3B,,. Hence (5) holds, and, combined with the
definition of A(3), gives (6). O

Remark 2.3. The maximal function My of a complex Borel measure ;o on S*
is lower semicontinuous. Indeed, for fixed § > 0, { — m(B((,d)) is continu-
ous on S by the definition of m, and ¢ — |u|(B((,4)) is lower semicontinu-
ous because if (5 € S, & € (0,5) and ¢ € B((y, ), we have |u|(B((,9)) >
|1](B(Co,9)) — |1|(B(Co, 0)\B(Co, 0 — 0")). It follows that for fixed § > 0, the
quotient in formula (1) is a lower semicontinuous function of (, and so is My,
as the supremum of a collection of lower semicontinuous functions.
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Theorem 2.4. If yi is a complex Borel measure on S', then for any t > 0,

m({¢ e 8" (Mp)(Q) > 1) < AB) |l (7)

Proof. Fix p and ¢. Write U, for the set {¢ € S* : (Mp)(¢) > t}, which is open
by Remark 2.3, and let K be a compact subset of U;. For each ( € K we have
an arc B centered at ¢ such that

ul(B) > tm(B), (8)

by the definition of M u. Cover K by the union of a finite collection ® of arcs B
that satisfy (8). Applying Lemma 2.2 to ®, we obtain a collection I" of pairwise
disjoint arcs B satisfying (8), such that m(UsB) < A(3) > _m(B). It follows

that
m(K) < A(3)) m(B) < AB)t™" > |ul(B) < AB)t™ Y|l

Taking the supremum over all compacts K C U, gives us (7). O

Define the maximal function M f of a function f € L'(m) to be the maximal
function of the measure f dm, that is,

(M f)(C) = sup |[fldm (¢ € 5.

/
>0 ( (C? C )) B(C,(S)

. 1
Ef(() :111?jélpm/3(c’6)‘f—f(o’dm

for ¢ € St. Let t > 0 and let € > 0. There is a continuous function u on S*
such that || f —u||1(m) < €. Setting v = f —u, we obviously have Ly < L, + L,,
and £, < |v| + Mv. Moreover, £, = 0 because u is continuous, so that we get
L; < |v| + Mo, which implies that {¢ € S*: L;(¢) >t} C E,, where

t t
E . = {C e st [v(Q)| > 5} U {C e st (Mv)(¢) > 5}
It follows from Theorem 2.4 that
2 2
m(E.) < n Hv||L1(m) + A(3)¥ ||UHL1(m) < 2(1+ A(3))t‘15.

We thus have o -
{cest Q>0 clUNE

p=1n=1

11
p’n

with m (U2, Mooy B
concludes the proof. O

1 ) = 0, so that £;(¢) = 0 almost everywhere, which

B =
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Proof of Theorem 1.2. Since p L m if and only if |u| L m, we may assume that
p > 0. Choose t > 0 and & > 0. There is a Borel set £ C S* such that m(E) = 0
and p(F) = ||n]]. Choose a compact K C E satisfying u(K) > u(E) —e. Let
i1 denote the restriction of p to K, and put ps = pt — p1. Then

el <e. (9)

Set
(Dp)(¢) = limsup £ (B(¢,8)) (¢ € 5.

6—0

It follows from the definition of y,; that if ¢ ¢ K, then 2(B((,0)) — 0asé — 0,
which implies that (Du)(¢) = (Du2)(¢). We therefore have, writing U; for the
set {Ce ST (Dp)(C) > 1,

Kuly c KU{CeS": (Du)() >t} CKU{¢eS" : (Mu)(¢) > t},
and since m(K) = 0, we get, using Theorem 2.4 and (9),
mih) < m({C € S (Mp)(Q) > 1) < A®) s < AB)t

Letting € tend to 0 then yields m(U;) = 0, and since ¢ was arbitrary, this finally
shows that lims_ £ (B((,0)) = 0 almost everywhere with respect to m. O

3. The maximal function and the class Llog L

We first prove the following result:

Theorem 3.1. Let u be a complex Borel measure on S*. If du = fdm + dus
with f € L'(m) and ps L. m, then

lus|({€ € ST+ (Mu)(¢) < oo}) =0. (10)

Proof. Since {¢ € S* : (Mp)(¢) < oo} = U2, E,, where E, = {¢ € S*:
(Mp)(¢) < n}, (10) will be proved once we show that |us|(E,) = 0 for every
positive integer n.

Fix such an integer n. Since p, L m, there is a Borel set E C S' such that
m(E) =0 and || (E) = [|us]|. We have [ps|(Ey) = || (En NV E) = [ul(E, N E),
so that it is enough to prove that |u|(K) = 0 for any compact K C E, with
m(K) = 0.

Consider such a compact K and let € > 0. There is an open set V' O K
satisfying m(V) < e. Cover K by the union of a finite collection ® of arcs
B C V, with centers in K. For each arc B € ®, 3B is an arc with center in
K C E,, so that the definition of My implies that |u|(3B) < nm(3B). By the
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Covering Lemma 2.2, ® has a subcollection I' of pairwise disjoint arcs such that
Us B C Urp 3B. Consequently, we have

ul(K)<) [ul(3B)<nd m(3B)<AB)nY m(B)<ARB)nm(V)<A(3)ne.

Since € was arbitrary, we get |u|(K) = 0, which completes the proof. O

Theorem 3.1 will be needed in the proof of Theorem 1.4, as well as the
following covering lemma.

Lemma 3.2. Let u be a complex Borel measure on S'. If t > ||u||, then there
exist arcs B, and pairwise disjoint Borel sets V,, C B,, such that

(1) {¢es: (Mp)(Q) >t} U, Ba=U,Va:
(i) m(Bn) < A(4) t7 |ul(Bn);
(i) [pl (V) < A(4) tm(Vy).

Proof. Set Uy = {¢ € S* : (Mp)(¢) > t}. For fixed ¢ € Uy, the assumption
that ||u|| < t allows us to define § = max{o > 0 : |u|(B(¢, 0)) > tm(B((,0))}.
Setting Q = B((,0), we thus have

1l(@Q) > tm(Q), (11)

and
ul(4Q) < tm(4Q). (12)
One can therefore cover U; by a collection I'y of arcs @ satisfying (11) and (12).
Let p1 = sup{p(Q) : Q € T'1}, where p(Q) denotes the radius of the arc @,
and choose @1 € 'y such that p(Q;) > %pl. Let I'y; be the collection of the arcs
@ € I'y that are disjoint from @1, set ps = sup{p(Q) : Q € 'y}, and choose
Q2 € T’y such that p(Q2) > %pg. Let T's be the collection of the arcs Q € T'y
that are disjoint from Qs, etc. If T',, = () for some n, this process stops; if not,
it continues through the natural numbers.

The arcs @), we thus obtain are pairwise disjoint. Set B,, = 4@),,, and

m:@wpm<U&UU@ﬂ;

I<n l#n

then it can easily be seen that the Borel sets V,, are pairwise disjoint, that for
each n we have

Qn CV, C By, (13)

and that J, V,, = U,, Bn.
For each @ € T'y, there is an index n such that @ € T',,\T',,;1 since otherwise
there are necessarily infinitely many I';, and Q) € T, for each [, so that p(Q) < p
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for every integer [ > 1; then the definition of @; implies that p(Q;) > %p(@)
for each I > 1, but this is impossible because of the disjointness of {Q;}. If
Q € I',\I',41, then @ intersects @Q,,, and p(Q) < Zglp(Qn), so that Q) C B, since
1+ % + % < 4. Hence U, C U, B,,, which completes the proof of (i).

It follows from the definition of A(4) and (11) that
m(B,) < A(4)m(Qn) < A(4) 11| (Qn),
which gives (ii). By (12) and (13), we have
[l (Vi) < [pl(Bn) <tm(By) <t A(4) m(Qn) <t A(4) m(Vy),
so that (iii) is proved. O

Proof of Theorem 1.4. Since My = M |u| and since there is a Borel function u
with |u| = 1 such that du = wd|u|, we can suppose that 4 > 0. We may also
assume that ||| = 1.

Fort > 1,let Uy = {¢ € S : (Mp)(¢) > t}. We are first going to show that
WU < A@VEG(E) (8> 1), (14)

where 1(t) = m({¢ € S* : A(4)*(Mp)(¢) > t}). Fix t > 1 and choose B,, V,,
as in Lemma 3.2. Using parts (i) and (iii) of that lemma, and the disjointness
of {V,,}, we get

p(U) <Y p(Va) < A Y m(V,) = A(4)tm ( U Bn) . (15)

If w € B, and if §,, denotes the radius of B, we have B,, C B(w,?26,) C 4B,,
so that it follows from the definition of A(4) and part (ii) of Lemma 3.2 that

(Mp)(w) > =(B(w,26,)) >

3=

Combined with (15), this proves (14).

We have

/ m@b(t) dt = / Oom({c € S A4 (Mu)(C) > t}) dt
0 O (16)
— A7 [ () dm < o,

and v is decreasing; this implies that ¢ (t) — 0 as t — oo, and then

p(Up) =0 (t — 00), (17)
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by (14). Write du = fdm + du, with f € L'(m) and p, L m. Note that
f > 0and p, >0, since p > 0. By (17), ps({¢ € 8" : (Mp)(¢) = o0}) =
tts(Nys1 U) = 0, and by Theorem 3.1, p,({¢ € S* : (Mp)(¢) < oo}) = 0.
Hence ps = 0, so that du = f dm, and

M§ = Mu. (18)

It follows from Theorem 1.1 that f < M f almost everywhere with respect to m.
Using (18), we thus get f <t almost everywhere outside Uy, that is, {¢ € S* :
f(¢) >t} Cc U, UW for some Borel set W with m(WW) = 0. Consequently,

/ Fdm < u(U) < A@) ) (> 1),
{¢est: f(¢)>t}

by (14). Applying Fubini’s theorem, we therefore obtain

o0 001
A4 d - dm | dt = log" f d
o [Towaz [TL(f L gam)a= [ gt gan,

and the proof is completed by using (16). O

4. Nontangential limits

The following lemma will be used in the proof of Theorem 1.5.

Lemma 4.1. If ¢ € S* and v > 1, then for all z € Q,(C) and all w € S*,
P(z,w) < (ky +2)**T2P(r(,w),
where r = |z].

Proof. It z € Q,(¢) and r = |z|, then |w —r¢| < (y+ 2)|w — z| for all w € S,
and since we also have zF € Q. (¢%), we get [wF — r*¢*| < (kv + 2)|w® — 2*|
and |[w* — r*¢*| < (kv +2)[w* — 2*| for all w € S. Then the desired conclusion
follows from formula (2). O

Proof of Theorem 1.5. Since M u = M |pl, it suffices to prove (3) for positive p.
By Lemma 4.1, it is then enough to show that there is a constant C' < oo such
that

sup [ PrC.whw)du(w) < COQ)

0<r<1
for every finite positive Borel measure p on S! and every ¢ € St
Fix p, ¢, and r, 0 <7 < 1. For w € S, set

a(w) = |1 — chkwk|2 and b(w) _ |1 _ chk@k|2.
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We consider the integral [, P(r¢, w)h(w)?du(w) in several pieces: put s = 1—r,
set
Vi ={we S":b(w) <2a(w)},

denote by V5 the complement of V;, and set
Wo = B((, s), W, ={we S':27s < |w— (| <2's),
for I =1,2,..., until 2's > 2; then
2
[ Pcwhtfdnte) = 3" 3 1
St j=1 1>0

where

= 1-r w1 w)du W2 dulw
i /vjmwl Bla,a+ 1)[1 — r(w]? /0 (1 — wa(w) + ub(w)] h(w)” dp(w).

For any w € S, we have [w* —w*| < \/a(w) 4+ 1/b(w), so that if w € Vy,

we get h(w)? < (%)QQa(w)o‘. Set k = B(O{LH) (”2‘/5)20“. Since ﬁ <2

I < @M(B(C»S))-

Moreover, m(B((,s)) < cqoms since (sin?kt)* < 1, so that u(B(¢,s)) <
(Mp)(Q)m(B(C;8)) < capm(Mp)(C)s. Thus

26Ca 0™

Lo <

(Mp)(C)-
Since |w — (] < 2|w — r¢| for any w € S', we have, for [ > 1,

32K caom (Mu)(Q) .

I, <
LE = o 2l

B 2) <

If w € Vy, then h(w)? < (HTW)Qab(w)a, and for u € [0,1], (1 — u)a(w) +
b(w)

ub(w) > a(w) + u=5, so that

! w1 — u)*du o2 1"‘% e bw)® [* ut y
[ = ey et 5( 3 ) o ), T et

where c(w) =
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If I > 0and w € B((,2's), we have \/b(w) < klw—r¢| < k(2'+1)s < 2H1ks
and /a(w) > 1 —1r* > s, so that c(w) < 2%+1E2. Tt follows that

2% 2k? toz—l 2k2 .L.a—l
Iro < — u(B dt < 2K cq M dt,
0 S 2B [ et < 2eanr©) [ G
and since flc(w) % dt < In(c(w)) for any w € Vo,
Iy, < R85 /ILdt+(2l+1)l 2+ 2Ink ) u(B((,2'))
2=z \ J, T+o)e " L JIBDAS, &8
b (Mp)(<)
< 32k ¢, dt+ (2l +1)In2+2Ink | ——=
_3/10,0#(/0 L +(20+1)In2+ n> T
for [ > 1, which completes the proof of the theorem. O

Proof of Theorem 1.6. If f € L'(df) is given, it suffices to show that for any
e > 0, there exists a Borel set F. C S! satisfying m(E.) < &, such that for
every ¢ € S'\E. and every v > 1, limsup, . .cqo. (o) |P[f](2) = f(O] < D(v)e,

where D(7) is a finite constant depending only on 7.
Let € > 0. Put g = %, and write ¢ = g; + g2, where ¢; is continuous on S*
and ||ga||1(m) < %. It follows from Theorem 1.1 that |g2(¢)| < (Mg2)(() for

almost every ¢ € S'. By Theorem 2.4,

m({¢ € 5" (Mg2)(C) > <)) < AB) e lgalluamy < <

Consequently, there is E. C S' with m(FE.) < ¢, such that if ( € S'\E. and
v > 1, we have for any z € ,((),
IPf1(2) = (O] < [Plgih?|(2) — (g1h*) (O] + [Plg2h?](2)] + [(92h*) (O]
< [P[gih?](2) = (g1h*) (O] + C(7)(Mg2)(€) + (Mg2)(C)
< [P[gih?)(2) = (g:h*) (O] + (C(y) + 1)e,

where the constant C'(v) is given by Theorem 1.5. By Theorem 1.1 in [7],
tim Plgy)(2) = (512)(C).

so that we obtain imsup,_ .cq. () |P[f]1(2) = f(O)] < (C(y) + 1)¢, and the
proof is complete. O
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