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Conditions for Correct Solvability
of a Simplest Singular Boundary Value Problem
of General Form. 1I

N. A. Chernyavskaya and L. A. Shuster

Abstract. We consider the singular boundary value problem

—r(2)y'(z) + q(x)y(z) = f(z), z€R (1)
lxl‘iinooy(w) =0, (2)

where f € L,(R), p € [1,00] (Loo(R) := C(R)), r is a continuous positive function
on R, 0< g€ Llloc(R). A solution of this problem is, by definition, any absolutely
continuous function y satisfying the limit condition and almost everywhere the dif-
ferential equation. This problem is called correctly solvable in a given space Ly(R) if
for any function f € L,(R) it has a unique solution y € L,(R) and if the following
inequality holds with an absolute constant ¢, € (0,00) :

1YllL,® < cpllfllz,@, VfeLpR).

We find a relationship between r, ¢, and the parameter p € [1, 0o|, which guarantees
the correctly solvability of the problem (1) and (2) in L,(R).
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Mathematics Subject Classification (2000). 34B05

1. Introduction

We consider the singular boundary value problem

—r(z)y' () + q(x)y(x) = f(x), z€R (1.1)
‘mlliinooy(x) = 0. (1.2)
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Here and throughout the sequel, f € L,(R), p € [1,00] (Loo(R) := C(R)) and
0<reC M), 0<gqecLXR). (1.3)

(In (1.3), we use the symbol C'°(R) to denote the set of functions defined and
continuous in R.) Throughout the paper, we assume that the above conven-
tions are satisfied. We also define a solution of (1.1)—(1.2) as any absolutely
continuous function y satisfying (1.2) and (1.1) almost everywhere on R.

Note that the problem (1.1)—(1.2) was already considered in [1]. In partic-
ular, in [1], there were obtained general (unconditional) criteria for its correct
solvability in L,(R), p € [1, 00| (see §2 below for the definition of correct solvabil-
ity of problem (1.1)-(1.2).) In the present paper we continue the investigation
started in [1]. Our general goal is as follows: under a certain requirement (in
addition to (1.3)), find conditions for correct solvability of problem (1.1)—(1.2)
which can be expressed solely in terms of the functions r and ¢. To make this
more precise, let us present one of the main results of [1]:

Theorem 1.1 (§4). Let p € (1,00), p' = p(p —1)~1. Problem (1.1) — (1.2) is
correctly solvable in L,(R) if and only if the following conditions hold together:

1) M, < co. Here M, = sup M,(z), where (1.4)
zeR

o= [ ([ 35)4]

.{/xm#exp(—p,/xt%d§>dt:|% reR;  (15)

0
_ aer [*q(t) .
2) Sl = 00, Sl = /Oo T(t)dt’ (]_6)
3) Ay < oo. Here Ay = sup Ay (z), where (1.7)
zeR
z+d(z) dt
A/a::/ ——, 2R 1.8
p( ) z—d(z) T(t>p ( )
d(2) = inf{d: D(z,d) =2}, Bz, d) = /Hdﬂdt rER (1.9)
Cd>0t el g r() ' '

It is easy to see that Theorem 1.1 “does not answer” the posed question.
Indeed, in Theorem 1.1, correct solvability (or unsolvability) of problem (1.1)—
(1.2) in L,(R), p € (1,00), is determined by the values of the functionals M,,
S; and A, in the functions r and ¢, and we have to make a conclusion looking
at the functions r and ¢ themselves. At the same time, the values of the func-
tionals M, S and A, are essential for the investigation of problem (1.1)—(1.2)
since Theorem 1.1 is a criterion for its correct solvability. Thus we have to find a
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narrower version of Theorem 1.1 such that the condition 1), 2) and 3) are either
equivalent to certain pointwise conditions for the functions r and ¢ themselves
or are satisfied automatically. We solve this problem in §3 in Theorem 3.2 which
is the main result of the present paper. In addition, we present two additional
assertions which complement the paper [1] (see Theorems 3.1 and 3.3).

Acknowledgement. The authors thank Profs. Z. S. Grinshpun, S. Luckhaus,
and the anonymous referee for useful remarks and suggestions which allowed us
to improve the paper.

2. Preliminaries

Below we present the definition of correct solvability as well as assertions used
in the proofs of the main results of this paper.

Definition 2.1 ([1]). We call the problem (1.1)—(1.2) correctly solvable in a
given space L,(R) if the following conditions hold:
I) For every function f € L,(R), there exists a unique solution y € L,(R) of
(1.1)-(1.2).
IT) The solution y € L,(R) of (1.1)-(1.2) satisfies the following inequality
with an absolute constant ¢, € (0, 00):

[lly < cllf(2)llpy YV f € Lp(R).

Theorem 1.1 contains the criterion for the correct solvability in L,(R) of
the problem (1.1)—(1.2) in the case p € (1, 00). For the cases p =1 and p = oo,
see Theorems 2.2 and 2.3 below.

Theorem 2.2 ([1]). Problem (1.1)-(1.2) is correctly solvable in Li(R) if and
only if the following conditions hold together:

1) Sy = oo (see (1.6)); (2.1)

2)rg >0, 19 = igﬂgr(x) > 0; (2.2)

3) My < oo. Here My = sup M;(z) < 0o, where (2.3)
zeR

Ml(@:%/;exp(_/j%dg)dt, rER.

Theorem 2.3 ([1]). Problem (1.1)—(1.2) is correctly solvable in C(R) if and
only if Ay =0, where Ay = lim A(z). Here

|z|—o0

Alz) = /;o Wlt) exp (— /; %d&) dt, zcR (2.4)

Moreover, if Ay =0, then S; = oo (see (1.6)).
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We note that in §§3-6 below we use some technical assertions and their
formulations from [1]. We give their formulation in the course of our exposition.

3. Main results

Here and throughout the sequel, the symbols ¢, ¢(-), ¢1, ¢, ... denote absolute
positive constants which are not essential for exposition and may differ even
within a single chain of calculations.

The next statement is a useful complement to Theorem 2.3.
Theorem 3.1 (§4). Suppose that the functions r and q satisfy the conditions
1) S; = oo (see (1.6));
2) 4o > 0, where go = inf q(z);
3) q(x) — oo as |z| — 0.
Then problem (1.1)—(1.2) is correctly solvable in C'(R).

The main result of the present paper is the following.

Theorem 3.2 (§5). Suppose that the following conditions hold:
1) The functions r and q are positive and continuous on R.
2) There ezxists a > 1 and b > 0 and an interval (o, 3) such that

g# L S 1 R N C

r(z)  q(z) ’ q(z)’

and, moreover, v = v(a,b) < 1. Here v = 3a* exp(—=%). Then problem
(1.1) - (1.2) is correctly solvable in L,(R), p € [1,00], if and only if the
conditions from the following table are satisfied:

SHES

Space Li(R) | L,(R), 1 <p< o0 C(R)
Conditions for ro >0 oy >0 q(z) — o0 (32)
correct solvability | qo > 0 qgo >0 as x| — oo
Here p' = -£5 for p € (1,00) and
ro = inf r(x), ¢ = inf ¢(z), o, = inf r(:v)f%q(x)ﬁ (3.3)

z€R z€R z€R

The next statement is a useful complement to Theorems 1.1, 2.2, and 2.3.
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Theorem 3.3 (§6). Suppose that the following conditions are satisfied:
O q(t > q(t
1) S; = Sy = 00, where S} = / wdt, Sy = / wdt; (3.4)
oo (1) o 7(t)
2) there exists § > 0 such that, for x € R, (see (1.9))

d(t) > dd(z), for |t — x| <d(z). (3.5)

Then if
lim ¢(x)=0 or limg(z)=0

r——00 r—00

holds, problem (1.1)~(1.2) cannot be correctly solvable in L,(R) for any
p € [1,00].

This theorem needs an explanation; for this we use the following lemma.

Lemma 3.4 ([1]). Let S; = 0o (see (3.4)). Then the function d(z) is defined
for x € R. Moreover, d(x) is continuous and positive on R, and the following
estimates hold:

ld(z + h) — d(@)| < |h| if |b| <d(z), v €R. (3.6)

From (3.6) it follows that for any € € [0, 1] and for every = € R the following
estimates hold:

(1 —e)d(z) <d(t) < (1+¢e)d(z) for |t—z|<ed(z). (3.7)

Indeed, let h = t—x. Then |h| < ed(z) < d(x),t = x+h; and, in view of (3.6), we
obtain |d(t)—d(x)| = |[d(x+h)—d(z)| < |h] < ed(x), which implies | % —1] <&
and hence (3.7). Thus, we see that inequality (3.5) slightly strengthens the a

priori property (3.7), and therefore Theorem 3.3 can be applied to a broad class
of problems (1.1)-(1.2).

4. Proof of the theorem on correct solvability in C'(R)

Proof of Theorem 3.1. Let us check that A(z) — 0 as |z| — oo (see (2.4)). Fix
e > 0. Then there is an interval (21, 2,) such that g(z) > 2 for « ¢ (1, z2). To
estimate A(x) for x ¢ (x1,x2), we consider the cases a) © > x5 and b) z < a;
separately. In case a) we have (see (2.4)):

A(m)S%/xm%exp(—/:%df)dt§§<a
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To estimate A(z) in case b), we write A(x) in the following form:
[ a(§) 1 "a(§)
Az) = /x %exp (—/x @df) dt + /xl %exp <—/x @df) dt
> 1 q(6)
o e (- [ )
Now we estimate each summand of A(z) separately. We get, for x < x4,
_ [T "a(©) e ["at) ‘q(§)
Aq(x) ._/x @exp (—/x @d£> dt < g/x @exp (—/x @d£> dt <
and
X2 1 t 1 T

Ay(x) ::/ @exp <—/ %dﬁ) dt < %exp (—/ %dﬁ) :

Since S7 = oo, there is zy = z(e) < 7 such that qio exp (— [ %dﬁ) < £ for
r < g, hence Ay(z) < 37 e for x < x¢. Finally, from

v [ e (- Rgee) =3 [ ee (- )

it follows As(z) <

Wl M

5. Hence for x ¢ (w9, 73), we have

A(x) = Aj(x) + As(z) + As(z) < e, x € (xg,22),

which implies limjg| .o A(x) = 0. It remains to refer to Theorem 2.3. O

5. Proof of the main result

To prove Theorem 3.2, we need some lemmas. When stating them, we assume
that the hypotheses of Theorem 3.2 are satisfied. Below we often use an obvious
statement which, for convenience, is formulated as a separate assertion.

Lemma 5.1 ([1]). Let p(z) and 1(x) be positive and continuous functions for
x € R. If there exist a constant ¢ € [1,00) and an interval (z1,x3) such that

(@) < plo) S cbla)  for o (ar,3), (5.1)

then equalities (5.1) remain true for all z € R, possibly after the replacement
of ¢ by a bigger constant.
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Proof. The function f(z) = % is continuous and positive for z € [z, z9].

Hence its minimum m and maximum M on the segment [x1, z5] are finite pos-
itive numbers. Let ¢; = max{c, =, M}. Then lw(x) < p(x) < ep(x) for
r e R. O

Lemma 5.2. Let x € R be given. Let a sequence {x}3>_ . be given as follows:

r(zr)

Tog=1T, Tpy1 =2xp+0b for k=0,1,2,... (5.2)
q(zr,)
To=1T, Th_1=2Tp— br(xk) for k=0,—-1,-2,.... (5.3)
q(z)
Here b is taken from (3.1). Then we have
klim xp = —00, klim T = 00. (5.4)

Proof. Both limits in (5.4) are checked in a similar way. Let us prove, for
example, the second one. Assume the contrary. The sequence (5.2) is, by
construction, monotone increasing. If (5.4) does not hold, then there is z < 0o
such that zy < z for £ > 0. Then the sequence (5.2) has a limit zy < z. Moreover,

00> z2—2 2> (Thyr — ) = 0D 40 0g T(x’“ , which implies limy,_, 2%3 =0,

in contradiction to limy_, Zg’lz = 22;‘3 + 0 O

Lemma 5.3. Let 6 € [0,b] (see (3.1)). Denote
wH(z) = {x,a: + 9%1 ;W (2) = {a: — 6%,1’] : reR.  (55)
Then for x ¢ (o, 3) (see (3.1)), the following inequalities hold:

0 t t
— < / Mdt, / @dt < fa’. (5.6)
a w) (z) T(t wH)(z) T<t)

Proof. The inequalities (5.6) follow from (3.1):

(t) q(t)
/w<+ Yz) T dt [)(+>(x) q(z) r
)

(z)
() r(t)
q(t) q(@) r(z) a2.@.@: 2
/w ) T t)dt /w<+>(x q(x) r(x) (1) di < 0 fa”. O

Lemma 5.4. We have (see (3.4))

Q

T

T

Q

S| = oo, Sy = 0. (5.7)
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Proof. In (5.2), set xyp = 0. By Lemma 5.2, there is ky > 1 such that the
points zy, for k > ko are outside the interval (a, 8) from condition (3.1). Then
by Lemma 5.3, we have

* (1) “/mwm Ny
> > —Zdt = —Zdt > — =
m_&_LM@ﬁlgawrwﬁ_zﬁ o

k=ko
which implies S, = o0o. The equality S; = oo can be checked in a similar
way. ]
Lemma 5.5. Leta >1,b> 0, and v <1 (see Theorem 3.2). Then b > a’.
Proof. If b < a?, then 3 < 3a? < eb/a* < e, a contradiction. O

Lemma 5.6 ([1]). Let S; = oo (see (3.4)). Then the function d(x) is defined
forx € R (see (1.9) and Lemma 3.4). Moreover, the inequality n > d(x) (resp.,
0 <n <d(x)) holds if and only if

Ai@%ﬁzz <mw Ai@%ﬁgg.

Lemma 5.7. For a given x € R, the equation in d > 0

/as—i-d @dg .y

—a (&)
has a unique positive solution d = d(x). Moreover,
ai% < d(z) < aQZ(—z; for = ¢ (a,f), (5.8)
c_l% <d(z) < c%, z e R. (5.9)

x)
Proof. According to (5.7) and by Lemma 5.6, we only have to prove the es-
timates (5.8) and (5.9). Let m(z) = 522 2 ¢ (a, ). Since b > a2 > a2

a® q(z)
because of Lemma 5.5, from (5.5) it follows that

$+7]1(l‘) t x t CC+7]1(Q3) t 1 1
/ @dt:/ Mdt+/ @dt§a2—2+a2_2:2.
z—mn1 () T(t) x—n1(x) T(t) T T'(t) a a

Hence d(z) > ny(z) by Lemma 5.6. Let now no(z) = a>22, ¢ (o, ). Since
b > a® by Lemma 5.5, from (5.5) it follows that

x+n2(x) T z+n2 ()
/ @dt_/ @dt—i-/ ﬁdt>a2i+a2i:2.

(@) r(t) () T(F) r(t)  —  a? a?

Hence d(z) < no(z) by Lemma 5.6, which implies (5.8). Since the function d(x)
is continuous and positive (see Lemma 3.4), the inequalities (5.9) follows from
Lemma 5.1. ]

~—
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Lemma 5.8. Let x ¢ (o, 8) (see (3.1)), and let {xx}32 . be the sequence from
Lemma 5.2. Then the following inequalities hold:

at) - OF

T b
/ rEtidt— S Jor w2p k=012 (5.10)
o

xo
/ %d’?% for <o, k=0-1,-2. .. (5.11)
Ty

Proof. 1f k = 0, relation (5.10) is obvious. For k > 1 it follows from Lemmas 5.2
and 5.3:

k-1 k—
0 [ b
D gt = dt SN b b,
[y [ sy
Inequality (5.11) can be checked in a similar way. O

Lemma 5.9. Letx ¢ («a, 3) (see (3.1)), and let {x}72
Lemma 5.2. Then the following inequalities hold:

be the sequence from

— 00

_k T(fl?k) Q(Ik> k _

a " < (o) q(@o) <a® for v>0, k=12 ... (5.12)
EIPRACII(C7) k| -1 _

a kgr(xo)’ q(xo)gak for <o k=-1,-2,.... (5.13)

Proof. Let x > 3. Then from (3.1) and (5.2), it follows that

lﬁ T(w), a(z.) <a for (=1,2,....k k>1.
a” r(re1)  q(re)

After multiplying these inequalities, we obtain (5.12). Estimates (5.13) can be
checked in a similar way. O

Lemma 5.10. Forp € [1,00) and x € R, the following inequalities hold:

’1@ r) = xex — x@ c@ c=c
g sn= [ ew(-r [ fGu)us g o= 610

Proof. The proof of the lower bound in (5.14) is based on Lemma 5.7:
’ “q(&)
L,(z) > / exp (—p/ —df) dt
p( ) z—d(z) t T(g)

> d(z) exp ( - /_;d() | %dﬁ)
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To prove the upper bound in (5.14), consider two separate cases: 1) z < «;
2) x > (. In case 1), we use below the sequence (5.3), relations (5.11), (5.13)
and the inequality v <1 (see Theorem 3.2 and (5.14):

o= 52 [l 25)

k=—o0

< 20: (k= 1) exp (_p /:O %d£>

k=—00

Consider now case 2). Let us write I,(x) in the form

ir-on (o[ 396) [ oo 90

= exp (—p/ox %%) f(x)

Flz) ¥ /OO exp (p/ot %dg) dt, x> 8. (5.15)

From (5.15) and case 1) above, it follows that the integral I,,(x) exists for z > f.
Moreover, according to (5.7), we have the equality

where

lim f(z) = lim | exp <p/0t@dg) dt = oo, (5.16)

A= (e

Let us define the integral I,(z, 3):

Ip(z, B) = /; exp <—p /tx %df) dt, x =0,
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and write for I,(z, 3) an analogue of the representation (5.15):

= exp (—p /Ox %df) fs(x)

falz) < /; exp (p/ot %dé) dt, = >p. (5.17)

Here, according to (5.7), we have

where

T t
lim fg(x) = lim exp <p/ ®d§> dt = oo. (5.18)
Tr—00 T—00 ﬂ 0 T(S)
From (5.15), (5.16), (5.17), (5.18) and L’Hopital’s rule, it follows that
tim 2@ gy S

=00 Iy(w, B) e f5(x)

Let m > 3 be such that for x > m, the following inequality holds:
Iy(x) < 21y(x, B), r>m=f. (5.19)

Consider the sequence (5.3). By Lemma 5.2, for £ > m > (3 there is £ < 0
such that

Ty Z ﬁ, iy S ﬁ (520)

Let us show that here one can choose m so that for all z > m the number ¢
in (5.20) satisfies the inequality ¢ < —1. Assume the contrary. Let {ms}32, be
any monotone sequence increasing to infinity with m; > 3. By the assumption,

for every m,, s > 1, there is () > m, such that x(®) — b;gﬁ;% < (. This

means that inequalities (3.1) can be extended to the interval [3,2(®)] because

[3,2¢)] € [20) = bZ2) 2], and hence

gy " gt q(@®) r(@®) )
/g Tt)dt‘/ﬁ () r@@) ey T

Since here () > m, — oo as s — 0o, the integral S, converges (see (5.7)), a
contradiction. Therefore, in the sequel we choose m big enough so that m > 3,
(5.19) holds, and for all z > m we always have ¢ < —1 in (5.20).
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To estimate I,(x,3), we use the sequence (5.3), relations (5.20), (5.11),
(5.13) and inequality v < 1 (see Theorem 3.2):

e~ fon(o ] $5)
([ e [

St -som(of 159

k=041

+ (20 — B) exp (—p/:o %cﬁ)

0
<03 2 exp (—prli
k={

q(x

,r(w0) i) alwo) b
ren D Deron Bl eXp(_pﬁ"“')

k=t

IA

m%;ﬁm(ﬁg
(z)

S [ty ()] =22, -

k=0

<
8

(]

)
8

<
8

IA

From (5.21) and (5.19), we obtain the estimates (5.14) for > m. Thus in-
equalities (5.14) are proved for = ¢ (a, m). To complete the proof of (5.14), it
remains to apply Lemma 5.1. 0

Proof of Theorem 3.2 for p = 1. Necessity. Suppose that problem (1.1)—(1.2) is
correctly solvable in L;(R). Then rq > 0 and M; < oo because of Theorem 2.2
(see (2.2)-(2.3)). From (2.3) and (5.14), it follows that

1 [ “q(£) ) 1 _ 1

M, = su —/ ex (—/ 222 ) dt = sup —— 1 (z) > ¢ Lsup ——

V= LT e ®) TRy ) 2 s
which implies that

1\t et
inf sup —— > — > 0.
t =k a@) = (xeﬂ% q(:c)) =

Proof of Theorem 3.2 for p = 1. Sufficiency. Since S; = oo (see (5.7)) and
ro > 0 (see (3.3)), in the space L;(R) correct solvability of problem (1.1)—
(1.2) is guaranteed by the inequality M; < oo (see Theorem 2.2). Below we
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use Lemma 5.10 and condition gy > 0 (see (3.3)) to check this requirement (see
(2.3), (5.14) and (3.3)):

T xr ]’
M, = supi/ exp (—/t %d{) dt = sup ;(f)) < csupL <oo. O

z€R T(-T) — 0o z€eR z€eR Q<x)

Proof of Theorem 3.2 for p € (1,00). Necessity. Suppose that for some p €
(1,00), problem (1.1)—(1.2) is correctly solvable in L,(R). Then M, < oo by
Theorem 1.1 (see (1.4)—(1.5)). Let x € R be arbitrary. In the following rela-
tions, we use Lemmas 5.4 and 5.7 (see (1.4)—(1.5)):

wir= [ on - 254)a]
[ om0 5949
[ (o] 254)o]

=

Y

(5.22)

S
7

/:+d<x> # . (_p, /z t%dg) dt]p
e r+d()
= exp ( - /xd(x) %c&) dl(x) {/x r(cgpl}

[

Below we assume that = ¢ (a, 3) (see(3.1)) and continue estimate (5.22) using

(3.1) and (5.8):
A

5 |
S

B =

= e 2d(x)

B =

0 > e*M, > d(z)

)

which implies q(x) > (e*a®M,,)~! for = ¢ («, 3), hence ¢y > 0.
Furthermore, by Theorem 1.1, A, is also finite (see (1.7)—(1.8)). In the
following relations we use (3.1) and Lemma 5.6 for x ¢ («, 3):

o) gy e (r(@) 1\ 2 1
> A, > > _ dt >
00 —/x_dm r(t)? —/<> (r@) r<x>> = a2 () 1g(x)

a?q(z)
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1 —
which implies r(w)%q(gv)z7 > A" 25 and hence g, > 0.

Proof of Theorem 3.2 for p € (1,00). Sufficiency. Below we need the following
assertion.

Lemma 5.11. Let 0,y > 0 (see (3.3)). Then the following inequalities hold:
<z @)Ky (z) <¢, xz€R (5.23)

Here p' > 1, and

K,(z) ¥ / h - (;)p, exp <—p’ / t %dﬁ) dt, z€R. (5.24)

Proof. Let us first verify that the integral (5.24) converges for every x € R.
Indeed, from the condition o, > 0 follows r(t)%q(t)ﬁ > o0y >0,t € R, and
hence 7(t)? ~1q(t) > ag,/ for ¢ € R which implies

(1)
(1)’

From (5.25) and (5.7) for z € R, we now obtain (see (5.24))

To check the lower bound from (5.23), we assume z ¢ («, 5). Then according
to (5.8) and (3.1), we have

—_
L)

1 <
r= :
Ol

teR. (5.25)

<

Ko > [ o e (v [ t %df) it

- CC-‘rd(I)@ ) z+d(z) dt
Zexp( P /z—d(z) T f)df /z ()Y

— o r(z)rlg(x)

Taking into account Lemma 5.1, the latter inequality gives the lower bound
from (5.23) for all z € R. To prove the upper bound from (5.23), we consider



Conditions for Correct Solvability 453

separate cases: 1) x > and 2) x < a. In case 1) we use below the sequence
{zr}72, (see (5.2)) and inequalities (5.10), (5.12), (3.1) and v < 1:

xk+1
exp ) dt

/

k:0
00 T p
o)
— 21 r(t) r(zr)
_p/ b2k;
<a'b
Y

S ) ()

Ky(x)

M8

.l’k)

Thus estimate (5.23) holds for z > g.

Consider case 2). Let us introduce the function

K

p(m,a):/:#exp (—p’/;%d )dt, r<a

Let < m < a (we shall choose m later). Then

Kyfe) = Kyl +oxp (' [ 4hae ) Ky o)

< Kp(z, o) + % exp (—p' /a mdﬁ)
q

p'oy 7(§)

= K,(z,q) {1 n Kpé’ 7 o (—p’ /: %df) } . (5.26)
Here we have

w1 856 = [ o 25

¢ odt
[ o

Denote
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and choose m as follows:

6, if C(a) =00 and [ T(;l)tp, =1
16, if C(e) < oo and Jo = ).

'r(t)Pl 2

With such a choice of m, from (5.26) and (5.27) it follows that
o(m)~"
p’aﬁf .

K,(z) <cKp(r,a), z<m, c=1+ (5.28)

Let now x < m. For zy = z consider the sequence (5.2). By Lemma 5.2, for
r < m < a, there is £ > 0 such that

r <o, T > (5.29)

Let us show that m can be chosen so small that for all z < m the number ¢
in the inequalities (5.29) satisfies the inequality ¢ > 1. Assume the contrary.
Let {m,}22; be any monotone sequence decreasing to —oo with m; < a. By

r(zs)

a(zs)
This means that the inequalities (3.1) can be extended to the interval [z, ]

r(zs)

because [zg, a] C [xs,xs + bq(%)] and hence

) @ = i q<t) . C](ZL‘S) . r(ajs) a2 00
/zs T(t)dt N /xs q(zs) r(xs) r(t) dt < a”b < o0;

and since here 3 < my; — —00 as s — 00, the integral S; converges (see (5.7)),
a contradiction. Therefore, below m is chosen so small that m < «, (5.28) holds,
and in the inequalities (5.29) we always have ¢ > 1. When estimating K,(z, c),
we use sequences (5.2) and relations (5.29) with ¢ > 1, (3.1) with v > 1 and
(5.13):

the assumption, for every myg, s > 1, there is x, < m, such that x,+0 > a.

Kp(l’,Oé)
£—1 Th+1 1 T [e% Ty
q(§) 1 [ a(§)
< - exp (—p’/ —dﬁ) dt—l—/ ~exp [ —p —d¢ ) dt
e Sy, ()P w0 7€) 2, T()P w0 T(6)
-1 _— o /
< ep’fz’f/H ( ) L dt+e 4 25/ (T(m ! )pdt
T r(t) r(zx) s \ T(t) 7(x0)
|:£ . _ ’ik:| Oé —l'g _plpb
< pa2 —I—ap p a?
- r(xy )P 1
k=0
-1
Sapbl ] 'WH $e€_p a2k
k=0 r(z

B 7”(330)”'611(1(370) Z (ED(ZED o
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We get
ak?’ Cy
/ r(z)rq(z)

Thus the upper bound from (5.23) holds for x ¢ (m, 3). To finish the proof of
(5.23), it remains to apply Lemma 5.1. O

1 l
Koler0) < oy 2

b
o ¢ "

Let us now go to the proof of the theorem. Here we use Theorem 1.1. Since
S1 = oo (see (5.7) and (1.6)), to apply Theorem 1.1 it is enough to prove that
M, < oo and Ay < oo (see (1.4) and (1.7)). In the next estimate for M, we
use Lemmas 5.10 and 5.11 and condition (3.2):

B =

M, = sup(l(0)) (I, () < ¢ sup (qgg) r@)%lq(xﬁ <<

To check the inequality A, < oo, let us first estimate the function A, (x)
for © ¢ (o, 3) (see (1.7) and (3.1)). Below we use Lemmas 5.7 and 5.5, (3.2)
and (3.1):

S =

< Q.

bS]

r(x) ’

z+d(z) a:+a2qz D )
Ap/(:v)—/ dt E/ (@) (r(x) 1 ) dt < 2a7+? 1 < C/

(@) T a2z \7(t) 7() r(z)P~lq(z) = ob)
and hence
sup Ay (z) < oo. (5.30)

z¢(a,f)

Note that the function A, (z) is continuous for z € R because so is d(z) (see
Lemma 3.4). Therefore, A, (x) is bounded on [«, (]. Together with (5.30), this
leads to the inequality A, < oo. Thus problem (1.1)-(1.2) is correctly solvable
in L,(R) for p € (1,00) by Theorem 1.1. O

Proof of Theorem 3.2 for p = co. Necessity. Suppose that problem (1.1)—(1.2)
is correctly solvable in C(R). Then equality Ay = 0 holds, and S; = oo (see
Theorem 2.3). For x € R, Lemma 5.7 implies (see (2.4))

Az) > / e %) exp (_ / t ‘%dg) it > 0. (5.31)

From the equality Ag = 0 and (5.31), it follows that

‘ z+d(z) 1 tq(£> B
|xl\1i>noo ’ RO exp (—/x @c&“) dt = 0. (5.32)
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Furthermore, for x ¢ («a, ), using (3.1) and (5.8) we obtain
x—l—d(m)i - t@ ) B z+d(z) @ x—i—d(w)ﬁ
[ e L Rge) aze (L, g [ 5

L, /x-i-d(x) dt
=e -
)

r(t) r(x)
e? 1
> — ——>0. 5.33
—a® () (5:33)
From (5.32) and (5.33) we get lim $ = 0. Hence ¢(z) — oo as |z| — 0.

|z|—o0

Proof of Theorem 3.2 for p = co. Sufficiency. In this case the statement of the
theorem is an obvious consequence of Lemma 5.4 and Theorem 3.1. O

6. Proof of the theorem on correct unsolvability in L,

Proof of Theorem 3.3. We consider the cases 1) p = 1; 2) p € (1,00), and
3) p = oo, separately. Since the cases * — —oo and x — +oo are treated
similarly, let us, for example, consider ¢(x) — 0 as z — oo.

Case 1): Let p = 1. Assume the contrary: problem (1.1)-(1.2) is correctly
solvable in L;(R). Then M; < oo (see (2.3)), and for any ¢t € R, we get

M, > Mi(t) > %) /tid(t) exp (—/; %ds) ¢ > %e}(p <_/tiz(:) %ds*)

which implies

U

t
dt) <e*M;, teR. (6.1)

r(t)
Let us integrate inequality (6.1) along the interval [z — d(z),z + d(z)], z € R
and use (3.5) to get

2e2M,d(z) > / e @dtzadm /

z—d(z) Tt) z—d(z) T(t)7

z+d(x) dt cR
— i

so that

z+d(z) dt
sup/ — < 2e* M < oo. (6.2)
@ T(t)

z€R Jx—d
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Let ¢ be a given positive number. Then ¢(z) < € for z > ¢(¢) > 1. Since
Sy = 00, then = — d(z) — oo as © — oo (see [1, (3.18)]). Therefore, there is
xo(e) > c(e) > 1 such that x —d(x) > c(e) for x > xo(e). For o > z¢(e), we

o z-l—d(ar: z+d(z) dt
get from 2 = e—d(x) T dt r—d(z) 7(0) that
z+d(z) dt
lim — = 0. (6.3)

T=00 Jx—d(x) r (t)

This leads to a contradiction between (6.2) and (6.3).

Case 2): Let p € (1,00). Assume the contrary: problem (1.1)-(1.2) is
correctly solvable in L,(R) and M, < oo (see (1.4)). Denote z(x) = x — d(x),
29(z) = x + d(x). Below we use (1.4), (1.5), (1.9) and (3.5):

z1(2) 21(x) 5
[ ([ 594
oL, 1694
/zl(z) r(t < P /21(33) r(§) “)
B zﬂx)@ ) :|11,
/ )—d(z1(x) eXP( p/t 7”(5) d§ i
YAR(3) ) 1
X - —=d¢ |d
_/21(:1:) r(t)” ‘ p( P /Zl(x) r(§) <)
z1(z)+d(21(z))
> exp ( — / - %df)
zl(a:)
1 zz(x) dt
P (_ ) |: z1(x) W]
—agl dt

=

v

=

L
Y

'B»a

1
ol

This implies

Al

sup d(x)

z€R

x+d(z) dt 1% L
{/ —,] <5 ve*M, < o0, wE€R. (6.4)
—d(wy TP

On the other hand, let ¢ > 0 be given. Below = > z((¢) (see the proof
of (6.3)) it holds

vtd(@) (¢ a+d(@) gy etd@) g 17
2:/ IOFIS / = < 9ved(a )%U }
z—d(zx) T(t) ( ) z—d(z) T(t)p
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so that

S

lim d(z)? [/:*d(”) dt 1 ~ 0. (6.5)

=00 —d@) TP

This leads to a contradiction between (6.4) and (6.5).

Case 3): Let p = oo. Assume the contrary: problem (1.1)—(1.2) is correctly
solvable in C(R). We have x — d(x) — oo as  — oo (see case 1) above). Since

Lo (- L, fiefee)
[ e (L )
e (- [ 0G) [
o / _:(d()) % -0, (6.6)

Then from (6.6) and Theorem 2.3 it follows that

z+d(z) dt
lim — =0. (6.7)
T Jz—d(x) r (t)

On the other hand, let ¢ > 0 be given. Below x > xz(g) (see the proof
of (6.3)):

z+d(z) ¢ z+d(z) dt z+d(z) dt
2= / @dt < 5/ — = lim — =o00. (6.8)

—dw) T(t) —dz) T() e—00 Jo gy T(t)
This leads to a contradiction between (6.7) and (6.8). O
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