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Abstract. We consider two-dimensional immersions of disc-type in R”. We focus on
well known classical concepts and study the nonlinear elliptic systems of such map-
pings. Using an Osserman-type condition we give a-priori estimates of the principle
curvatures for graphs with prescribed mean curvature fields and derive a theorem of
Bernstein type for minimal graphs.
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Introduction

The main result of our paper is an estimate of the principal curvatures of two-
dimensional graphs with prescribed mean curvature in Euclidean space R™ in
terms of certain a-priori data.

The notations which we need to formulate this result are introduced in the
first chapter: In Section 1.1. a definition of differential geometric immersions
with smooth sections of the normal bundle; in Section 1.2 an introduction to
conformally parametrized immersions with prescribed mean curvature fields;
and in Section 1.3 our main theorem with a brief discussion. In particular, we
will infer a theorem of Bernstein type for minimal graphs.

Before we give a detailed proof in Chapter 3 we recall important concepts of
the differential geometry of two-dimensional immersions in R™ using the classical
Ricci calculus. Among these are the differential equations of Weingarten and
Gauss, as well as the integrability conditions of Ricci which lead us to the notion
of the normal sectional curvature.
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While in the first chapter we introduce the non-linear elliptic mean curva-
ture systems in a more abstract way, in Chapter 2 these systems arise naturally
from the differential geometric identities. A variational problem which illus-
trates the appearance of mean curvature systems as minimal surfaces in certain
Riemannian spaces, and an example for our main theorem complete this second
part.

Chapter 3 presents a detailed proof of our curvature estimate. Essentially we
use ideas from [12] (see also [13] and [14]) where the author applies fundamental
results on non-linear elliptic systems with quadratic gradient growth which were
developed in [6].

1. Basic notations and the main theorem

1.1. Basic notations. Denote by B := {(u,v) € R? : u* +v* < 1} the open
unit disc in R? and by B C R? its topological closure. For positive integers
n > 3 we consider two-dimensional immersions

X(u,v) = (z*(u,v),...,2"(u,v)), (u,v)€ B, (1.1)
of the regularity class X € C3**(B,R") N C%(B,R"), a € (0,1), such that
2, (1, 0) 2y (u, v)
rank 0X (u,v) = rank : : =2 V(u,v) € B, (1.2)
wy(u,v)  ay(u,v)
where the indices © and v denote the partial derivatives w.r.t. u and v.

Definition 1.1. We define €(B,R") to be the set of all immersions X =
X (u,v) with the properties (1.1) to (1.2).

We infer that the tangent vectors X, = X,(u,v) and X, = X,(u,v) are
linearly independent at any (u,v) € B and span the two-dimensional tangent
plane at that point, namely

Tx (w) := Span { X, (w), X,(w)}, w=u+iveE B. (1.3)

The normal space Nx(w) := Tx(w)* at w € B is a (n — 2)-dimensional vector
space spanned by vectors Ny (w), ..., N,_o(w) such that there hold the orthonor-
mality relations

1 ift¥X=06

) 1,...,n—2} (14

NE(’LU) : N@(w)t = (SE@ = {

with the Kronecker symbol dxg. Here, the upper ¢ means the transposed vector.
Let X € €(B,R"). Then there exists an orthonormal set {Ny(w), ..., N,_o(w)}
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such that Ny € C*™*(B,S"!) for all ¥ = 1,...,n — 2, where S" ! := {Z €
R" : |Z]* =1}, and

Ng(w) - Xp(w) =0 VE=1,....n—2, {=1,2, Vw € B. (1.5)

Definition 1.2. We call a set {Ny,..., N, 2} from the assumption above an
orthonormal normal (ON-) section of the immersion X = X (u,v).

Example 1.3. Given functions ¢y, ..., p, 2 € C*T(Q,R) on a bounded do-
main ) C R?, we define unit vectors

~ 1
N ::—(_¢717_¢,71707"'70)7
VIR NeR s T
i 1 (1.6)
_ 0, ...

W (_902,3:7 —P2.y, O, ]., Ceey
2

which are normal to the graph (z,y, p1(x,y), ..., ea(z,y)). Here, V denotes the
Euclidean gradient. Using Gram—Schmidt orthonormalization these vectors can
be transformed into an ON-normal section {Ny,..., N,_o}.

1.2. Immersions with prescribed mean curvature fields. Following [15]
we introduce conformal parameters (u,v) € B into the immersion X = X (u,v)
such that there hold in B the conformality relations

| X (u,v)]? = W(u,v) = | Xo(u,v)]*,  Xu(u,v) - X,(u,v)" =0. (1.7)

Here, W = W (u,v) means the area element

W(u,v) == \/911(%"0)922(% v) = gi2(u, v)? (1.8)
9 (u,v) = X (0, v) - X (w,0)" '
of the surface. Note that W (u,v) > 0 for all (u,v) € B.

Definition 1.4. The functions g;; = ¢;;(u,v), ¢, = 1,2, from (1.8) are called
the coefficients of the first fundamental form of the immersion X = X (u,v).

Given a vector valued function H: R™ — R" we define a scalar field H : R™ x
St — R by

H(X,Z)=H(X)-Z" for X eR", Z € S"". (1.9)

Now, we introduce the notion of prescribed mean curvature fields H(X, 7).
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Definition 1.5. Let X € €(B,R") with an ON-normal section {Ny,..., N, o}
be given. Then we call X = X (u,v) a conformally parametrized immersion of
prescribed mean curvature field H € C°(R" x S"~! R) iff there hold (1.7) and

AX =2H(X,N))WN; + -+ 2H(X, N, _3)WN,_» in B (1.10)

with the Euclidean Laplace operator A. The immersion is called a minimal
surface ift H(X,Z) =0, that is AX =0 in B.

Remark 1.6. The differential system (1.10) is invariant w.r.t. orthogonal
changes of the ON-normal section {Ny,...,N,_o}. For the proof let O =

.....

n—2 n—2
2) oso(w)* =Y oox(w)?=1 forQ=1,....,n—2
=1 =1
n—2 n—2
Z oso(w)osq (w) = ogs(w)ogs(w) =0 for Q #£ Q.
»=1 =1
We introduce a new ON-normal section {Nl, e Nn_Q} via Ny, 1= 8;21 oxaNaq,
> =1,...,n— 2. The stated invariance follows from
n—2 _ n—2 n—2 n—2
> H(X,Ng)Ns = {H(X) OEQN;Z} > osa N
=1 =1 =1 Q=1
n—2 /n—2
= (Z ) { M0 - Ny fNg
Q=1 \Z=1
n—2 n—2
+ (Z OEQOZQ’) {H(X) Né}NQ/
Q=1 \%=1
QA
n—2
=Y {mx)- N fNg
=1
n—2
=N " H(X, No)Ng .
Q=1

1.3. The main theorem. We admit mean curvature fields H € C°(R" x
S™~1 R) which additionally satisfy the following Holder and Lipschitz assump-
tions:

H(X,Z)|<hy YVXeER" ZeS™! and
|H(X1,Z1) — H(X2, Zo)| < h| Xy — Xo|* + halZy — Zs| (1.11)
VX1, Xo €eR", Zy,7, € S™7L.
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Theorem 1.7. Let an immersion X € €(B,R") of prescribed mean curvature
field H = H(X, Z) be given such that (1.11) holds. Furthermore, we assume:

(A1) the immersion X = X (u,v) is a conformal reparametrization of a graph

(x,y, 901(17ay)7 s 7@”—2(‘Tay)>

s (1.12)
oy € CTTYQR) for¥=1,...,n—2,

over a bounded and simply connected domain € C R?;

(A2) the surface represents a geodesic disc B,(Xo) of geodesic radius r > 0
and with center Xo := (0,...,0) such that, with a real constant dy > 0, it
holds

Area[B,.(Xo)] == // W (u,v) dudv < dor? (1.13)

for the area of the geodesic disc, where dy € (0, 4+00) does not depend on r;

(A3) at every point w € B, each normal vector of the immersion makes an
angle of at least w > 0 with the x1-azis.

Then, for any orthonormal basis {N1,...,N,_o} of the normal space at X
there exists a constant

0= @(hor, hyrtT® hor, do,sinw,n,a) € (0,4+00) (1.14)

such that it holds

1

k21(0,0)? + k52(0,0)* < < {(hor)* + O} (1.15)

r
for the principal curvatures Kx,1 and Ky o w.T.1. Ny forallX=1,...,n—2.

Remark 1.8. 1. The principal curvatures ky; = Ky ;(u,v) are defined as the
eigenvalues of a Weingarten form w.r.t. a unit normal vector Ny, (see Section 2.1
for details).

2. An estimate of the principal curvatures can be proved under the assump-
tion Area[X] < M, with any constant M, € (0, +00) instead of (A2), where ©
from (1.14) will depend on M,. However, (A2) leads to the following Bernstein
type result.

Consider minimal graphs (x,y, ¢1, (Z,Y), ..., pn2(z,9)), (z,y) € R% Be-
cause its Gauss curvature is non-positive (see Section 2.1), by a theorem of
Hadamard (see [9, Theorem 3.4.16]) we can introduce geodesic discs B,.(X)
for all Xo = (x0, Y0, ¥1(T0,Y0), - - -, Pn_2(T0,%0)) and all r > 0. Then the limit
r — oo yields the

Corollary 1.9. Let X = X(z,y), (z,y) € R?, be a complete minimal graph
with the properties:



36 M. Bergner and St. Frohlich

(i) there exists Xo = (o, Yo, 1(T0,Y0), - - -, Pn—2(T0,%0)) and a radius ro > 0
such that all geodesic discs B,(Xo) with center Xo and radius r > rg
satisfy

Area[B,(Xo)] < dor* V71 > 1o (1.16)

with a constant dy € (0, +00) which does not depend on r;

(ii) each normal vector of the graph makes an angle of at least w > 0 with the
T1-axis.

Then X = X(z,y) is a linear mapping.

Proof. For any point X = (21, y1, 01(21,y1), - - -, @n_2(x1,%1)) on the graph we
have
Area[B,(X,)] < 4dyr* Vr > max{rg, d(Xo, X1)} (1.17)

where d(Xo, X7) > 0 is the inner distance between X, and X; on the surface.
This holds because of the inclusion

B,.(X1) C B (Xo) Vr > max{ry, d(Xo, X1)} (1.18)

and assumption (i).

Since K < 0 for the Gaussian curvature we can consider geodesic discs
B, (X1) for all » € (0,+00) on account of Hadamard’s theorem. With the aid
of [15] we introduce conformal parameters into such a geodesic disc.

Using the curvature estimate (1.15) and letting » — oo shows that all
principal curvatures at X; vanish which proves the Corollary (note that © does
not depend on r since hg, hy, he = 0). O

Remark 1.10. 1. In [11] Osserman proved that a complete two-dimensional
minimal surface in R™ is a plane if all of its normal vectors make a certain
positive angle with a fixed axis in space (compare with assumption (A3)). The
method of his proof is based essentially on results of complex analysis and it
does not need a growth condition of the form (1.13).

2. In [7] a Bernstein type result for minimal submanifolds is proved. The
methods established there were generalized in [8] to prove curvature estimates
for submanifolds with parallel mean curvature fields. Due to the higher dimen-
sion of the manifolds itself the authors assume a-priori bounds for the gradients.

3. Curvature estimates and related Bernstein type result for minimal sub-
manifolds can also be found in [19] where the authors extend methods from [17]
for minimal immersions with vanishing normal sectional curvature (see also [20],
and (2.13) below).

4. Our method of proof uses essentially results from [6], and follows [12]
where curvature estimates for two-dimensional immersions of mean curvature
type in R? where established.
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2. Differential geometry of surfaces in R"

2.1. Mean and Gaussian curvature fields and principal curvatures. Let
X € €(B,R") be given with an ON-normal section {Ny, ..., N,,_o}. Consider
the forms

(Lg,i)i,k:LQ = (Lgﬂ'jgjk)i,k:lg c R2X2 R Z = 1, e, — 2, (21)

with the coefficients g” = ¢%(u,v) of the inverse of the first fundamental form,
i.e., gijg’* = 6F with the Kronecker symbol 6F using the summation convention.

Definition 2.1. The mean curvature Hy, = Hyx(u,v) and the Gaussian curva-

ture Ky, = Kx(u,v) in direction Ny, ¥ = 1,...,n — 2, are defined as
1 L — 2L L
Hy, = = trace (L& )i pe1 0 = 211911 2,129122-1- 522922 (2.2)
2 7 2(911922 — 972)
and
Ly 1L — 2
Ky = det (Lgi)i7k:1’2 _ OB11R22 %,12 (2_3)

g11922 — 9%2

The principal curvatures ks, 1, ks 2 w.r.t. Ny are the eigenvalues of (Lgi)i’kZLQ,
that is
+
szw, Ks = ksiks2, S=1,...,n—2 (2.4)
Definition 2.2. Let the immersion X € €(B,R"™) be given with an ON-normal
section {Ny, ..., N,_o}. The Gaussian curvature of X = X (u,v) is defined by

K(u,v) := E_:Kg(u,v), (u,v) € B. (2.5)

Remark 2.3. 1. Similarly to the proof of the invariance of the mean curva-
ture system w.r.t. changes of the ON-normal section in 1.2, one can show the
invariance of the Gauss curvature K = K (u,v).

2. For minimal surfaces we have Ky, < 0 for all ¥ =1,...,n — 2, therefore
K <0.

3. Up tosign, K = K(u,v) is the non-trivial component of the Riemannian
curvature tensor

Rpije = Rfjkgen = (FZ - ka,uj + PEank - F%Fﬁlj)gen (2-6)

ij,uk
with the Christoffel symbold Ffj defined in (2.11). In particular, evaluating the
tangent components of X,i,, — Xyivy = 0 yields

n—2

Ro112 = Z KsW?. (2.7)
$=1

This is the so-called theorema egregium.
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2.2. The differential equations. We want to express Ny, and X, in
terms of the moving frame {X,, X,,, N1,..., N, o}.

Proposition 2.4. Let X € &(B,R") be given with an ON-normal section
{N1,...,Nn_o}. Then there hold the Weingarten equations

Ny = —Ls ;0" X + 02, No, i=1,2 E=1,...,n—2, (2.8)

with the torsion coefficients

Ns i+ Nt if 2 #06
s (2.9)
’ 0 if X =0,
as well as the Gauss equations
n—2
Xyw =T5Xw + ) LyyNs, ij=12, (2.10)
=1
with the Christoffel symbols
k L g
Fij = b g (gjz,i + 9uij — 9ij,£)> Gijk ‘= Gijuk - (2-11)

For the proofs of these equations we refer to [3].

The 03}, = 03,(u,v) are also called the coefficients of the normal connec-
tion. This notation becomes clear from the next result.

Corollary 2.5. Let the immersion X € €(B,R"™) be given with an ON-normal
section {Ny, ..., Nn_o}. Then there hold the Ricci equations

Q Q e _Q e o _ ik
Ox24 ~ Oxi10 T 052001~ 0x 1002 = (LEQjLﬂ,kl - LE,leQM)g (2.12)

forX, Q=1,....,n—2.

These identities follow by evaluating Ny, yy = Ny, = 0for X =1,...,n -2
(see, e.g., [3]). Note the similarity of the left hand side in (2.12) with the
Riemannian curvature tensor in (2.6).

Definition 2.6. The normal curvature tensor of {Ny,..., N, o} is given by
QO ._ 0 Q o 0 o 0
S5 = Oxiwi — Oxjui T 0506, = 0xi06, - (2.13)

Remark 2.7. Consider the two-dimensional plane ¢ := Span { Ny, No} C R™.
Then S;(0) = Sg,ij is invariant w.r.t. changes of the orthonormal basis of o.
Thus S;;(0) represents a sectional curvature in the normal bundle.
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2.3. The mean curvature system. Using conformal parameters (u,v) € B,
the Christoffel symbols satisfy I'}; + '3, = 0, '}, +T'3, = 0. Together with (2.2)
and (2.10) we calculate

n—2
AX = (] 4+ T5) Xy + (IF, +T5,) X, + Y (Ly i + Ly ) Ny
¥=1
n—2
=2 HyWNy. (2.14)
¥=1

This is exactly the mean curvature system from (1.10).

Corollary 2.8. Under the assumptions |Hy|,...,|H,_o| < ho with a real con-
stant hy € [0,400) there holds the estimate

IAX] <2(n — 2)hol Xu|| Xo| < (0 —2)ho|VX|* in B. (2.15)
The quadratic growth in the gradient allows, e.g., the following enclosure prin-
ciple (see [5]).

Corollary 2.9. Let the conformally parametrized immersion X € €(B,R") be
giwen with an ON-normal section {N1, ..., Nn_o}. Let |Hy|, ..., |Hn—2| < hg for
the associated mean curvature field of X = X (u,v) with a real constant hy such
that

1
0<hy sup |X(u,v)| < : (2.16)
(u,v)EB n—2
Then it holds
sup [X(wv)2 = sup [X(u,0)f (2.17)

(u,v)eB (u,v)€OB
where we set OB := {(u,v) € R? : v? +v? = 1}.
Proof. Using (2.15) and (2.16) we estimate
AIXP =2[VX]P+20X - X' >2{1— (n—2)[X]|ho} [VX]*>0. (2.18)

The maximum principle yields the statement. O

2.4. An example from the calculus of variations. We want to discuss
a variational problem (see [2] for n = 3) whose critical points X = X(u,v)
satisfy the above mean curvature system together with the continuity assump-
tions (1.11).

Proposition 2.10. Let the conformally parametrized immersion X € €(B,R")
be critical for

FIX] = // T(X)W dudv (2.19)
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with a positive weight function T € C'*(R™,R). Let {Ny,...,N, o} be an
ON-normal section. Then X = X (u,v) satisfies the mean curvature system

n—2
AX =2) HyWNs in B (2.20)
=1
with the mean curvatures
Iy (X) - Ny
Hy =H(X ,Ny)=—-—+——=, Y¥=1 —2. 2.21
b ( ) E) 2F<X) ) ) , ( )
Proof. (1) We introduce the unit normal field
n—2 n—2
N(u,v) = Y 7" (u,v)Ng(u,v), (v)? =1, (2.22)
¥=1 =1

with coefficients 4% € C*t*(B, R) and consider the variation X (u,v) =X (u,v)+
ep(u,v)N(u,v) with a test function ¢ € C°(B,R) and € € (—&p, +&p). We
calculate

X, = Xy + oM+ oMy, Xo =X, + oM+ oM, (2.23)
and therefore
X2 =W + 20X, - N+ o(c)
X2 =W +2:0 X, - N +o(e) (2.24)
X, X=X, N+ X, N} o+ oe).
(1i) We define the forms

L= Xy N =Xy N, =X, - N i,j=1,2. (2.25)

ul )

Note that 91, - 9" = 0 due to M? = 1, and X, - N, = —Xis - N' in view
of X, - M = 0. Furhermore, it holds X, - N, = X, - 9. Then, (2.24) can be
written in the form

)}3 =W — 2€QO£11 + 0(8)
X2 =W — 2:080 + 0(c) (2.26)
X, X! = = 20815 + 0(e)

which yields the variation formula

0g11 = —20L11, 0912 = —20L12, g2 = —2pLs . (2.27)
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From 2WOW = g9 0911 — 2¢12 0g12 + g11 0g22 We obtain
1 1
oW = 3 dg11 + 5 0g22 = — {211 + 222} o =—20Wep (2.28)

with the mean curvature field §) := %Sl-j g¥.
(iii) Together with 6T'(X) = T'x(X) - N ¢ we infer

§ FIX] = // {Tx(X) -9 — 20(X)$H(X, M)} We dudv (2.29)
for all ¢ € C3°(B,R). Then 6 F[X]| = 0 gives
HX,N) = %};ﬁt (2.30)

where v* = v¥(u, v) is chosen arbitrarily.
(iv) Let ¥¥ = 1 forany ¥ € {1,...,n—2} and ¥ = 0 for all  # ¥. Then
M = Ny, H = Hy, such that (2.20) follows. O

Remark 2.11. If we endow R" with the Riemannian metric
ds* :=T(21,...,z,) {(dz")* + - + (dz")*}, (2.31)

then F[X] measures the area of an immersion X = X (u,v) in the Riemannian
space (R", ds?). Thus, minimal surfaces in this Riemannian space are surfaces
with mean curvature field $(X,9) from (2.30) in R™. An example of such a
space is obtained by stereographic projection of the sphere S™ into R", where

4

Y T

X =(z',...,2"). (2.32)
2.5. An example: The holomorphic graph (w,w?). Let us consider the
graph

X (u,v) := (u,v,u* — v*, 2uv),

(u,v) € Br = {(u,v) € R* : v* + 0> < R*} (2.33)

in R* which is generated by the holomorphic function ®(w) := w?, w = u + iv.

Note that this graph can be extended to a graph over the whole plane R?
but it is not a plane. We show that (A1) and (A2) of our Theorem are satisfied,
while (A3) holds with an angle w = w(R) such that w(R) — 0 for R — oc.
Therefore, we cannot apply Corollary 1.

Statement 1. The graph is a conformally parametrized minimal graph over Bg.
Furthermore, it can be extended to a complete and non-linear minimal graph
over R%. In particular, it holds H(X,Z) =0 for the mean curvature field.
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Statement 2. The unit vectors

1
N, = (—2u,2v,1,0)
V1 4+ 4u? + 402 (2.34)
1 )
Ny = (—20, —2u,0,1)

2 V1 + 4u? 4 40?2

form an ON-normal section {Ny, Ny} over Bp.

Let c(t) = (u(t),v(t)) C Bpg, t € [0,T], denote a continuously differentiable
curve such that

(i) ¢(0) =(0,0) and ¢(T") € OBg;
(ii) |¢(¢)]* = 1 for all ¢ € [0,T] where the dot denotes differentiation w.r.t.
the variable ¢.

Denote the class of all these curves by ©.

Statement 3. It holds
Area[B,(Xo)] < 1927r*  for large v > 0, X = (0,...,0). (2.35)

Proof. We give a lower bound for the length L[c] of the image curve X oc¢(t) for
any ¢ € © on the surface. Assume w.lo.g. that |u(7)| > |v(T)|, in particular
[u(T)| > £. Define ¢* := sup {t € (0,7T) : |u(t)| < £} . Note that 7" —t* > &
because of the arc length parametrization. Then we estimate as follows:

(2.36)

T T
2
E[c]:/\/1+4u2—|—4v2dt2/\/1+4u2dt2 g(T—t*)z %.
0 t*

In the same way we treat the case |v(T)| > |u(T)|.

Now if we define 7 := mineo L][c|, then the geodesic disc B,(Xy), Xo :=
(0,...,0), projects into Bg. Using (2.36) we estimate the area of this geodesic
disc:

Area[B,(X))] g//(l +4u? + 40?) dudv < 19277, VYR > 1 (2.37)
Br

since ffBR(l +4u? +4v?) dudv = 027r OR(l +40%)ododp = QW(R; + R*) < 3nR*
for all R > 1. O

Thus, Assumption (A2) is satisfied at least for large r > 0.

Statement 4. (A3) does not hold for R — occ.
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Proof. The condition that each normal vector N makes an angle of at least
w > 0 with the z;-axis means |N - (1,0,...,0)!| < cosw < 1. But consider N;
from (2.34) for v = 0, then

2|ul
Ni-(1,0,...,0) | = —/——= — 1 for |u| — oo 2.38
N = u (2.38)
which proves the statement. O

3. Proof of the main theorem

We set Hy(X) = H(X, Nx). At first it holds
kx.1(0,0)% 4+ Kx2(0,0)* = 4Hx(0,0)* — 2Kx(0,0)
< 4hg + 2| Kx(0,0)] (3.1)

- r_12 {(Qhor)2 + 7% Kx(0, 0)|}

for ¥ =1,...,n — 2. The desired curvature bound follows from an estimate of

(qu : NE)<XUU : NZ) - (Xu'u : NE>2

K (0,0) = W2 ‘(0 0)

(3.2)

This means that (i) we have to find a lower bound for the area element, and (ii)
we have to establish an upper bound for the second derivatives of the immersion.

1. In the first part we will prove the estimate

W(w)

r2

>(C; forwe B%(O, 0) (3.3)

with a constant C; = Cy(hgr, dp, sinw,n) > 0.

1.1. Due to the graph property (Al) it is not difficult to find a global
ON-normal section {Ny,..., N,,_o} on the surface: Note that the vectors ez :=
(0,0,1,0,...,0),...,e, :=(0,...,0,1) are not in any tangent plane of the sur-
face beause

1

W (_()01,17 _()Ol’y, ]., 0, e 70)7
1

1

1+ [Venof oz O

0,1)
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are normal to the surface and their inner products with esx; do not vanish.
Therefore, the projections

_ €3 XZ _ €3 * Xﬁ
N

_ (Vi XZ . €q X,Lt)
Xl X

Nik = €3

(3.5)

NZ* = €4

can be transformed into an ON-normal section { Ny, ..., N,_o}. In the first part
of the proof we will work with this section.

1.2. Using conformal parameters (u,v) € B it holds

AX = 2H(X,N))WN; + 2H (X, No)W Ny + ...

(3.6)
+2H(X, N, 3)WN,_» in B.

From (1.11) we infer the estimate
IAX (u,v)| < (n—2)ho| VX (u,v)]* in B. (3.7)

The special structure of this differential inequality — the quadratic growth in
the gradient — enables us to apply the methods of [6].

We cite two important consequences of our assumptions.

1.3. Assumption (A2) yields: Let I'(B) be the set of all continuous and
piecewise differentiable curves v : [0,1] — B, such that v(0) = (0,0) and
(1) € 0B. Then (see [12])

1

d

inf — X > :

fyel%‘l(B)/’dt O’y(t)' dt >r (3.8)
0

1.4. Assumption (A3) gives [Vz!|? > W sin? win B. The proof can be taken
from [11, Lemma 1.1], where the author makes essential use of the conformal
representation of the surface.

For the estimate of the area element we define several auxiliary functions
and apply Heinz’ results on elliptic systems in R? from [6].

1.5. We denote by F*(u,v) = (z'(u,v),2%(u,v)) : B — R? the plane
mapping w.r.t. X = X (u,v). Then we have

4hg

sin? w
because we estimate |AF*| < [AX]| < (n—2)ho|VX|? =2(n — 2)hW <
e [Vl < Sl [VFP

sin® w sin® w

(i) |AF*(w)] < IV E*(w)|? for all w € B
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2
— |VF*(w)]? for all w € B

sin“ w

(i) [VX(w)* <

which follows from |VX|? = 2W < 53— |Va!|> < 5 |[VF*]2

sin? w — sin“w
1.6. Let wg € B and v € (0,1) be given such that By, (wg) :={w € B : |w—
wo| < 2v} C B. We consider the mapping Y (w) :=  {X (wo + 2vw) — X (wo)},
w € B, and the corresponding plane mapping F(w) := (y'(w),y*(w)) : B — R2,
The immersion Y = Y (w) satisfies

Ya(w)|* = 47»—22 W (wo + 2vw) = [V (w)*,  Yu(w) - Yy(w)" =0 (3.9)
and due to (3.7)
|AY (w)| < (n—2)(hor)|VY (w)]*  in B. (3.10)

1.7. Together with 1.5 (ii) we infer

[AF(w)| < |AY (w)] < (n = 2)(hor)| VY (w)[?

_ S(Tl — 2)y2(h07”) W(wo + 21/11})
_ An— 2)12(hor) VX (o + 20w)

7/-2
8(n —2)v2(h
< 8 . V(1) |G e (ay + 200) (3.11)
T°s1n” W
8(n — 2)v*(hor) 12 9
= — |VF
r2sin? w 42 VE(w)
2(n —2)(h
< M‘vp(ww
SN~ w

for all w € B. Furthermore, from (A1) we infer that F' = F'(u,v) is one-to-one
and has positive Jacobian Jg(w) > 0 for all w € B. Additionally, assumption
(A2) gives
1
D[F) <DJY] < ﬁD[X] < 2d. (3.12)
with the Dirichlet energy

D[Z] = //{|Zu|2+|ZU|2}dudv (3.13)

We apply [6, Theorem 6, p. 254] to obtain the following inner gradient estimate:
There is a constant ¢; = ¢;(hor, do, sinw, n) € (0, +00) such that

|V F(u,v)| < ci(hor,dy,sinw,n) ¥ (u,v) € B%(0,0). (3.14)
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1.8. From 1.7, (3.11) we get

1 1 .
= W (wg + 2vw) < PP c1(hor, do, sinw, n) (315)

=: ¢ca(hor, do, sinw, v, n)

for all w € B. In particular, we arrive at

1 :

= W(w) < ca(hor, do, sinw, v,n)  Vw € B1(0,0). (3.16)
This estimate will be used in the second part of the proof.

1.9. Because Jp(w) > 0 and D[F]| < 2d, we can apply [6, Lemma 17,
p. 255]: There exists a constant c3 = c3(hor, do, sinw,n) € (0,400) such that

IVF(w)|? < es(hor, do, sinw, n)|VF(0,0)|3 (3.17)
for all w € B%(O, 0). It follows

41/ 1
— W(wo + 2vw) <
72 (o )< sin® w

[VF(w)|*

< c3(hor, qgés1nw,n) \VF(0,0)ﬁ
sin” w
. (3.18)
hor, d, 2
< cs( or,.oésmw,n) VY (0,0)2
sin” w
hor, dy, si 8u2 5
_ cs( Or,.oésmw,n) [LQ W(wo)}
sin® w r
Rearranging yields an inequality of Harnack type
W (wy) : - 4-875u5 sinw W(wo 4 2vw) (3.19)
72 ~ c3(hor, do, sinw) 72 '
for all w € B 1 (0,0), or equivalently
W(w)]® W
ca(hor, do, sinw, v, n) [ (;U)] < %UO) (3.20)
r r

2718 sin10 w
p <

for all w € B, (wp) with the constant c4(hor, do,sinw, v, n) := s dosmn

(0, +00).
1.10. (A2) also ensures that we can estimate the area element in at least
one point: There is a point w* € By_,,(0,0), v := min(e~*"®, 1) such that

W(w*) - 1

=: . 21
2 = 4(1—6747@0) C5(d0) >0 (3 )
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The constant vy comes from an application of the Courant—Lebesgue lemma.

1.11. We now establish an estimate of the area element: Set v := 314 € (0, §]
and choose an integer m = m(v) € N such that 1 —2v < % v <1 —v. For an
arbitrary wo € Bi_,,(0,0) we define the points

wj::%w*—i—%wo for j=0,...,m (3.22)

with w* € B;_,,(0,0) from 1.10. We have
oy < L Jw] + P g < 1 - 1 (3.23)
m m

and therefore By, (w;) = B,,(w;) C B. Furthermore, it holds

1 1
|wj+1 — wyl :‘E’W*—gwo

1 2(1 —
<L s <22 ) (50
m m

This implies w;+1 € By (w;) for j =0,...,m — 1.
We apply the Harnack inequality from 1.9, (3.20) and obtain

2
" L (3.25)
e R [W(wm)}
= Cy 2 .
Recall that w,, = w*, and 1.10, (3.21) gives
W(w 2, ...aem—1 m .
% > o PO el (dg)®" =1 Oy (hor, do, sinw, ) > 0 (3.26)
for all wy € Bi_,,,(0,0). From vy < 3 we conclude
W
(w) > Cy(hor,dy,sinw,n) Y w e By (0,0) . (3.27)
,

This completes the first part of the proof.

2. In the second part we estimate the second derivatives of X = X (u,v)
using AX = 2H(X, N\)WN; + --- + 2H(X, N,,_2)WN,,_5. In particular, we
have to give Holder estimates of the right hand side of this equation. We will
construct an adequate orthonormal section { Ny, ..., N,,_o} of the normal space.

2.1. Define the auxiliary function

Z(u,v) = % (X (1, 0) — X(0,0)} = %X(u, o), (wv) € B. (3.28)
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Denoting by W the area element of Z, we have | Z,|>= W= |Z,|> and Z,- Z! =0
in B. It holds W, = Wx with Wx := | X, |* = | X,|*. We calculate

2 2
AZ = 2 H(X,N)WxN, + -+ = H(X, Ny_s)Wx Ny_s
r r (3.29)
=2rH(rZ, Ny)WzNy + -+ 2rH(rZ, Ny_o)WzN, 2.
2.2. Due to 1.8, (3.16) we have the estimate
IAZ(w)| < 2(n —2)(rho)ca(hor, do, sinw,n) Yw € B%(0,0). (3.30)
Furthermore, we get
Z(u,0)] = | Z(w,0) — 2(0,0) €2 max [VZ(w)
weB1 (0,0)
2 (3.31)

< 24/2¢5(hgr, do,sinw)  in B%(0,0).
Potential theoretic estimates yield a constant cg(hor, do, sinw, n, &) such that

| Zi(w1) — Zyi(ws)| < eg(hor, do, sinw, n, a)|w; — ws|®

3.32
le,wgeB%(0,0), Vae(0,1), (3:32)

where u! = u, u?> = v (see, e.g., [16, Chapter XII, §2]). Therefore
Wz (wy) — Wa(ws)| < eq(hor, do, sinw, n, &) |wy — wsy|* 139
‘v’wl,wg GB&(0,0) ( ' )

with the constant c7 := 4,/c; cg.
2.3. Using the mean value theorem we have the Lipschitz estimate

|Z(wy) — Z(ws)| < 4+/2¢2(hor, dy, sin @) |wy — ws| (3:34)

Vwy, wy € B1(0,0).

In a certain neighborhood of the origin we construct an ON-normal section
{N1,..., N, o} whose Holder norm can be estimated.

2.4. We choose unit vectors Ny, ..., N,_o € R” such that
Ns-Z,4(0,00=0, Ny -Ny=6sq, j=12 50Q=1,...,n—2 (3.35

and define vectors

Nz . Zu(w)t
| Zu(w)?

NZ . Zv (w)t

Ng(’LU) = NE_ |Zv(w>’2

Zu(w) — Zy(w) in B.  (3.36)
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2.5. These vectors belong to the normal space at Z(w) but they may not

be linearly independent. We now determine a v; = vy (hor, dy, sinw, n,a) > 0
such that

[Ns - Zu(w)]*  [Ns - Zy(w)]?

Ny = 1= SR R

1
S in B, (0,0).  (337)

Namely, using (3.35) and 2.2, (3.32) we calculate

N5+ Zye(w)'[ = [Ns - {Zye(w) — Z,e(0,0)}']
< | Zye(w) = Zye(0,0)? (3.38)

< ¢g(hor, do,sinw,n,a)2|w|2a,

for { =1,2, ¥ =1,...,n— 2, and from 1.11, (3.26) we know the lower bound
Wy (w) > Cy(hor, dp, sinw,n) in By (0,0). (3.39)

Thus, (3.37) holds if v7* < 4%.
2.6. We remark that the vectors N (w), ¥ = 1,...,n—2, satisfy the Holder
estimate

[N (w1) — Nyy(w2)| < cs(hor, do, sinw, n, a)|wy — wa*

(3.40)
Y wy,wy € B, (0,0)

with a constant cg(hor, dy, sinw, n, a). This estimate arises from the Holder es-
timate for Z,; and the lower bound of Wy.

2.7. For X =1,...,n — 2 we define

_ Ng(w)
[N (w)]

Ns(w) : in B, (0,0). (3.41)

These vectors are well defined because it holds |[N;(w)|*> > 1 in B,,(0,0), but
they are not orthogonal. Note that

(Nx - Z!)(Nq - Z}) n (Nx - Z!)(Nq - Z})

N& - NE = 3.42
5 NG . s (3.42)
for ¥ # Q and therefore, with (3.38),
~ ~ NE - N& 2 — — —
[Ny, - N§| = @ < —{|Ns-Z!||Nqg - Z!| + |[Nx - Z||Nq - Z!|}
NEIINGl 53)

42
< =8 )P,
< El
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2.8. Thus we can find a vo = wvy(hor,dp,sinw,n, ) with 0 < vy < 1y
such that the following vectors (write Ny for Nyg(w) and Nq for Ng(w)) are
well-defined in B,,(0,0) :

N1 = Nl
Ny = N — {Nl ) N%}Nl
\/1 —{N, - LY
: (3.44)
v N N NN N N N
n—2 -— = — .
im0 N o N N

Namely, we choose v, € (0,1) sufficiently small with the property that all

denominators in (3.44) are greater than or equal to % These vectors form an

ON-normal section in B,,(0,0). Furthermore, the Holder estimates

|Ns:(w1) — Nx(ws)| < eg(hor, do, sinw, n, a)|w; — ws|”

(3.45)
Vw,wy € B,(0,0), X=1,...,n—2

hold with a constant co(hor, dp,sinw,n,«) which can be calculated from the
Holder estimates for the Ny.

2.9. Now we make use of the differential system
N7 = QTH(’I“Z, Nl)Wle —|—27“H(’I“Z, Nz)WzNg (346)

in B,,(0,0). We already established |AZ(w)| < 2(n—2)(hor)cs in B,,(0,0) (see
2.2). Using (1.11) we obtain the Holder estimate

|H (rZ(ws), Ns(w1)) — H(rZ(wsz), Nx(ws))]
har®|Z(wy) — Z(wa)|* + ha|Nx(w1) — Nx(wa)| (3.47)

<
S h14a7'a(262)% |w1 - ’LU2|a + h209|w1 — ’LU2|a .
Thus we can find a constant cyg = c19(hor, hir'™®, hor, dy, sinw, n, ) such that

|AZ<’U}1) — AZ(U}Q)‘ S Clg|w1 — 'UJ2|a ‘v’wl,wQ € Byg (O, 0) (348)

2.10. We set 13 := %1/2. From interior Schauder estimates we infer a constant

Cy(hor, hir'™ hor, dy, sinw, n, a) € (0, +00) such that there holds

| Zuu(W)], [ Zun (W), | Zow(w)] < Co i B,y (0,0). (3.49)
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2.11. From the beginning of the proof we recall

k15(0,0)% + K25(0,0)?

1 Z(0,0)]| Z40(0, 0)] + | Z4o (0, 0) |2 (3.50)
< 1 { oyt Vs O.ONZf0.0) + 200,00
r WZ(Oa())
Setting O (hor, hir'™®, hor, dy, sinw, n, a) := QCLQS we arrive at
1
1
k15(0,0)% 4+ Ko x(0,0)* < ﬁ{(hor)Q +0}. (3.51)
This completes the proof. O

Remark 3.1. 1. The graph property (Al) is essentially needed in 1.9 where
we derived the Harnack-type inequality for the area element. For certain im-
mersions of prescribed mean curvature in R? one can establish a modulus of
continuity for the spherical mapping which ensures the graph property at least
locally.

2. Assumption (A2) is needed e.g. in 1.9 for the gradient estimate in terms
of [VF(0,0)|, and in 1.10 to ensure a point w* with the property W(w*) > r?cs.
For certain stable or generalized stable immersions in R? one can realize the
constant dy in (1.13) (see e.g. [4]).

3. Assumption (A3) is needed in 1.5. to establish the inequality

4h .
o |V (w) 2

sin” w

|AF*(w)] <
for the plane mapping F*. For immersions in R3, such an inequality follows
already from the conformal parametrization and (A3) is not needed.
4. The assumptions (1.11) on the mean curvature field are needed in 2.9
and 2.10 where we applied Schauder theory to establish upper bounds for the
second derivatives of the immersion.
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