Zeitschrift fiir Analysis und ihre Anwendungen (© European Mathematical Society
Journal for Analysis and its Applications
Volume 27 (2008), 6778

Weighted Norm Inequality for a
Maximal Operator on Homogeneous Space

Iara A. A. Fernandes and Sergio A. Tozoni

Abstract. Let X = G/H be a homogeneous space, X = X x [0,00), 1 a doubling

measure on X induced by a Haar measure on the group G, 8 a positive measure on X
and W a weight on X. Consider the maximal operator given by

Mf(z,7) = sup |fW)ldu(y), (z,7)€ X.

o)
s2r M(B((L‘,S)) B(z,s)

In this paper, we obtain, for each p,q,1 < p < g < 00, a necessary and sufficient condi-
tion for the boundedness of the maximal operator M from LP(X, Wdpu) to LY X, df3).
As an application, we obtain a necessary and sufficient condition for the boundedness
of the Poisson integral of functions defined on the unit sphere S™ of the Euclidian
space R, from LP(S™, Wdo) to LI(B, dv), where o is the Lebesgue measure on S™,
W is a weight on S™ and v is a positive measure on the unit ball B of R"*+!.

Keywords. Maximal function, Poisson integral, homogeneous space, A,-weights,
sphere
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1. Introduction

Let G be a locally compact Hausdorff topological group with unit element e,
H a compact subgroup of G and 7 : G — G/H the canonical map. Let dg
denote a left Haar measure on G, which we assume to be normalized in the case
of G to be compact. If A is a Borel subset of G we will denote by |A| the Haar
measure of A. The homogeneous space X = G/H is the set of all left cosets
7(g9) = gH, g € G, provided with the quotient topology. The Haar measure dg
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induces a measure y on the Borel o-field on X. For f € L}(X),

/X F (@) du() = /G fo(g)dg

We observe that the group G acts transitively on X by the map

(g,m(h)) = gm(h) = n(gh),

that is, for all z,y € X, there exists g € G such that gz = y. We also observe
that the measure g on X is invariable on the action of G, that is, if f € L'(X),
g € G and R,f(z) = f(g '), then

/X F(2) dn() = /X Ry f () dyu(a).

A quasi-distance on X is a map d : X x X — [0, 00) satisfying:
(i) d(z,y) =0 if and only if z = y;
(ii) d(z,y) = d(y,x) for all z,y € X;

(iii) d(gx,gy) =d(z,y) for all g € G, x,y € X;

(iv) there exists a constant K > 1 such that, for all z,y,z € X,

d(z,y) < K[d(z, z) + d(2,)];

(v) the balls B(z,r) = {y € X : d(z,y) <r}, v € X, r > 0, are relatively
compact and measurable, and the balls B(1,r),r > 0, form a basis of
neighborhoods of 1 = 7(e);

(vi) (doubling condition) there exists a constant A > 1 such that, for all » > 0
and z € X,

w(B(z,2r)) < Ap(B(z,7)).

Given a quasi-distance d on X, there exists a distance p on X and a positive
real number v such that d is equivalent to p? (see [4]). Therefore the family of
d-balls is equivalent to the family of p?-balls and p7-balls are open sets.

It follows by (iii) in the definition of a quasi-distance that B(gz,r) =
gB(z,r) for all g € G,z € X and r > 0, and hence u(B(gz,r)) = u(B(x,r)).
Thus we can write X = J;5, g;B(x, ) where (g;) is a sequence of elements of G
and consequently p(B(z,r)) > 0. In particular, X is separable.

In this paper X will denote a homogeneous space provided with a quasi-
distance d. We also write X = X x [0,00) and if B = B(x,r) we write B =
B(z,r) x [0,7]. We define the maximal operator M by

1
M) = sup s /B L wlduty
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for all real-valued locally integrable function f on X and (z,r) € X. Ifr=0
the above supremum is taken over all s > 0 and M f(z,0) = f*(z) is the
Hardy-Littlewood maximal function.

A weight is a positive locally integrable function W (z) on the space X
and we will write W(A) = [, Wdu. We write LP(W) = LP(X,Wdy) and
LP(X) = LP(X,du), 1 <p<oo. Ifl<p<oo, p issuch that %—l—i = 1.
Throughout this paper § will denote a positive measure on the Borel subsets
of X.

The next theorem, which is proved in Section 3, is the main result of this
paper. It gives a necessary and sufficient condition for the boundedness of the
maximal operator M from LP(X, Wdu) to LI(X,df), for 1 < p < ¢ < 0.

Theorem 1.1. Let 1 < p < g < oo and let W be a weight on X such that
W' du is a doubling measure on X. Then the following conditions are equiv-
alent:

(i) There exists a constant C' > 0, such that, for all f € LP(W),

(/X[Mf(fv,r)]qdﬁ(x#)) % <C (/X |f () [PW (z) du(x)) %‘

(ii) There exists a constant C > 0, such that, for all balls B = B(z,t),0 <
t < oo,

([morxaptenpasen) = o ([ W@ )

B

The above result for X = G/H, where G is a compact or an Abelian
group and p = ¢, was proved in Bordin—Fernandes—Tozoni [1]. For W = 1, the
condition (ii) of Theorem 1.1 is given by

S

(/N[M(XB)(xvr)]qdﬁ(xar)) % < O(u(B)) (1)

B

for all balls B. Let us fix B = B(z,t),0 < t < oo. Then, it follows as in the
proof of inequality (7) of Lemma 3.1 that there exists a constant C' > 0 such
that C < M(xg)(z,r) <1 for all (x,r) € B. Therefore, from (1) we obtain

S

(cr3(B))" < ([ waate e dsten) "cowm)

B

Then, the condition (1) implies the condition

(8)" < Clu(B)? 2)
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for a constant C' > 0 and all balls B. But, from the condition (2) we obtain

1

( /E[M<XB><x,r>]qd5<x,r>)2 (38)} < (cumy

and therefore the conditions (1) and (2) are equivalent. The condition (2) is

the Carleson condition for the homogeneous space X, when p = ¢ (see Ruiz—

Torrea [5]).
Let B = B(z,1),0 <t < 0o and v = W7, Then nggg < M(vxg)(x,r)

for all (x,r) € B. Therefore, from the condition (ii) of Theorem 1.1 we obtain

) [ (563 ]
<2 | [ o aste.)]

Q=

3(B)

<

Then, the condition (ii) of Theorem 1.1 implies the condition

1

B(B) </B W () d,ub(x)yl <C (3)

for a constant C' > 0 and all balls B. It was proved in [5] that the condition (3)
is a necessary and sufficient condition for M to be a bounded operator from
LP(X,Wdu) into weak-L1( X, df3).

Now, if x € R"™, we write |z| = (z - a:)% and d(z,y) = |r — y|, where z -y
is the usual scalar product of x and y in R"*!. Here S™ will denote the unit n-
sphere {y € R™"! : |y| = 1} in R""!, ¢ the normalized Lebesgue measure on S™
and h : [1 —v/2,1] — [0,2] will be the function defined by h(r) = v2(1 — 7).
The Poisson kernel for the sphere S™ is given by

1 1—r?
wp [ry — x|t

PTy(x) =

for z;y € S™ and 0 < r < 1, where w, is the area of the sphere S™. For a
real-valued integrable function f we denote by uy(ry) the Poisson integral

uslry) = | Pofa)f(@)doo)

and we define the maximal function u} by

up(ry) = sup |ug(sy)], 0<r<1, yeS"
0<s<r
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We identify S™ x [0, 1] with the ball B = {y € R™" : |y| < 1} using the
application (y,r) — ry. If f is a real-valued and integrable function on S™
we define Mf(y) = Mf(y',h(ly|)) for y € B, y # 0, v = y/|y|. In Bordin—
Fernandes-Tozoni [1] it was proved that there exist positive constants Cy and
Cs such that, for all f € L'(S™), we have

wi(y) < CtMf(y)
wi(y) > CoMf(y)

If B is the open ball B(z,t) = {x € S": |z —z| <t}, 0 <t <2, we define

yeB, 0< |yl <1
>0, yeB, 0< |yl <1.

I
Y

_ {sz: h'(t)<s<1,ze€B} if 0<t<V2
{sx : 0<s<1,z€ B} if vV2<t<2.

We observe that B is a truncated cone in the ball B = {y € R**! : |y| < 1} in
R if 0 < ¢ < /2 and a cone if V2 <t < 2.

The next theorem is consequence of the above inequalities between u}(y)
and M f(y) and of Theorem 1.1.

Theorem 1.2. Let 1 < p < g < 0o, let W be a weight on S™ such that W7 do
s a doubling measure on S™ and let v be a Borel positive measure on B. Then
the following conditions are equivalent:

(i) There ezists a constant C' > 0, such that, for all f € LP(W),

([rstraw) = c ([ o)

(ii) There exists a constant C' > 0, such that, for all balls B = B(z,t), 0 <
t <2,

(/B[“?vlp/xlg (y)]qdy(y)> ‘3 <o ( /B —_ da(@) %.

The Theorem 1.2 for p = ¢ was obtained in [1] and, for W =1, p = ¢ and
n = 1, it was proved by L. Carleson in [2].

2. A maximal operator of dyadic type

In this section we study a weighted norm inequality for a maximal operator of
dyadic type which we apply in the proof of Theorem 1.1, given in Section 3.

The following lemma presents the dyadic partitions for homogeneous spaces
introduced by E. Sawyer and R. L. Wheeden in [6].
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Lemma 2.1 ([6, Lemma 3.21]). Let b be a positive integer and let X\ = 8K?°.
Then for each integer k, —b < k < b, there exists an enumerable Borel partition
A of X, which elements will be called dyadic elements of X, and a positive
constant C' depending only on X, such that
(i) for all Q@ € A, —b < k < b, there exists xg € Q such that B(zg, \F) C
Q C Blxg, A**) and p(B(zq, A*)) < Cu(Q);
(i) f —=b<k<b, Q€ AZH, Q2 € AL and Q1N Q2 # 0, then Q2 C Qy, and
0 < u(@1) < Cp(Q2);
Let b be a fixed positive integer. Given Q € A* = J_,<;.<, A}, where A} are
the partitions of X in Lemma 2.1, Q will denote the subset Q x [0, = (1(Q))]
of X = X x [0,00), where a : [0,00) — [0,00) is the function defined by
a(r) = pu(B(1,r)), 1 =mx(e).
If f is a real-valued locally integrable function on X, we define, for each
(x,r) € X,

Mbf(,r) = sup / ()] dp(y)

ccEQE.Ab
Q)>af 'r)

If u(Q) < a(r) for all Q € A° such that x € Q, we define M5 f(z,r) = 0.

Lemma 2.2 ([8, Lemma 3.8]). Let V' be a weight on X and let 1 < p < q < 00.
For each positive integer b, let {Q;}icr be a enumerable collection of dyadic
elements of A, and for each u € G, let {a;(uw)}icr and {bi(u)}ier be positive
numbers satisfying

/ V(z)du(x) < Ca;(u), iel,ueG (4)
uQ'L
3 by(w) < Clai(w)?, i€l ued, (5)
J:Q;CQs

where C' is a positive constant independent of b. Then

<Z€ZIb ( /QZ s dﬂ(x))qf < Cpa </X(9(m))pV(x) de))i

for all positive measurable function g on X andu € G, where C, 4 is independent
ofu, b and g.

Theorem 2.3. Given a weight W on X, a positive measure 3 on )?, and
1 <p<q<oo, the following conditions are equivalent:

(i) There exists a constant C' > 0, such that, for all f € LP(W) and all
positive integer b,
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(ii) There exists a constant C > 0, such that, for all Q € A® and all positive
integer b,

( / [MZ(Wl‘p'xQ)(w,r)]qdﬁ(w)); <o [we) ey

Proof. To prove (i) = (ii) it is sufficient to choose f(x) = W™ xq in (i), where
Q € A’ and b is a positive integer.

Proof of (ii) = (i): Let us fix a positive integer b, f € LP(WW) and for each
k € Z, let Q be the set Q = {(z,7) € X : MY(fo)(x,r) > 2%}, where o =
W', For each k € Z, we denote by CY the family formed by all Q € A° such
that @ fQ |f(y)|o(y)du(y) > 2*. Since for every Q € A%, —b < k < b, there
exists ' € A}, such that Q@ C @', then every element Q € C} is contained
in a maximal element ' € CY. We denote by C} the family {Q’g Jj € Ji}
formed by all maximal elements @ € CY. Since A% is a partition of X and
all elements of C'; are maximal, we can conclude that the sets f ,J € Jg, are

1
P

palrvvlse disjoint. Therefore the sets Q ,J € Jg, are also pairwise disjoint and

UjeJk Qk
Now, for each k € Z and each j € J, let Ek Qk \ Qk+1. Then the sets Ek
and E! are disjoint for (k,j) # (h,i) and

{(5577') a(fo)(w,r >O} U (% \ Q1) = U U Ek

kez kEZ jET,
Therefore

| Mt dstan
=2 | Mifo) ] db(a.r)

<03 B(EHEY
<2qZﬁEk< = / F(@)]o(2) du(z >)

=20 (g [ o0 (g [, oot

<2 Y ( [ Mitoxa) @ oraste )z [ 1@ lote) )

k,j J

- 2q2b§($ [, et o)) ©)

where bk fEk O'XQk )(z,t)]9dB(z, t) and a = O'(Qk)
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We will show that ,
> b < Clag)

»J
QFcQo

for all Qy € A®, where b is a positive integer and ay = (Qy). Since the @f’s
are disjoint in k£ and j, then using (ii), we have

Z bk < / (MY (oxq,)(x, 1) dB(z,t) < C (/

QkCQo

Wi (z) d,u(x)) - C’(ag)%.

0

Therefore all conditions of Lemma 2.2 are satisfied for the sequences {aé‘?} and
{vf}, with V' = 0. Then, by Lemma 2.2 and by (6) we obtain

(/’?[Mgm’t)]qdm’”)i < Crna (/X @)W () duu))% D

Remark 2.4. Let us fix g € G and letg ' AL = {g7!1Q : Q € A%}, g 1A® =
{g7'Q : Q € A’}. Then for each —b < k < b, g7* A% is a partition of X
and Lemma 2.1 also holds, with the same constant C, when we change A% for
gt AL If f is a real-valued locally integrable function on X, we define

M fa,r) = sup / £(y)] duy)

zEQnglAb l’[’
n(Q)za(r)

Then MY(R,f)(gx,r) = MZ’gf(:U,r) where R,f(z) = f(g~'z). Theorem 2.3
also holds, with the same proof, when we change the operator MY for MZ’Q and
the family A° for g—1.A°.

3. The boundedness of the operator M

Given a positive integer b and a real-valued locally integrable function f on X,
we define for (z,r) € X,

1
Mb x,’r‘ — su 7/ d .
f( ) max{)\*bfll,)r}ﬁsﬁ)\b M(B(x’ 8)) B(I”S) ’f(y)| N(y)

We define Mt f(z,r) = 0if r > AP and we observe that M°f(x,r) T Mf(z,r)
if b1 oo for all (z,7) € X.

Lemma 3.1. Let Mg’g be the mazximal operator defined in Remark 2.4. Then
there erists a positive constant C' such that, for all positive integer b, g € G, all
real-valued locally integrable function f on X and (x,r) € X

M f(z,r) < CMS(z,7). (7)
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Proof. Let us fix (z, 7“) € X and g € G. If u(Q) < a(r) for all Q € A’ such that
z € g7'Q, we have MY f(z,r) = 0. Thus to prove (7), it is enough to consider
Qe A, —b <k <b, such that x € ¢g7*Q and u(Q) > a(r). By Lemma 2.1(i)
there exist rg € Q such that Q C B(xg, \*™!) and u(B(zg, A1) < Cu(Q).
For t = 2K A" we have B(g~ 'z, A¥t1) C B(x,t) and hence

o(t) = u(B(w, 1)) = u(B(g~ v, \") = n(Q) = a(r).
If 271 < K <2 it follows by (vi) of the definition of quasi-distance that
w(B(z,t)) < A p(B(wg, X)) < A Cu(g™'Q).

Therefore

1 AaJrIC atl .
Q) /9_1Q|f(y)|du(y) < BED) /B(M) [f (W)l du(y) < A"CMf(x,7)

and hence we obtain (7). O

Lemma 3.2. Let b be a positive integer. Then there exists a constant C', de-
pending only on X, such that, for all real-valued locally integrable function f
on X and all (x,r) € B(1,\%) x [0, )\b], we have

MO F(x,r) /\/lbgf (z,r)dyg, (8)

!gb| e
where Gy, = {g € G : d(gl, 1) < \bF3}.

Proof. First we observe that |Gy| = pu(B(1,\*3)) > 0. Let (z,7) € B(1,\b)
x [0, A]. Then there exists a ball B = B(z,s), where max{\7"71 r} < s <\,
such that

MOf(x,7) < /yf ) dp(y) 9)

Let —b < k < b such that \F—1 §s<)\k. If s =\, we take k = b. We de-
note by Q the set Q = {g € G : there exists Q € A}, such that B C ¢g7'Q}.
Given g € Q let @ € A}, such that B C ¢~'Q. By Lemma 2.1(i) there ex-
ists g € @ such that B(zg, \*') € Q C B(xg, \*™?) and hence B C g7'Q C
B(g~ 'z, A¥12). If L is the integer such that 2!71 < A3 < 2! then by the doubling
condition we have u(g71'Q) < u(B(g 'zg, \¥?)) < Alu(B) and thus

5 Lt < o [ sl

Therefore, since x € B = B(z,s) C g7'Q and u(¢g~'Q) > a(r), from (9) we get
MO f(x, 7") < 2A'M gf(x r), g € Q. Now suppose that there exists a positive
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constant ¢ such that |Q2] > 0|G,| for all positive integers b. Then integrating
both sides of the above inequality with respect to the Haar measure dg and
on 2, we get (8) for C = 2A!5~1.

Now we will prove that there exists a positive constant ¢, depending only
on X, such that || > §|Gy|. Given y € X we denote by g, an element in G
such that y = g,1. Let z € g,,Gr-39,". Then zz € B(zg, \¥) and hence for
y € B,

Ay, 1) < Kld(ey, 22) + d(22, 7)) < K[d(y,2) + N < X+,
Therefore y € 271Q and hence
BCz'Q, z€gu,Grsgs' (10)

Let us denote by I' the set I' = {Q € A},; : QN B(z,\*?) #£0} . Fix Q € T
and let u € QN B(z, \'*?), g € g5,Gk—3. Then gl € B(zg, \*) and

dg1, 1) < Kd(g, ) + d(wg, 1)
< KN+ Kld(wg,u) + d(u, 1)]]
< KN+ KN+ Kld(u, ) + d(z, 1)]]
< 4K3>\b+2
and hence
d(gg; "1, 1) < K[d(g,97'1, g, 1) + d(z, 1)] < K[d(gL, 1) + A" < X2,
Thus g € Gyg, and hence g, Gr_39," C Gy, Q € T. Therefore from (10)
U 920Gk-30:" € . (11)
Qer

If Q.Q € A, and Q # Q' then B(zg,A\*) N B(zg,A*) = 0 and hence
Yoo k-39 " ﬂng,gk_gg;I = (). Then, since G is unimodular (see [3, p. 578]), it
follows by (11) and by the doubling condition that

€] >

U 920 Gr—395 "

Qer

= Z |ga:Q gk—3|

Qer

> ZAil/L(B(SL’Q,AlHQ))

Qer

> Alu( N Q>

Qer
> A7 (B, A7)

> A7 Gyl [
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Proof of Theorem 1.1. To prove the implication (i) = (ii), it is sufficient to
choose f(x) = W' P (2)xp(z) in the hypothesis.

Let us prove (i) = (i). We fix a positive integer b, g € G and Q € A?,
—b < k < b. Then, by Lemma 2.1(i) there exists x¢g € @ such that B(zg, \¥) C
Q C B(zg, \*). We write B = B(g ‘g, A1), Q' = ¢7'Q, v = W' and
let a be a positive integer such that 271 < X\ < 29 Since vdyu is a doubling
measure, there exists a positive constant C', such that

v(B) < v(B(g~'wq, 2°A%)) < Cp v(B(g 2g, A")) < Civ(@Q).
Then by the hypothesis and (7) we obtain

Q

</ ME et r))% =G (/ﬁ[M<VXB)(x, r)]*dp(z, r)> %

< Cy(v(B))?

<Gy ( ; Wi (z) d,u(x))% .

Since the constant Cy depends only on p, W and 3, then by Theorem 2.3 and
by Remark 2.4, there exists a constant C5 such that,

( /X[MZ’gf(%T)]qdﬂ(x,r))és05 ([r@rvwaw) o)

for all f € LP(W) and all g € G. Then, it follows by Lemma 3.2, (12) and by
Jensen’s inequality that

( / Wl’f(x,r)]Qdﬂ(x,r))Es ( / (3 Mi’;gfw)dg) dﬁ(xﬂ“)>q
B(1,A0) x[0,\?] X |gb| Gy

<c ( /g | /. [MZ’gf(x,r)]qdﬁ(w,r)%)%

<ceco( [ 1r@rwi e )

Letting b — oo in the above inequality we obtain (i). O

Remark 3.3. Suppose that W is a weight on X, that [ is a positive measure
on X and that 1 < p < ¢ < oco. Now consider the following condition:

(iii) There exists a constant C' > 0, such that, for all positive integer b, all
g€ Gandall Qe gA°,

1
p

( /@[M(Wlp’xQxx,rnqdﬁ(x,r)f <o [we) o))
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It follows from the proof of Theorem 1.1 that the condition (iii) is a neces-
sary and sufficient condition for the boundedness of the operator M as in
Theorem 1.1 (i), without assuming that W'?'dyu is a doubling measure. Con-
ditions of the type of (iii), that is, where an inequality must be satisfied for all
dyadic elements of X, for others operators, can be found in [7].

An analogous of Theorem 1.1 for fractional maximal operators, when X has
a group structure and W'?'dy is a doubling measure, is the Theorem 4 in [8].
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