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On a Singular Perturbation Problem for
a Class of Variational Inequalities
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Abstract. The goal of this paper is to study the asymptotic behavior of a degenerate
singular perturbation problem for a class of variational inequalities depending on a
positive parameter e. We also give an existence and uniqueness result.
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1. Introduction

Let © be a bounded open set of R",n > 1. We denote by L?(Q) the space of
square integrable functions normed by

1
V|20 = {/vz da:'}
Q

and by H'(2) the usual Sobolev space built on L?(£2), which we will suppose
normed by

Wiz = {lvfo0 + Vo] 30} (1)
(V| denotes the Euclidean norm of the gradient. We refer the reader to [1, 6, 7]
for details on Sobolev spaces.) We denote by a € L>(2) a function satisfying

0<a<A ae z€Q, a#0. (2)
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Let K be a nonempty closed convex set of H'(Q) and f € (H'(Q))* the
dual space of H'(Q). We would like to study in this note problems of the type

u. € K
/ [5A(35,5u5)Vu6 V(v —u:) + aus(v — ug)] de > (f,v—u.) YveK. (3)
Q

More precisely, we would like to investigate the behaviour of u. when ¢ — 0
(¢ > 0). Note that if A is the identity matrix and a(x) > A > 0 a.e. in 2, then
(3) is the archetype of singular perturbation problems, see [9] for instance.

In the above variational inequality A = A(x,u) is a n X n-matrix of the
Caratheodory type — i.e. such that

x+— A(z,u) is measurable Yu € R, (4)

u+— A(z,u) is continuous a.e. z € (). (5)

(Here A is considered to be a R™ -valued mapping.) Moreover we suppose that
A is uniformly elliptic with uniformly bounded entries. This can be expressed
by the existence of A, A > 0 such that

|A(z,u)| <A ae € YueR (6)
MEP < AE- € ae 2€Q, YueR, VEER™ (7)

(In (6), |A| denotes the operator norm of matrices subordinated to the Euclidean
norm; in (7), €| is the Euclidean norm of £, A¢ is the vector obtained by applying
the matrix A to £ and “” denotes the usual scalar product.)

Singular perturbations problems were studied in details in the book [9].
However very little is devoted there to perturbation of variational inequalities
or to nonlinearity issues. Allowing function a to degenerate also leads to new
interesting behaviours who are beyond the scope of [9]. This is what we would
like to investigate here.

From a physical point of view (3) models for instance a slow steady diffusion
of a colony of bacteria (see [2]), u. being the density of the population and
{z € Q; a(x) # 0} a domain where some death occurs due for instance to
a hostile environment. Function f is the outside supply. The set K helps in
imposing some further constraints on the species at stake.

2. Existence and uniqueness of a solution

We have

Theorem 2.1. Under the assumptions of the introduction, for any € > 0 there
exists a solution to (3).
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Proof. We use the Schauder fixed point theorem in the spirit of [3]. Let
K =KnB(0,R),

where K denotes the closure of K in L%*(Q2), B(0, R) the ball of centre 0 and
radius R in L?*(Q2). For w € K there exists a unique u = T'(w) solution to

ue K
/ [cA(z, ew)Vu- V(v —u) + au(v — u)] dz > (f,v —u) Vv e K. (8)

This follows from the theory of variational inequalities. Indeed by (7) we have

(Ae A 1)/ (IVul® + au?) dz < )\5/ |Vul|? do + / au® dx
0 Q 0
< / (cA(z,ew)Vu - Vu+au®)dz  (9)
0

(A denotes the minimum of two numbers). Since
1
2

ol ={ [ (v + o) e} (10)

is a norm equivalent to the norm (1) —(see [5]) — we see that
a(u,v) = / (eA(z,ew)Vu - Vo + auwv) dx
Q

is a continuous, coercive, bilinear form on H'(€2). Thus (8) admits a unique
solution.

Let us fix vy € K. Using (9), (8) we derive
Ae AD)|Jul? < /Q (eA(z,cw)Vu - Vu + au®) dzx
< /ﬂ (eA(z,ew)Vu - Vg + auvy) dz — (f,v9 — w)
<(eVv 1)A/§2(!VUHVUo|+!UHUoD d + [ fl«(lvoll2+lullr2), (11)

(see (2), (6); | f|. denotes the strong dual norm of f and V the maximum of two
numbers). From (11) we easily derive

(e ADulle < Nlulli2{(e v 1) Alvollia + [£1:} + [£]<llvoll1.2-
By the equivalence of norms || - |4, || - ||1,2 we obtain

ulz0 < Jull2 < C, (12)
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where C' = C(e, A\, A, vg, f) is independent of w. Taking R > C, it follows
that T" maps K onto K. Moreover, it is easy to prove that T is compact and
continuous (see (12)). This completes the existence result by the Schauder fixed
point theorem. O

We now turn to the issue of uniqueness. For that we assume A to be
uniformly Lipschitz continuous in u, that is to say

|A(z,u) — A(z,v)| <vylu—v| ae z€Q, Vu,veR, (13)

(see (6) for the definition of the matrix norm used here). Moreover, we suppose
that K is such that for every nonnegative Lipschitz function F' with Lipschitz
modulus less than 1 and vanishing on (—oc0,0), it holds

uy + Fug —uy), ug— F(ug —uy) € K, Yuj,us € K. (14)
Then we can show

Theorem 2.2. Under the above assumptions, in particular if (13), (14) hold,
the solution of (3) is unique.

Proof. Let u; = u.; and uy = u.» be two solutions of problem (3). For sim-
plicity we will drop the index €. Using the test functions defined by (14) in (3)
written for u; and us respectively, we get

/Q [e Az, eu)Vur - VF(up — uy) + aur Fug — ui)] do > (f, F(us — uy))
—/Q [eA(z, eu2)Vug - VF(up — wy) + ausF(up — wi)] dz > —(f, F(uz — w)).
By adding we obtain
5/9 (A(x,eul)Vul — Alx, €U2)VU2) -V F(ug — up) de

+/ a(uy — ug)F(ug —uy)dx >0,
Q
which can also be written as

/ {eA(z,eu2)V(us — u1) - VF(up — wy) da + a (ug — uy) Fug — wy) } da

“ (15)

< 6/ (A(x,eul) — A(x,5u2))Vu1 - VF(ug — uqp) de.
Q

We particularize F' by choosing

0 ifz<0
F=Fs(z)=¢ x f0<x<9
0 ifx>09.
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Noticing that
(UQ — Ul)Fg(UQ — Ul) Z F(S('UQ — U1)2, V(Ug - U1) = VF(S('UQ — U,l) on Q(g

where Q5 = {x € Q; 0 < (ug —uy)(x) <}, we derive from (15)
/Q {eA(z,eus)VFs(us — uy) - VEs(up — wy) + a Fs(ug — wy)?} da
< /Qa(A(x, eur) — Az, eus)) Vg - VFs(up — uy) da.
By arguing like in (9), it follows that we have
(Ae A D)|| Fs(ug— wy)||? S/QS(A(:E, eur) —A(z, eus) ) Vg -V Es(us — ug)de.
Using (13) we get

(Ae A D) Fs(ug — w7 < 827/ lur = wa| [Vua| [VFs(uz — ur)| do
Qs

2
< g2y { luy — u2|2|Vu1|2d$} [ F5(uz2 — 1) o,
Qs

by the Cauchy—Schwarz inequality. Using again the equivalence of the norms
given by (1), (10), we derive that

IFs(ua = u)lffy <€ [ s = waf|Vunf? da
Qs

where C' is independent of §. It implies

/ Fs(uy —uy)* da < C/ |uy — ug|? | Vuy | do
Q

Qs
and thus
/ X {us—u1>5} P dx < C’/ X0y 82|V, | d.
0 0

x denotes the characteristic function of sets, {uy —uy; > 6} = {x € Q; (ug —
up)(z) > §}. Dividing by 62 it comes

/X{u2u1>5} dx < C/ Xy |Vu1]2 dx.
Q Q

Letting 0 — 0, since

XQs — 07 X{uz—u1>6} - X{UQ—U1>0} a.e.,

we obtain by the Lebesgue theorem [, X{u,—u;>0ydz = 0 and thus us < uy.
Exchanging the roles of u; and us, the result follows. O
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3. Asymptotic behaviour of u,

3.1. The convergence of cu.. Before investigating the behavior of w., it is
useful (see [4]) to consider eu.. Some notation is in order. Let ko be an arbitrary
element in K. We define

K.(ko) = e(K — ko) = {e(k — ko), k € K}, Ko =[] Kz(ko).

Then we have

Lemma 3.1. Let kg be an arbitrary element of K.
(1) {K:(ko)}eso is a nondecreasing sequence of closed convez sets, i.e., € < &’
implies K. (ko) C Ko (ko).
(ii) Ky is a closed convex set containing 0 independent of ko € K.
Proof. (i) K — ky is closed, convex, containing 0 and so is K. (ko) = (K — k).
Next, assuming € < &’ and considering e(k — ko) € K.(ko), we have
€ £ £
(k= ko) = S&'(k — ko) = Se'(k — ko) + (1 - ;>0 e K. (ko).

(ii) Ko is a closed convex set as an intersection of closed convex sets. It
contains 0 since 0 € K.(kg), for all € > 0. Let us show that K| is independent
of the element ky € K. For that consider v € (.., K:(ko). Then, for every
e > 0 there exists k € K such that v = e(k — ko). Taking k{, € K and &’ > ¢ we
have v = e(k — ko) = e(k — k) + e(k{ — ko), and then by (i) v — e(k{, — ko) =
e(k — k) € K.(kj)) C Ko (kj). Letting ¢ — 0, since v is a fixed element, we get
v € Ko (ky), for all &’ > 0. This shows that (.., Kc(ko) C (.o K:(kp), and the
result follows by exchanging ko and k. O

We now introduce
W, ={v € Ky, av =0 a.e. in Q}. (16)

Since W, is clearly a closed convex set of H'(Q), fixing € = 1 in Theorem 2.1 it
follows that there exists a wy solution to

wy € W,

/ Az, wo)Vwy - V(v —wp) dz > (f,v —wp) Yv e W,. (17)
Q

Remark 3.2. The above bilinear form seems not to be coercive on H'(Q),
however on W, one has

/ A(x,w)Vu - Vvdr = / (A(z,w)Vu- Vo + aw) dv Vu,v € W,.
Q Q

If in addition we suppose that W, satisfies (14), then the solution to (17) is
unique. The proof follows from Theorem 2.2 where we take ¢ = 1.
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Then we have

Theorem 3.3. Suppose that u. is solution to (3). If W, satisfies (14) and if
(2), (4)—(7), (13) hold, we have

hr% cu. = wy in H'(Q) strong,

E—
where wy is the unique solution to (17).

Remark 3.4. Note at this point that we do not assume the solution to (3) to
be unique. Only (17) is supposed to have a unique solution.

We will need the following lemma (see [2, 8]),

Lemma 3.5 (Minty). The problem (3) is equivalent to

U € K

/ [eA(z,eu.)Vu - V(v —u.) + av(v — u.)] dz > (f,v — u.) Vv € K. (18)
0

Proof. We reproduce the proof for the reader’s convenience. First if (3) holds
then

/Q [eA(z,eu.)Vv - V(v —u.) + av(v — u.)] do
= /Q [eA(z, eu.)V(v —ue) - V(v — u.) + alv — u.)?] d

+ /Q [&4(9@, eus)Vue - V(v — u.) + aue(v — us)] dx
> (fv—u.) YvekK
(by (2), (3), (7)). Next if (18) holds, replacing v by wu. + ¢(v — u.) which is in K
for any t € (0,1), v € K, we get
/ [eA(z, eu. ) V{u. + t(v — u.)} - V(v — u.)
' +a{u. + t(v — u) (v — )] do > t{f,v — u.).
Dividing by ¢ and letting t — 0 we get (3). O
We now turn to the proof of Theorem 3.3.

Proof of Theorem 3.3. Let us take a fixed element v* in K. Considering v =
(1 —¢)u. +eu* € K in (3) we get

»3/ A(z, eu.)Vu, - V(—cu, +eu®) dx—i—/ au.(—eus.+eu*)dr > (f, —eu. +eu”).
Q Q
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This implies setting v. = cu,
1
/ A(z,v.)Vo. - Vu. dx + — / av?dr
Q € Ja

< 8/ A(z,v.) Vv, - Vu* dr + / aveu dr + (f,v. —eu”).
Q Q

Using (6), (7) we derive

1
)\/|VU€|2dx+—/av€2dx
Q €Ja

(19)
< 5/(1\ Ve [Vu'| + alve|[u”]) da + [ fl]|vellr2 + el flallu®]l1.2-
Q
Assuming € < 1, eA < 1 —recall that ¢ — 0— we get
AA DNl < Mvellallulla + [f]llvell2 + [l 2.
Due to the equivalence of norms || - ||4, || - |[1,2 we obtain, for some constants
independent of e, [[v.[|7, < Cllvc]l12 + C". Tt follows that
[[vell12 < C”. (20)
and —up to a sequence— there exists vy € K such that when ¢ — 0,
v. = vy in H'(Q) (21)
v, — vy in L*(Q) (22)
Ve — vg  a.e. in €. (23)

From (19), (20) we derive [, av?dx < eC, where C' is independent of . Using
Fatou’s lemma we infer

/ avgdr =0, ie. avg=0 ae. in Q. (24)
Q

Next we would like to show that vy € Ky. Consider ky € K. We have v, =
eue = e(ue —ko)+eko, and thus for &’ > ¢, by Lemma 3.1, v. —eky = e(u.— ko) €
K. (ko). Letting ¢ — 0 we get vy € K (ko) for all &’. It follows that vy € K, and
by (24) vy € W,. Next, considering (18) and multiplying the inequality by ¢ we
have

/Q(A(x, v:)V(ev) - V(ev — v.) + av(ev —v.)) de > (f,ev —v.) Vv € K. (25)

Consider w € W, an arbitrary element. Since w € K, for every ¢ there exists
w. € K such that w = e(w. — ko). Taking

v:wszg—l—ko (26)
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in (25) we obtain

/Q (Ale,v2) V(w0 + ko) - Vo — v, + k)

(= + ko) (w = v + ko) ) > (fow — v+ 2ko).

Since w € W,, then aw = 0 a.e. x € Q and (27) leads to

/ A(z,v.)Vw - V(w —v.) dx + 6/ A(z,v.)Vw - Vo dx
Q 0

+e /ﬂ A(x,v.)Vky - V(w — v + ko) dx + /ﬂ aky (—v. + eko) dx (28)
> (f,w— v+ (f, ko).

It follows from (23) that A(x,v.)Vw — A(z,v)Vw in L*(Q), and passing to
the limit in (28) we obtain

/ A(z,v0)Vw - V(w —vg)dx > (f,w—uvy) Yw e W,.
Q

Using Lemma 3.5 with ¢ = 1, we see that vy also satisfies

Vo € Wa
/ A(x,v9)Vug - V(w —vg)de > (f,w —vg) Yw € W,
Q
i.e., v = wp the unique solution to (17). Since the possible limit of v. = eu,
is unique, it is the whole sequence v, that satisfies (21)—(23). Let us now show

that the convergence is in fact strong. For that we multiply (3) by ¢ and take
v = w, given by (26). We obtain

/ (A(z,v:) Vv, - V(w + eko — v.) + au(w + eko — v:)) da > (f,w + ko — v2).
Q
Thus rearranging this inequality and taking into account that % > 1, we get

/ (A(z,v.) Vv, - Vo, 4 av?) do < / Az, vo)Vu. - V(w + eko) dz
+/au€5k0dx— (f,w+eky — ve).
Q
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Thus we derive taking w = wy in (29)
(A AD)lve = wollg

< /Q (A(z,v:)V(v: — wp) - V(ve — wo) + a (v: — wp)?) da
— /Q (A(z,v.) Vv, - Vo, + a (v.)?) do

—/Q {A(a:, v:)Vwg - Vu. + A(z,v:) Vo, - ng}dx +/QA(x, v:)Vwg - Vwg dx
< /QA(Q:, ve) Ve - V(w + ekg)dx + /Qaug ekodr — (f,w + ko — v:)

—/Q {A(m, ve)Vwg - Vo, + Az, v:) Vo, - ng}dx +/QA($, v:)Vwg - Vg dex,

which converges towards zero when € — 0. This completes the proof of the
theorem. ]

3.2. Convergence of u.. Suppose that we are in dimension 1. Then —due to
the embedding H'(Q) C C(Q)— we derive from Theorem 3.3 that v. — wg in
C(€2). In particular

v
u. = — — signwg - 0o on [wy # 0],
€

and we can expect convergence of u. only on the set [wg = 0]. Due to (16) and
since wy € W, we have wyg = 0 on ' = {z € Q; a(z) > 0}. Now we would like
to investigate the behavior of u. on this set. For this we will suppose

f € L*(adx)*, (30)

where we have set

L*(adx) = {v measurable on 2 such that /

av? dr < +oo}
Q

L*(adz)* = the dual of L*(adx).

It is clear that L?(adx) is a Hilbert space for the scalar product (u,v), =
Jq, auv dz, and its dual can be identified to L?(a dx) via the Riesz representation
theorem. If f satisfies (30) we have

(f,v) <Clv|la=0C {/ av? da:}2 < C||vl|a, (31)
Q

and thus f € H'(Q)*. So, there exists u. solution to (3). Moreover, we have
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Theorem 3.6. Let f € L*(adx)* and let u. be a solution to (3). Then it holds
that
ue — ug in L*(adx),

where ug 1s the solution to

ug € K (the closure of K in L*(adz))

_ (32)
/auo(v—uo)dx > (f,v—uy) YveK.
Q

Proof. Let vy be a fixed element in K. Taking v = vy in (3) and setting
A = A(z, eu.) we obtain

5/(AVuE -V(vg — ue) + aus(vg — ue)) dr > (f,vg — ue).
0

Using (7) we deduce

5)\/|Vu€]2dx+/au§d:cg8/AVUE'Vvoda:+/au€v0da:—|—<f,u€—v0>.
Q Q Q Q

Recalling (6) we get —see also (31)—
M Vel [30 + [uela < €A [Vuel [0 [[Vvol [0 + [uelalvola + |5 {]ucla + [vola},

where | % denotes the strong dual norm of f. Setting N(u.) = {eA| [Vuc| 5o+
|u8|Z}% one easily deduces that the following holds:

N(u)? < {ﬁ Vool + ol + !f|2';} N(us) + |12 ool

|
VA
and thus for some constant C' independent of € (¢ < 1) we obtain

N(u)? < C. (33)
So, up to a subsequence we have u. — u in L*(adz). From (3) we derive
/auevdx > (f,v—ue) —8/ AVUE-Vde—l—/au?dx
Q Q Q
> (f,v—u:) — el |Vue| |20 | VY] |20 + / au? dx
0
> <f,v—u5>—\/50’+/augdx (34)

Q

by (33). Passing to the limit inf in ¢ we get

/auvdmZ(f,v—u)+/au2dm, Yv € K.
Q Q
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By density the above inequality holds for every v € K and u = wug solution
to (32). By uniqueness of the limit it follows that the whole sequence u. con-
verges to ug in L*(adz) weakly. Taking v = ug in (34) and passing to the
limsup in € we obtain limsup [, au? dz < [, aud dz < liminf [, au? dz. Thus it
holds lim._g [, au? dx = [, aufdz. This establishes the strong convergence of
1, and completes the proof. O

In the case where uy € K we can estimate more precisely the rate of con-
vergence of u, toward ug and show

Theorem 3.7. Suppose that ug € K. Then we have
luellio < C1, o Jue — ugla < Ve,
where Cy and Cy are two constants independent of €.
Proof. Since uy € K, we can choose v = g in (3) and v = u. in (32). Adding
up we obtain ¢ [, AVu. - V(ug — uc) dz — [, a(uc — ug)*dz > 0. This can also

be written as € [, AV(us — ug + ug) - V(ug — uc) de — [, a (us — ug)*dz > 0.
Therefore

e/QAV(uO —ue) -V(ug — ue) dx —i—/Qa (ue — ug)*dx < 5/QAVUO -V (ug — u) dz.
Thus

AV (ue = o)l |30 + |ue — uolz < €Al [Vuo| [a0f [V (us — o) |20
(see (6), (7)). It follows that ||V (u: — uo)| |0 < &/|Vuo| 20 and |u. — uo|? <
sATZ\ |Vl |2,0. This completes the proof since || - ||, is equivalent to || - [[12. O

4. Some examples

4.1. The case where K is bounded. In this case Ky = W, = {0} but one
can also see directly —since u. is bounded - that v, = eu. — 0 in H'().

4.2. The case of a vector space. If K = V is a closed subspace of H!(),
then Ko =V, W, ={v e V; av =0 a.e. in Q}, and wy is the weak solution to

wy € Wy, / Az, wo)Vwy - Vodr = (f,w) Yw e W,
Q

(see also [4]). Note that wy = 0 when a > 0 a.e. in Q.
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Now if f € (L*(adx))* by the Riesz representation theorem there exists a
unique u € L?*(adx) such that

(f,v) = (u,0)a, Yo € L*(adx) (35)
and ug is such that —see (32) -
ug €V, (o, v)q = (U, 0)q, YV EV,

where V denotes the closure of V in L?(adx) (to see that replace v by uy £ v
in (32)). In the case where V is dense in L?(a dz) one has

Uy =u (36)
This is the case in particular when V = H(Q), H} ().

4.3. The case of the obstacle problem. Consider for instance
K={ve HyQ); v>¢ae inQ}
where ¢ is a function satisfying ¢ € H*(2), ¢ < 0 on I'. Then clearly o+ € K
and
K. (") ={e(v—¢"); ve K}
= {w € Hy(Q); v + T > pae in Q}
€
={we Hy(Q); w> —cp~ ae. in Q}.
It follows that Ky = {w € H}(Q); w > 0 ae. in Q}, W, = {w € Ko; aw = 0
a.e. in Q}. This determines the solution wy in this case.
Suppose now to simplify that a = ag xq, where Q' C € is a measurable

subset and ag a function satisfying 0 < A < ag < A a.e. in . It is easy to see
in this case that L?(adx) = L*(€'). Thus

K ={v e L*adz); v>¢yae inQ}. (37)

Indeed, one has K C K. Moreover if v € L*(adz) satisfies v > ¢ a.e. in
consider v,, € Hj () such that v, — vy in L*(Q) (recall that H}(Q) is dense
in L?(2)). Then v, V¢ € K, v, V ¢ — v in L*('). This shows (37). If we
introduce u such that (35) holds, then problem (32) can be written

up € K, (g, v — up)a > (U, v — Ug)a, Vv € K. (38)
We claim that it holds that
uy =u V. (39)

Indeed, first vV ¢ € K. Moreover for v € K —i.e. v > ¢ a.e. in € — it holds
that

//a{(u\/w)—u}{v—(uVSO)}dx:/ a{p—u} fv—p}de>0,

Q'N{u<ep}

i.e., uV @ satisfies (38) and (39) is proved.
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4.4. An example in one dimension. Taking 2 = (0,1), Q' = (0, %), a = Xq
and 7 € R, let us choose K as K = {v € H'(Q), v—n € Hy(2)}. It is easy
to see that K is a closed, convex and nonempty subset from H!(Q). In order
to linearize our problem, we take A(x,u) and f equal to one; thus problem (3)
reads

u. € K; 5/u;(v'—u;)d:v+/ ua(v—ua)dztz/(v—ug)d:v, Yo € K.
Q / Q

Taking v = u. + w where w € H}(Q) we see after an integration by parts that
U, is solution to

u. € K; /(—w;’ +ue xo — Dwdz =0, Vw € Hy(9),
Q

and this implies that u. solves the following ordinary differential equation:

—eul +u. =1 in (0,1), —eu!/ =1 in (3,1)
u:(0) = n = uc(1)
with the continuity conditions u_ (1) = uf(3), v/- (3) = /I (2). Using u.(0) =7

it is straightforward to obtain
us(r) =1+ (n— 1)6% + 2 A sinh (

where A is given in terms of u* = uZ(3) = uf (3) by

Cut =1+ (1—n)e>~r
0 2sinh(5z)

Moreover, in the interval (3, 1) the solution reads

A

1
us(x) =2u (1 —2)+n2x—1)+ E(—Q:cz + 3z —1).

Finally, using the continuity condition for the derivatives at x = % we obtain

. 2n4/e + %ﬁ +(n— 1)6% +[(n - 1)6% + 1] coth (2\1/5)
B 2\/€ + coth (517) '

Applying theorem 3.3 it yields that eu. — wy where wy solves the problem

u

1 1
wy € W, / wy(v' — wy) de > / (v —wg)dzx, YveW,
0 0
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with W, = {v € H}(Q), v = 0 a.e. in Q'}. Taking v = wy + w we get after
integration by parts

1
wy € W, / (—wy — Dwdr =0, YweW,,
3

and then we deduce that wg solves

Therefore we have that

w10 in (0, 3)
7 L 3(=222+3z—1) in(3,1).

Figure 1 shows eu,. for several values of € and its limit wq taking n equal to one.

Figure 1: cu. and wy.

Let us choose to simplify n = 1. We obtain by straightforward computations
in the interval (0, 3)

(ur—1) . x
us(r) =14+ ———~ sinh (—
(z) * sinh (2—\/5) ( 8)
with
B 1
 4yE(2vE +coth (52))

Thus we deduce that u.(z) — 1 in (0,1) but the convergence is not strong in
L?(0,1); indeed, we have

u =1

N|=

: 25 1 1 . T \2
/0 (o) =1 = 162 (24 + coth (;17))° (sinh(#))Q/o b <$> b
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Then

3 e sinh (+) — 1
[ et = 120 - VE sinh (Je) .
0 642 (22 + coth (377)) (sinh (57))

and this integral goes to infinity when € — 0. This is due to the fact that f
defined by (f,v) = [, v(x)dx does not belong to L2(a dz)*. On the other hand
for this value of n, if we choose f such that (f,v) fQ/ x)dzx, [ belongs to
L?(adz)* and u,. solution to

u. € K; 6/u'€(v'—u’€)dx+/ us(v — ue) dr > / (v —u.)dz, Yv €K,
Q ’ /
is the solution of (see above)

—eu’ +u. =1 1in (0,1), —eu’ =0 in (3,1)

ue(0) = 1 = uc(1)

with the continuity conditions uZ(3) = u}(3) and w7 (1) = v'7(3). It is

straightforward to deduce that u. equals 1 for all ¢ > 0 and the convergence
towards f is then here strong.
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