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Implicit Difference Methods for
Quasilinear Differential Functional Equations
on the Haar Pyramid
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Abstract. We present a new class of numerical methods for quasilinear first order par-
tial functional differential equations. The numerical methods are difference schemes
which are implicit with respect to the time variable. The existence of approximate
solutions is proved by using a theorem on difference inequalities. The proof of the sta-
bility is based on a comparison technique with nonlinear estimates of the Perron type
for given operators. Numerical experiments are presented. Results obtained in this
paper can be applied to differential integral problems and to equations with deviated
variables.
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1. Introduction

For any metric spaces X and Y we denote by C'(X,Y) the class of all continuous
functions from X to Y. We will use vectorial inequalities with the understanding
that the same inequalities hold between their corresponding components.

Let E be the Haar pyramid
E={(tz)=(tz,...,0,) ER™M":t € [0,a],2 € [-b+ Mt,b— Mt]},

where a > 0, b = (by,...,b,), M = (My,...,M,) € R?, Ry = [0,+00), and
b > Ma. Write

Ey = [—dp,0] x [=d,d], E,=(EyUE)N([—do,t] xR"), 0<t<a,
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where dy € R;. Put Q = E' x C(EyU E,R) and suppose that f: Q — R", f =
(fi,- oy fn)y g Q — R ¢ : Ey — R are given functions. We consider the
differential functional equation

n

Oz(t,x) = filt,x,2)0n2(t,z) + g(t, 2, 2), (1)

i=1

with the initial condition
2(t,x) = p(t,x) for (t,x) € Ey. (2)

A function v : Eg U E — R is a classical solution of above problem if
(i) v € C(EyU E,R) and v is of class C! on E;
(ii) v satisfies (1) on E and initial condition (2) holds.

The function f : @ — R™ is said to satisfy the Volterra condition if for each
(t,xz) € FE and for z,z € C(EyU E,R) such that z(r,y) = z(,y) for (1,y) € E;
we have f(t,x, z) = f(t,x, z). Note that the Volterra condition for f means that
the value of f at the point (¢, z, z) of the space € depends on (¢, z) and on the
restriction of z to the set E;. In the same way we define the Volterra condition
for the function ¢g. In the present paper we assume that f and g satisfy the
Volterra condition and we consider classical solutions of (1), (2).

The Haar pyramid is a natural set for the existence and uniqueness of initial
problems for differential and functional differential equations (see [8,12,15,16]).
We are interested in the construction of a method for the approximation of
solutions to problem (1), (2) with solutions of difference functional equations
and in an estimation of the difference between these solutions.

In recent years, a number of papers concerning difference methods for func-
tional differential equations have been published. It is easy to construct an
explicit difference method for a nonlinear differential equation which satisfies
the consistency conditions on all sufficiently regular solutions of a considered
problem. The main task in these investigations is to find a finite difference equa-
tion which is stable. The method of difference inequalities or simple theorems on
recurrent inequalities are used in the investigation of the stability of difference
functional problems.

Convergence results are also based on a general theorem on an error estimate
of approximate solutions to functional difference equations of the Volterra type
with initial or initial boundary conditions and with an unknown function of
several variables.

The problems mentioned above have an extensive bibliography. It is not our
aim to show a full review of papers concerning numerical methods for partial
functional differential equations. We shall mention only those which contain
such review; they are [2,3,6,7,13,14] and the monograph [8]. The papers [9-11]
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initiated the investigations of implicit difference methods for first order partial
differential equations.

The numerical method of lines for nonlinear functional differential equa-
tions was considered in [1]. By using a discretization in spatial variables, the
nonlinear equations are replaced by sequences of initial problems for ordinary
functional differential equations. The question of under what conditions the
solutions of ordinary equations tend to solutions of original problems is inves-
tigated. The proofs of the convergence of the numerical methods of lines are
based on differential inequalities technique.

In the paper we present another approach to the difference methods for
problem (1), (2). We prove that there is a class of implicit difference methods for
(1), (2) which are convergent. The stability of difference schemes is investigated
by using a comparison method with nonlinear estimates of the Perron type for
given functions.

The paper is organized as follows. In Section 2 we propose an implicit dif-
ference method of the Euler type for problem (1), (2). This leads to an implicit
difference functional problem. The existence and uniqueness of solutions of such
problems are considered in Section 3. The method of difference inequalities is
used. The next section deals with a theorem on the error estimate for approxi-
mate solutions of implicit difference functional equations. A convergence result
and an error estimate are presented in Section 4. In the next section we discuss
the problem of the existence of solutions of implicit difference schemes on rect-
angular domain. More precisely, we show that there is a class of initial problems
(1), (2) for which approximate solutions can be calculated easily. Numerical ex-
amples are given in the last part of the paper.

Note that differential equations with deviated variables and differential in-

tegral equations can be obtained from (1) by specializing the operators f and g.
Existence result for problem (1), (2) are given in [8, Chapter 2].

2. Discretization of quasilinear equations

We will denote by F(X,Y) the class of all functions defined on X and taking
values in Y where X and Y are arbitrary sets. For x,y € R", x = (z1,...,xz,),
y = (y1,-..,yn) we write ||z|| = X" |z;] and 2oy = (z191,- .., 2yn). For a
function z € C(Ey U E,R) and for a point ¢t € [0, a] we put

|z||: = max {|z(7, x)| : (1,2) € E\}.

We define a mesh on the set Ey U E in the following way. Let (hg, h'),
h' = (hi,...,hy), stand for steps of the mesh. Let us denote by H the set of all
h = (ho, h') such that there are Ky € N and K = (K1,...,K,) € N* with the
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properties Kohyg = dg and K o b’ = b. For h € H and for (r,m) € Z'™, where
m = (mq,...,my,), we define nodal points as follows:

1) =rhy, 2™ =moh!, 2™ = (™). . 2lm).
Let Ny € N be defined by the relations Nohy < a < (Ng + 1)hg. Write
R = {(t™ 2™ . (r,m) € Z'"}
and
E,=ENR,™, Eno=ENR™™,
Eny = (BroUEL) N ([=do, t™] x R"), 0<7 < N,.

Moreover we put

E;, = {(t(r)’x(m)) € B : (t(r+1)’x(m)) € By},
L={t":0<r< Ny}, I, =1\ {t"}.

For a function z : Ej,o U Ej — R we write 2™ = z(¢t™, (™)) and
2ln.s = max {]z™] - (¢0), 2) € By},

where 0 < i < Np. Let ¢; = (0,...,0,1,0,...,0) € R", 1 < i < n, where 1 is
the i-th coordinate.

Classical difference methods for (1), (2) consist in replacing partial deriva-
tives 0, and (0,,, . .., 0x, ) = 0, with difference operators oy and (dy,...,0,) = 0,
respectively. Moreover, because equation (1) contains the functional variable we
need an interpolating operator T, : F(EpoU Ep,R) — C(EyU E,R). This leads
to the difference equation

5o2"™ = Z fi(t(r), x(m), Th[z])&-z(“m) + g(t(r), x(m), Tr[2]) (3)

i=1
with the initial condition

r,m) (r,m)

2 = @}, on Ejq, (4)

where ¢y, : Ej, o — Ris a given function. The following examples of equations (3)
are considered in the literature. Write

1
5 Z(T’m) _ Z(r—l—l,m) _ Z(T,m) 5
oo = L ] 9
and
1
§;2m) = = [Z(r,m+ej) _ Z(r,m)} for 1 <j <k
J
1
5,2 = - {Z(rm _ Z(r:m*eﬂ} fork+1<j<n

J
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where 0 < xk < n is fixed. The numerical method (3), (4) with the above given
0o and 0 is known as the Euler method. The Lax difference scheme is the second
important example. It is obtained by putting

1
(r,m) __ (r+1,m) (r,m-e;) (rym—e;)
002 = 7 z o ; (z + z )}
6,2mm) = L [z(r’m+€j) — Z(T’m_ej)}, I<jsn

o,

The stability of difference equations generated by first order partial func-
tional differential equations is strictly connected with the so-called Courant-
Friedrichs-Levy (CFL) conditions, see [4]. The (CFL) condition for equation (1)
and for the Euler difference method has the form

n

1
1—hgzh—|f]~(t,x,z)|>0 on §y,. (6)

j=1"4

The (CFL) condition for the Lax scheme has the form

1—n20|f]~(t,x,z)|>0, 1<j<n, on,. (7)
j
Regularity assumptions in stability theorems for f and g with respect to
the functional variable are the same for the both above difference methods. It
is assumed that f and ¢ satisfy the Lipschitz condition with respect to the
functional variable. Nonlinear estimates of the Perron type for f and g with
respect to the functional variable can be also adopted.

Suppose that the functions f and g are bounded on 2. The (CFL) con-
ditions (6) and (7) state that there are requirements for the steps hy and
h' = (hy,...,hy) in convergence theorems for (3), (4).

In the paper we present a new approach to the numerical solving of (1), (2).
We prove that under natural assumptions on given functions and on the mesh
there is a class of implicit difference schemes for (1), (2) which is convergent.
The aim of the paper is to show that there are difference methods for (1), (2)
for which the (CFL) conditions can be omitted.

We formulate the implicit difference method of the Euler type for (1), (2).
Put Q) = E} X F(FEpoU Ej,R). Suppose that functions f, : , — R", f, =
(s s fun), gn = Qn — R+ Epg — R are given. We will approximate
classical solutions of problem (1), (2) by means of solutions of the implicit
difference problem

G0z =37 fri(tT, 2™, 2)6,20 ™ 4 g, (80, 2, 2) (8)
i=1
Z(r,m) _ (pl(lrvm) on Eh.O- (9)
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It is important in our considerations that the operator 6z = (dy, ..., d,) appears
in (8) at the point (1Y, (™). The function f; is said to satisfy the Volterra
condition if for each (¢, z(™)) E E’ and for z z e F(Eh,g U Ep, R) such that
2|lg, . = Z|g,, we have f(t0) xm 2) = f(@#0 ,Z). In the same way we
formulate the Volterra Condltlon for Gh-

The difference operators &y, 6 = (d1,...,9,) are defined in the following
way:

1
0
1
5iz(r+1,m) — F(z(r+1,m+ei) . Z(TJrl,m)) if fh.i(t(T); x(m)’ Z(r,m)) >0 (11>
1
5iz(r+1,m) _ F(Z(r+1,m) . Z(rJrl,mfei)) if fh.i(t(T);x(m); Z(r,m)) <0. (12>

The corresponding explicit difference scheme has the form
602(“"‘) — Z fh.z‘(t(r), I(m), z)5iz(“m) + gh(t(r), x(m)’ 2). (13)
i=1

If f, and g, satisfy the Volterra condition, then it is clear that there exists
exactly one solution of equation (13) with initial condition (9).

We prove that under natural assumptions on the functions f;, and g, there
exists exactly one solution uy, : Ej oUE, — R of problem (8), (9) with difference
operators defined by (10)—(12). Let

AW = {200 20 e [—p 4+ MDD b — ME©O]}, 0 <7 < N,

Write
Eifle] = {(tW,2™) € B}, : b — Mt — e < 2™ < b — Mt}
Eple] = {0, 2™ € By« —b; + Mt < 2™ < —b; + Mit™) + ¢},
where 1 < i < n and € > 0 is such that ¢ < b; — M;a for 1 < i < n.

Assumption H|fp,]. Suppose that the function f, : €, — R™ satisfies the
Volterra condition and

1) b < Mhy,
2) there exists € > 0 such that

i, 2t™ 2)

<0 .
frit, 2™ 2y >0 for (¢, 2™ 2) € By €]



Implicit Difference Methods 219

Remark 2.1. Comments on the condition 2) of Assumption H|f,] are given in
Section 4 for f, defined by

fh(t,l',2> :f(taxaTh[Z])7 (t,‘T,Z) EQha
where T}, : F(EpoU E,,R) — C(Ey U E,R) is an interpolating operator.

We will need the following lemma on difference inequalities generated by prob-
lem (8), (9).

Lemma 2.2. Suppose that Assumption H|f] is satisfied and h € H, fp, : ) —
Rn’ : Ehlg U Eh — R.

(I) If 2y, satisfies the implicit difference inequality

(TH ™) < ho thz ) zh)5 z (rtlm) o, E; (14)

and z,(:’m) <0 on Eng, then 20+ <0 on E),.

(IT) If zy, satisfies the implicit difference inequality
z,(fﬂ’m) > hozfh,i(t(’"),x(m),zh)éiz,(fﬂ’m) on E;, (15)

(r,m)

and z,"™ >0 on Ejg, then 2™ >0 on B,

Proof. Consider the case (I) Suppose that 0 < r < K —1 is fixed and z,(lj m <0
on FEj, and there exists 2™ € AU such that

zﬁf“’m) max {z), (rblm) s 4 M) < pm) < b — Mtr+Dy
and _
2 0, (16)
Write
J [zh] {i:1<i<nand fo;(t", 2™ z) >0} (17)
JUmz) =11, .. ,n} \ S [z, (18)

It follows from (14) that

r+1,m 1 m r+1,m+e; r+1,m
Z}(L +1,m) < hg Z th,i(t(’”),x(m),zh){zé +1,m+e;) Z;(L +1, )}

i€ g™ (2]
1 m r m T 771—61'
+ ho Z th.i(t(r)’x(m)ﬂ}l)[zl(l +1,m) sz +1, )} <0
i€ ™ 2] '

We thus get 2™ ™ < 0 which contradicts (16). Then assertion (14) follows by
induction with respect to r. In a similar way we prove that (15) holds in the
case (II). This completes the proof. O
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Lemma 2.3. Suppose that Assumption H|fy] is satisfied and h € H, fp, : Q —
R™, gn : Qn — R. Then difference functional problem (8), (9) with §y and 6
defined by (10)—(12) has ezxactly one solution zj, : EpoU E, — R.

Proof. Suppose that 0 < r < Ny — 1 is fixed and z;, is known on the set Ej, .
Let (t™),20™) € E, and f, (¢, 2™ 2"™) > 0. Then

5iz(r+1,m) —

hi
It follows from Assumption H|[f;] that (™ € AUFY and the difference expres-
sion §;20 1) is well defined. The same conclusion can be drawn in case when
fra(@T, 20 2) < 0.
The homogeneous problem corresponding to (8), (9) has the form

1 [Z(H—LW"‘W) — Z(T—H’m)]

n

Z(TJrl’m) = ho Z fh.i(t(T), ZE(m), Z(r,m))aiz(r+1,m) (19)
i=1
Zrthm) — 0 on By . (20)
It follows from Lemma 2.2 that the initial problem (19), (20) has exactly one
(r+1,m)

zero solution. Therefore the problem (8), (9) has exactly one solution z; :
2™ ¢ AUHD with any choice of the function g : Q5 — R. Consequently the
function zj is defined and it is unique on E}, ... Since z, is given on Ej o the
proof is completed by induction. [l

3. Approximate solutions of functional difference
equations

We start with a theorem on the error estimate of approximate solutions for im-
plicit difference functional equations. Let us denote by F}, the Niemycki operator
corresponding to (8), i.e.,

Fy[2]™ = > Fri(@, 20 )52 hm) g, (100 )2,
i=1
Then we consider the difference functional equation

502 "™ = F), [2] (r;m) (21)

with initial boundary condition (9). Suppose that v, : Epo U E;, — R and
v,a0 : H — Ry are such functions that

[ovs""™ — Fy[vi]™™| < 4(h)  on Ej, (22)
o™ = o] < ag(h)  on B (23)

and
;llig(l) v(h) =0, }ILILI(l) ag(h) =0. (24)
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The function vy, satisfying the above relations can be considered as an approx-
imate solution of problem (9), (21).

Assumption H[oy]. The function o), : I} x Ry — R, satisfies the following
conditions:

1) op(t,-) is continuous and nondecreasing for each t € I},
2) ou(t,0) =0 for ¢t € I;, and for each ¢ > 1 the difference problem

ntY =9 4 hoeo, (7,0, 0<r < Ny —1 (25)
n® =0 (26)

is stable in the following sense: if v, ay : H — R, are such functions that
limp, o y(h) = 0, lim,_oag(h) = 0 and 7, : I, — R, is a solution of the
problem
T = 0 4 hoeo, (17, n0) + hey(h), 0 <7< Ny—1 (27)
77(0) = aO(h)a (28)
then there exists a function # : H — R, such that 77,(;) < B(h) for
0 <7< Nyand limy,_o5(h) =0.
Assumption H|fy, gn]. Assumption H[f},] holds true and there is a function
op I} x Ry — R, satisfying Assumption H|[o,] and such that
Hfh(t(r)ax(m)az) _fh(t(r)ax )H < Uh<t7||z_z|‘h~7“) (29)
|gh<t(T)7x(m)v Z) - gh(t( ") ( ) _>| < O-h<t’ ||Z - EHh.r) (30)
on Eh.O U Eh.

Remark 3.1. It follows from (29), (30) that f, and g, satisfy the Volterra
condition.

Theorem 3.2. Suppose that Assumption H|f,gn| and

1) h € H, ¢ : Epg — R is a given function and uy, : EpoU Ep — R is the
solution of the problem (8), (9),

2) the functions v, : EpgU E, — R, v, : H — Ry are such that the
conditions (22)—(24) are satisfied,
3) there is cg € Ry such that the estimates

60"™ | <y onEp, 1<i<n, (31)
are satisfied. Then there exists a function o : H — R, such that
™™ — "™ < (k) on By (32)

and limy,_,o a(h) = 0.
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Proof. Let the function I'y, : E} — R be defined by the relation

It follows from (22) that |I’§lr’m)| < y(h) on Ej. Let Jir’m), J™ be the sets
defined by (17), (18) and

rm 1 r m r m+e;
A;ﬁ )= ho Z th.i(t( )790( )7uh)<uh - Uh)( Hmte)

i€ "™ [uy)

1 .
N ho Z 7fh-i (t(T)v x(m)7 Uh) (uh - 'Uh)(r—‘rl’m_el) .
h.:

ied ™y,

Since uy, satisfies the difference problem (8), (9) then we have

n

1
(s = o) (14 b Y- a0, 2, )|

i=1""
= (up, — )™ 4 A
"1
+ho Y W

i=1""

(34)
[fh-i(t(r), 2™ up) = fra(t, 2, Uh)} Syt

+ o {gh(t(r)a 2™ up) — gn (87, 2, Uh)] — hol'y™.

Write e = max {|(u, — vp) ™| : (t@,20™) € E,,} for 0 < r < No. It follows
that

r,m r = 1 T m r m
AL < hoell Y | fuat 2 )|, (10,2 € By (35)

1=1""

We conclude from Assumption H|fs,gs] and from (31), (34), (35) that the
function ¢, satisfies the recurrent inequality

e ™ < el + ho(1 4 co)an(t™,el)) + hoy(h), (36)

where 0 < r < Ny — 1 and 820) < ag(h). Consider the solution ny, : I, — R, of
the difference problem

N =™ L ho(1 4 ¢)on (7, ) + hoy(R), 0<r < Ny—1
' = ag(h).

It follows from the monotonicity of oy, and (36) that £\ < n\” for 0 < r < Np.
Then we obtain the assertion of Theorem 3.2 from the stability of the problem
(25), (26). [
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4. Difference schemes for quasilinear equations

We give examples of functions fj, and g, corresponding to f and g and we
prove that the implicit difference methods are convergent. We adopt additional
assumptions for the mesh Ej o U Ej,. We assume that the steps of the mesh
satisfy the condition: A’ = Mhg. Then we can write the definitions of the sets
E} o and Ej, in the following way:

Epo={(t",2"™): —K,
By ={t", z™): 0<r

r<0, - K<m< K}

<
< Ny, [ my| < K. —rforr=1,...,n}.

Assumption H|[T},]. There is an operator T}, : F(E,oUE,,R) — C(EyUE,R)
such that

1) for w, w € F(EpoU Ej, R) we have
1T [w] = Thl@]llsn < [lw = @lpr, 0 <7< No, (37)

2) there is u > 0 such that for each function v : Ej, o U Ej — R, which is of
class C?, there is ¢y € R, with the property

v = Thlva][lir < cohly, 0 <r < No, (38)
where vy, is the restriction of v to the set £y U E},.

Remark 4.1. Condition (37) states that T}, satisfies the Lipschitz condition
with the constant L = 1. It is clear that relation (37) implies the Volterra
condition for Tj,.

Assumption (38) means that the function v is approximated by T}, [v,] and
the error of this approximation is estimated by cohb.

Remark 4.2. An example of the operator Tj, satisfying Assumption H|[T}] is
given in [8], see also [6]. Let C be such a constant that for a function v : EfUE —
R we have

0yv(t,z)| < C, O, 0(t, )| < C, |0,2,0(t, )| < C, i,j=1...,n,

on EyUFE and Cy = %(1 + || M]|)?. The operator T}, considered in [8] satisfies
condition (38) for u = 2 and for the above Cj.

Now we approximate solutions of the problem (1), (2) with solutions of the
difference functional equation

oz =37 £t 2™ T [2]) 52 4 g(#0), 2™ T, [2]) (39)
=1
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with initial condition (9), where §y is defined by (5) and

1 .

§; 2™ = F[z“m%ﬂ =m0, 2 T [2]) > 0 (40)
J
1 |

82 = F[me —2trme] i £, 2, Ty[2]) < 0, (41)
J

where 1 < 7 < n. Write
Efle] ={(t,z) € E:b; — Mit — e < x; < b; — Mt}

Ef[é‘] = {(t,l‘) ckb: —bl —+ Mlt ST < —bl + Mlt +8},
where 1 < i < n and € > 0 satisfies the condition € < b; — M;a for 1 < i < n.

Assumption H|[f,g|. Suppose that

1) the functions f: Q — R" and ¢ : Q — R are continuous and they satisfy
the Volterra condition,

2) there is 0 : [0,a] x R, — R, such that

(i) o is continuous and it is nondecreasing with respect to both variables,

(ii) o(¢,0) =0 for t € [0,a] and for each ¢ > 1 the maximal solution of
the Cauchy problem

W' (t) = co(t,w(t)), w(0)=0,
is w(t) =0 for t € [0,al,
3) the estimates
1 (E, 2, 2) = f(t, 2, 2)]|
l9(t, 2z, 2) — g(t, z, 2)|
are satisfied for (¢, z, 2), (t,z,2) € 9,

4) there is € > 0 such that
fi(t,z,2) <0 for (t,z,2) € E[e] x C(EyU E,R)
filt,x,z) >0 for (t ,x,z) € E[e] x C(Ey U E,R),

<o(t ||z =zt
<

a(t, Iz = 2l)

where 1 <i<n
We give comments on the condition 4) of Assumption H|[f, g].

Remark 4.3. Suppose that Assumption H|[f,g] is satisfied and z € C(Fy U
E,R). Let us consider the Cauchy problem

77/(7_) = _f<7—77](7_)7 z)? 77(75) =, (42)

where (t,2) € E. The solution g[2](-,t,2) = (q1[2](-,t,z), ..., ga]2](-,t,x)) of
(42) is the bicharacteristic of equation (1) corresponding to z. Condition 4) of
Assumption H|[f, g| states that
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(i) for each (t,x) € E;[¢], 1 < i < n, there is gy > 0 such that the function
gilz](, t,x) [t — 60, t] = Ris 1ncreasmg,

(ii) for each (t,x) € E [g], 1 <i < n, there is g9 > 0 such that the function
gilz] (-t @) [t — E(), t] — R is decreasing.

This property of bicharacteristics is important in the construction of implicit
difference schemes for (1), (2). The difference operator (dy,...,d,) used in the
paper satisfies the conditions:

(i) if the function g;[2](-, ¢, x) is increasing on [t — &g, t], then we put

0;z(t, x) = j_[z(t, x)—z(t,x — Tei)},

where 1 <7< nand 7 > 0,
(ii) if g;[2](-,t, x) is decreasing on [t — g, ], then we put

1
Giz(t ) = = |2(t,x + 7ei) — 2(t, @)
T
where 1 <7< nand 7> 0.

Remark 4.4. Write

80E; = {(t,l’) eF .z, =—-b+ Mlt},

where 1 < i < n. Suppose that there is € > 0 such that

fi(t,z,w) < —& for (t,z,w) € HE;” x C(EyU E,R)
filt,z,w) > & for (t,z,w) € OpE; x C(EyU E,R),

where 1 < ¢ < n. Then condition 4) of Assumption H|[f, g is satisfied.
Remark 4.5. Suppose that the function f : 2 — R satisfies the condition
ro f(t,z,w) <Oy for (t,z,w) e Q, (43)

where 0,y = (0,...,0) € R". Then condition 4) of Assumption H[f, g is satis-
fied.

Now we formulate the main result of the paper.

Theorem 4.6. Suppose that Assumptions H[1},| and H|[f,g] are satisfied and
1) h € H, and there is a function og : H — R such that

o™ — Q"M < ag(h) on Eng  and lim ag(h) = 0, (44)
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2) b = Mhgy and the function uy, : EpoUE, — R is a solution of the problem
(9), (39) with the operator 6 defined by (40), (41),

3) the function v: EgUE — R is a solution of (1), (2) and v is of class C?,
and vy, is the restriction of function v to the set En o U E},.

Then there is € > 0 and a function o : H — Ry such that for ||h|| < € we have

|u§f’m) - v}(f’m)| < a(h) on E, and }Lli% a(h) =0. (45)

Proof. We prove that the functions fi,(¢,x,z) = f(t,z,Th[z]) and gn(t,z, z) =
g(t,xz,Ty[z]) satisfy all assumptions of the Theorem 3.1. First we show that the
problem (25), (26) is stable in the sense of Assumption H [o]. Let the functions
ap, v : H — R, are such that lim;, o ag(h) = 0, limj,_oy(h) = 0. Consider the
solution ny, : I o U I, — R, of the following difference problem:

" = 0"+ hoco (t9,07) + hoy(h), 0 <r < No—1 (46)

' = ao(h). (47)
Denote by wy, : [0,a] — R the maximal solution of the problem
W(t) = co(t,w(t)) +7(h), w(0) = ao(h).

There exists ¢ > 0 such that the solution wy, is defined on [0, a] for ||h] < e
and lim,_owp(t) = 0 uniformly on [0, a]. The function wy, is convex on [0, a,
therefore it satisfies the difference inequality

Wi T > W+ hoco (87, i) + hoy(R), 0 <1 < No— 1.

Since 7y, satisfies (46), (47), then we have n,(:) < w,(:) for 0 < r < Ny. This
proves the stability of (25), (26). Moreover we have

|’fh(t7x’z) - fh(tvx72)|| = “f(t?vah[Z]) - f(t7x’Th[E])||
< o(t, [ Thlz = Z]|l)

=o(t |z = 2lnr)

and
|gh(t7 xz, Z) - gh(t,l’, 2)| < O<t7 ||Z - EHhﬂ")'
Let us denote by Fj, the Niemycki operator corresponding to (39), i.e.,

ﬁh[z](’"’m) = Z fl-(t(’”), ™) Th[z])diz(rJrl’m) + g(t(”), ™), Th|z]).
i=1

Consider the function fh : B} — R defined by the relation 501),(17"’m) = F h [vh](’"’m) +
I’Ef’m). We prove that there is ¥ : H — R such that

IT{"™| < 5(h) on E, and lim F(h) = 0. (48)
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Write
DYl = douf, ™ = D™ +Zfz ), 2, ) 0,07 — 5™
) = 35 [0 2,0) - 56,2, Ty

i=1
+ g, 20 ) — gt 2™ T, [wp)]).

Then f‘g’m) = FE:gn) + F,(;’lm) on Ej. It follows easily that there is 7o : H — Ry
such that [T\"™| < yo(h) on E}, and limy,_o~o(h) = 0. Suppose that ¢ € R, is
defined by the relations |0,,v(t,x)| < co, (t,2) € E, 1 < i < n. It follows from
Assumptions H|[f, g] and H[T},] that there is ¢ € R, such that

T < U+ c0)a (7, o = Talwnlllan) < (1+ ¢o)o(a, ehf).

Then condition (48) is satisfied with ¥(h) = ~o(h) + (1 + ¢o)o(a,chy). The
assertion of Theorem 4.6 then follows from Theorem 3.2. OJ

Remark 4.7. Suppose that Assumption H|[f, g] is satisfied with o(¢,&) = L&,
(t,€) € [0,a] x Ry, where L € R,. Then we have assumed that f and g satisfy
the Lipschitz condition with respect to the functional variable. In this case we
have the estimates

cLa -1

h)ecle h if L >0
‘uglr,m) . U}(Lr,m)| < Oéo( ) + 7( ) 1 >
ao(h) +~(h)a if L = 0.

The above estimates are obtained by solving problem (46), (47).

5. Solutions of implicit difference equations on
rectangular domains

Suppose that Assumption H|[f, g| is satisfied with Q = E x C(EyU E,R) where
E = [0, a]x[—b,b]. Assume also that condition (43) is satisfied. Then the natural
domain of the existence of solutions to problem (1), (2) is the set Ey U ([0, a] x
[—b,b]). We give a simple method for solving of the implicit difference problem
(9), (39) in this case.

Suppose that 0 < 7 < N is fixed and that solution uy, of (9), (39) is defined
on the set Ej,.. We ﬁrst compute z,(l ) for O < m < K. According to
assumption (43) we have

St 2t T[z]) <0, 1<i<n,
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where 0 < r < Ny and 6(,,) < m < K, and
fit?, 2" Tylz]) =0, 1<i<n,

for such m = (mq,...,m,) that m; = 0. We conclude from (40), (41) that
equation (39) for 6(,) < m < K has the form

|
Z}(Zr-&-l,m) {1 ~ he Z h*fi(t(r), 2™ Tylza])
w (49)
= —ho Y 2 it e, Tilen)) 2y 4 2 4 hog (£, 2™, T fan).
=1 """

We deduce from (49) that z"™™ may be computed for m = 0(,) and for
m = (m,0,...,0) € Z" where 1 < m; < K. Our next goal is to determine
z,(fﬂ’m) for m = (mqy,ms9,0,...,0) € Z" where 0 < m; < K1, 0 < my < Ky. We
conclude from (49) that the numbers z,(fﬂ’m) for the above m exist and that

they are unique.

Suppose that the solution z{" "™ is computed for m=(m, ..., m.,0, ..., 0)

€ Z" where 0 < m; < K; and 1 < Kk < n — 1 is fixed. Repeated application
of (49) enables us to calculate z,(fﬂ’m) for m = (mq,...,muy1,0,...,0) € Z"
where 0 < m; < K; and 1 <17 < k+ 1. It follows from the above considerations
that the solution 2" "™ of (9), (39) may be calculated for Oy <m < K.

In a similar way the solution z,(:ﬂ’m) may be computed on the set Ej, 1 N

(X7 x Xg x...x X,) where X; =R, or X; = R_, R_ = (—00,0]. Then our
problem is solved by induction with respect to r, 0 < r < Nj.

Remark 5.1. It is easy to see that condition (43) may be replaced by the
following assumption: there exists Z, —b < ¥ < b such that (x — 7)o f(t, z,w) <
O(n) for (t,z,w) € Q.

6. Numerical examples

We give now numerical examples concerning our theory for quasilinear differ-
ential equations. To find an approximate solutions we use implicit difference
method of the FEuler type and explicit difference method with difference opera-
tors given by the Lax scheme.

Example 6.1. For n = 1 we put

E={(tx):t€0,05, ze[-1,1]} (50)
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Consider the differential equation

Opz(t,x) = — w{l + cos (z(t,0.5x) — em)}axz(t, x)

(51)
+ sin (2(¢, —0.5z) — ™) + 22(1 + 2t)2(t, )

with the initial condition
2(0,z) =1, =xel[-1,1]. (52)

Note that condition (43) is satisfied for equation (51). The exact solution of this
problem is known. It is v(t,z) = e**. Let h = (hg, hy), stand for steps of the
mesh on E.

Let us denote by uy, : E, — R the solution of the implicit difference problem
corresponding to (51), (52). Write

K
n_ 1 S fulrm ) 53

where K € N is defined by the condition Khy = 1. The numbers n,(lr) are the

arithmetical mean of the errors with fixed ¢”). The values of the function 7, are
listed in Table 1.

h=(10"210"%) | h = (2-1073,2-107%)
t=0.1 0.001842 0.000371
t=0.2 0.003532 0.000714
t=0.3 0.005214 0.001055
t=04 0.006989 0.001416
t=05 0.008937 0.001813

Table 1: The error ny.

The results shown in Table 1 are consistent with our mathematical analysis.
We consider also an approximate solution zj, of (51), (52) which is obtained by
using the classical Lax scheme. The domain of z, is the set

Ey = {(t",2): 0 <r < Np, 2™ € [-1 40,1 D]}, (54)
and Nohg < 0.5 < (NO + 1)]10 Write
h = max{|z}(f’m) — M| (¢ 2M) ¢ E’h} (55)

In the considered cases the values of 7, are bigger than 102,
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Example 6.2. Let E C R? be defined by (50). Consider the differential integral
equation

Opz(t,x) = — 28111]}[1 + sin(S/

—x

' 2(t, s)ds — 2xz(t, x)) } O0p2(t, )
t (56)
+ /0 z(r,x)dr +2*(1 +t) +4x(e' — 1)sinz

with the initial condition

2(0,z) =0, xel[-1,1]. (57)
Note that equation (56) satisfies (43). The exact solution of this problem is
known. It is v(t,x) = (e' — 1)z%. Put h = (hg, h1) stand for the steps of the
mesh on E.

Let us denote by uy, : E, — R the solution of the implicit difference problem
corresponding to (56), (57). Let ny, be defined by (53). The numbers 77}(;) are the
arithmetical mean of the errors with fixed ). The values of the function 7, are
listed in Table 2.

h=(10"2,1073) | h = (2-1073,2-107%)
t=0.1 0.001466 0.002330
t=02 0.003891 0.002330
t=03 0.007605 0.002330
t=04 0.012503 0.010204
t=0.5 0.018385 0.016133

Table 2: The error 7y,

The results given in Table 2 are consistent with our theoretical results. We
consider also an approximate solution zp, of (56),(57) which is obtained by using
the classical Lax scheme. The domain of z, is the set E}, defined by (54). Let 1,
be defined by (55). In the considered cases the values of 7j;, are bigger than 102

The above examples show that there are implicit difference schemes for
problem (1), (2) which are convergent and the corresponding classical difference
methods are not convergent. This is due to the fact that we need the (CFL)
conditions in the classical case and we do not need special assumptions on the
steps of the mesh in the case of implicit difference schemes.

Note that there is a natural class of differential equations (1) for which
the implicit difference problems can be easily solved. This class of equations is
described in Section 5.
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