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Attractor Bifurcation of Three-Dimensional
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Abstract. In this article, we present a bifurcation analysis on the double-diffusive
convection. Two pattern selections, rectangles and squares, are investigated. It is
proved that there are two different types of attractor bifurcations depending on the
thermal and salinity Rayleigh numbers for each pattern. The analysis is based on
a newly developed attractor bifurcation theory, together with eigen-analysis and the
center manifold reductions.
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1. Introduction

The main objective of this article is to develop a bifurcation and stability theory
for the double-diffusive convection, using a newly developed bifurcation theory
for dynamical systems, both finite and infinite dimensional [11]. Convective
motions occur in a fluid when there are density variations present. Double-
diffusive convection is the name given to such convective motions when the
density variations are caused by two different components which have different
rates of diffusion. Double-diffusion was first originally discovered in the 1857
by Jevons [9], forgotten, and then rediscovered as an “oceanographic curios-
ity” a century later; see among others Stommel, Arons and Blanchard [17],
Veronis [19], and Baines and Gill [1].

We have conducted a bifurcation and stability analysis in [8] for the two
dimensional (2D) double-diffusive convection model. In this article, we con-
tinue our analysis to study the three dimensional (3D) double-diffusive con-
vection problem. As in the two-dimensional case, the governing equations are
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the Boussinesq equations with two diffusion equations of the temperature and
salinity functions.

The double-diffusive system involves four important nondimensional pa-
rameters: the thermal Rayleigh number A, the solute Rayleigh number 7, the
Prandtl number ¢ and the Lewis number 7. We examine in this article different
transition/instability regimes defined by these parameters. We study the onset
of double diffusive instabilities in these regimes. In the ocean circulation case,
the Prandtl and Lewis numbers satisfy ¢ > 1 and 7 < 1, as the heat diffuses
about 100 times more rapidly than salt [16]. In this case, different regimes of
stabilities and instabilities/transitions of the basic state can be described by
regions in the A-n plane (the thermal and salt Rayleigh numbers) as shown in
Figure 3.1. In this article, we focus on the regimes where 1 < n,.; see Figure 3.1.
In the case where n > 7., transitions to periodic or aperiodic solutions are
expected, and will be addressed elsewhere.

In both 2D and 3D cases, the central gravity of the analysis is the reduction
of the problem to the center manifold in the first unstable eigendirections, based
on an approximation formula for the center manifold function. The key idea
is to find the approximation of the reduction to certain order, leading to a
“nondegenerate” system with higher order perturbations. The analysis for the
3D case studied here has all the difficulties appeared in the analysis for the
2D case such as the nonsymmetric linearized eigenvalue problem. Additional
difficulties occur in the 3D case. One difficulty is the lack of the existence of
global strong solutions of the 3D Boussinesq equations, and another is the higher
dimensionality of the generalized eigenspace, leading to the center manifold
reduction to higher dimensional center manifolds, and consequently to more
complicated dynamics.

With this reduction in our disposal, a general bifurcation theorem follows
from the general strategy of attractor bifurcations. We prove in particular that
there are two different types of transition/bifurcation from the basic state: one
is subcritical and the other is supercritical. In the rectangle case (i.e., the hor-
izontal domain is a rectangle), the types of transition/bifurcation are dictated
explicitly by a nondimensional parameter 7., ; see Figure 3.1. In the square case
(i.e., the horizontal domain is a square), types are determined by the quadratic
form (3.9). From the physical point of view, the supercritical bifurcation cor-
responds to a continuous transition. The subcritical bifurcation corresponds,
however, to a jump transition, a very different transition. As demonstrated in
the 2D case [8], this subcritical bifurcation leads to the existence of a saddle-
node bifurcation and the hysteresis phenomena, thanks to the existence of strong
solutions and the existence of global attractors. In the 3D case studied here in
this article, we are not able to make such conclusions. However, we can still
prove that there is an absorbing region resembling the main properties of the
saddle-node bifurcation and hysteresis.
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There have been extensive studies on bifurcation and stability analysis for
convection models; see among others [2,3,6,14] and the references therein. We
mention in particular that in [3], Buzano and Golubitsky used the singularity-
theory method to study the problem of pattern formation as it relates to bifur-
cation with respect to the hexagonal lattice. They treated bifurcation problems
that are symmetric with respect to group preserving doubly periodic functions
on a hexagonal lattice. Their method provides a delicate alternative to study
the convection problem in this paper.

Another remark is that as mentioned by Sattinger on page 96 in [15], a stable
bifurcating solution with respect to a subclass of disturbances of full symmetry
might turn out to be unstable with respect to the disturbances of full symmetry.
In our analysis, although we use the symmetry properties implicitly to reduce
the calculations, we don’t use the equivariant theory to reduce the problem to
a lower dimensional space. Since we want to keep as much stability information
as possible.

This article is organized as follows. The basic governing equations are
given in Section 2. The main theorems are stated in Section 3. The remaining
sections are devoted to the proof of the main theorems, with Section 4 on
eigenvalue problems, Section 5 on center manifold reductions and the proofs of
the theorems.

2. The double-diffusive equations

The nondimensional double-diffusive convection problem in a three-dimensional
(3D) domain Q = R? x (0,1) C R? with coordinates denoted by (z,y,z) are
given as follows; see Veronis [19]:

%_It] — (AU — Vp) + o(AT — pS)e — (U - V)U
T

aa—f:ms+w—(U.V)s

divU = 0,

\

where U = (u,v,w), A the thermal Rayleigh number, 1 the salinity Rayleigh
number, ¢ the Prandtl number, and 7 the Lewis number. We consider the
periodic boundary condition in the x and y directions

9
(U.T.8)(@,y, 2,t) = (U, T,8) (2 + 2y, 2,1)
O‘l%ﬂ (2.2)
= (UaTaS)<x7y+ a_2727t>7
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for any j,k € 7Z. At the top and bottom boundaries, we impose the free-free
boundary conditions; namely,

ou ov

TS =0, —=0, —=0 t 2=0,1. 2.3
( ) ’w) ) az Y az ) a z ) ( )
It’s natural to put the constraint
/udxdydz:/vdxdydz:() (2.4)
Q Q

for the problem (2.1)—(2.3). It is easy to see that (2.1) is invariant under this
constraint. The initial value conditions are given by

(U,T,S)=(U,T,S) att=0. (2.5)
Let

H={(U,T,S) € L*(Q)°|divU = 0,w|.—o; = 0, (u, v) satisfies (2.2),(2.4)}
H,y :{(U, T,S) € H* Q)N H|(U,T,S) satisfies (2.2), (2.3)}.

Let G: Hy — H, and Ly, = —A — By, : H; — H be defined by

G(p) = (=P[(U-V)U],=(U-V)T,—(U - V)S)
Ay = (—=P[o(AU)], —AT, —7AS)
By, = (=Plo(AT —nS)e], —w, —w),

for any ¢ = (U,T,S) € H,. Here P is the Leray projection to L? fields, and for
a detailed account of the function spaces, see among many others [18]. Then
the Boussinesq equations (2.1)—(2.4) can be written in the following operator
form:

dyp

E:LAU¢+G(¢% ?/)Z (UaTvS)

It is classical that there is a global weak solution for the system, and there is a
global strong solution for small data; see among others [5,10]. Of course, the
global existence of strong solutions is not known for large data.

3. Main results

3.1. Attractor bifurcation theory. In this subsection, we recapitulate the
attractor bifurcation theory introduced by two of the authors in [11,12].

Let H and H; be two Hilbert spaces, and H; — H be a dense and compact
inclusion. We consider the following nonlinear evolution equations:
d
d_ltL = Lyu+ G(u, \)
u(0) = uyp,

(3.1)
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where u : [0,00) — H is the unknown function, A € R is the system param-
eter, and L) : Hi — H are parameterized linear completely continuous fields
depending continuously on A € R, which satisfy

—L, = A+ B) a sectorial operator

A: H, — H a linear homeomorphism (3.2)

B, : H — H parameterized linear compact operators.

It is easy to see [7] that L, generates an analytic semi-group {e‘“*};59. Then
we can define fractional power operators (—Ly)* for any 0 < p < 1 with domain
H, = D((—Lx)") such that H,, C H,, if i1 > po, and Hy = H.

Furthermore, we assume that the nonlinear terms G(-,\) : H, — H for
some 1 > p > 0 are a family of parameterized C” bounded operators (r > 1)
continuously depending on the parameter A\ € R, such that

G(u,\) = of[lulls,), ¥ \eR. (3.3)

In this paper, we are interested in the sectorial operator —L) = A+ B, such
that there exist an eigenvalue sequence {p,} C C! and an eigenvector sequence
{ek,hk} C H, of A:

Az = pr2r, 2p = e+ ihy
Re pr — o0 (k — 00) (3.4)
Im py
—— " |<e,
(a+Repg)| ~

for some a, ¢ > 0, such that {ex, hy} is a basis of H. Also we assume that there
is a constant 0 < 6 < 1 such that

By : Hy — H bounded VA€ R (3.5)

Under conditions (3.4) and (3.5), the operator —L), = A + B, is a sectorial
operator.

Let {S\(t) }+>0 be an operator semi-group generated by the equation (3.1).
Then the solution of (3.1) can be expressed as ¥(t,1g) = Sx(t)wg, t > 0.

Consider (3.1) satisfying (3.2) and (3.3). We start with the Principle of
Exchange of Stabilities (PES). Let the eigenvalues (counting the multiplicity)
of Ly be given by 1()\), B2(A), .... Suppose that

<0, if A<
>0, if A> )\

Re 3;(Ao) < 0 (m+1<j). (3.7)
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Let the eigenspace of Ly at \g be

Ey = U U{u,v€H1|(L,\O—Bj(/\g))kw:(),w:u—f—iv}.

1<j<m k=1
It is known that dim Ey = m.

Theorem 3.1 (T. Ma and S. Wang [11,12]). Assume that the conditions (3.2)—
(3.5) and (3.6)—(3.7) hold true, and w = 0 is locally asymptotically stable for
(3.1) at A = Xg. Then the following assertions hold true.

1. (3.1) bifurcates from (u,\) = (0,\g) to attractors Xy, having the same
homology as S™ ', for X > N, with m — 1 < dimX\ < m, which is
connected if m > 1;

2. for any uy € Xy, uy can be expressed as uy = vy + o(||vr||lm,), va € Eo;

3. thereis an open set U C H with 0 € U such that the attractor ¥ bifurcated
from (0, \o) attracts U\I" in H, where I' is the stable manifold of u = 0
with co-dimension m.

3.2. Main theorems. We now consider the double diffusive convection equa-
tions (2.1). In this article, we always consider the case where the parameters A
and 7 satisfy

27
n<n =-—nr?1l+o H(1—7)"

4
2
)\z)\czﬂ+—77r4.
T 4

(3.8)

Two pattern selections, rectangles and squares, are studied.

3.2.1. Rectangle Case. For the rectangle case, we assume that a; = \% and
as # ay. Here the condition on a; and ay defines the aspect ratios of the
domain. The first eigenspace of the eigenvalue problem (4.1) is of dimension
two.

First we consider a more physically relevant diffusive regime where the
thermal Prandtl number o is bigger than 1, and the Lewis number 7 is less
than 1: ¢ > 1 > 7. In this case, we consider two straight lines in the A —n
parameter plane as shown in Figure 3.1:

27
Li: A= Ac(n):ngZw‘*
2
o Tt

L2 : A= )\Cl (T]) =
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e, MNe n
Figure 3.1: Regimes of stabilities and instabilities/transitions of the basic state.

Also shown in Figure 3.1 are two critical values for n given by

27 27
Ne = ZW472(1 +o H1 -1t o, = Z7T47'3(1 — 7))t
The following two theorems study the transitions/bifurcation of the double-
diffusive model near the line L; for n < 7.

Theorem 3.2. Assume that the condition (3.8) holds true, ¢ > 1 > 7, and
N < Ne = %7‘(‘47'3(1 — 72)71. Then the following assertions for the problem

(2.1)—(2.5) hold true:
1. If A < A, the steady state (U, T,S) = 0 is locally asymptotically stable for
the problem.

2. For A > ., the solutions bifurcate from ((U,T,S),\) = (0,A.) to an
attractor ¥\ = S', consisting of steady state solutions of the problem.

Figure 3.2: If 7 > 1 or n < 1., the solutions bifurcate from (0,\.) to an
attractor X, for A > A..
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Theorem 3.3. Assume that the condition (3.8) holds true, ¢ > 1 > 7 and
Ne > 1 > e, = 27731 — )71 Then on A < X, the problem (2.1)~(2.5)
bifurcates from (U, T,S),\) = (0,)\.) to a repeller £, = S, consisting of
steady state solutions of the problem.

Figure 3.3: If 7 < 1 and 7., < n < 7., the problem has a subcritical type
bifurcation for A < ..

We now consider the diffusive parameter regime where ¢ > 1, 7 > 1, and
o # 7. In this case, two lines are shown in Figure 3.4. The following theorem
provides bifurcation when A\ crosses the line L;.

Theorem 3.4. Assume that o > 1, 7 > 1, 0 # 7 and (3.8) hold true, then for
any n > 0, the following assertions for the problem (2.1)—(2.5) hold true:

L. If A < A, the steady state (U, T, S) = 0 is locally asymptotically stable for
the problem.

2. For X > ., the solutions bifurcate from (U, T,S),\) = (0,A.) to an
attractor Xy, homeomorphic to S*, which consists of steady state solutions
of the problem.

T L1

n

Figure 3.4: The diffusive parameter regime.
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3.2.2. Square Case. For the square case, we assume «; = ap = 5. Then, the
first eigenspace of the eigenvalue problem (4.1) is of dimension 4. In this case,
the bifurcation type is determined by the following quadratic form:

01 (x%nl"‘ ?J%ln"‘ Iinﬁ‘ ?/%7111)2"‘ 252@%111"‘ y%nl)(xinﬁ‘ ?/37111)7 (3-9)

where d; and 0, are as defined in (5.4) and (5.5), which can be evaluated precisely
when the parameters 7, o, n and A are given. More precisely, we have the
following two theorems.

Theorem 3.5. Assume that (3.8) holds true and the quadratic form (3.9) is
negative definite, then the following assertions for the problems (2.1)—(2.5) hold
true:

1. If X < A, the steady state (U, T,S) = 0 is locally asymptotically stable for
the problem.
2. For A > A, the solutions bifurcate from ((U,T,S),\) = (0,).) to an

attractor Xy, having the same homology as S3.

Theorem 3.6. Assume that (3.8) holds true and the quadratic form (3.9) is
positive definite. Then on A < X, the problem (2.1)—(2.5) bifurcates from
(U, T,8),\) = (0,).) to a repeller 3y, having the same homology as S>.

4. Eigenvalue problem

In order to apply the center manifold theory to reduce the bifurcation problems,
we consider the following eigenvalue problem for the linearized equations of
(2.1)—(2.4):

o(AU — Vp) +o(A\T —nS)e = pU

AT +w = (T
(4.1)
TAS +w = (35
divU = 0,

supplemented with (2.3) and (2.4).

4.1. Eigenvalues. We shall use the method of separation of variables to deal
with the problem (4.1). Since ¢ = (U, T, S) satisfies the periodic condition (2.2),
we expand the fields in Fourier series as

U(x,y,2) = Y p(z)elUmrtho), (4.2)

j,szoo
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Plugging (4.2) into (4.1), we obtain the following ODE system:

( . -1
Djkujk —yapj =0 5%’14

Djyvji — tkoopi, = J_lﬁvjk
Djyws — Pl + ATy — 1Sz = 0 fwjy
DTy, +wji, = BT (4.3)
7D Sji. + wjr = BSjk

.. . / .
1jon Uy + thaov, + wy, =0

| Wy, |2=01= V), |2=01= Wik |2=01= Tj |:=01= Sjk |=01 =0,

for j,k € 7Z, where ' = %, Dj, = j—; — oz?k and a?k = 720} + k?a3. If wir, # 0,

(4.3) can be reduced to a single equation for w;;(2):

{(TDJ'k — B)(Dji, — B)(Djr, — o' B)Djy,
+ Oéjsz\(TDjk - B) - W(Djk - ﬁ)]}wjk =0

Wi = Wy, = wj(.i) = wj(.i) =0 atz=0,1, (4.5)

(4.4)

for j, k € Z. Thanks to (4.5), wj; can be expanded in a Fourier sine series

wir(z) = ijkl sin 7z, (4.6)
=1

for (7, k) € Z x Z. Substituting (4.6) into (4.4), we see that the corresponding
eigenvalues ( of Problem (4.1) satisfy the cubic equations

F+(o+71+ 1)%2k152 +o+71+ UT)’Y;M - U%Z‘k’ﬁﬁ()‘ —n)]B

4.7
+a7"y?kl + aa?k(n —7\) =0, (47)

for j,k € Z and [ € N, where 73, = a3, + I’w°.
For the sake of convenience to analyze the distribution of the eigenvalues,
we now introduce some notations. For fixed parameters o, 7, n and A, let

gin(B) =2+ (0 +7+ 1)%2“@2 +(@+7+ UT)”Y?kzﬂ + UT’YJGM
hir(B) = loas A = )6 — oai,(n — TA)
firn(B) = gjm(B) — hju(3)

_2742 -1 -1 _2743 2\ —1 _n 27 4
UC—ZWT(l—f-O' (1 —71)77 7761—Z7TT<1 )7 )\C—T+47T.

Furthermore, let Bju1, Bjme and Bjus be the zeros of fju with Re B >
Re Bjri2 > Re Bjus, and let B, = —U%zkz-

The following lemma characterizes the eigenvectors of Ly, with zero w-
components; the proof is straightforward and we omit the details.



Double-Diffusive Convection 243

Lemma 4.1. For | € 0UN and (j, k) € Z?, Bjuo is an eigenvalue of prob-
lem (4.1). Moreover, the following assertions are true:

1. If (4,k) = (0,0) and [ > 0, the corresponding eigenvectors are
1[){100“’ = (coslnz,0,0,0,0)", 1[)500“’ = (0, coslnz,0,0,0)".

2. If 2+ k?>#0 and | € 0UN, the corresponding eigenvectors are

Bikio

M = (kcos(jayx + kagy) coslmz, —j cos(jonx + kagy) coslrz, 0,0, 0)*
%ﬁj“" = (ksin(jagx + kagy) coslnz, —jsin(jonz + kagy) coslnz, 0,0, 0)

In the following discussions, we shall focus on the following diffusive regime:
o>1>7>0, n<n. and A= A\. (4.8)

Lemma 4.2. Suppose that o, = %2 and (4.8) holds true, then fijx1(83) has three
simple real zeros.

Proof. Since A\ &~ )\, it suffices to prove this statement for A = A.. In this case,

32 97t o

(@)= 5%+ | (o 7+ 0] 24 [ St o) = S0 = | 5= 19

2 4

Since 7 < 1., the constant term of f(/3) is positive. Hence §j;11 = 0 is a simple

zero of f;r1. Moreover, the quadratic discriminant of f(/3) is %(O‘ +1-7)%+
4don(1—7)

5— > 0. This implies fjz; has three simple real zeros. O

We summarize the following important lemma about the distribution of the
zeros of fjr;. From the physical point of view, this lemma verifies the principle
of exchange of stabilities (PES).

Lemma 4.3. Assume that either 1) 0 < n < n. with 7 < 1 or 2) n > 0 with
7 > 1 holds true, then:

<0 f A< A )
. T
RefBikn(A) =0 if x= A if O‘?k — )
>0 if A> A
2
: T
Re Bjrq(A) < 0 if (Oz?k,l,q) = <?,171>.

Remark 4.4. The distribution of the zeros of f;;; was first partially analyzed
by Veronis [19]; see also Baines [1]. The complete proof of this lemma is similar
to the 2D case in [8], we shall omit it.
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To check that the operators —L,, satisfy condition (3.4), we prove the
following lemma.

Lemma 4.5.

1. All but finitely many zeros of fir () are negative real numbers for (j,k,1) €
7Z? x N.
2. ﬁjqu — —00 ’Lf]2 + k2 + l2 — OQ.

Proof. Since fix = gjr — hjw, B is a zero of fj, () if and only if 5 satisfies the
equation

gk (B) = hjn(B). (4.9)
Plugging 3 = 73,6 into (4.9), we obtain

(6" + )"+ 7)(B" + o) = Dy (A = 0) 5" = (n = TA)]; (4.10)

2
oQsy,

where ¥ = o Since limj2 22 0o ¥ = 0, the roots of (4.10) must be
J

negative real numbers near the interval [—o, —7] when (j2 + k? + [?) is large.
This completes the proof. O]

4.2. Eigenvectors. We now make some observations to analyze the spectrum
of Ly,. Since

951(8) = (B+7i) (B+7750) (BH0Viw), e = 00,753 [(A=1) B— (=T X)),

it is easy to check that 3 = —%, or f = =777, is a zero of fix(0) if and only if
a;;, = 0. In the case of a?k = 0, the zeros of foor are =773y (Booi1)s —Vay (Booi2)
and —o75,, (Booiz). The corresponding eigenvectors are

P (z,y, 2) = (0,0,0,0,sinlmz)’, ™02 (z,y, 2) = (0,0,0,sinlrz,0)"
e (2, y, 2) = (coslnz,0,0,0,0) 95° (z,y,2) = (0,coslrz,0,0,0)"

To analyze the structure of the eigenspaces of (4.1), for k € Z, j € {0} UN and
[ € N, we define

jaql kasl
%l'kz = (ja; T cos(jonr + kagy) coslmz, g cos(jonx + kagy) coslmz,
a]k ajk

t
sin(jayx + kagy) sinlrz, 0,0

]Q-kl = (0, 0,0,sin(jagz + kasy) sinlrz, O)t
?kl = (07 0,0,0,sin(jax + kagy) sinl7rz)lt
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[ kawl

¢ = (I jonx + kagy) coslmz, — W7 Gin joarz + kagy) coslmz
jkl 2 2
Ak Yk

t
cos(janz + kasy) sinlrz, 0, O>

jkl (O 0,0, cos(janz + kagy) sinlrz, O)
% = (0,0,0,0, cos(jarx + kagy) s1nl7rz) :

The next lemma follows from (4.1)—(4.7).

Lemma 4.6. If j2 + k* # 0 and Bju, (¢ = 1,2,3) is a zero of fjn, then we
have:

1. The eigenvector corresponding to Bjiq in the complexified space of H is

2

, vy 1jolm tkoolm .
PPima = gilioazthazy) <—2 coslmz, ——— coslmz,sinlrz,
%y sy

t
A1 (Bjkig) sinlmz, Ao(Bjrig) sin lwz) ,

where Ay (Bjkq) = m, Ao (Bjkig) = n

Bjqu"!"r'y]?'kl ’
2. If Bjrq 15 a real number, the corresponding eigenvectors are given by
Bikiq
= ]kl + Ay (ﬁJkIQ)¢ykl + AQ(BJM(I)(b]kl
Bikiq
Ginta _ qukz + A (ﬁjqu)ﬁbjkz + A2(5jqu)¢jkl :
3. If ITm By # 0, the generalized eigenvectors corresponding to Bix, and
Bikig are
ﬁ7 q __
= kl+R1(ﬁJMQ) sz+R2 Bjkiq) ]kl+Il<ﬁ]kZQ)¢jkl+IQ<BJMQ>¢3M
BJ q
¢ = —Il(ﬁjqu)%kz I2(ﬁyqu> jkl+¢jk‘l+R1(6ﬂle) jkl+R2(5jqu)¢jkl
fjqu l+R1(ﬁjqu) Jkl+R2(ﬁjkl(I) ]kl—i_Il(ﬁﬂdQ) j z+I2(Bjqu)¢?kz
6] q __
Pyt = _Il(ﬁyqu)ﬁbjkl Iy (Bjkiq) ?kl + ¢jkl+R1(ﬁ]qu) kl+R2<5JkZQ)¢Jklv

where R1(8) = ReA1(B), Li(B) = ImA1(B), Ra(8) = ReAs(B) and

Definition 4.7.
1. If j =k =0, for each [ € N, we define

Egr = span{g™on, g0z} gy = span{y*7, 57},
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2. For j2 + k? # 0, we define

1 1 2 3 2 4 5 6
Ejkl = Span{¢jkl» ¢jk1> ijkz}a Ejkl = Span{¢jklv ¢jkla ¢jkl}a

o :6 o ﬂ o
Ejr = E}kl D Ejzkh L = span{y)”", 57"}

3. For (j,k,1) € Z* x N, we define Ey,,, as the eigenspace spanned by the
eigenvectors and the generalized eigenvectors corresponding to the zeros
of fjkl-

Remark 4.8.

1. It is easy to see from the Fourier expansion that { Eju U B9, 129 01— 18
a basis of H;.

2. Eju (resp., Ef,) is orthogonal to Ejjy, (resp.,EY, ) for (j, k1) #
(j1,k1,0), and Ejj is always orthogonal to EY ot

The following theorem together with Lemmas 4.1 and 4.3 complete the
analysis of the eigenvalue problem (4.1).

Theorem 4.9. Under the assumption (4.8), we have:
1. Ey,, = Ejy for j € {0} UN, k € Z, and | € N; and
2. Lyu|Ej is strictly negative definite for each (j,k,1) € Z*xN when A < A..

Proof. The first assertion follows by the fact that E;;; is an invariant subspace of
L), and f; is the characteristic polynomial of Ly,| B - Assertion 1, Lemma 4.3
together with the fact that f;;; does not have a zero of multiplicity three imply
Assertion 2. n

We conclude the above analysis as follows:

The eigenvalues of Ly, : Hy — H consist of {;x,, ﬁjklg};‘;:o’k:foo.

The (generalized) eigenvectors of Ly, form a basis of H.
— L), is a sectorial operator.

Ll .

For the rectangle case, the multiplicity of the first eigenvalue, (1p11()),
is 2, and the corresponding eigenvectors are wf 11 and ¢2ﬁ ot

5. For the square case, the multiplicity of the first eigenvalue f111(\) =
B1-111(A) is 4, and the corresponding eigenvectors are %6““, Pyt ¢f1’”1
and ¢21—111‘

Verification of G satisfying (3.3): We let % < p <1, then fory € H, C H,
by Sobolev’s inequality,

1 27 27
GO < [ [ [ WPIVOR do dyds < Wi~ lolh,, < Clil,.

where C' is some constant. Hence, G(v) = o(|¢)|#,)-
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4.3. Dual basis. Since Ej; is finite dimensional for each (7, k,1), there exists
a vector \Ifgj“q € Ej (¢=1,2,3andp = 1,2) such that

\Ilﬁjqu’ ﬁi‘kzq* 7&0 if (q*,p*) (Qup>
W ) {ZO if (¢*,p") # (¢, p)-

Choose Wy *”= "7 By orthogonality of E;, and B, {Winta ke 0 koo

form a dual basis of H corresponding to { Eju, £, }59- 1o in the sense that

wh oy {#0 @) = (5.p)
(v, ¥, >H{:0 if (8%,p%) # (B,p)-

The proof of Lemma 4.5 implies that all but finitely many of f;,; have three

distinct real zeros. For such fj with j2 + k* # 0, \I/’fjqu and \Il’gjqu could be
chosen as

{ ‘I’fjqu = ¢}kl + Ch (ﬁjqu)%z‘kz + C2(5J‘qu)¢?kz
‘Ijgjqu = G+ Cr(Bjig) O30 + Co(Binig) Bjras

where
oA
C1(B; =—— -+ =0)A(5;
1( Jk‘lq) 6jqu+7]2kl 1( Jk‘lq)
CZ(ﬁjqu) = — 5 = UUA2(6jqu)-

_ 2
Bikig + TV

5. The proofs of the main theorems

We are now in a position to reduce equations of (2.1)—(2.4) to the center mani-
fold. We would like to fix n < 7., and let A = A\, be the bifurcation parameter.
For any ¢ = (U, T, S) € H, we have

oo o0

oo o0 3
Y= Z Z Z(xjqu¢1ﬂjqu+yjqu¢§jqu)—|— Z Z (xjkla¢1ﬁjkl”+yjkla¢§jkld).

k=—00 j=0,l=1 q=1 k=—00 j,l=0

For the square case, we assume a; = ay = 7. Hence B1111(A) = Bi—111()) are
the first eigenvalues.

For brevity, we let Gy(A) = B1111(A) = B1-111(N), then the reduced equations
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are given by
d$1111 1
o — ﬁ0(>\>$1111 + <¢§31111’ \Iﬁ?llll>
dyi111
i (o

dri_111 1

= fo(N)z1-111 +

<G(¢; w)) \I,f1111)>H

H

= Bo(Nyiin + (G, ), T5))
H (5.1)

(G, ), WP—1))

dt <¢13171117 \Dlli’17111>H
dyi—111 1 B1—
= Bo(N)y1—111 + ’ ” <G(¢, V), Uy 111)>
\ dt < 2ﬁl 11 \1161 1 >H H

Here for ¢y = (U1, T1,51), Y2 = (Uy, T3, S2) and 93 = (Us, T3, S3),

(G(th1,9),93) , = / /arz/a1 V)Us, Us) s

V)TQTg (Ul V)SQS?)] dx dy dz.
Let the center manifold function be denoted by

d = Z ((I)?(xlllla Y1111, T1-111, ylflll)w? + @g(xm, Y111, T1-111, 91—111)¢2ﬁ)-

B#B1111
B#B1-111
Note that for any o; € Hy (i = 1,2,3), (G(¢1,¢2), o) = 0, (G(¢1,¥2), ¥3)n
—(G(t1,93), v2)ar, and for any v; € By (i = 1,2,3), (G(¢1, 1), ¢s) s = 0.
Applying Theorem 3.8 in [11], we obtain
A27T
Phoo2 — oo [:C%lll + Yt 2+ yiflll] +0(2)
A17T
(I)ﬁoozz — 25 [1%111 —+ y%lll -+ 5%7111 + yfflll} + 0<2>
@fmq = (5202q)($1111y1 11+ 2r1-1mynn) +o(2)
@§2°2q = B(fa02¢) (— 2111171111 + Y11u1yi-111) + 0(2)
(I)foﬂq — B(ﬁozzq)(l’llllyl 111 — T1— 1113/1111) (2)
P = B(Bo22¢) (T111171-111 + Y1inyi-111) + o(2)
and
@ (1111, Y1111, T1-111, Y1-111) = <I>B°°21¢/6°°21 + P00z ooz
- Z (@‘3202‘%/1? 02 g Py (5.2)

q=1

@/6022q¢f022q + @6022%/]@)22(1) + 0(2)’
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where

(3 4+ A1(Bo)C1(B) + Aa(Bo)Ca(3))

oA
C1(B) = m
__n
C2(B) = (B + T¥302)

0(2) = 0(37%111 + Yt + Ty y%—111)
+ O(WO()‘)‘ : (55%111 + Y + 2+ y%—lll))'

Hereafter, we make the following convention:
o(3) = 0((95%111 +yhn + 2+ y%—lll)%>
+ O(WO()‘” : (1’%111 + Y T+ y%le) >
o(4) = 0((%111 + Yt + 2+ y%_111)2>
+ O<|50(>\)| : (95%111 + Yt + 2+ ?J%—111)2>'
By (5.2) and the fact that Sga, = B2024, We obtain
(G(w), O,
= (G, @), W), + (G, @), 1)
+ (G, @), U (G ™), @), W)+ 0(3)
- (G W)@, (Gl wE @),

— (G TP D) — (G ), W), @)+ o(3)

ACr Ay
= (50022 * Booz1 (@11 + Y + 1o + Yot

N|w

+ 2 Z B*(Ba02q) B(B2029) (#7111 + Y3 111)T11m1 + 0(3),

where B*(8) = 7(3 + A1(6)C1(Bo) + A2(B)C2(Bp)). Similarly, we derive that

< (ww \1151111>
ACT Ax(Ch

2 2 2 2
=2’ (50022 - Booa1 ) (x1111 + Y1111 t 2711 91—111)91111

3
+2 Z B*(B2029) B(B2024) (47111 + ¥7-111) Y1111 + 0(3)
q=1
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<G(w’w)’ \Ijlf17111>H

ACy | Ay
= 272 (50022 + oom (93%111 + y%m + xf_m + y%—111)~’171—111

3
+2 Z B*(Ba02g) B(Ba02¢) (#7111 + Y1) 21111 + 0(3)

B1-111
<G(¢7¢)7 \IJQ >H
o (A@ | AaCy

60022 60021

) (95%111 + 9%111 + x%—lll + y%—lll)ylflll

3
+ 2 Z B*(Ba02g) B(Ba020) (#7111 + Yi111) y1-111 + 0(3).
q=1

Therefore, (5.1) can be rewritten as

( drin ) )
T BoNz1111 + 61 Ex1111 4 02 (27111 + 45 _111)T11m + 0(3)
d?/;;ll = Bo(Ny1111 + 01 Eyinnn + 02 (27111 + ¥i_111)yinnn + o(3 .
dxil_tlll = Go(N)x1-111 + 01 Ex1-111 + 02 (xfnl + y%lll)-rl 11+ o(3 .
\ dyld—tlll = BoN)yi-111 + 0 By + 62 (2201 + i)y + o3
where E'= (2111 + ¥f111 + #1111 + ¥io111),
5 = 61(\,n) 2”2(% %) (A1Ch + 771 A2 Cy) (5.4)

(3 FAC + ACy)  8(3+ AC) + AyCh)

5202(1 (5202(1)
8y = d2(A Z 43+ A0y + AyCy) (55)

The energy estimate of (5.3) is given by

1dFE

2dt Bo(NE + 61 5% + 20 (x%m + y%ﬂl) (95%—111 + y%—lll) + o(4).

If the quadratic form

‘SlE2 + 209 (x?nl + ?J%nl) (x%flll + ?/%7111)7 (5-6)

is negative definite at A = \., we conclude that (U, T, S) = 0 is a locally asymp-
totically stable equilibrium point of (2.1)-(2.4). We then obtain Theorem 3.5
by Theorem 3.1 directly. And if the quadratic form (5.6) is positive definite,
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we obtain the subcritical bifurcation. This completes the proofs of Theorem 3.5
and Theorem 3.6.

For the rectangle case, the first eigenspace is of dimension two. The reduced
equations on the center manifold are given by

dx

;;11 = (ro11(N) 1011 + 01 (513%011 + y%on)xlon + 0(3)
d

y;;m = Bio11(A)yio11 + 61 (13%011 + y%on)ylon +0(3).

The rest part of the proofs of Theorem 3.2, Theorem 3.3 and Theorem 3.4 is
similar to the 2D case in [8]. In this case, we can use Theorem 5.10 in [13] or
invariant sphere theorem in [4] to conclude the S! structure of the bifurcating
solution. O

Remark 5.1.

1. As we have already proved in [8], we know that

5 <0 ifn<ne,
>0 ifn>n,.

2. When o, 7, A and 7 are given, §; and ds can be evaluated numerically.
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