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Approximate Approximations
with Data on a Perturbed Uniform Grid

F. Lanzara, V. Maz’ya and G. Schmadt

Abstract. The aim of this paper is to extend the approximate quasi-interpolation
on a uniform grid by dilated shifts of a smooth and rapidly decaying function to the
case that the data are given on a perturbed uniform grid. It is shown that high order
approximation of smooth functions up to some prescribed accuracy is possible.
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1. Introduction

The approximation of multivariate functions from scattered data is an important
theme in numerical mathematics. One of the methods to attack this problem
is quasi-interpolation. One takes values u(x;) of a function u on a set of nodes
{x,},es and constructs an approximant of u by linear combinations

> ulx;)n(x)

jeJ
where 7;(x) is a set of basis functions. Using quasi-interpolation there is
no need to solve large algebraic systems. The approximation properties of

quasi-interpolants in the case that x; are the nodes of a uniform grid are well-
understood. For example, the quasi-interpolant

Zu(th(X_hhj) (1.1)
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can be studied via the theory of principal shift-invariant spaces, which has
been developed in several articles by de Boor, DeVore and Ron (see e.g. [2,3]).
Here ¢ is supposed to be a compactly supported or rapidly decaying function.
Based on the Strang-Fix condition for ¢, which is equivalent to polynomial
reproduction, convergence and approximation orders for several classes of basis
functions were obtained (see also Schaback and Wu [17], Jetter and Zhou [6]).
Scattered data quasi-interpolation by functions, which reproduce polynomials,
has been studied by Buhmann, Dyn and Levin in [1] and Dyn and Ron in [4]
(see also [19] for further references).

In order to extend the quasi-interpolation (1.1) to general classes of ap-
proximating functions, another concept of approximation procedures, called
Approzimate Approximations, was proposed in [8] and [9]. These procedures
have the common feature, that they are accurate without being convergent in
a rigorous sense. Consider, for example, the quasi-interpolant on the uniform
grid

n X — hj
Mupu(x) =D 2 u(hj , 1.2
where n is sufficiently smooth and of rapid decay, h and D are two positive
parameters. It was shown that if Fn— 1 has a zero of order N at the origin (Fn
denotes the Fourier transform of 7), then M}, pu approximates u pointwise

My pu(x)—u(x)| < eny (VD) ||V nvul| o @ +& Z_ (hVD)*|Viu(x)| (1.3)

with a constant ¢y, not depending on u, i, and D, and € can be made arbitrarily
small if D is sufficiently large (see [12,13]). Here Viu denotes the vector of all
partial derivatives 0%u of order |a| = k.

In general, there is no convergence of the approximate quasi-interpolant
My pu(x) to u(x) as h — 0. However, one can fix D such that up to any
prescribed accuracy M, pu approximates u with order O(h"). The lack of
convergence as h — 0, which is not perceptible in numerical computations for
appropriately chosen D, is compensated by a greater flexibility in the choice
of approximating functions 7. In applications, this flexibility enables one to
obtain simple and accurate formulae for values of various integral and pseudo-
differential operators of mathematical physics (see [11,14,16] and the review
paper [18]) and to develop explicit semi-analytic time-marching algorithms for
initial boundary value problems for linear and non-linear evolution equations
([7,10]).

Up to now the approximate quasi-interpolation approach was extended to
nonuniform grids in two directions. The case that the set of nodes is a smooth
image of a uniform grid was studied in [15]. It was shown that formulae sim-
ilar to (1.2) preserve the basic properties of approximate quasi-interpolation.
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A similar result for quasi-interpolation on piecewise uniform grids was obtained
in [5].

It is the purpose of the present paper to generalize the method of approx-
imate quasi-interpolation to functions given on a set of nodes {x;} close to a
uniform, not necessarily rectangular, grid A of size h. More precisely, we sup-
pose that for some positive constant x the xkh-neighborhood of any grid point
y; of A}, contains at least one node x;.

Then under some additional assumption on the nodes we construct a quasi-
interpolant with centers at the grid point of Ay

M) =27 3 Fntan (52, (1.4

and show that the estimate (1.3) remains true for My, pu under the same as-
sumptions on the function 7. Here F}) are linear functionals of the data at a
finite number of nodes around x;.

By a suitable choice of n it is possible to obtain explicit semi-analytic
or other efficient approximation formulae for multi-dimensional integral and
pseudo-differential operators which are based on the quasi-interpolant (1.4). So
the cubature of those integrals, which is one of the applications of the approxi-
mate quasi-interpolation on uniform grids, can be carried over to the case when
the integral operators are applied to functions given on a perturbed uniform
grid.

We give a simple example of formula (1.4). Let {z;} be a sequence of points
on R close to the uniform grid {hj};ez such that x;.; —x; > ¢h > 0. Consider
a rapidly decaying function 7 satisfying the conditions

=Y -j<e | Se—ime—i)|<e

JET jEZ

One can easily see that the quasi-interpolant
xit1—hy hj —x; x
Miate) = 3 (2= (a4 Py ) (7 )

jEZZ Tjy1 — Ty J Tj+1 — Ty al h

satisfies the estimate
| Myu(z) = u(@)| < C02 [[u"|| o) + e(Julz)] + hlu'(2)]),

where the constant C' depends on the function 7.

The outline of the paper is as follows. In Section 2 we consider some ex-
amples of uniform non-cubic grids and establish error estimates for approxi-
mate quasi-interpolation on these grids. As an interesting example we consider
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quasi-interpolants on a regular hexagonal grid. In Section 3 we consider an
extension of the approximate quasi-interpolation to a perturbed uniform grid.
We construct the quasi-interpolant M, pu with gridded centers and coefficients
depending on scattered data and obtain approximation estimates. The results
of some numerical experiments are presented in Section 4, which confirm the
predicted approximation orders.

2. Quasi-interpolants on uniform non-cubic grids

In this section we study quasi-interpolants on uniform grids of the form {hAj},
j € Z", where A is a nonsingular matrix. As special examples we consider
two-dimensional tridiagonal and hexagonal grids.

2.1. Approximation results. Suppose that for some K > N + n and the
smallest integer no > % the function 7(x), x € R", satisfies the conditions

(1+ [x))*|0°n(x)| < Cg, xeR", (2.1)
for all 0 < |B| < ny, and
0%(Fn—-1)(0)=0, 0<]|af<N. (2.2)

It was shown in [15] that the quasi-interpolant M, pu defined by (1.2) on the cu-
bic grid {hj}, j € Z", approximates a sufficiently smooth function u € W2 (R")
with

My pu(x) — u(x)| < eny (WD) |Vt 1o i)

X () 2 S v,

o=k vEZM\0

2.3)

where the constant cy,, is independent of u, h, and D. Moreover, under the
above assumptions on 7

Z |8°‘.7:77(\/51/)| —0 asD — o,

veZm\0

hence for any € > 0 there exist D such that the estimate (1.3) is satisfied.
Another consequence of the inequality (2.3) is the local approximation result
that for any € > 0 there exist sufficiently large D and x > 0 such that

M pu(x) — u(x)]

N-1
2.4
< eny (WD) sup. \VNu|—|—8(]uHLOORn +3° (WD) |Vu(x )y) (2.4)
X,K k:l

B(

where B(x, kh) is the ball of radius kh with center in x.
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The quasi-interpolation formula (1.2) and corresponding approximation re-
sults can be easily generalized to the case when the values of u are given on a
lattice

Ay :={hAj, jeZ"}

with a real nonsingular n x n-matrix A. We define the quasi—interpolant

det A x — hAj
My, u(x) = Z u(hAj) ( ) : (2.5)
= VDh

Using the notation ug = u(A-) , na = det An(A-), t = A~'x the sum (2.5)
transforms to

My, u(x) =D75 Y " ua(hj)na (t\/_l—)};;]> = My pua(t) ,

jezn

i.e. coincides with quasi-interpolation formula (1.2) with the transformed gen-
erating function 74 applied to the function u4. Since

[ xma = dera [ xeaxjx = [ (a0 dx.

the generating function 7,4 satisfies the decay and the moment conditions (2.1)
and (2.2) together with 7. Denoting by (AV); for the j-th component of the
vector AV and using the notation (AV)* = (AV){* ... (AV)% we have that

0%ua(t) = (A'V)*u(At) ,  9°Fna(N)) = ((A)7'V)*Fn((A)~'N),

where A" denotes the transpose to the matrix A. Then estimate (2.3) takes the
form

| My, u(x) — can (h ) IV NU| oo (R7)
=y [(A'V)*u(x)]
+ 2 ( ) aZk (2.6)
Z fn(\/_(At) )|

where the constant ca,, is independent of u, h and D. We see that it is always
possible to choose D such that the quasi-interpolant M, u satisfies an estimate
of the form (1.3) or (2.4) for any € > 0.

Note that Poisson’s summation formula on the affine lattice A = {Aj}jezn
has the form

jezn vezn
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2.2. Examples. In the following we consider some 2d-examples:
1. First we consider quasi-interpolants on a regular triangular grid.

\VAVAVAVAVAV

VAVAVAVAVAVA
\VAVAVAVAVAV

Figure 1: Tridiagonal grid
It is easy to check, that the matrix

1 1L
0

maps the integer vectors j € Z? onto the vertices yjA = Aj of a partition of
the plane into equilateral triangles of side length 1 indicated in Figure 1. From
(2.5) we see that a quasi-interpolant on the nodes {hyJ hAj}jeze of a regular
tridiagonal partition of R? can be given as

M .QDZ (hy?) (\/_hZJ>

jez?

A
In particular, the function system ;gn(Ty) forms a approximate partition of

unity and
VB n(ﬂ)
2D pr VD

From the relation

<y

vEZ\0

1 —L
-1 \/g
V3

we obtain from (2.7) Poisson’s summation formula for Gaussians n(x) = L e ~lxl?
on the triangular grid

/ n(y) e 2rVPA v dy‘
RQ

Ix ¥; £
27D Z ¢
jez?
_ l Z e27rz‘(:c1l/1+7?22u2\/_§yl)/ —ly|? —2mf(y1u1+y2%>dy (2.8)
i vezZ2 =

2 2
42 VI—r1vatry ( 2u2—y1)
_ E :e 4r*DL——=-2 e27rz TVt = .

vEeZ?
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Hence the factor of the main term of the saturation error in (2.6), which corre-
sponds to e = (0, 0), is bounded by

JAN
-y 2

\/§ 2 ul—y1u2+u§

1 o e D < e—47r 'D73

2D 2 < X
JEZ2 (V17V2)7é(070)

_4n?D

—6e 5 40P,

Note that this difference is less than single and double precision of floating
point arithmetics of modern computers if the parameter D > 1.5 and D > 3.0,
respectively.

2. Next we consider a hexagonal grid. To construct a quasi-interpolant

Figure 2: Hexagonal grid

with functions centered at the nodes of the regular grid depicted in Figure 2 we
note that this grid can be obtained if from the nodes of the regular triangular
lattice of side length 1 the nodes of another triangular grid with side length /3
are removed. This is indicate in Figure 3, where the eliminated triangular grid
is depicted with dashed lines. The removed nodes can be written in the form

Figure 3: Nodes of a hexagonal grid

Bj, j € Z*, with the matrix
3
=| 5 .
53

Hence, the set of nodes X® of the regular hexagonal grid are given by X°® =
{Aj}iez2 \{Bj}jezz , and the sum of the shifted basis functions 7(-/v/D) centered
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at the nodes of X can be written as

SoCa) 252 0w)

jezz jez2

Under the condition Fn(0) = 1 we have from (2.7)

Zn(x\;l_fj) - (1+ 3 ]:n(\/l_)(At)_lu)eQ’”(x’(At)1”)),

jez? veZ2\0

thus we obtain

x—y° 2D 2D =1\ 2mi(x,(AD)~1p)
S (X F) =R T mvpu ) e
yOEXO \/2_) \/g \/g VEZQ\O

2D 2D i1
_ - _ == F D(B? —1V e271'z(x,(B ) V).
i v 2 TIVPET)

Hence an approximate partition of unity centered at the hexagonal grid is given
by

3V3 X —y° 3 . o1
_ =1 e D(A? -1 2mi(x,(AY) " 1v)
D yoexo"( ) =ls T AU ).

Now we define the quasi-interpolant on the h-scaled hexagonal grid hX® =
{hAj}ieze \ {hBj}jez as

33 x — hy*
Miu(x) = V3 S y(hy?) n( ) |
4D yoexe \/Dh

Since it can be written in the form

Miut) =55 (i (*52) - Suomn(* 52 )).

jez2 jezz

we see that under the conditions (2.1) and (2.2) the quasi-interpolant MS5u
provides the estimates (1.3) and (2.4) for sufficiently large D. Because of

2.0
-1 3
3 3
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we obtain, by using (2.8), Poisson’s summation formula for Gaussians on the
hexagonal grid

3v/3 Cxy2 33 x—ajl? B2
e ID D —4?@(26 DS )

yeexe jez? jez2

2
_9 Z 4wzpw 627r1<a:1u1+x2 Vz\/gl’l)

VGZQ
1 u2—1/1u2+1/2 ( 2v1—vo Q)
4 Z ei4ﬂ.2D 1 - 2 eQﬂ"L Tl +x2\/§ )
veZ?

—1g—Ix[?

Hence, for the generating function n(x) = = the factor of the main

saturation error is bounded by
3\/§ == y 0|2 1 2 V%—V1U2+V§ 2 V%—V1V2+V§
e < Z Z <3e—47r D 3 + e—47r D 5 )
— 2
(v1,v2)#(0,0)
_4n?D _4n?D
= 3e 9 + O(e 3 ) .

3. Quasi-interpolants for data on perturbed grids

Here we give a simple extension of the quasi-interpolation operator on a uniform
grid, considered in the previous section, to quasi-interpolants, which use the
values u(x;) on a set of scattered nodes X = {x;};e; C R" close to a uniform
grid. Precisely we suppose

Condition 3.1. There exists a uniform grid A such that the quasi-interpolants

X — hy;
M =D~ u(h — 3.1
WUl ;;A i) ( WD ) 3

approximate sufficiently smooth functions u with the error (1.3) for any € > 0.
Let X}, be a sequence of grids with the property that for x; > 0 not depending
on h and any y; € A the ball B(hy;, hx;) contains nodes of Xj,.

3.1. Construction.

Definition 3.1. Let x; € X,. A collection of my = %—1 nodes x; € X,

will be called star of x; and denoted by st (x;) if the Vandermonde matrix
V= {(®2)"} Jal=1. N1,
h
is not singular.

Condition 3.2. Denote by x; € X, the node closest to hy; € hA. There
exists ko > 0 such that for any y, € A the star st(X;) C B(X;j, hky) with
| det Vj | > ¢ > 0 uniformly in h.
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To describe the construction of the quasi-interpolants which use the data
at X; we denote the elements of the inverse matrix of Vj; by {bg)k}, | =
1,...,N —1, x; € st (X;), and define the functional

Faw =) (1- 3 (v %)% )

|ax|=1
N-L o 3\
5 ) 3 (v )
xpEst (X5) |a|=1
The quasi-interpolants is then defined as the sum
Mypu(x) =D ¢ > F, ( hyﬂ) (3.2)
YjEA h\/_

e., the generating functions are centered at the nodes of the uniform grid
hA. This can be advantageous to design fast methods for the approximation of
convolution integrals

Kutx) = [ glx=y)uty)dy.

Here a cubature formula can be defined as

h
ICMh,Du ’Dii Z F}h / X_y)n(yh\/_yj)dy

= h" E::;Fj,h(U) /R 9<h\/7_?<xh_—\/};—;yj - y))n(Y)dy-

Then the computation of KM, pu(hyy) for yi € A leads to the discrete convo-
lution

KM, pu(hyy) = h" Z Fjp(u) a/(ﬁh)g

Y;EA

with the coefficients @\ Vo= Jan 9(h(yr —y; — VDy)) nly)dy

3.2. Estimates.

Theorem 3.2. Under the Conditions 3.1 and 3.2, for any € > 0 there exists D
such that the quasi-interpolant (3.2) approzimates any u € WX (R™) with

N—1
My pu(x) — u(x)] < expp AV IVl @ +e Y (hWD) [Viux)], (3.3)
k=0

where ¢y, p does not depend on u and h.
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Proof. For given u € WX (R") and the grid X;, we consider the quasi-interpolant
(3.1) on the uniform grid hA

Mupu(x) =D"% ) u(hy;) ”(Xh_\/]gj> '

yjEA

According to Condition 3.1 we can find D such that Mu satisfies the inequality

N-1

(Mipu(x) = u(x)| < exy (VD) IIVNUIILOC(RnJr&ZIVW )|(hVD)". (3.4)

So it remains to estimate | M}, pu(x) — M}, pu(x)|. Recall the Taylor expansion
of u around t € R”

u(x) = Z aaz!(t) (x —t)* + Rn(x,t) (3.5)

with the remainder satisfying

IRy (x,t)| < enlx —t|Y sup  |Vwul. (3.6)
B(t,|x—t|)

For y; € A we choose X; € X}, and use (3.5) with t = Xx;. We split

_n ~ hy
Muonlo) = M) +275 32 lhy, %) ()

with

MWy(x) =D Y Z 0%ulx hyg X;)%n (Xh_\/@> (3.7)

Y €A |af=0

Because of |hy; — X;| < k1h for any y; we derive from (3.6)

(i)

The next step is to approximate 0%u(X;), 1 < |a| < N, by a linear combination
of u(xy), x € st(x;). Let {afx)}1§|a|§N 1 be the unique solution of the linear
system with my unknowns

sup |Vyul. (3.8)
B(x,hr1)

|MDu(x) — My pu(x)| < ey () VD75 Y

ijA

N1 )
] (x — X;)% = u(xy) —u(X;), xx€st(X;). (3.9)
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It follows from (3.5) and (3.9) that

Xk—ij

> () —0%u(x,)) ( - )a = Ry (x4 %;) .

By Condition 3.2 the norms of V 5, are bounded uniformly for all j and h, this
leads together with (3.6) to the mequahtles

& — 0%
|a ' (%5)] < CyhNTle sup [Vyul, 0<]al < N. (3.10)
al B(%;,h#z)

Hence, if we replace the derivatives 0%u(x;) in (3.7) by a¥, then we get the

sum
Y (e % e
D8 3 (u) + X 2 s - %)% ) o X ).
y; €A la|=1 ol h\/_
which in view of a3 = 2 D st (%) bg?k (u(xk) — u(xX;)) coincides with the

quasi-interpolant M, pu, defined by (3.2). Moreover, by (3.7) and (3.10)

| My, pu(x) = MPu(x)|

(3.11)
sup |Vyul.
B(x,hk2)

Now the inequality

sup D2 Z

n
xeR y;EA

for all D > Dy > 0 implies that (3.8) and (3.11) lead to

| My pu(x) — My pu(x)| < CshY sup  |Vyul,
B(x,hk2)

which establishes together with (3.4) the estimate (3.3). O

4. Numerical Experiments with Quasi-interpolants

The behavior of the quasi-interpolant M, pu was tested by one- and two-dimen-
sional experiments. In all cases the scattered grid is chosen such that any ball
B(hj, %), JEZ", n=1orn =2, contains one randomly chosen node, which we
denote by x;. All the computations were carried out with MATHEMATICA®).
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In the one-dimensional case Figures 4 and 5 show the graphs of M, pu—u for
different smooth functions u using the basis function 5(z) = 7~ 2e~** (Figure 4)
for which N = 2, and n(z) = W_%(% —22)e™*" (Figure 5) for which N = 4, with
h = 55 (dashed line) and h = g; (solid line).

64

Ve
é >~ 0. 00025 _

I\ .
/N ° /?O} /\ A A N\ 2
\ \ s
\ Y | \ Iy T U S
\ N Iy p-oo1 ! \ I\ v o1 S5 o = 1
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0. 0006 | - 0. 0005
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- - /\ /
-0.qo1p, \y
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-0.00125%

-1 -0.5 0.5 1

Figure 4: The graphs of My, pu — u with n(z) = ﬂ_%e*xQ, D =2, st (z;) = {xj4+1},
when u(z) = 22 (on the left) and u(x) = (1+22)~!. Dashed and solid lines correspond
tohz%andh:&.

STt At 1 P e A \ / N N
. - \ . ! N
-2x10 _ 2.10 / .
.................................. S ————
1 0.5 T [T ;7 0.5 1
R+10° /
\ /
\ /
_6.10-¢ !
\ /
\ /
~1+10°° \ /
-5
//‘\f\p , f/\\//\\ 1*10\ /
N 12809 V. % 4 \/

Figure 5: The graphs of M, pu — u with n(z) = W_%(% —2%)e ™, D=4, st(zj) =
{z;_9,zj_1,2j11}, when u(x) = 2 (on the left) and u(x) = (1 + 2?)~!. Dashed and
solid lines correspond to h = 3% and h = 6—14.

As two-dimensional examples we depict in Figures 6 and 7 the quasi-interpo-
lation error M, pu — u for the function u(x) = (1 + |x|*)~! and different & if
generating functions of second (with D = 2) and fourth (with D = 4) order
of approximation are used. The h%- and respectively h*-convergence of the
corresponding two-dimensional quasi-interpolants are confirmed by the L., —
errors which are given in Table 1.
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Figure 6: The graph of My pu — v with D = 2, n(x) = 7T_1€_|X|2, N =2 u(x) =
(14 1x|?)~%, h =275 (on the left) and h = 277 (on the right).

Figure 7: The graph of My, pu — u with D = 4, n(x) = 7~ }(2 - x[2)e * N =4,
u(x) = (14 ]x|>)7%, h = 275 (on the left) and h = 277 (on the right).

h D= D=4 h D=4 D=6
274 18.75-107% | 1.57-1072 2741 4.42-107* | 9591074
27°1221-107% | 4.00-1073 2751295-107° | 6.61-107°
276 1551-107* | 1.01-1073 27611.92-107% | 4.24-10°°¢
2771 1.42-107* | 2521074 277 11.24-1077 | 2.68-107"7
278 13.56-107° | 6.50-107° 2781 780-107% | 1.71-10°8

Table 1: L, approximation error for the function u(x) = (1+x|?) ™" using M pu
with 7(x) = 7~ le X, N = 2 (on the left), and n(x) = 7~ 1(2—|x[>)e ¥’ N =4
(on the right).
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