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Abstract. In this paper we study the Bernstein-Schnabl operators associated with
a continuous selection of Borel measures on the unit interval. We investigate their
approximation properties by presenting several estimates of the rate of convergence
in terms of suitable moduli of smoothness. We also study some shape preserving
properties as well as the preservation of the convexity. Moreover we show that their
iterates converge to a Markov semigroup whose generator is a degenerate second
order elliptic differential operator on the unit interval. Qualitative properties of this
semigroup are also investigated together with its asymptotic behaviour.
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Introduction

Bernstein-Schnabl operators were first introduced by Schnabl (see [27,28]) in
the context of sets of probability Radon measures on compact Hausdorff spaces.
Subsequently Grossman in [16] proposed a general method of constructing
Bernstein-Schnabl operators on an arbitrary convex compact subset of a lo-
cally convex space and he showed that they are an approximation process for
continuous functions. A particular class of these operators has been also studied
by the first author [2] (see also [3]) and, subsequently, by several other authors
(see [8, Chapter 6] and the relevant Notes and References). Their construction
essentially involves positive projections [8, Section 6.1] and they satisfy many
additional properties useful for the study of evolution problems [8, Section 6.2].
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In this paper we deepen the study of the Bernstein-Schnabl operators as-
sociated with a general continuous selection of probability Borel measures on
the interval [0, 1], which does not necessarily arise from a positive projection.
These operators seem to have some interest because they furnish new general
approximation processes for continuous functions and they also approximate the
solutions of the initial-boundary problems associated with a class of degenerate
diffusion equations.

In the first section we recall their definition and discuss some examples
of them. After that, we investigate their approximation properties and show
several estimates of the rate of convergence by means of suitable moduli of
smoothness. Shape preserving properties are discussed in Section 2. In par-
ticular, we investigate some conditions under which these operators preserve
the convexity. In the third section we show that suitable iterates of Bernstein-
Schnabl operators converge to a Markov semigroup on C([0, 1]) whose generator
is a degenerate differential operator of the form

Au(z) = a(z)u"(z) (0<z<1) (*)

defined for every u € C([0,1]) N C*(]0,1[) satisfying lim, .o+ a(z)u”(z) = 0 =
lim, ;- a(x)u”(z) and other additional hypotheses. Here the function « is
continuous and positive on [0,1] and 0 < a(x) < @ (0 < x < 1). By means
of Bernstein-Schnabl operators we establish some qualitative properties of this
semigroup and, in particular, its asymptotic behaviour. In the same section
we also study the generation properties of general differential operators of the
form (*) and determine suitable continuous selections of Borel measures such
that the iterates of the corresponding Bernstein-Schnabl operators converge to

the given Markov semigroup.

1. Bernstein-Schnabl operators

Throughout this paper we denote by C([0, 1]) the space of all real valued con-
tinuous functions on the interval [0, 1] endowed with the sup-norm || - ||oc.

Let B([0,1]) be the o-algebra of all Borel subsets of [0,1] and denote by
M™([0,1]) the cone of all (regular) Borel measures on [0, 1]. The support of any
pw € M*([0,1]) is denoted by Supp p. For every x € [0,1] we denote by &, the
point-mass measure concentrated at x, i.e.,

1 if B
e+(B) == {0 ifi ; B: for every B € B([0, 1]).

The symbol 1 stands for the constant function 1 and, for every n > 1,
en € C([0,1]) denotes the function e, (t) :=t" (0 <t < 1).
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A continuous selection of probability Borel measures on [0, 1] is a family
(tz)o<z<1 of probability Borel measures on [0, 1] such that for every fe(([0, 1])
the function

1
g;._>/0 Fda (1.1)

is continuous on [0, 1]. Such a function will be denoted by T'(f), i.e.,

T(f)(x) = / fdus (0<z<1). (1.2)

The operator T' : C([0,1]) — C([0,1]) is positive (hence continuous) and
T(1) =1 (and hence ||T]| = 1).

In fact, by Riesz representation theorem, each positive linear operator
T :C([0,1]) — C([0,1]) such that T'(1) = 1, generates a continuous selection
of probability Borel measures on [0, 1] satisfying (1.2). Thus, all the definitions
and results we shall develop in this paper, could be equally attributed to a
general positive linear operator as above. However we prefer to handle Borel
measures instead of linear operators for the sake of simplicity:.

From now on we shall fix a continuous selection (fi;)o<z<1 of probability
Borel measures on [0, 1] satisfying the following additional assumption:

1
/ erdp, =z (0<z<1) (1.3)
0

€. = e;1). By Jensen’s inequality [9, Theorem 3.9] it follows that
2?2 < T(ez)(w) <z (0 < x <1). Therefore

0<T(eg)(z) —a*<ax—a’=2(l-2) (0<z<1). (1.4)

By means of such a selection it is possible to define a sequence of positive
linear operators.

Definition 1.1. For every n > 1, the n-th Bernstein-Schnabl operator asso-
ciated with a given selection (f1;)o<z<1 satisfying (1.3) is the positive linear
operator B, : C([0,1]) — C([0, 1]) defined for every f € C([0,1]) and z € [0, 1]
as

Bu(f)(x) : = /[ o (%) i, )

/ / (“‘” ”")dwl)---duxxn),

where 1]} denotes the tensor product of p, with itself n-times.

(1.5)
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Each positive linear operator B,, maps the space C([0, 1]) into itself because
of (1.1), it is continuous with respect to the sup-norm and ||B,|| = 1 since
B,(1) = 1. Note that, if u, = xe; + (1 — z)gg for all x € [0, 1], they turn
into the well-known Bernstein operators (see, e.g., [8, pp. 218-220]) which are
defined by setting, for every n > 1, f € C([0,1]) and z € [0, 1],

(7= 3 (1)t -y (£).

k=0
Here we discuss some other examples.

Examples 1.2.

1. For every z € [0, 1] consider the measure j, = a(z)eg + S(x)e1/2 + 7y(x)eq,
where «, 3,7 € C(]0,1]) are such that 0 < a < 1,0< < 1,0 < v <1,
a+pf+v=1and z = @ + 7v(z) (0 < 2 < 1). The Bernstein-Schnabl
operators are given by

B =Y (Z) (” B ") o))y (2) f (h ;f’“)

h=0 k

for every f € C([0,1]), z € [0,1], n > 1.

2. Let A € Cy(]0, 1]) be a function satisfying 0 < A < 1 and, for every 0 < z < 1,
consider the probability Borel measure i, defined as

{ Ax)[zer + (1 —x)eg] + (1 = A(x))e, if 0 <z <1,
Ko = .
Ex if x=0,1.

The family (. )o<z<1 is a continuous selection of probability Borel measures sat-
isfying (1.3) and the Bernstein-Schnabl operators associated with the continuous
selection (p,)o<z<1 are the Lototsky-Schnabl operators defined by

| gzi:(z) (n;h) oy if0<a<l,
Loa(f)(z) = X AMz)" "1 = \z)"f (§+%I)
| f(2) if ©=0,1,

for every f € C([0,1]), z € [0,1], n > 1 (see [4,8]).

The next identities turn out to be useful in studying the convergence of the
Bernstein-Schnabl operators. They can be proved by direct calculations which
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we omit by the sake of brevity (see also [8, Section 6.1]). For every n > 1 the
following identities hold true:

Ba(1) = 1. (1.6)

Bn(e1) = ey,

Bu(es) — %[m “1)es+ T(e)], (1.8)

Ba(es) = % [T(es) +3(n — 1) e Tes) + (n — 1)(n — 2) es]. (1.9)

B(e4) = % [T(e4) +4(n—1)e; T(e3) +3(n— 1) T(ey)? (1.10)
+6(n—1)(n—2)esT(e2) + (n— 1)(n — 2)(n — 3) e4],

where T is given by (1.2).

Since the operators B, are linear and positive, by the Korovkin theorem
(see, e.g., [8, Theorem 4.2.7]) and the above formulas it follows that (B,,),>1 is a
positive approximation process in the space C([0, 1]), i.e., for every f € C([0,1])

lim B,(f) = f uniformly on [0, 1]. (1.11)

n—oo

It is possible to estimate the rate of convergence described in (1.11). We
shall actually present both pointwise and uniform estimates of the rate of con-
vergence by means of the usual moduli of smoothness of first and second order

w(f,0) and wo(f,d) (6 > 0), respectively, defined as

w(f,0) =sup{[f(z) — f(y)| : [z —y| < 6,2,y € [0, 1]}
and

Tr+y

t1.8) = sup {160 25 (F52) + )| s o - ol < 2. € 1

for every real valued bounded function f on [0,1] and § > 0 (see, e.g., [8, Section
5.1]), as well as by the second order Ditzian-Totik modulus w§ (f,d) (& > 0)
defined by means of the weight function ¢(x) := \/z(1 — z), x € [0,1], as

(0= suw{ | 10127 (5 2) 100 bo-o1 < 250 (Z5Y) cove o}

for every real valued bounded function f and § > 0 on [0, 1] (see [12,29]).

We first need some preliminary remarks. As usual, for every 0 < z < 1, we
shall denote by v, the function ¢, (t) :==¢t — 2z (0 < t < 1). It will be useful to
evaluate, for every n € N and x € [0, 1], the moments of the first and second
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order of the operators B,,. Taking formulae (1.7) and (1.8) into account, for
every = € [0, 1], we get

B () (x) = 0 (1.12)
B(u?)(w) =~ (T(ex)(w) — a?) (1.13)

If we set
M = Jnax (T(e2)(z) — 2?), (1.14)

we further obtain B, (¢?2)(z) < & < L (see (1.4)).

We are now in a position to show the following estimates, which would be
compared with other ones stated for arbitrary convex compact subsets, e.g.,
in [5] and [20,21].

Theorem 1.3. Fizn > 1, f € C([0,1]) and x € [0,1]. Then:

(1) [Ba(f)(@) = f(2)] < (1+ T(e2)(x) — 2*)w(f, o)
and hence

1B(F) ~ flle < 1+ 20)0 (1,2 (1.15)

where M is given by (1.14);
2) 1Bulf)(@) = f(2)] < (1+ 22222 0 (1, L)

and hence ur
1
B0 -l (145 ) (=)
(3) 1Bu(F) () = flo)] < 3 (14 P25 (1, &) (1.17)
and hence
1Bu(f) = flloo < 3wE (f, %) : (1.18)

Proof. By a general estimate proved in [8, Proposition 5.1.5], given > 0, by
(1.8) we have

Bu)) = 0] < |1+ 55 (Bulea) o) = eaa) (£,

_ (1 + %—T(@)(z) — xz) (. 6).

Setting § = \/iﬁ we obtain the pointwise estimate of (1) and hence (1.15).
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By [22] (see also [15, Theorem 10]) we get

\E%(fﬂw)—:f@ﬂlé!E%(lﬂw)—-le(xﬂ-%%LBnOAJ(xHaKfﬁﬂ

(1.19)
+(Ba@) + 55 B @) ca(1,0),

Since B, (1) =1 and B, (¢.)(x) = 0, from (1.19) it follows that

1 T(es) () — 3:2)

Bu(f)() — ()] < (1 L L wa(£.9).

202

Setting 0 = \/Lﬁ we obtain the first estimate of (2) and hence (1.16).
We now observe that the Bernstein-Schnabl operators reproduce linear func-
tions. By using a general estimate for positive linear operators reproducing

linear functions [14, Theorem 15| we have

B~ o <5 (145 2 wrga

Replacing (1.13) in (1.20) and setting § = \/Lﬁ, we get (1.17). Finally (1.18)
follows from (1.17) and (1.4). O

2. Some shape preserving properties of Bernstein-Schnabl
operators

In this section we prove that, under suitable hypotheses, Bernstein-Schnabl
operators preserve the class of increasing continuous functions as well as the
one of Hélder continuous functions. Finally we investigate the behaviour of the
operators B,, on convex functions.

Theorem 2.1. Consider the sequence of the operators B, defined by (1.5) and
suppose that the operator T, given in (1.2), maps increasing functions into in-
creasing functions. Then, for everyn > 1, B,(f) is increasing on [0, 1], provided
[ is increasing on [0, 1].

Proof. If n = 1 the result is obvious because By = T. Suppose n > 2 and
consider an increasing function f € C([0,1]) and z € [0,1]. We shall use some
auxiliary functions introduced in [26] (see also [8, Theorem 6.1.21]).

For every 1, ..., 2,_1 €0, 1] we consider the function f 0,1] — R
defined by

7777 Tn—1"

f £L’1+"'+l’n71+t
n

) 0<t<1). (2.1)
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Moreover, for every k = 2,...,n — 1 we consider the functions on [0, 1] defined
by the following recursive formula:

oty (0 =T e, (@) (02T,
Finally we define

fr@) =T ) (0<t<1).

By finite induction it is easy to prove that f7 .  is increasing for every
k=1,...,n—1. Moreover, we observe that f* is increasing as well.

Now let y € [0, 1], # < y and observe that for every k =1,...,n— 1

T(f2, ) @) <T(fL . 0) ®) (2.2)
T(fY) (@) <T(f*)(y)- (2.3)
Since ttiny = SR s WE have
1+ T,
B, T) = — | dui (21, ..., 2y
D= [ (A )

= / T ( 5?1 ..... Ctn_l) ($) dll’l/gil(a:l? R 7'1.77,*1)
[071]n71

B /[ T Pna) @A ).
0’1 n—1

From (2.2) it follows that

B.(f)(x) < / T ) @) s 2a)

[071]11—1

1
[ o) diten | 4
0,12 LJo

<[ T ) W )
[0,1]"_2

= / Y an s @) dpl P (2, )
0,1]7-
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and, by (2.3),

Bu(f)(x) S/O T(f2)(y)dpa (1) :/o f ) dps(21) = T(f) (@) < T(f*)(y).

On the other hand B, (f)(y) = T'(fY)(y), because

| f(—) ICTS
71”

n

Bu(f)0) = [

0

1
[ ) di ) di )
[0,1]7-Jo
— [T ) G )
[0,1]»—1
= / CZCJl ,,,,, Tpn—2 ($n—1> dluy(xn—l) d:uZ_Q(xla s axn—Q)
0,171
= /[ T (fY.an) W) dpn (w1, Tns)
1
== [ () G ) = TU)

Accordingly, since x, y € [0, 1] were arbitrarily chosen, the proof is complete. [

Remark 2.2. In the particular case of Examples 1.2, 2, with A constant, the
above result has been proved in [1, Theorem 1].

Now we proceed to show the property of preserving classes of Holder conti-
nuous functions. For given M > 0 and 0 < o < 1 we shall denote by Lipy;a the
set of all f € C([0, 1]) such that |f(z)— f(y)| < M|z —y|* for every z,y € [0, 1].

We have the following result whose proof follows the same line of [26] (see
also [8, Theorem 6.1.21]) and so we omit it.

Theorem 2.3. Let (B,,)n>1 be the sequence of the Bernstein-Schnabl operators
defined by (1.5) and suppose that there exists ¢ > 1 such that

T(f) € Lip.1 for every f € Lip,1,

where T is given by (1.2). Then, Bn(f) € Lipcyl for every f € Lipy1 and
n > 1.

Since ||B,|| = 1, according to the above theorem together with Corol-
lary 6.1.20 in [8], we immediately have the further corollary.
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Corollary 2.4. If T'(Lip;1) C Lip.1 for some ¢ > 1, then for every n > 1,
fe€C(0,1]),6 >0, M>0and 0 <a<1

W(Bu(f),0) < (14+c)w(f,0) and B,(Lipya) C Lipeaysa.
In particular, if T(Lip,1) C Lipi1, then
w(Bn(f),0) <2w(f,d) and B,(Lipya) C Lipya.

As regards the behaviour of Bernstein-Schnabl operators on convex func-
tions we already know from general results for convex compact sets that, if
f €C(]0,1]) is convex, then

f < Buna(f) < Bu(f) <T(f) (2.4)

(see [8,24,25]).

Next we investigate some conditions under which the Bernstein-Schnabl
operators preserve the convexity. This is certainly true for the classical Bern-
stein operators and in the case of the Lototsky-Schnabl operators with A con-
stant in [0, 1] (see [1, Theorem 1] and [8, Theorem 6.1.21]). For the general case
we shall require additional hypotheses on the continuous selection (f,)o<z<1-
More precisely we assume that:

(c1) The operator T, given in (1.2), maps continuous convex functions into
(continuous) convex functions;

(c2) For every convex function f € C([0,1]) and for every z,y € [0, 1]

/ Prd(pe @ e + ty ® 1) > 2/ prd(pe @ py),  (2.5)
[0,1]2 [0,1]2

where ¢¢(s,t) := f (&), (s,t) € [0,1]* and the symbol @ denotes the
tensor product of measures.

For a given n > 1 and f € C([0, 1]) set

1 1 .« o
Bl = [ [ () ) (1),

n

where x; € [0, 1], for every i =1,... n.

We first observe that the function F,,(f;...) is invariant with respect to any
permutation of the indices 1,...,n. F,(f;...) is convex with respect to each
variable x;, i = 1,...,n. Finally, for all z; € [0,1], ¢ = 1,...,n, by using (2.5)
we can write

2F, (f;x1, . @i, Tig1,y o, Tp)

2.6
SFn(f;xla"'a$iawi7"'7xn)+Fn(f;x17"'7xi+17$i+17"'7xn)- ( )
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Moreover, for every p,q > 0, p+ q¢ = n, and for every x,y € [0, 1] set

Sopa(fixy) = Fo(fix,.. o ny, .. y) + Fo(fiz, ooy, .o y). (2.7)
—_—— S — —_—— S —
P q q P
Note that
Sn7p7Q(f; x? y) = S”?Q?]?(f; x7 y) (2'8)

and the following lemma holds.

Lemma 2.5. Under hypotheses (c1) and (c2), for every conver f € C([0,1]),
k>1 and z,y € [0,1] we have

Skk—11(fr2,y) < Skro(fiz,v). (2.9)

Proof. For k =1, (2.9) is satisfied by virtue of (2.8). Assume that k = 2m + 1
with m > 1. By (2.6) and (2.7) we obtain

2Skoma(fix,y) = 2F(fiz, ..z, y) + 2Fe(fr2,y, ... y)
< F(f;x,...,x,x,x) + Fpo(f;2,. .. 2,9, y)
+ B fiz oy, 0) + Bl fiy.0.0 - 0y)
= Skom+1,0([52,¥) + Skam-12(f; 2, 9).

Hence Sk om1(f;2,y) < Skomt1,0(f;2,Y) + Skom-12(f; 2,y). With an analogue
reasoning it is possible to prove the following inequalities:

2Sk,2m71,2(f; x, 3/) S Sk,2m,1(f; x, y) + Sk,2m72,3(f; x, y)
2Skom—23(f12,9) < Skom-12(f;2,y) + Skom—34(f;2,¥)

2Skmr1m(fi2,y) < Skmsom-1(f;2,9) + Skmmir (f;2,9).
From (2.8) it follows that Sk m41.m(f; %, y) = Skmm+1(f; 2, y) and so
Skm+1,m (3T, Y) < Skmrzm—1(f; 2, Y)-
Subsequently we have Sk mt1.m(f; , ¥) < Skmt2.m-1(f;2,Yy) <Skmtsm—2(f; ,v)

< - < Skomi10(fix,y) and the last inequality actually gives (2.9). Assume
now that k = 2m, m > 1. With an analogue reasoning we get

25k om-11(f12,9) < Skomo(f;2,y) + Skom—22(f;2,v),
25k om—22(f12,9) < Skom-11(f;2,y) + Skom—33(f;2,v),

QSk,m,m(fy z, y) S Sk,m+1,mfl<f; z, ZI) + Sk,mfl,erl(f; z, y)
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Since Sk,m—i—l,m—l(f; xz, ?J) = Sk,m—l,m—&—l(f; xz, y) we have
Sk,m,m(f; x, y) S Sk,m-‘rl,m—l(f; x, y)

and hence Simm(fi7,9) < Skmerm-1(f32,9) < -+ < Skomo(f;2,y). And,
again, the last inequality gives (2.9). ]

At this point we can state the following result.

Theorem 2.6. Consider the Bernstein-Schnabl operators B, associated with
a continuous selection of probability Borel measures (ii,)o<z<1 defined by (1.5)
and assume that (c¢1) and (cz) hold true. Then, for every n > 1 and for every
convex function f € C([0,1]), B,(f) is convezx on [0,1].

Proof. If n =1, By(f) = T(f) is convex. Suppose n > 2 and consider a convex
function f € C([0,1]). Since B,(f) is continuous, it is sufficient to show that,
for every x,y € [0, 1],

T+y 1 1
Bu0) (152 < 3Bl1)(0) + 3B (2.10)
For every x1,...,2,_1 € [0,1] consider the auxiliary function defined by (2.1).

Condition (c;) implies that the function = € [0,1] +— T (f* . ) (z) is

convex too, because f7 . is convex. Moreover

. - oy
for every z,y € [0, 1], since ) L

We now proceed by reasoning by induction on n. Suppose that (2.10) is
true for n — 1 and consider the function 4, (f, z,) defined by

S (f, 20)(t) = (”; 1t+%xn) (0<t<1).

Then
T+ T+ -+, n
m (520) = [ (B
[0,1]" n 2
x _|_... +$TL— n
:/ (5n(f,xn)< L 1) sy (T1, ... Tp)

[071]n n — 1 2
1 x 4+
0
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Since (2.10) is true for n — 1, we get

B0 (5Y) <3 [ Bus 6ul65) () ()

2 =2
1

+§1:R%N%Uﬁwﬂw@wy@@

and, by the definitions of B, and d,(f,x,), we obtain

Bn(f)<x;y) <3 /ow 1/f (u>d,uz+y(xn)du LC TR

365

T+ -+ T, e
‘A ]t/f(l )du () s )
0,1]n-1

z+y T + Y
= 5/[01] 71T< 55127---73%71) ( 2 > d,u (xla s 7xn71)

1 2ty T4y _
- T(xz_) ANy, .. any).
+2/[;)71]n1 fl, s In ( 2 ) IU/y (:Cl X 1)

Now, by (2.11) we have

1
<[ T )@ )
1 Y n—1
+4_L T( L1, xn_l) (y) d/’Lx (ajla"'?xn—l)
[0’1}71—1
f1 [ T ) @ e )
[0,1)7—1

1
+_/ T(i{lxn 1)( )dlu’ (‘Tla"wwnfl)
4 [01} b b

1
= Z_J: / / f;l ..... Tp— I(In> dﬂ/z(xn) d/,l/ (.CC17 e 7xn71)
[0,1]n—1

/ 1/ 77777 en_1 (@) dpty () duzfl(zl,...,xn,l),
0,1]n—



366 F. Altomare et al.
that is

Bu0) (152) < §Bl1)@) + 1 Ba0)0)

1 1 x ++xn .

4 Jo Jioan-1 n

1 ! x1+...+x

- L I e Tpe1) At (2).
+4/04),1}njf< n ) fy (T, Tn1) dpig (@)

Note that B, (f)(z) = F.(f;z,...,z) and hence the last inequality turns into

5 ("5
< BN+ i m) + Ffi ) + 1 BalD)
< 1B ey + Ry, 1 By
= BN + S (fin) + S BA)).
Finally, by (2.9) for k = n and by (2.7) and (2.8),
1 1 1
B0) (152) £ 1D + gSumal i) + {BN0)
1 1
since
2Snno(fi2,y) = Fa(fiz, .. 2) + Fu(fry, . y) = Ba(f)(@) + Ba(f)(y).
This completes the proof. O

Examples 2.7. Examples of measures satisfying the hypotheses (¢1) and (cz)
of the previous theorem are illustrated below:

Lopiy =1 —2x)eg+ze; (0< 2 <1).

2. For a given X € [0,1], set p, := (1 — Neg + A(1 — x)eg + Axey (0 < a < 1).
3. Consider a concave function g € C([0, 1]) such that 0 < f(z) < min{z, 1 —z}
and set iy := (1 — 2 — B(2))eo + 26(x)e1/2 + (x — B(x))er.

3. Bernstein-Schnabl operators and their associated
Markov semigroups

In this last section we show that suitable iterates of Bernstein-Schnabl operators
converge to a Markov semigroup on C([0,1]) whose generator is a one-dimen-
sional second-order elliptic degenerate differential operator. We also study some
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qualitative properties of this semigroup and, in particular, its asymptotic be-
haviour. In the last part of the section we determine those differential operators
which generate those Markov semigroups which can be represented by iterates
of suitable Bernstein-Schnabl operators.

In the sequel we denote by Cy(]0, 1) the space of all continuous functions
on |0, 1] which vanish at 0 and 1. This space is a closed subspace of Cy(]0, 1[).

Let (2)o<z<1 be a continuous selection of probability Borel measures on
[0, 1] such that fol erdp, = x for every z € [0, 1].

In Section 1 we have already observed that 0 < T'(ep)(z) —2? < x — 2? =
z(1—2) (0 < <1), where the operator 71" is defined by (1.2). In particular we
get T'(e2)(0) = 0 and so Supp pg = {0}; therefore py=eo. Moreover T'(e2)(1) =1,
SO fol(el — e9)dpy = 0 and Supppy C {0,1}. Then there exist «, 5 € [0,1],
a+ 6 =1, such that uy = aeg + fBe1, 80 1 = fol erdp, = (. In conclusion we
obtain a« = 0 and p; = ¢;. Finally we observe that, if 0 < x <1, then

T(ey)(x) = 2* if and only if p, =e,.

Indeed, if T'(ez)(x) = 22, considering the function v, (t) = (t —z) (0 <t < 1),
we have fol V2dp, = 0, so Supp p, = {x} and p, = &,. The converse is trivial.
From now on we suppose that the family (u.)1<.<1 satisfies the following

further condition
Wy # €, for every 0 < x < 1. (3.1)

Set

a(x) = % (T(e2)(z) — 2*) = % </01 eadply — 1:2) (0<z<1). (3.2)

Then a € C([0,1]), a(0) = (1) = 0 and
(1l —x)

0< <
a(z) < 5

for every 0 < z < 1.
3.1. An asymptotic formula. Now consider the sequence (B, ),>1 of the
Bernstein-Schnabl operators associated with the continuous selection (fi;)o<z<1-
From definition (1.5) and from the above remarks it follows that, for every n > 1,
fec(o,1]),

B,(f)(z) = f(x) for x=0,1. (3.3)
In particular from (3.3) it follows that the operators B, map the space Cy(]0, 1|)
into itself.

We now proceed to establish an asymptotic formula for the operators B,,.

Theorem 3.1. Consider the sequence (B,,)n,>1 defined by (1.5). Then, for every
u € C*([0,1]),
lim n(B,(u) —u) = au” uniformly on [0,1], (3.4)

n—oo

where a is defined by (3.2).
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Proof. First note that from (1.6),(1.12) and (1.13) it follows that lim,, .1 (B, (1)
—1) = lim,, oo B, (¥,)(z) = 0 and lim,, .o, nB,(¥?)(z) = T(ez)(x) — 2% uni-
formly with respect to x € [0,1]. On the other hand, since ¥} = e, — 4xez +
6z%ey — 4x%e; + 211 (0 < 2 < 1), by using (1.6)—(1.10), we obtain

Bu(uf)(w) = 5 [T(en)(w) — 42 T(es)(x) +3(n — 1) T(e2)*(2)
—6(n — 2) 22 T(es)(x) + 3(n — 2) :1:4]

and hence lim,, .o, nB,(¥2)(z) = 0 uniformly with respect to x € [0,1]. Ac-
cordingly the result follows from [18] (see also [5, Theorem 1}). O

3.2. Degenerate differential operators on [0, 1]. The asymptotic formula
(3.4) naturally leads to the differential operator Z(u) = au” (u € C*([0,1])). In
this subsection we shall investigate whether such differential operators are the
pregenerators of Markov semigroups, i.e., they admit an extension which is the
generator of a positive Co-semigroup (7'(¢))¢>o on C([0, 1]) such that T'(¢)1 =1
for every t > 0. For more details about the theory of Cy-semigroups we refer
the reader to [13,23].

We also recall that, if (7'(¢)):>o is a Co-semigroup on C([0, 1]) with generator
(A, D(A)), then T'(t)1 = 1 for every t > 0 if and only if 1 € D(A) and A1 = 0.

Consider an arbitrary function a € C([0, 1]) such that «(0) = a(1) = 0 and
assume that 0 < a(z) < @ (0 <z <1). If we set

2a(x)

Az) = m 0<z<1), (3.5)
we have that A € C(]0,1[), 0 < A(z) <1 (0 <z < 1) and
az) = Mx(;ﬁ) (0<z<1). (3.6)
Set
Dy (A):= {u e C([0,1)) N €20, 1| lim a(w)u’(x)= lim a(:z)u”(x):O} (3.7)
and
Dy (B)={uec((0,1)N €20, 1) lim 2(1—z)u"(x) = lim 2(1—a)u"() =0},

i.e., we assume Ventcel’s conditions at the boundary points 0 and 1. Clearly
Dy (B) C Dy(A). For every u € Dy (A) (resp. u € Dy(B)) and € [0, 1] define

Au(z) = {O‘(SU)U”(%) if0<az<l,

3.8
0 ifz=0,1 (3:8)

2d=w) ifo<z<1
Bu(z) =4 2 W) i0<o<l (3.9)
0 ifx=0,1.
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It is well-known that (B, Dy (B)) and (A, Dy (A)) generate some Markov semi-
groups on C([0, 1]) and C([0,1]) is a core for (B, Dy/(B)) (see [8, Theorem 6.2.6;
Theorem 6.3.5]).

We recall that, given a linear operator A : D(A) — E defined on a linear
subspace D(A) of a Banach space E, a core for (A, D(A)) is a subspace Dy
of D(A) which is dense in D(A) for the graph norm |lull4 = |lu| + ||Aul|
(u € D(A)). Moreover, a Feller semigroup on Cy(]0,1[) is a Cy-semigroup of
positive linear contractions on Cy(]0, 1[). Now let

D(Ag) == Dy(A)NCo(]0,1]) and  D(By) := Dy(B) N Co(]0,1])

and
Agi= Ay, 5 D) — Call0, 1D,

By i= By, : D(Bo) — Co(J0,1]). (3.10)

Note that, from (3.6), D(By) C D(Ag) and Agj,,, = ABo.
We have the following result.

Proposition 3.2. The operators (By, D(By)) and (Ao, D(Ag)) generate some
Feller semigroups on Cy(]0,1[). Moreover, C*([0,1]) N Co(]0, 1) is a core for
(Bo, D(By)).

Proof. The first part of the statement is a direct consequence of Proposition 2.2
in [7]. In order to prove the last part, fix u € D(By). Since D(By) C Dy (B)
and C%([0,1]) is a core for (B, Dy(B)), there exists (uy,),>1 in C*([0,1]) such
that uw, — w and Bu,, — Bu uniformly on [0, 1] (the functions Bu, and Bu
are extended to 0 at the boundary points 0 and 1). In particular u,(0) — 0
and u,(1) — 0. For every n > 1 set v,(z) := up(x) — zu,(1) — (1 — 2)u,(0).
Then v, € C?([0,1]) N Cy(]0,1[), v, — u uniformly on [0,1] and finally Bv, =
Bu,, — Bu uniformly on]0, 1]. O

In order to determine a core for the operator A we consider the following
subset of D(Ay):

D.(Ap) :== {u € D(Ay) | There exists (uy)n>1in D(Bp) such that (3.11)
u, — u and Agu, — Agu uniformly on [0, 1]} '
Clearly D(By) C D.(Ay).

Theorem 3.3. The operator (Ag, D.(Ap)) is the generator of a Feller semigroup
on Co(]0,1[) and C?([0,1]) N Co(]0, 1[) is a core for (Ag, Di(Ap)).
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Proof. From Proposition 3.2 it follows that (By, D(By)) is the generator of a
Feller semigroup on Cy(]0,1[). Thanks to [6, Corollary 2.7], (ABy, D(By)) is
closable and its closure (C, D(C)) generates a Feller semigroup on Cy(]0, 1[).
Since (Ag, D(Ay)) is closed, D(C) = D.(Ap) and Aojp, s,y = C- Finally, if
u € D,(Ap), fixed ¢ > 0, there exists v € D(Bp) such that [ju —v|| < 5
and [|Aou — Agv|| < 5. On the other hand, by Proposition 3.2, there exists
w € C*([0,1]) N Cy(]0, 1[) such that |v — w| < § and ||Byv — Byw|| < §. Then
[u —wl[| < [lu =[]+ [[v —w]| < e and [[Agu — Agwl| < [|Aou — Agv]| + [|ABov —

ABow|| < e. O

We are now in a position to show the desired generation result on the space
C([0,1]). To this end, set

Dy (A) = {u € Dy (A)| There exists (uy)n>1 in Dy (B) such that

‘ (3.12)
u, — u and Au, — Au uniformly on |0, 1]}
Obviously Dy (B) C Dy, (A). Moreover note that
D3y (4) N Cof0, 1)) = D.(Ay). (3.13)

Indeed, clearly D,(Ay) C D} (A) N Cy(]0,1[). Conversely, fix v € D (A) N
Co(]0,1]). Then u € Dy(A) N Co(]0,1[) = D(Ap) and there exists a sequence
(tn)n>1 in Dy(B) such that u, — w and Aw, — Awu uniformly on [0,1]. In
particular u,(0) — 0 and wu,(1) — 1. For every n > 1 set

Un () == up(x) — 2u,(1) — (1 — 2)u,(0) (0 < <1).

Then v, € D(By), v, — u uniformly on [0,1] and Agv, = Av, — Au = Apu
uniformly on [0, 1]. Therefore u € D,(Ay).

Theorem 3.4. The operator (A, D}, (A)) is the generator of a Markov semi-
group (T(t))s>0 on C([0,1]) and C3([0,1]) is a core for (A, Di;(A)).

Proof. The first part of the statement will be proved by a generation result of
Bony, Courrege, Priouret [10]. Indeed, D}, (A) is dense in C([0, 1]), since Dy (B)
is dense in C(]0,1]). Moreover, the operator (A, D}, (A)) satisfies the positive
maximum principle (see [10]), since (A, Dy (A)) satisfies it.

Finally we proceed to show that R(AI — A) = C([0,1]) for A > 0 fixed. Let
f € C(]0,1]) and consider the function g(x) := f(x) —xf(1) — (1 —x)f(0). Then
g € Co(]0,1]). From Theorem 3.3, (A — Ag)(D.(Ap)) = Co(]0, 1) and so there
exists an element u € D,(Ap) such that A\u — Agu = g. Now set

o(w) = u(e) + () + (1= D)fO)] O0<w<1)
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(the function w is continuously extended at 0 and 1). Since u € D(Aq) C Dy (A),
v € Dy(A) and Av = Agu on [0, 1]. Moreover A\v — Av = f.

In order to show the last part, let u € D}, (A) and € > 0 and consider the
function A € Cy(]0, 1[) defined by (3.5), so that a(x) = @)\(w) (0<z<1).
Take v € Dy (B) such that ||u—v|| < § and [|[Au—Av|| < §, and let w € C*([0, 1])
such that ||[v—w|| < § and ||[Bv—Bw| < 5. Then [[u—w| < [[u—v|+|lv—w]| <
e. Moreover if z = 0,1, then |Au(z) — Aw(z)| =0 <eand, if 0 <z < 1,

|Au(z) — Aw(z)| < |Au(z) — Av(z)| + |Av(z) — Aw(z)|
< g + [\(z)Bu(z) — Mz)Buw(z)|

< g + |Bv(z) — Bw(x)| < e.

Accordingly ||Au — Aw|| < e. O

3.3. Markov semigroups associated with Bernstein-Schnabl operators.
We turn back to the Bernstein-Schnabl operators associated with a continuous
selection of probability Borel measures (i )o<z<1 on [0, 1] which satisfies (1.3)
and (3.1).

For every p > 1 the power B? of order p of the operator B,, is defined by

Theorem 3.5. Let a be the function defined by (3.2) and consider the operators
(Ao, D.(Ay)) and (A, D}, (A)) defined by (3.10), (3.11) and (3.8), (3.12), respec-
tively. Then these operators generate a Feller semigroup (S(t))i>0 and a Markov
semigroup (T'(t))i>0 on Co(]0, 1[) and C([0,1]), respectively. Moreover, for every
t>0,5(t) = T(t)\co(]o,l[) and, for every sequence (k(n)),>1 of positive integers
such that ™™ — ¢ and for every f € C([0,1]),

n

T(t)f = lim B¥™ f  uniformly on [0, 1]. (3.14)

Proof. The first part of the statement follows from Theorems 3.3 and 3.4. More-
over, by Theorem 3.1, for every u € C*([0,1]) C D} (A)

lim n(B,(u) —u) = Au uniformly on [0, 1]
and C%([0,1]) is a core for (A, D} (A)). Finally, for every n > 1 and p > 1,
|BE|| = 1 since B?(1)=1. Therefore, from Trotter’s theorem (see [13, Corol-
lary 5.8]; see also [8, Theorem 1.6.7]) formula (3.14) easily follows.
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Finally, fix ug € D.(Ay) C D, (A) and consider the function u(t) := T'(t)uo
(t > 0). Then u(t) € D (A) for every t > 0, u is strongly differentiable in
0, +00[ and dqfi—(tt) = Au(t) for every t > 0. From (3.14), (3.4) and (3.13), it
follows that T'(t)ug € D}, (A) NCo(]0, 1]) = D.(Ap) and so, by the uniqueness of
the solution of the Cauchy problem associated with (Ao, D«(Ap)), we get that
u(t) = S(t)ug for every t > 0. Therefore T'(t) = S(t) on D,(Ap) and hence on
Co(]0, 1]), because D,(Ap) is dense in Cy(]0, 1]). O

From Theorem 3.5 and the main result of Section 2 the following Corol-
lary immediately follows. It collects some qualitative properties of the semi-
groups indicated in Theorem 3.5, and hence of the solutions of the Cauchy
problems associated with (A, D}, (A)) (or with (Ao, D«(Ap))) which are given
by u(t) = T (t)ug, ug € Di(A) (resp., u(t) = S(t)ug, up € Di(Ap)).

Corollary 3.6. Under the same assumptions of Theorem 3.5, the following
statements hold true:

(1) If the operator T given by (1.2) maps continuous increasing functions
into (continuous) increasing functions, then each T(t) maps continuous
increasing functions into increasing functions.

(2) If T(Lipy1) C Lipy1, then for every M >0, 0< o <1 andt >0,
T(t)(Lipya) C Lippov.

(3) If f € C([0,1]) the following statements are equivalent:

(i) f is convex;
(i6) f<T(t)f for everyt>0.

(4) Under the assumptions (c1) and (ca) of Section 2, if f € C([0, 1]) is convex,
then each T(t)f is convex (t > 0) and (T'(t)f)i>0 is increasing.

Proof. Statements (1) and (2) follow from Theorem 2.1 and Corollary 2.4. The
implication (i) = (ii) follows from (2.4). Conversely, assume that f < T(t)f
for every ¢t >0 and set u(r) := 1 [ T(s)fds € D;;(A) for every r > 0. Then
Au(r) = Y[T(r)f — f] > 0, so that u(r) is convex for every r > 0. Accordingly
f =lim, o+ u(r) is convex too.

The first part of (4) is a consequence of Theorem 2.6. As regard to the
second part, we first consider u € D} (A), u convex. Then for every t > 0,
T(t) € Dy (A) and T'(t)u is convex. Therefore AT (¢)u > 0 and hence ST'(t)u =
AT(t)u > 0 (t > 0), so that (T'(t)u)i>o is increasing. We now consider an
arbitrary convex function f € C([0,1]). Set u(r) := L [ T(s)fds € Dj (A) for
any r > 0. Then lim, o+ u(r) = f uniformly on [0, 1] and each u(r) is convex
as we have previously proved. So, for 0 < s < t we get T'(s)u(r) < T(t)u(r)
and hence T'(s)f < T'(t)f because of the continuity of the operators 7'(s) and
T'(t) and this finishes the proof. O
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In order to investigate the long-time behaviour of the semigroup (7'(¢)):>o
we shall use the next result which generalizes Theorem 2 of [17].

Let (E,||-||) be a Banach space of real-valued functions defined on a convex
subset X of a locally convex space. Assume that the space E, endowed with its
norm and the pointwise order, is a Banach lattice.

Proposition 3.7. Let (L,-)?el be a net of positive linear operators from E into
itself and assume that for every convexr function ¢ € E, the net (Li(go))?g
is decreasing (resp., increasing). Further assume that for some conver func-
tion uw € E, the net (Ll(u))fel is convergent in E. Then, for every f €
A(u) :={g € E| there exists A\ > 0 such that \u — g and Au + g are convex }
the net (Li(f))i; is convergent in E. Therefore, if A(u) is dense in E and
SUP;es i< | Lil| < +oo for some iy € I, then (Li(f))ig; is convergent in E for
every f € E.

Proof. Consider f € E and assume that A\u — f and Au+ f are convex for some
A > 0. Since E is a Banach space, in order to show that the net (L;(f))%; is
convergent it is enough to prove that it is a Cauchy net (see [19, Definition 2.1.41
and Corollary 2.1.51]). To this end, first observe that, for every i,j € I, i < j,
we have L;j(Au — f) < L;(Au — f) and L;j(Au+ f) < L;(Au+ f), so that
Li(f)—L;(f) < AMLi(u) — Lj(w)) and L;(f) — Li(f) < ML;(u) — Lj(u)). Hence

[Li(f) = Li(f)] < AlLi(u) = Lj(u)| (3.15)
and so
[Li(f) = Ly ()] < Al Li(w) = Lj(u)]. (3.16)

For arbitrary 7,7 € I, chosen k € I such that : < k and j < k, we have

1Li(f) = LA < A1Li(w) = Li(u)]| + (1L (u) = Li(w)]]) -

From the above inequality it follows that (L;(f))%; is a Cauchy net because so
is the net (L;(u)),- O

Remarks 3.8.

1. We point out that Proposition 3.7 remains valid by replacing everywhere the
class of convex functions on X with an arbitrary class of real-valued functions
on an arbitrary set X.

2. Under the hypotheses of the last part of Proposition 3.7, we can consider the
positive linear operator Ly : E — FE defined by

Lo(f) == lim<Li(f) (f € E).

el
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For fixed f € A(u) and ¢ € I, the net (Lj(f))jseugj is a subnet of (L(f))re;
and, therefore, it converges to Lo(f). From (3.16) it follows that

1Li(f) = Lo()I] < Al Li(u) — Lo(u)]]

for every i € I and f € A(u). If, in addition, the convergence in norm in F
implies the pointwise convergence, then from (3.15) we also get

|Li(f) — Lo(f)] < A|Li(u) — Lo(u)|. (3.17)

3. If X is a real interval and the convex function u belongs to C?(X), then
{fe EnCAX)||f" < M for some\ > 0} C A(u). In particular, if o :=
miny v”(z) > 0, then {f € ENC*(X)| f” bounded} C A(u), since |f"| < @u”
for every f € ENC*X), f” bounded.

We can now state a result about the asymptotic behaviour of the semigroup
(T'(t))0-

Theorem 3.9. Under the same assumptions of Theorem 3.5, suppose that
T(Lip11) C Lipi1 and both conditions (c1) and (co) are satisfied. Then there
exists a positive linear operator Ty, : C([0,1]) — C([0,1]) such that

lim T(t)f = Towo(f) wuniformly on [0,1] (3.18)

t——+o00

for every f € C([0,1]). Moreover To(1) = 1 and, for every f € C*([0,1]) and

t20, 1"
7(0)f ~ Tl )) < 1]

Finally, for every f € C([0,1]), x € [0,1] and t > 0,

T (t)es — Too(e2)]- (3.19)

T(1)f(2) = Too(f) ()| < Mwa(f, v/ Ael)), (3.20)
where M\(z) = |T(t)es(x) — Too(e2)(x)| and M is an absolute constant.

Proof. We shall use Proposition 3.7 with £ = C([0, 1]), endowed with the uni-
form norm, and u := e,. In this case C?([0,1]) C A(u) and sup,~, ||T(¢)]| = 1.
Therefore, taking Corollary 3.6, (3), into account, it is sufficient to show that
(T'(t)e2)t>0 is uniformly convergent on [0,1] as ¢t — +o00. Actually this family
is increasing and bounded so that it is pointwise convergent. Since e; € Lips1,
by Corollary 3.6, (2), T'(t)ea € Lipsl for every t > 0. Therefore (T'(t)es)i>0
is equicontinuous and hence uniformly convergent on [0,1]. Finally, the esti-
mate (3.19) follows from (3.17). To obtain (3.20), let us consider the Peetre
K-functional

Ky(f,0) = mf{|[f — gllec +dllg"l : g € C*([0,1])}



On Bernstein-Schnabl Operators 375

(f € C([0,1]),6 > 0) which is equivalent to ws(f,-), i.e.,
Ciws(f,0) < Ka(f,6%) < Caws(f,6)

(f € C([0,1]),6 > 0) with Cy, Cy absolute constants (see, e.g., [11, Theorem 2.4,
p. 177])). Given f € C([0,1]), t > 0, x € [0,1] and € > 0, there exists a
g € €*([0,1]) such that ||f — glle + 52( )Ng"leo < Cowa(f,0:(2)) + €, where
0¢(x) := /() > 0. Therefore

T@)f(z) = Too(f) ()| < T @) f(z) = T(t)g(x)]
+IT(0)g(x) = Too(9)(2)] + |Toe(9) (x) = Too (f) ()]

< IT@IF ~ gl + 10 8200) 1 1Tl 1 ~ il

[
<2lf — gl + 1L ] 52( )
< 2(Cows(f, 04(x)) + €).
Letting e — 07 we obtain (3.20) with M = 2C,. O

In the last part of the paper we actually show that the Markov semigroup
generated by an arbitrary differential operator of the form (3.8) can be rep-
resented by iterates of Bernstein-Schnabl operators associated with a suitable
selection of probability Borel measures on [0, 1].

Consider indeed an arbitrary function o € C([0, 1]) such that a(0)=«(1)=0
and 0 < a(z) < @ (0 < z < 1). Consider the operator (A, D}, (A)), defined
by (3.7) and (3.9). By Theorem 3.4 such an operator generates a Markov
semigroup (7'(t));>0 on C([0,1]).

One may ask whether there exists a continuous selection (p)o<z<1 of prob-
ability Borel measures satisfying (1.3) and (3.1), such that the corresponding
Bernstein-Schnabl operators represent the semigroup by means of their iterates,
as in Theorem 3.5. To this respect we have the following result.

Theorem 3.10. Under the above hypotheses set \(x) = 2(0‘(35)) (0 <z <1

and, for every x € [0,1], consider the measure

. Ax)[zer + (1 —2x)eo] + (L = A(x))e, if O0<z <1 (3.21)
e if ©=0,1.

Let (By)n>1 the sequence of the Bernstein-Schnabl operators associated with
the selection (i,)o<z<1 (see Examples 1.2, 2). Then for every t > 0, for each

sequence (k(n)),>1 of natural integers such that k(”)
every function f € C([0,1])

T(t)f = lim B¥™(f)  uniformly on [0, 1].

— t (n — o0) and for
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Proof. We preliminary observe that A € Cy(]0,1[), 0 < A(z) < 1 and a(x) =
@)\(:c) (0 < z < 1). The family (us)o<z<1 is a continuous selection of
probability Borel measures satisfying (1.3) and (3.1). Moreover fol eadjt, =
2?2 + (1 — 2)\(z) = 2* + 2a(x). According to Theorem 3.5 the semigroup
(T'(t))e>0 is represented as the limit of iterates of the operators B,, corresponding
to the selection (3.21) and the proof is complete. ]

We conclude this paper with some remarks.

Remarks 3.11.

1. Assume that the function « is differentiable at 0 and 1 and o/(0) # 0 # o/(1),
that is, T'(e2) is differentiable at 0 and 1 and T'(e3)’(0) # 0 and T'(e2)'(1) # 2.
Then, the function A defined by (3.5) can be continuously extended at the
points 0 and 1 and such extension, denoted again by A, is strictly positive
on [0,1] and a(x) = @A(m) (0 < x < 1). In this case Dy (B) = Dy(A),
and hence D}, (A) = Dy(A), and Theorem 3.10 generalizes a previous result
obtained in [4] for the sequence of the Lototsky-Schnabl operators. Moreover,
in [8, Theorem 6.2.6] it is also shown that (not necessarily under assumptions
(c1) and (¢z)) the semigroup (7(t));>o strongly converges as ¢ — +oo to the
positive operator

Too(f) = 1 =€) f(0) + e f(1) (f€C([0,1])). (3.22)

It would be interesting to prove or disprove that the limit operator T, defined
by (3.18) actually coincides with the operator (3.22).
2. Let (By)n>1 be the sequence of the Bernstein-Schnabl operators associated

with a continuous selection of measures (f;)o<z<1. Let a(z) = %( fol eadply —

2?) (0 < = < 1) and consider the function A € Cy(]0,1[) defined by (3.5).
Moreover, consider the selection defined by (3.21) and the sequence (L, »)n>1 of
the relevant Bernstein-Schnabl operators associated with this selection, that is,
the Lototsky-Schnabl operators associated with A\. Then, for every u € C?([0, 1])

lim n(B,(u) — u) = au” = lim n(L,\(u) — u)

uniformly on [0, 1], therefore

lim n(B,(u) — L, (u)) =0 uniformly on [0, 1].

n—oo

In particular

lim B,(u) — L, (u) =0 uniformly on [0, 1].

n—0o0

Since sup,,»; || Bl < 1 and sup,,5; [[Lnal| < 1 and C?([0,1]) is dense in C([0, 1]),
for every f € C(]0,1])

lim B,(f) — L, (f) =0 uniformly on [0, 1].

n—oo
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Accordingly, for every f € C([0,1]) there exists (¢n)n>1 in C([0, 1]) such that

Bu(f) = Lua(f) + ¢n and [l@nl| = 0 (n — oo).

Moreover the semigroup represented by (B,,),>1 is the same one represented by
(Ln,)\)n21 .

These remarks could be useful to study the saturation class of the sequence
(Bn)nZL

Note added in proof. Under the general assumption of Section 3, as a con-
sequence of Theorem 3.4, it is possible to show that C?([0,1]) is a core for
(A, Dy (A)) and hence Dj,(A) = Dy (A).

Choosing indeed A > 0, then (A — A)(C?([0,1])) is dense in C([0,1]) be-
cause C*([0,1]) is a core for (A, Dj-(A)). Since (A, Dy(A)) generates a Feller
semigroup too, the above density relation implies in turn that C*([0,1]) is a
core for (A, Dy(A)) and hence the two domains coincide.

We thank Sabina Milella for pointing out this useful remark.
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