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1. Introduction

Throughout this paper we shall follow the standard terminologies and notations
in Nonlinear Analysis. For the convenience of the reader we shall recall some
of them.

Let X be a nonempty set and 7' : X — X an operator. Then 79 := 1y,
TV =T, T"" .= ToT" n € N, denote the iterate operators of the operator 7.
Also, by Fr := {z € X|T(z) = z} we will denote the fixed point set of the
operator T

By (X, —) we will denote an L-space. For example, Hausdorff topological
spaces, metric spaces, generalized metric spaces (in Perov’ sense: d(z,y) € R7,
in Luxemburg-Jung’ sense: d(z,y) € Ry U {+oo}, d(z,y) € K, K a cone
in an ordered Banach space, d(x,y) € E, E an ordered linear space with a
notion of linear convergence, etc.), 2-metric spaces, D-R-spaces, probabilistic
metric spaces, gauge spaces, syntopogenous spaces, have a natural structure of
L-spaces ( [2,4,6,9,11,14,15,21,27,28,30]). For more details see M. Fréchet [16],
L. M. Blumenthal [10] and I. A. Rus [26].

In this paper, we need the following notions (I. A. Rus [26]):
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Definition 1.1. Let (X, —) be an L-space. An operator T': X — X is a Picard
operator (briefly PO) if:

(1) Fr={z"};

(ii) T"(x) — z* as n — oo, for all x € X.

Definition 1.2. Let (X,—) be an L-space. An operator 7' : X — X is a
weakly Picard operator (briefly WPO) if the sequence (T™(z)),en converges for
all z € X and the limit (which may depend on z) is a fixed point of T

IfT:X — X is a WPO, then we may define the operator T : X — X by
T(x) = lim,, .o T"(x). Obviously T°°(X) = Fp. Moreover, if T is a PO and
we denote by z* its unique fixed point, then 7°°(x) = x*, for each x € X.

The following open problem was posed by I. A. Rus (see [26, Problem 10.5]):
Fibre Picard operator problem. Let (X, i>) and (Y, i) be two L-spaces.

Let B: X - X beaPOand C:X xY — Y besuch that C(z,-) : Y — Y is
a PO, for every x € X. Consider the triangular operator A defined as follows:

A: X xY = XxY, Az,y):=(B(z),C(z,y))

In which conditions A is a PO ?

The purpose of this paper is to give some answers to this problem in gauge
spaces. As application, the differentiability with respect to parameters of the
solution of a Volterra functional-integral equation is discussed.

2. Fibre Picard operator problem

To our knowledge, the first contribution in this respect belongs to M. W. Hirsch,
C. C. Pugh in [19] (see also M. W. Hirsch, C. C. Pugh, M. Shub [20] and I. C.
de Oliveira [23]).

Theorem 2.1 (Hirsch-Pugh [19]). Let (X,d), (Y, p) be two metric spaces. Let
B : X — X be an operator having an attractive fived point p € X. Let C :
X XY —Y be such that:

(a) there exists a €]0,1[ such that C(z,-) : Y — Y is an a-contraction, for
each x € X;

(b) the operator A : X XY — X XY, A(x,y) := (B(x),C(x,y)) is continuous;

(c) (Y,p) is complete.

Let ¢ € Y be a fized point for C(p,-). Then (p,q) is an attractive fized point
for A.



Fibre Picard Operators 409

Some generalizations of Hirsch-Pugh result, as well as, other partial answers
to the above open question are given in J. K. Hale, L. A. C. Ladeira [18], . A.
Rus [24,25], M. A. Serban [30], G. Dezso [13], C. Bacotiu [6] and Sz. Andras [1,2].

For example, we have:

Theorem 2.2 (I. A. Rus [24]). Let (X,d), (Y,p) be two metric spaces. Let
B: X - XandC : XXY — Y be two operators. Consider A: X xY — XxY,
defined by A(x,y) = (B(z),C(z,y)). Suppose that:

(a) (Y,p) is complete;

(b) B is a WPO;

(c) there exists a €]0,1[ such that C(x,-) : Y — Y is an a-contraction, for

each x € X;

(d) if (z*,y*) € Fa, then the operator C(-,y*)) is continuous in x*.

Then A is a WPO. Moreover, if B is a PO, then A is a PO too.

Throughout this paper, a gauge space is a set endowed with a gauge struc-
ture induced by a family {d; : i € I} of pseudo-metrics, where [ is a directed
set. The basic definitions and properties of gauge spaces may be found, for
example, in [14].

For our first main theorem we need some auxiliary results.

Lemma 2.3. Let (X, (d;)ier) be a sequentially complete Hausdorff gauge space
and let T,T,, - X — X be operators such that:

(i) the sequence (T,)nen pointwise converges to T';
(i) for every i € I there exists o; €]0; 1] such that

di(Tn(z), To(y)) < ai - di(,y)
di(T(z), T(y)) < a; - di(z,y),

for each x,y € X.
Then T,T,, n € N, are POs and the sequence (T, 0T, _10-+-0Ty)en pointwise
converges to T°.

Proof. From (ii) and a Colojoara’s theorem [12] we deduce that there exists a
unique z* € Fp, so T (z) = z*, for all z € X. Let z € X. We have

di((T, 0Ty q10---0Tp)(x), z")

S di((ThoThy 0+ 0To)(x), (ThoThy0---0Tp)(z"))
+d;((Ty,0Tyq 0+ 0Tp)(x), Tn(z)) + d; (T, (z¥), )

IA A

Oé?+1di($, l’*> + Oé?di(To(l’*% I*) + -+ aidi(Tn_l(x*), l’*)
+ d; (T, (x*), z%).
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Let a,, := d;(T,(z*),2*) and b, := of. Since a,, — 0, asn — oo, and Y, by <
00, we get > o arb,—; — 0, as n — oo (see [24, Lemma 2.2]). This proves
that

d;(T,0oTy—y0---0Tp)(z),z*) =0 (n— 0),

for all 7 € I. The proof is complete. n

Lemma 2.4. Let (X, —) be an L-space and (Y, (d;)icr) be a sequentially com-
plete Hausdorff gauge space. Let xz,,2* € X and f: X XY — Y be an
operator such that:

(i) , — z*, as n — oo;
(ii) the operator f(-,y): X — X is continuous, for all y € Y;
(iii) for every i € I there exists oy €)0; 1] such that

di(f(z, 1), f(2,2)) < @i - di(yr,92), for allz € X and y1,y2 €Y

(we denote by y* the unique fized point of f(x*,-)).
Then the sequence (Y, )nen defined by

Yo € }/7 Ynt1 = f(xm yn) (n S N)
converges to y*, for all yo € Y .

Proof. We consider

T, T:Y =Y, Tu(y) = flzny), T(y)=fa"y).
We successively have

Ynt1 = [ (o, Un) = Tn(yn) = To(f (@n-1,Yn-1)) = Tn(Tn1(Yn-1))
== (Th,oT 10 0Ty (v0)-

From Lemma 2.3 we get that

(Th o Tpr 0+ 0 To)(yo) = T(yo) = y* = f(z",y7),
which means that y, — y*, as n — +o0. O]
The first main result of this paper is the following:

Theorem 2.5. Let (X, —) be an L-space and (Y, (d;)icr) be a sequentially com-
plete Hausdorff gauge space. Let B : X — X and C' : X XY — Y be two
operators. We suppose that:

(i) B is a PO (we denote by x* its unique fized point);
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(ii) for everyi € I there exists oy €)0; 1] such that
dz(c($7yl)7c(xay2)) < ;- di(y17y2)7 fOT' all x € X and Y1,Y2 € Y

(we denote by y* the unique fized point of the operator C(z*,-));
(iii) the operator C(-,y*) is continuous in x*.
Then, the operator A : X xY — X xY, A(z,y) := (B(z),C(x,y)) is a PO.
Moreover, Fq = {(x*,y*)}.

Proof. Let xqg € X and yo € Y. We show that
An(%ﬂo) - (BOO(JUO),Q*) = (x*ay*)a
where {y*} = Fe(B=(z0),) = Fe(ar,)- 1t is easy to check that

A" (20, y0) = (B"(20), Yn);

where x,, = B"(29), Ynt+1 = C(Zn, yn). From (i) we have that z,, = B"(z) — z~.

Using again Lemma 2.3 for
T, T:Y =Y, T,(y)=C(zny), T(y) =C(z"vy),
we obtain that vy, — y*, as n — oo. O]

In the second part of this section we will extend Theorem 2.5 by using a
Hadzi¢-Stankovi¢ type condition (see [17]).

Lemma 2.6. Let (X, (d;)icr) be a sequentially complete Hausdorff gauge space,
J: 1 — T andletT,T, : X — X be operators such that:

(i) the sequence (T,)nen pointwise converges to T';
(ii) for everyi € I there exists oy € Ry such that

forallz,y € X;
(iii) for every i € I there exists m; € N such that for m > m; we have

(iv) for everyi € I there exists p(i) > 0 such that
Ao (@ T(2)) < pli) < 00 and  dyniy(, T(2) < pli) < o0,

forallz € X, ne N and m > 0;
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(v) for each i € I there is B(i) € I such that
djm(i)(x7 To(z)) < dﬂ(i)<x7 To()),

forallz € X and m > 0.
Then T,T,, n € N are POs and the sequence (T, 0T, _10-+-0Ty)en pointwise
converges to T°.

Proof. From (ii), (iii) and (iv) we deduce that there exists a unique z* € Fr,
T>(x) = a*, for all z € X and djm;)(z,2*) < q(i,2) := q(p(i), z) < 400, for all
m >0 (see [17]). Let x € X. We have

di((TyoTypq0---0Ty)(x),z*)

<d;((Th,oTy10---0Ty)(x),(T,o0Tyh_10---0Th)(x¥))
+d;((T, 0 Ty 0 - - o Tp)(2*), T (x*)) + di(T,,(z%), 2¥)

Oéi(l/j(i) Ce a]n(z)d]n+l(l) (l’, {E*)

+ Qi) - - - -1y dn ) (To(a™), )

+ -+ Oéidj(i)(Tn_1($*), .17*) + dl(Tn(Q?*), ,CL’*).
For n > m;,

d;((T, 0Ty 0+ 0Tp)(x), ")

< @Gy - gy (8)"T M g (2, 27)

+ Z A TORER Oéjk—l(i)djk(i) (Tn,k(ﬂﬁ*), .’L'*)
k=1

+ Z Oéia/j(i) c. Oéjk—l(i)djk(i) (Tn_k(.ilﬁ*), .CE*) + dZ(Tn(.CE*), l‘*)
k=m;+1
< Q) - agm e (i)g(E, )

m;
+ Z Qi) - - - Oéjk—l(i)djk(i) (Tn_k($*), [L'*)
k=1

+ 30 (o (Tus(a?), 2%) + di(T(a*), )

k=m;+1

Since (i) < 1 we have that o™ (i) — 0, as n — oc.

The sum > " i) - - - aji—1ydiny (Toop(2*), 2%) is finite and we have
that djr ) (Th—r(z*),2*) — 0, as n — oo.

For the sum Y 1 & (i)dgg) (Tep(2%), 2*) we can apply again Lemma 2.2
from [24], with a; := dg@) (Ti(2*), 2*) and by, := o*(i). Thus a, — 0 as k — oo
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and >~ b, < oo. Therefore Y} axb,— — 0, as n — oo. This proves that
di((T,oTp_10---0Ty)(x),z*) — 0, as n — oo, for every i € I.
The proof is now complete. O]

Lemma 2.7. Let (X, —) be an L-space and (Y, (d;)icr) be a sequentially com-
plete Hausdorff gauge space and j : I — I. Let x,,2* € X and f: X xY =Y
be an operator such that

(i) x, — x* as n — oo;
(ii) the operator f(-,y) : X — X is continuous, for ally € Y;
(iii) for every i € I there exists a; € Ry such that

dl(f('rvyl)?f(x?yQ)) < - dj(i)(y1,y2);

forallz € X and y1,y2 € Y;
(iv) for every i € I there exists m; € N such that for m > m; we have

(v) for every i € I there exists p(i) > 0 such that
djm(y, f(2,y)) < pli) < oo,

forallz e X, ye€Y and m > 0;
(vi) for each i € I there is B(i) € I such that

dim iy (Y, f (@0, ) < daiy(y, f(2n,v)),

forallyeY, m>0,n&N.
Then the sequence (Yn)nen defined by

Y €Y, Ynt1= f(xmyn) (n €N)
converges to y*, for all yo € Y, where y* is the unique fized point of f(x*,-).
Proof. We consider
T, T:Y =Y, Tu(y) = f(za,y), T(y)=[f(a"y)
We have

Yn+1 = f($n>yn) = Tn(yn) = Tn(f(xnfbynfl))
=Tn(Th1(Yn-1)) == (Lo T, 10 0Tp)(yo)

The proof follows from Lemma 2.6, since
(Tn ol,_10---0 TO)(yO) - TOO(yO) = y* = f(x*vy*)7

which means that y,, — y*. O]
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Theorem 2.8. Let (X, —) be an L-space and (Y, (d;)icr) be a sequentially com-
plete Hausdorff gauge space and j : [ — I. Let B: X — X andC : X xY =Y
be two operators. We suppose that:

(i) B is a PO (we denote by x* its unique fized point);
(i) for everyi € I there exists oy € Ry such that

dz(C(‘ra yl); O(xa y?)) S (07 dj(z)(ylv y2)7

forallz € X and yy,y2 € Y;
(iii) for every i € I there exists m; € N such that for m > m; we have

(we denote by y* the unique fized point of the operator C(z*,-));
(iv) for everyi € I there exists p(i) > 0 such that

dim@iy(y, Cx,y)) < p(i) < oo,

forallz e X, ye€Y and m > 0;
(v) for each i € I there is B(i) € I such that

djm iy (y, C(B™(x),y)) < dggiy(y, C(B™(x),y)),

forallx e X, yeY,m>0andn € N;
(vi) the operator C'(-,y*) is continuous in x*.

Then the operator A : X xY — X xY, A(z,y) := (B(z),C(z,y)) is a PO.
Moreover, Fa = {(x*,y*)}.

Proof. Let xqg € X and yg € Y. We show that
A" (o, y0) — (B (20), y") = (", y"),
where {y*} = Feo(=(a),) = Fe(*,). It is easy to check that
A"(20,y0) = (B"(20), Yn)

where x,, = B"(x0), Ynt1 = C(xpn,yn). From (i) we have that z,, = B"(z) — z*.
Using again Lemma 2.3 for

T, T:Y =Y, T,(y)=Clany), T =C("y),
we obtain that vy, — y* as n — oo. O]

Another extension of Theorem 2.5 relies on the notion of p-contraction in
gauge spaces (see V. Angelov [3]).

The following result generalize the fiber p-contraction theorem given by
M. A. Serban [30,31]. We first need a definition and some preparatory results.
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Definition 2.9 (V. Berinde [7,8]). A function ¢ : Ry — Ry is called a (c)-
comparison function if the following conditions hold:

(i) ¢ is monotone increasing;

(ii) there exist two numbers ko, o, 0 < a < 1, and a convergent series of
nonnegative terms y .-, vy such that

PEH(E) < agt(t) +
for each t > 0 and each k > k.
For some examples of (¢)-comparison functions see [8].

Lemma 2.10 (V. Berinde [7,9]). If ¢ : Ry — Ry is a (¢)-comparison function
then:
(a) p(t) <t, for each t > 0;
(b) ¢ is continuous in 0;
(c) the series Y po @™ (t) converges for each t € Ry;
)

(d) the sum of the series s(t) = > pe, " (t) is monotone increasing and con-
tinuous in 0;

(€) (¢™(t))nen converges to 0, as n — oo, for each t > 0.
Lemma 2.11. Let (X, (d;)ier) be a sequentially complete Hausdorff gauge space,

j:Il—1, ¢ :R. — Ry, i€l, are (c)-comparison functions and let T, T, :
X — X be operators such that:

(i) the sequence (T),)nen pointwise converges to T';
(i) for each i € I the function p; is subadditive, i.e. @;(t1 + t2) < @;(t1) +
wi(te), for all ty,ta € Ry;
(iii) for alli € I we have

di(Tn(x), T(y)) < @ildj(z,y))
dZ(T(ZE),T(yD < @z(dj(z)(xay))a fOT all T,y € X;

(iv) for alli € I there exists a (c)-comparison function ®; such that
sup{@jns)(t) :n € N} < ®y(t),  for each t € Ry;
(v) for every i € I there exists p(i) > 0 such that
djmi)(z, To(z)) < pli) <oo  and  djmep(z,T(x)) < p(i) < oo,

forallz € X, ne N and m > 0;
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(vi) for each i € I there is B(i) € I such that

djm iy (2, Tn(2)) < dggiy (2, Tn(2)),
forallz € X, m>0 and n € N.
Then T,T,, n € N are POs and the sequence (T, 0T, _10---0Ty)men pointwise

converges to T°.

Proof. From (ii), (iii) and (iv) we deduce that there exists a unique z* € Fr,
T>(x) = a*, for all z € X, and djm;(x, ") < q(i,2) = q(p(i), ) < +o0, for
all m > 0. Let x € X. We have
di((ThyoTyq0---0Ty)(x),z")
< di((ThoTy—10---0Tp)(x), (T 0 Ty—r 0+ 0 Tp) ("))
+d;((T, 0T y0---0Tp)(x"), T(x¥)) + d;(T,,(x¥), z*)

IA

< i 0 Qi) 0+ 0 Pjn(i) (djnr iy (, 27))
1 Qi O Qi) O O Pjn—1 z)( ( Ty(2%), x%))
+"'+90i<dj()(T 1(z%), @ )) di(T,(z*), %)

< CD?—H(CZ n+1(; )+ ZCI)k d ik ( —k(27), 7))
< O (s;(p +Zq>’f dii( ), 2*)),

where s;(t) = > po, PE(¢).

Since ®; is a (c)-comparison function we get 7 (s;(p(i,x))) — 0, as n —
oco. For the sum Y} ®¥(dgu (T,—k(2*),2*)) we can apply Lemma 3.1. from
M. A. Serban [30] by taking a := dgg)(Tx(2*), x ) Obviously a;, — 0, as k —
oo and ®; is a (¢)-comparison function, so Y _ ®F(dgg) (T—k(z*),z*)) — 0, as
n — oo. This proves that

d;(T,0oT—y0---0Ty)(x),2*) — 0, asn — oo, for every i € I.
The proof is complete. [

Lemma 2.12. Let (X, —) be an L-space and (Y, (d;)icr) be a sequentially com-
plete Hausdorff gauge space and j : I — I. Let x,,2* € X, ¢; : R — R,
i € I, are (c)-comparison functions and f: X XY — Y be an operator such
that:

(i) x, — x* as n — oo;

(ii) for each i € I the functions p; are subadditive;
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(iii) the operator f(-,y): X — X is continuous for all y € Y;

(iv) for everyi € I we have
di(f (z,91), f(2,92)) < @ildjio) (y1, 92)),

forallz e X, y1,y2 €Y
(v) for every i € I there exists a (c)-comparison function ®; such that

sup{p;n@)(t) i n € N} < @;(t), for eacht € Ry;
(vi) for every i € I there exists p(i) > 0 such that
Aoy S (2,9) < pli) < 00, where j: 1 — 1,

forallx € X, y €Y and for allm > 0;
(vil) for each i € I there is 3(i) € I such that

dim iy (Y, f (@0, ) < daiy(y, f(2n,v)),

forallyeY, m>0,neN.
Then the sequence (Yn)nen defined by

Yo €Y, Yny1=f(@n,yn) (neN)

converges to y*, for all yo € Y, where y* is the unique fized point of f(x*,-).

The proof is essentially the same as of Lemma 2.7 with the modification
that instead of Lemma 2.6 we will apply Lemma 2.11.

Theorem 2.13. Let (X,—) be an L-space and (Y, (d;)icr) be a sequentially
complete Hausdorff gauge space and 7 : I — I. Let B : X — X and C :
X XY =Y be two operators and consider ¢; : R, — Ry, i € I, (¢)-comparison
functions. We suppose that:

(i) B is a PO (we denote by x* its unique fized point);

(i) for everyie I

di(C(, 41), C(2,92)) < @il dji) (91, v2)),

forallz € X and yy,y2 € Y;
(iii) for alli € I there exists a (c)-comparison function ®; such that

sup{p;n@)(t) i n € N} < @y(t), for eacht € Ry

(we denote by y* the unique fized point of the operator C(z*,-));
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(iv) for every i € I there exists p(i) > 0 such that:
djm @ (y, Clz,y)) < pli) < oo,

forallz € X, yeY and m > 0;
(v) For each i € I there is 3(i) € I such that

djm(i)(y> C(Bn<l‘), y)) < dﬁ(l) (ya C(Bn(l')a y))>

forallz e X, yeY, m>0andn € N;
(vi) the operator C' is continuous.

Then the operator A: X xY — X XY defined by A(z,y) := (B(z),C(x,y)) is

a PO. Moreover, Fa = {(z*,y*)}.

Proof. The proof is the same as of Theorem 2.8 with the modification that

instead of Lemma 2.6 we will apply Lemma 2.11.

3. Applications to some functional-integral equations

]

Let (B,+,R.| -|) be a real Banach space, K € C(R* x B? B), g € C(R,B)
and h € C(R,R). In what follow we consider the functional-integral equation

(see [5,32])
z(t) = /_tK(t, s,x(s),x(h(s)))ds+ g(t), teR.

We have:

Theorem 3.1. We suppose that:
(i) K € C(R* x B*,B), g € C(R,B);
(ii) h € C(R,R) and |h(t)| < |t|, for all t € R;
(iii) there exists Lx > 0 such that

|K(ta87ulvvl) - K(t737u2a1}2>| S LK<|u1 - u2| + |U1 - U2|)7

for allt,s € R, u;,v; € B, i € {1,2}.
Then:
(a) the equation (1) has in C(R,B) a unique solution z*;
(b) for all zg € C(R,B), the sequence

Tpi1(t) = /tK(t, S, xn(8), xn(h(s)))ds + g(t), teR,

uniformly converges to x* on each compact subset of R.

(1)
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Proof. We consider the gauge space X := (C(R,B), (d,)nen), where

dy(z,y) = max (|x(t) —y(t)] - e’TM), 7> 0,

—n<t<n

and the operator B : X — X defined by

B(z)(t):= [ K(t, s,2(s),x(h(s)))ds + g(t).

—t

From condition (iii), for each ¢ € [—n;n], we have

IB()(t) — B)(1) < Ldn(a.y) ] [ elas

It

< LKdn(x,y)/ el ds

=l

2L
< 2R (z,y)e,
T

So,
d,(B(z),B(y)) < —Kdn(a:,y), for all x,y € X, n € N.
T

Choosing 7 > 2Lk we can apply the result of Colojoarda [12] (see also [22,
pp- 26], [29, pp. 27]) and thus we obtain the conclusion. ]

Remark 3.2. In the conditions of Theorem 3.1, B is a PO on the gauge space
(C(R,B), (dn)nen)-

Let us consider the following functional-integral equation with parameter:
t

z(t, \) :/ K(t,s,xz(s,\),z(h(s),\),\)ds +g(t,\), teR, Ae JCR. (2
—t

Theorem 3.3. We suppose that:
(i) J is a compact interval of R and K € C(R*xB? x J,B), g € C(R x J,B);
(ii)) h € C(R,R) and |h(t)| < |t|, for allt € R;
(iii) K(t,s,-,v,)), K(t,s,u,-,\) € CY(B,B) and there exists M > 0 such that

DK (t, 5,0, || < M, |DaK(t,s,u,- )| < M,

forallt,s e R, u,v €eB, A € J;
(iv) g(t,-) € CY(J,B), for allt € R.
Under these conditions we have:

(a) the equation (2) has a unique solution z* in C(R x J,B);
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(b) for all xzg € C(R x J,B), the sequence

Tpi1(t,A) = /t K(t,s,2,(8,A), 2, (h(s), ), \) ds + g(t, \)

(teR, A€ J) converges uniformly, on each compact subset of R x J, to x*;
(c) 2*(t,-) € CY(J,B), for all t € R.

Proof. Let X = C(R x J,B) and B: X — X,
¢
B(z)(t, \) ::/ K(t,s,z(s,\),z(h(s),\),\)ds+g(t,\), t e R, A € J.
—t

Conclusions (a) and (b) follow as in the proof of Theorem 3.1.

To show (c), we shall use the following heuristic argument. We suppose
that there exists 95. Then from (2) we have

%(t, A) = /_t (DsK (t,s,2*(s, A), z*(h(s), \), )\))%(3, A) ds
+ /_t (D4K (t, s, 2% (s, A), 2 (h(s),\), \)) aaaj\* (h(s), \) ds
"OK

x . dg
_ta(t&x (S,)\),.I <h<8)7>\)a)‘) ds + a/\<t7)‘)

This relation suggests to consider the operator
C:X xX — X, suchthat (z,y) — C(z,y),

where

t

C(z,y)(t,\) ::/ (DgK(t,s,x(s,)\),:U(h(s),)\),)\))(y(s,)\))ds

—t

[ (DU, 2200050, 0,20 0lA6), ) s

—t

LOK dg
., m(taswx(sa )‘)71.(]1(3)7 )‘)7 )‘) ds + (9_>\<t’)\)

with t € R, A € J. In this way we have the triangular operator

A: X x X - X x X, defined by A(z,y) := (B(x),C(x,y)).
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From (iii) it follows that C(z,-) : X — X, x € X, are contractions. Indeed, we
have

|C(33, y)(t> )‘) - C(QZ, Z)(ta )‘)|

It
< / |(DsK(t,s,x(s,\),z(h(s),\),\) (y(s, A) — z(s, \))| ds

— It

[¢]
—|—/ |(D4K(t, s,z(s,A), z(h(s), A),\)) (y(h(s),\) — z(h(s), )\))‘ ds

It

|| \t|
<M/ (s, 0) ds + M h(s), ) — 2(h(s), \)| ds
[] |t|
[t]

< 2Md,(y, z)/ e"l*l ds

—lt|
4M
S dn(ya Z)eﬂt‘a te [_n; TL]
T

Therefore AM
dn<0(x> y)a C(mv Z)) < Tdn(y’ Z)a

for all x,y,z € X. In this case, we can choose 7 > 4M and so the operator
B and the operators C(z, -) are contractions. Using Theorem 2.5 we conclude
that the operator A is PO and the sequences

Tpi1(t,\) = /_tK(t,s,xn(s,)\),xn(h(s),)\),)\) ds+ g(t,\),

Yoia (1, ) = / (DaK (£, 8, 2(5, N, 2(1(5), N). A)) ({5, A) ds

—t

—i—/ (DyK (t, s, 2,(5,A), 2 (h(5), A), A) (yn(h(s),\)) ds

—t
LOK dg

o ——(t, 8, 2,(8, \), 20 (R(8),N), N) ds + == (t, \)

+ o

(t € R,\ € J) converge uniformly on each compact of R x J to (z*,y*) € Fa,
for all zg,y0 € X. But for fixed xg,yo € X such that yy = % we have that

Y1 = % and by induction we can prove that y, = 653; So 65”; converges
uniformly on each compact of R x J to y*. These imply that there exists %
and % =y O]
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