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Basic Topological and Geometric Properties
of Orlicz Spaces over an Arbitrary Set of Atoms

Henryk Hudzik and Lucjan Szymaszkiewicz

Abstract. Orlicz spaces [¥(I") over an arbitrary set I', being a natural generaliza-
tions of Orlicz sequence spaces are studied. The following problems in these spaces
are considered: relationships between the Luxemburg norm and the modular, Fatou
property, relationships between the Luxemburg norm and the Orlicz norm, equality
of the Orlicz norm and the Amemiya norm, order continuous elements, a formula for
the norm in the quotient space [¥(I')/h?(I") in terms of the modular I, for both the
Luxemburg and the Orlicz norm, the problem when the equality of the space [?(I")
and its subspace h¥(I") holds, isometric representation of the dual spaces (h?(I"))*,
(1°(T))*, (hg(T))* and (I5(T))*, representation of support functionals, criteria for
smooth points and extreme points of S(I¥(I')) and problem of the existence of such
points. It is worthy noticing that the problem of the existence of smooth points on
S(1¥(T")) depends essentially on the assumption if I" is countable or not.

Keywords. Orlicz space
Mathematics Subject Classification (2000). 46B20,46B45

1. Introduction

Let X be a vector lattice. A subspace Y of the vector lattice X is an ideal if
for any two elements x,y € X the following implication holds:

(|| <fylAnyeY) = (z€Y).

If A denotes some property, then by (A) we will denote the class of all
Banach spaces satisfying property A.

We say that a vector lattice X is Dedekind complete (o-Dedekind complete)
if for any subset (countable subset) A C X orderly bounded from above there
exists a supremum. We write then X € (DC) (X € (o0-DC)).
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It is known that in the above definition we can take only sets A € X+
(see [19, Theorem 12.1] or [14, Theorem 15.11] and remarks). On the base of
this fact the following lemma is quite obvious.

Lemma 1.1. If X € (DC) (X € (¢0-DC)) and Y C X is an ideal in X, then
Y € (DC) (Y € (0-DCQ)).

A vector lattice which is simultaneously a normed space is called a normed
lattice if its norm ||-|| is monotone, i.e., it satisfies the following condition:

(=l < lyl) = (]l <yl

If a normed lattice is complete, then it is called a Banach lattice.

We say that a normed lattice X is order continuous (more precisely a norm
||| on X is order continuous) if for any net (z,) in X such that =, | 0 (i.e.,
xo > xg for o < B and inf, x, = 0) we have inf, ||z,|| = 0. We write then
X € (00).

We say that a normed lattice X is o-order continuous if for any sequence
(x,) in X such that x, | 0 (i.e., x;y > xo > ... and inf, z, = 0) we have
|zn] | 0. We write then X € (0-OC).

The following theorem holds (see, for example, [18, Theorem 1.1]).

Theorem 1.2. For any Banach lattice X the following conditions are equiva-
lent:

1. X € (0C);
2. X € (DC) and X € (OC);
3. X € (6-DC) and X € (o-0C).

For any Banach lattice X define
X, = {x € X Vi || > 20 | 0= inf ||z, = o} .

It can be shown (see for example [18, p. 60]) that:

Theorem 1.3. For any Banach lattice X we have:
1. X, is an ideal in X;
X, € (0C);
3. if B C X is an ideal such that B € (OC) then B C X,;
4. the ideal X, is closed in X.

N

Note that a Banach lattice X € (OC) if and only if X = X,. The most
important class of Banach lattices form Kothe spaces called also Banach function
lattices.
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Let p be a measure defined on some o-algebra 3 of subsets of a nonempty
set S. We denote by LY(S,%, 1) the space of all equivalence classes of real
measurable functions. There is a natural order in this space (z < y) <~
(z(s) < y(s) prae. in S). Tt is easy to see that L°(S,%, u) is a o-Dedekind
complete vector lattice.

We say that a Banach lattice X is a Kothe space if it is an ideal in some
L°(S,%, ). Note that by Lemma 1.1 Kéthe spaces are o-Dedekind complete
Banach lattices. For a reference to Kéthe spaces see, for example, [12].

Let I' be an arbitrary nonempty set. Define on I' the counting measure p
acting on the o-algebra of all subsets of ' in the following way: p(A) = card(A)
if A is finite and p(A) = oo otherwise. Consequently [°(T") := L°(T", 2", i) is the
set of all functions defined on I" with values in R. For any function x : I' — R
and a set A C I' the symbol ) ._, x(i) or the shorter one ) ,  will denote the
integral [, xdu. Notice that for # > 0 it means that

Zx(z): sup Zx(z)

; ICA ;
€A card(])<oo el

Denote, for the convenience, by >; the family of all finite subsets of I' and
for any set A C I' by 2 the element z - x4 (x4 is the characteristic function of
a set A).

Let ¢ be an Orlicz function. Remind that a function ¢ : R — [0, 400]
is called an Orlicz function if it is convex, even, ¢(0) = 0, ¢ is left-hand side
continuous on [0, 400) and not being equal to zero identically. By ¢ we denote
the function conjugate to ¢ in the sense of Young, defined by

¥ (u) = sup (Julv — @(v)).
v>0
These two functions are connected by the Young inequality
luwv| < p(u) +¥(v) (u,v €R).

Define on the space [°(T") the modular I, by
I (2) =) pla() (zel®(T):
ier
From the Young inequality we get
Do le@yd) < L (2) + L (y)  (Va,y € (D))
=
Define the Orlicz space (#(T') = {z € I%(T) : Iys0 L, (A\z) < 0o} and equip it

with the Luxemburg norm

|||, = inf {k >0:1, (%) < 1} .
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For a reference to Orlicz functions and Orlicz spaces see [13,15-17]. If we define
the partial order © <y <= V,er x(i) < y(i), then

] <yl = L, () < L, (y) and  [z] < [y[ = lzll, <yl

which means that the modular I, and the norm || - ||, are monotonous. The
space [#(I") with the partial order < is a vector lattice and [¥(I") is an ideal
in {°(T). To conclude that {#(T") is a Kithe space we have to show that space
(12(I), |l - ||,) is complete. With this end in view let us notice the following

Lemma 1.4. For any sequence (x,,)nen i I°(T) we have:
L |lznll, — O implies that Vier x,(i) — 0;

2. if (Tp)nen is a Cauchy sequence in 1?(T'), then (z,(i))
sequence i R for any 1 € T.

wen U a Cauchy

Proof. We will show only the first implication. Let [|z,[|, — 0 and take any
i € I'. We have I, (kx,) — 0 as n — oo for any k£ > 0, so we have p(kz,(i)) — 0
as n — oo for any k£ > 0.

Assume that x, (i) / 0 for some i € I, i.e., there exists a sequence (ng)ken

of natural numbers and ¢ > 0 such that |z, (i)| > . Taking then k := a“"TH,
where a, :=sup{u > 0 : ¢p(u) = 0}, we get
. . a, +1
Pk 2n, (1) = (k| (0)]) = @lke) = o | =——¢ ] = pla, +1) >0,
which means that p(kz, (7)) /4 0. O

Theorem 1.5. The space (I?(L),|-||,) is a Banach space.
Proof. Let (2,)nen be a Cauchy sequence in (I#(L), [|-[| ). By Lemma 1.4 the

n—oo

sequence (2,),,cy has a limit 2 in I°(T"). Tt is enough to show that ||z, —z|| , —
0.

Let us fix two numbers € > 0 and A > 0. We will show that there exists a
number N € N such that I, (A(z, — x)) < € for all n > N, which will finish the
proof.

Since (xy),,cy is a Cauchy sequence, by definition there exists N € N such
that ||z, — 2, l, < 5 for n,m > N. Next we get that |A(z, —z,)[|, < € and
consequently

I

I, (Mzy — ) <e. (1)
By inequality (1) we get ¢ (A (@,(i) — 2,,(i))) < e for n,m > N and i € I'. Note
that
P(A@n(i) = 2m (7)) = @ (Mau (i) — (1)),
for any fixed n > N and i € I'. By the Fatou Lemma and inequality (1) we get
I, Mz, —))) <liminf,, . I, (A (@, — 2,,)) < e forn> N. O
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Next lemma will be used repeatedly in the remaining part of this article.

Lemma 1.6. It holds for any x € I°(T): If supes, Hlew < 00, then ||z||,, =
SUpes, Ha:IH and z € 1#(T).

Proof. 1t is enough to show the inequality [[z|, < supjey, | 2! H Let ¢ :=
sup;ey, ||@ ng We have I, (% <1 (ﬁ) < 1 for any I € ¥;. Therefore
I, (%) = supjey, 1,(% ) < 1, whence [[z]|, < c. O

Define now on the space (#(I") the Orlicz norm

2] = sup > .

I¢y<1 r

It is easy to show that it is a norm on [?(I") indeed (see [17]). We can also
consider [[z||, for any element = € [°(T") obtaining so called function norm
which can take value oo on some elements of the space (°(T).

Lemma 1.7. The equality
][, = sup { > ay Iy (y) < 1,Vier (i) - y(i) > 0,supp(y) € 21}
r

holds for any z € 1°(T).

Proof. 1t is enough to show the inequality ,,<”. Assume first that [|z(|}, < oo and
take any € > 0. From the definition of the Orlicz norm there exists y € 1°(T")
such that [y (y) < 1 and ||lzf|] — e < >_pay < [lzf|]. We can assume that
Vier (2)-y(i) > 0 (if it is not true then we can modify y so that the inequalities
are true). Take now [ € Xy such that ||z]|] —e < >°;zy. Define z = yl. We
have I, (2) < I, (y) <1, supp(z) € ¥; and

|2]|2— e <Yz < sup {ny Iy (y) <1 Vier (i) - y(i) > o,supp(wezl}.
I I

The case when |[z||, = co can be proved analogously. O

Lemma 1.8. For any x € [°(T") there holds the equality 7], = sup ey, ||xIH(;

Proof. By
0 7|0
z|[, = sup Ty = sSup sup TYy = sup sup 'y = sup x
| H(p Iw(y)<1zl; Iy(y)<1 Iesy 2}: Iy(y)<1 Iezlzrz ” H
2y>0 2y>0 Y0

the assertion follows. O]
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The next two lemmas show relationships between Luxemburg norm and
Orlicz norm.

Lemma 1.9. For any x € [°(T') we have the inequality Iz, < 2=,

Proof. If ||z[|, = oo or |zf|, = 0, then the inequality is satisfied. Therefore
we can assume that 0 < ||zf|, < oo. If now Iy (y) < 1, then by the Young
inequality we have

> Lyga@(i) L) <2
= =zl 2|l

Therefore > . xy < 2|z[,. From the arbitrariness of y with I, (y) < 1 we get
the thesis. H

Lemma 1.10. For any x € I°(T') we have the inequality |||, < [|l|7,.

Proof. We can assume that [|lz[|?, < oo. Assume first that supp(z) € ¥;. In
a standard way we can show that [lz[|, < [z]|?, (see, for example, [1, Theo-
rem 8.14, p. 274]). If now z € [°(T) is arbitrary, then

su Hle < su HxIHO: z||? < oo.
up [, < sup [l [Ed0

From Lemma 1.6 we get the thesis. [
Corollary 1.11. If x € I°(T) and ||z||, < oo, then x € I#(T).

Proof. 1f ||z||, < oo then ||z[|, < co. Consequently x € I#(T") since for example
(o) <1 0

Corollary 1.11 and Lemma 1.8 imply the analogue of Lemma 1.6 for the
Orlicz norm.
Lemma 1.102. For any © € 1°(T) with sup;cy, H:L‘I”: < 00 we have [|z[|7, =
SUpjey, HxI”SO and x € 1#(T).

Let z € [°(T"). Define f, : (0, 400) — (0, +o00] by
Fulk) = (U+ 1, (k).

If © ¢ 1#(I") then f,(k) = +oo for any k > 0. If z € [?(I") then let us denote
ky == sup{k > 0: I, (kz) < co}. From the Lebesgue Dominated Convergence
Theorem we get that f, is continuous on (0,k;). At k, the function f, is
left-hand side continuous. Define the Amemiya norm on [?(I") by

A .
(|5 = inf f.(k).

It can be checked that it is a norm indeed. From the above notices about the
function f,, denoting by Q the set of rational numbers, we get the following
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Lemma 1.13. For any x € I°(T") we have:
1. ||x||£ < 00 if and only if x € I9(T);

2. |l2]2 = infre(or,)ng fo (k).

Let us recall now the following lemma.

U—00
—_—

Lemma 1.14 (|6, Lemma 1]). If@ 00, then Ve (r)Ji>o H:L‘Hﬁ = fo(k).

For every x € () let us define the set K (z) := {k >0 ||:13||2 = f.(k)}. It
p(u)

can happen that K (z) = () but only in the case, when = — a < o0 if u — oo0.

Lemma 1.15. Let z € I°(T") and B CT. Then for any k € K (25) there exists
I <k such that | € K(z).

Proof. Let € 1°(I') and B C I'. Suppose that k € K(2P), i.e.,
2 (1+ I, (kx®)) . Take any [ > k. Then we have

A
="l =

)
T4 I (1)) =

(141, (1)) + 71, (12™)

AV
el e

(14 1o (k™)) + 11, (k")

(1+ I, (kz)).

From this inequality and from the fact that 1(1+ I, (Iz)) — co as I — 0 we get
the thesis. 0

Lemma 1.16. Ifx € I%(T), then ||z||’, < [|z]%.

Proof. Let z € [°(T") and k > 0. Then we have

1 1 1
|| = sup — Y kaxy< sup —(I,(kz)+ 1, (y)) < —(I, (kx)+1).
el = s 3y < sup (1o (50) 4 1y ) < (0 )+ 1)
From arbitrariness of £ > 0 we get the thesis. O

Theorem 1.17. For any = € I°(T) we have ||x||£ = SUPpey, HxBHi.

Proof. Assume first that « ¢ (*(I'). Then we have to show suppcy, ||:1:BH£ =
0o. Assume for the contrary that suppgcy, HxBHA < o00. By Lemma 1.16,
HxBH; < Ha:BH: for any B € X;. Hence supgcy, HxBH:; < Supges, HxBH:.
Since ||z[|?, = suppes;, H:L‘BH; (see Lemma 1.8), so [|z||7, < oo, whence z € I#(I")
(Corollary 1.11), a contradiction.

Assume now that x € {?(I"). Without lost of generality we can assume that

Hx||£ = 1. There are two cases to consider:
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L. V3621K<$B) =0,
2. 33621K<$B) 7é Q)
Consider them one by one.
Ad 1.: Observe that A := lim,_, %“) < 0o by Lemma 1.14 and

HxBHizl}ionl(l""I«p (k")) :A”IB‘ for any B € 3.

k

1 )
We have then

A

1
sup o2 = sup Alla®], = Allall = Jim  (1+ 1, (ke) > [l

BeX,
The opposite inequality is obvious.
Ad 2.: Denote by By such a finite set that there exists [ € K(zP). Define
the set L := {k > 0: 3pex, (Bo C BAk € K(25))}. We have [ € L, so L # 0.
Let ky := inf L. We will show now that ky > 1. Take any set B € ¥; such
that By C B and k € K(2P). It is enough to prove that k > 1. Assume
for the contrary that £ < 1. From Lemma 1.15 there exists s € K(z) such
that s < k < 1. Therefore, 1 = HxH’: = 1+ 1I,(sz)) > 1 > 1, which is a
contradiction. Consequently we have shown that kg > 1.

Take any € > 0. Let C € ¥; be such that By C C and

1 c 1 € A €
1 (U I (b)) 2 = (U I (ko) = 5 > el = 5.

Then we have for ko € K(2¢):

A € 11 1 I (kez®) 1 1
- - < =y N Ty
lally = 5 (k ) + ot

ko) — ko ko ko
_ é i I, (sz())
< %Jr I, (ZZI‘C)
o
< sup [l2”|]

The above inequality is satisfied for any set C' € ¥; containing By. Therefore,
taking C' with the above properties and large enough, so that k—lo — % <3, we
get the thesis. O]

Theorem 1.18. For any x € I°(T') we have |||}, = HxH;‘
Proof. We know that HxB”; = HxBHZ: for any B € ¥ (see [8]). Next taking

suprema over all B € 3Y; on both sides of this equality and applying Theo-
rem 1.17 and Lemma 1.8, we get the thesis. O]
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2. Subspaces h¥(I") of I¥(I)

Let us define the subspace h?(I") of I¥(I") by

h? (D) = {x € P(T) : VasoTres, Y p(hx(i) < oo}.

i€T\I

Theorem 2.1. For every x € [°(T) the fact that x € h?(T') is equivalent to the
condition
VesoTies, ||z — wa <e.

Remark. This means that the subspace h?(I") is equal to the closure of the
subspace {z € [°(T) : supp(z) € X} in the norm topology, that is,

h?(T) = cl{x € I°(T) : supp(z) € &; } .

Proof. Suppose that = € [¥(I') and V.~o3rex, Hx — :L‘IH <e. Fix A > 0. For
e=x 1 there exists a set I € >; such that Hx—xIH . Then H)\ x—al H
1 and consequently 1, (A(z — 2')) < 1. Hence

Z oAz (i) = I, (/\(x - xI)) <1<oo, thatis, =€ h?(T).

iem\I

Now assume that z € h#(T') and & > 0. For A\ = I there exists a set I € %,

such that >, p; gp(@) < M < oo for some M > 0. The above sum can have
at most countable number of elements not equal to zero. Hence there ex1sts a
finite set J D I such that ZieF\J ( g)) < 1. This means that I ( ) <1,

whence Hx — xJ”¢ <e. ]

The above theorem can be formulated alternatively in the following way:

z€h?(l) < inf ||z —2'||, =0
Ieyy i

or

z € h?(T) <= the net (2');cx, converges to z in norm.

In the remaining part we will use the following notation:

@), [Il,) = 7(@), (@), [-15) = &)
(R (@), [I-ll,) = R#(T),  (R2(L), []-]I5) = A (T).
Sometimes it will be no importance which norm is considered. In such a case

we will write simply [9(I") and h?(I") (i.e., we will use the same notations as for
the Luxemburg norm).

o
®p
o
12
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Lemma 2.2. The space h¥(I') is Dedekind complete.

Proof. Observe first that the space [°(T") is Dedekind complete. By Lemma 1.1
we get that h?(I") € (DC). O

Lemma 2.3. The space h¥(T") is o-order continuous.

Proof. Let (x,) be a sequence in h?(I") such that z,, | 0. We have to show that
I, (Axzy) | 0 for any A > 0. Fix A > 0. Since z; € h?(I"), we can choose a set
I € 3 such that I, (/\x?l) < 0. From the Lebesgue Dominated Convergence
Theorem we get I, ()\1‘11;\]) 1 0. Since x, | 0, so z,(z) | 0 for any i € T, in
particular for any i € I. Hence ¢(Az,(i)) | 0 for any i € I. Finally,

I, A\za) = Y p(Aaa(i) + ) p(han(i)

ien\I iel

= (I, (A2)M) +> " p(Aaa (i) | 0. 0

iel
Corollary 2.4. The space h?(I") is order continuous.

Proof. The proof follows immediately from Theorem 1.2 and from the fact
that h?(T") is Dedekind complete (see Lemma 2.2) and o-order continuous (see
Lemma 2.3). O

Corollary 2.5. We have the inclusion h¥(I') C [#(T),.

Proof. Since h?(I") is an ideal in [#(T"), the thesis follows by Corollary 2.4 and
Theorem 1.3. L

Theorem 2.6. The equality h?(T") = 1?(T"), holds.

Proof. 1t is enough to show that I¥(I"), C h?(I'). Take any = € [(I'),. Since
x € h?(T) iff |z| € h?(T"), we can assume that z > 0. We have to show that
for every A > 0 there exists a set I € ¥; such that [, ()\xF\I) < o0. Fix A > 0.
The set {I"\ I : I € ¥} equipped with the order

(C\I<T\J) < (P\IDT\J)
is a directed set. Let us associate with any set I'\ I (I € ;) the element 2"\,
We get a net converging monotonously to zero (z™\ | 0), ie., (T\I <T'\ J)
yields (2" > 2™/} and infjex, 2™V = 0. By the assumption = € 1#(I),
and the fact that z > '\ for any I € X, we get that inf;ey, HxF\IHw = 0.

Let I, € ¥; be such that ||xF\IOHW < % Then H)\xr\l()”@ < 1 and finally

I, ()\[EF\IO) <1< oo. O
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Theorem 2.7. The subspace h¥(I) is also characterized by the equality
pPr) = {w € 17(0) ¢ fo] = 2 L 0= Jlan], L0}

Proof. By Theorems 2.6 and 1.3 and the fact that every sequence is a net, we
have
Per) = {w € (1) : fo] = 20 L0 = laall, 1 0}

c {x € 1P(T) o] > 2 | 0= ], | o}.

It can be shown that A = {z € I*(T') : |z| > z, | 0 = zall, | 0} is an
ideal in [?(I") and that A € (0-OC). Since I?(I") € (DC), so A € (DC) (see
Lemma 1.1) and next A € (OC) (see Theorem 1.2). By Theorem 1.3, we get
A 1#(D), = h#(D). O

Theorem 2.8. If x € h¥*(I"), then supp(x) is at most a countable set.

Proof. Let x € h?(I') and define for any n € Ntheset A, = {i € G : |z(i)|> 1}.
We will show that A, € ¥;. Let I € ¥; be such that 1, (n(% + 1)331“\1) < 00.
Since A, = (A, N(IT'\1))U(A,NI), it is enough to show that A,N(I'\ 1) € ;.
This is true since

pla, + Du(A, N (CND) = > ela,+1)
A,n(T\])

< 3 pnla, + (i)

i€r\I
= I, (n(a, + 1)2"™V) < o0. O

Lemma 2.9. For any x € I¥(I") the following equality holds:

ot o=zl = it ey,
supp(y)€X1

Proof. Let us fix x € [¥(I"). The inequality ,,<” is obvious. We will show the
inequality ,,>". Take any ¢ > 0 and z € h¥(I"). By Theorem 2.1 we have

h?(I') = cl{y € I7(T') : supp(y) € X1} .

Hence there exists y € [(I") such that supp(y) € ¥y and ||z — y||, < e. Now
we have ||z —yl|, < [|lz — 2|, + [z —yll, < |lz — z||, + &. Therefore

inf — < - .
Jnf o=yl < flo =2l 42
supp(y)€X1
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By the arbitrariness of z € h?(I"), we get

inf xr — < inf |lx—z|, 6 +e.
nf o=yl < _nf oz,
supp(y)€X1
As it is true for each € > 0, we get the thesis. [

Theorem 2.10. For any x € [?(I") the equalities

d(z) = do(z) = inf ||z —2'|| = inf H:B—JZIH;:9($),

Iex, Y Iex
hold, where d(z) = infyepery |z =yl ,, do(z) = infyenery |2 — yl7,, and 0(x) =
inf {A >0 Fpex, Yiep (52) < 0o}

Proof. 1f © € h?(T"), then all above numbers are equal to zero. Consequently,
we can assume that @ ¢ h?(I"). Then 0(x) > 0 since h?(I") = {z : 6(z) = 0}.
First we will show that 6(z) < d(z). Take any ¢ > 0 such that 0 < ¢ < 0(x)
and y € (?(I") such that supp(y) € ¥;. Then

3 @(#) — o (Ve

ien\I
in particular ZiGF\Supp(y) @ ( 7 (Z(QE = co. Hence
r—1Y r—1Y
L(-21=Y )= ZY
’ (em —s) 2.4 (9 ) —s)
el
(7 r—1y)(e
- (e<x>( - ) I <(e<x>y—)(s)) -

i€T"\supp(y) i€supp(y)

Hence || eé_)ﬂe HSO > 1, that is, [|x — y|, > 6(z) —e. By the arbitrariness of ¢ > 0,

we get ||z —yl|, > 0(x) and next by the arbitrariness of y with support in ¥y,
we have

nf e =y, > 0().
supp(y)€X1
By Lemma 2.9 we get d(z) > 6(z).
Together with the obvious inequalities we have the following inequalities:

O(z) < d(z) <d,(z) < inf Hx — xIHO

Ieyy ¥
o

O(z) <d(z) < Iiglgl |z — fow < Ijenzfl | — ‘/EIH@

Then to finish the proof, it is enough to show that infcy, ||z — xIH:; < O(x).
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Given any € > 0, there exists I € ¥; such that ZieF\Igp(%) < 0o. Hence

there exists a set J € >; such that Zier\‘]@(%) < e. For any set K € ¥
satisfying K O J we have

Zw( fj“) . Z\g) (ﬁ) <e.

el

Next, by Theorem 1.18, we have

P O(x) +¢
whence
_ ° _ _ 2F|° <
Klggl |z — ™| K1161£1 |z — 2| (O(z) +¢)(1+¢)
K>J
By the arbitrariness of € > 0, we get the thesis. [l

Let L > 1. We say that the function ¢ satisfies condition §; (we will write
@ € 0r) if there exist constants K > 0,ug > 0 such that 0 < p(ug) < oo and
the inequality p(Lu) < Kp(u) holds for |u| < ug.

Lemma 2.11. If ¢ € 6, for some L > 1, then ¢ takes value zero only at zero.
Proof. Suppose that ¢ € d; for some L > 1 and suppose for the contrary that

a, :==sup{u>0:p(u) =0} > 0. We have ¢(a,+¢) > 0 since a, +¢ > a,. On
the other hand, since L > 1, there exists € > 0 such that ”JFE < ay,, whence

a, + € a, + ¢
90(%+6)=s0(L “’L )SK@(”T)za

since ¢ € dr. A contradiction. O

Lemma 2.12. For any L > 1 the fact that ¢ € 1, is equivalent to the fact that
(RS 52.

We will omit the standard proof.
Theorem 2.13. If ¢ € §y, then h?(I") = [?(I").

Proof. Let z € I#(I") and ¢ € 5. Then there exists Ay > 0 such that I, (Aoz) <
0o. Take now any A > 0. If A < Ay, then obviously I, (Az) < co. Assume that
A > A, e, & > 1. In virtue of Lemma 2.12 we know that ¢ € ¢ 2 that is,

there exist K > 0 and up > 0 such that 0 < ¢(ug) < oo and (’/\\;‘) < Ko(u)
for |u| < uy.
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Define now the set I = {i € I' : [Aoz(i)| > uo}. Since 0 < >, ; ¢(up) <
Yoicr P(ox (i) < I, (Aox) < 00, we get I € Xy. We have

> ea(@i) < ) e (%on(i)) < ) Ko(hox(i) < K1, (Aoz) < o,

ieT\I iel\I iel\J

which finishes the proof. m

3. Dual spaces of h?(I)

We start with the following

Lemma 3.1. For any x,y € I°(T") the following Hélder inequality holds:

> lzyl < llell, Nyl -

r

Proof. It # = 0 or |zf|, = oo, then the inequality is obvious. Assume that
0 < ||z]l, < co. Then we have Y"p |zy| = ||lz[|, >y %M < l2ll,, Iyl - O

We denote by X* the dual space of a normed space (X, |-]|). For any
functional F' € X* the norm is defined by formula

[ == sup {|F(2)] - [|=]] <1}
Theorem 3.2. For each element y € [ (T'), the formula F(z) = Y xy, for any
x € h?(T'), determines a functional ' € h#(I')* with ||[F|| = ||y|l,. Conversely,
any functional G € h#()* is determined by some element y from (¥(T"), that
is, G(x) = > pxy for any x € h?(T).

Proof. Let y € [¥(T"). Define F(z) = > . zy. By the Holder inequality we have
|F(x)| < [lz]l, [[ylly, ie, F is a well defined linear functional on A#(T") and
| 7]l < [ly[l;, < oo, whence F' is continuous. Define

_ 1 fori=j, .
e;(1) = 0 (jel)
0 for i # 7,
Then y(j) = F(e;) for any j € I'. Then by Lemma 1.8,

lyllS, = H F(e)), ‘O = sup (i) F(e:)
¥ ( ) er " I, (z)<lsupp(z)€eX, zEZF
sup F(x)

I (2)<1supp(x)€Ss

IA

sup IE] ]l
I, (xz)<1supp(z)eX

< [1#l
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Consequently, we have shown the equality || F|| = Hnyp

The above calculation shows also that if we take any functional G € h?(I")*
and define y = (G(ei));cp, then [yll;, < |G| < oo and, by Corollary 1.11,
we have that y € [¥(I'). It remains to show that y determines F equal to G.
Indeed, F' and G are equal on the set {x € h¥(T") : supp(z) € £;} and h#(I)
is the closure of this set, so by continuity of the functionals F' and G, we get
F=aG. O

The above theorem shows that any element v € [¥(I") determines a linear
continuous functional on A?(I"). We denote it by F,. Note that we can naturally
extend the functional F, to the functional on [#(I") with preserving of the norm.
Namely, defining G(z) = > 2y (z € I¥(I')), we have of course that G(z) =
F,(x) for x € h?(I"). By the Holder inequality (see Lemma 3.1), we get

G)l = | wy| < Dzl Iyl (V2 € 12(D)),

i.e., G is well defined on I#(T') and [|G|| < [ly[l;,- Since G is an extension of F,
so |G|l > [IF]l = [lylly- In the following the functional G will be denoted by
the same symbol F,.

Theorem 3.3. Every functional x* € [#(I")* can be written, in the unique

manner, as a sum x* = F, + G, where F, is determined by some element
v € I¥(T) and G is so-called singular functional, i.e., G(h?(T')) = {0}.

Proof. Since x*|pery is a functional on h?(I'), by Theorem 3.2, there exists
v € [¥(I') determining this functional. Let F, denote its extension to (?(T")
(defined above). Define G = z*—F,. If x € h*('), then G(x) = z*(x)— F,(z) =
¥ ey (@) — 2 |pery(z) = 0. Assume now that 2* = F, + H, where z € [¥(T)
and H(h?(I')) = {0}. Since F, + G = F,+ H, F, — F, = H — G. For any
x € h?(I') we have (F, — F,)(z) = (H — G)(z) = H(z) — G(z) = 0, ie.,
F,(x) = F,(x) for z € h?(T"), whence v = z, and consequently G = H. O

In the proof of the next theorem we will use the following

Lemma 3.4. Let x € [?(I") and ‘Zlerx(z){ < 00. Then for any € > 0 there
exists a set I. € Xy such that ‘ D ier\T $(z)| < e forany I € X1 satisfying I D I..

Proof. Since |>°,p #(i)| < oo, we have >, 2" (i) < 0o and Y, 27 (i) < oc.
Let ¢ > 0 and take K € X, such that >, 2% > Y Lot — 5. We can assume
that if ¢ € K, then 27 (i) > 0. Analogously we take J € ¥ such that )" ;2= >
Yrr- —5and z7(i) >0 foriec J.
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Defining I, = KUJ, we notice that ) 5, ¥ =3 vTand ), v~ =} jz~.
For any I € ¥, such that I D I. we have

Zx < Zx++2x_

I\I I\I I\
I
I\I. I\l

T
Ie

)

_ (Z_Zz)+(z_
(5o (£r )

I

Theorem 3.5. For every functional x* = F, + G € I¥(I')*, we have
lz* 1l = llvlly + G-
Proof. First we will prove the inequality ,,<”. We have
| = 1 Fo + Gl < 1B+ 1G] = ol + IGI1-

Fix e > 0 and take 21,z € [#(I') such that [[21][, < 1, |lzofl, < 1 and
[o][ — e = [IE] —e < Fu(x), |G| — ¢ < G(z2). Since ||F,: I7(I) — R|| =
|y : h?(I') — R||, we can assume that x; € h?(I") and consequently that
supp(z1) € 3 (since h?(T") is the closure of the set {x € [?(T) : supp(z) € X1}
and F, : h?(I') — R is continuous). Since | ;. vx2| = |Fy(zq9)] < o0, by
Lemma 3.4, there exists I. € ¥; such that Vies, o1 ZF\[ vxg‘ < . Now

take a set K € X such that supp(z;) C K, I. C K and ), . p(w2(i)) >
Y ier ¢(22(i)) — €, and define

(i) = x1(1) forie K,
T o) forieD\ K.

Then

ieK iel\K

Therefore, I, () < =1, (z) < 1, that is, HliﬁH@ < 1. Hence |z*|| >
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z* (1%6) Next we have

(1 +e) [J2*]| > 2*(z) = 2" (21 xx) + 2" (22 X\ )
= F, (x1xx) + G (21 xx) + Fy (22 x0\1) + G (22 X1\K)
= Fy(z1) + 0+ F, (z2 xr\x) + G (22 X1 — 22 XK)
= Fy(z1) + F, (z2 xr\x) + G (22)
=Fy(z1)+ Y v(i)aa(i) + G (2)
ieM\K
> |lolly — e+ (=) + |Gl —e = [lv]l, + [|G]| — 3.

Consequently, we have shown that (1 + ¢) [[2*]| > ||lo||}, + [|G]| — 3e. By the
arbitrariness of € > 0, we get the thesis. O]

4. Dual spaces of h?(I)

We start with the following

Lemma 4.1. For any x € I¥(I") the following equalities holds:

|zl, = sup > axy= sup Zafy

||y||¢<1 T ||?JH¢<1
supp(y)€Xy

Proof. Notice that

sup Zmy< sup > ay < sup |zl [lyll}, < [, -
lyllg <1 lollg, <1 “F lullg <1

supp(y)€X

It remains to show that

|z, < sup > ay. (2)
lvllg <1 "1
supp(y)€X1

Assume that the inequality (2) holds for the elements with finite supports. Then
the equality holds also for all elements. Indeed, let = € [¢(I") and y be such
that [ly|l;, <1 and supp(y) € ¥;. Then we have for any I € %,

Zmy—Zazy<Zazy+Z i) sgn(z sz
1€\I

where

z(i) =

{y(i) for i € I
y(i)sgn(z(i)y(i)) foriel'\I.
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Since ||z]|9, < ||ly||S, < 1 and supp(z) C supp(y) € X1, we have
P P

d aly< sup ny
I

||y||¢<1
supp(y)€X1
Hence
sup E SL‘I < sup E zy.
lyllg <1 "1 lyllg, <1
supp(y)€X1 supp(y)€X1

Next, by Lemma 1.6 and inequality (2) for elements with finite supports, we

get
lz||, = sup ||z!|| < sup sup zly < sup xy
s IEElH H‘P Iesy  ylg<t Z Iyl <1 Z ’
supp(y)€X1 supp(y)€X

which is the desired inequality.
Consequently, in order to show that

el < s
||ZJH¢;<1
supp(y)EX

we can assume that supp(z) € ;. Additionally, assume without loss of gener-
ality that [|z[|, = 1. Then I, (v) <1 and Viere(z(i)) < 1, which gives

|z(i)| < b, :=sup{u: p(u) <oco} (Viel).

Consider first the case when there exists iy € I' such that |z(ip)| = b,.
Defining = = (i sg0(z(io)), we get supp(z) = {io},

1
I2]l;, = sup Zzg: sup —g(i )<—b

Io(9)<1 r Io(9)<1 b b
and ]
su Ty > xz = x(i —Sn 7 b,— = 1.
HwaIil Z Yy Z 0)7— sgn(z(ip)) = b,
supp(y)€X

Now assume that Vep|z(i)| < b,. Since supp(x) € ¥y, there exists g > 0
such that Vier(1 + &o)|z(i)| < b,. Take any 0 < e < gp. Then [|(1+¢)z|[, > 1
and consequently I, ((1 +¢)x)) > 1. Define

w(i) = ¢'((1+¢€)x(i)) fori € supp(z)
0 for ¢ & supp(x),

where ¢’ is the left-hand side derivative of the function ¢ and z = Iw(Tw)H The



Properties of Orlicz Spaces 443

elements w and z are well defined, supp(z) = supp(w) C supp(z) and [|z[|, < 1.
Indeed,

0= h—— h
2]y = sup Zz I 1]sup Zw

<1F

< U 0+ 0

Now we also have

sup Zwyz sz
r

lyllg, <1
: z
= = Tw
I¢ (w) +1

supp(y)€X1
! S (1+e)
= E)r
1+¢ ]w + 1 T

1 1

=1+€]¢@0+1%2;w«r+@ﬂw¢«1+@xw»
=17 i =T (wl) 1 Z (go((l + a)x(@'))—l— w(go’((l + a)x(@))))
i€supp(x)
- LMwl)+1(I¢((1+6)m)+l¢(w))
1 1 1
“1ve ]w(w)+1(1+1¢,(w)) T lte
By the arbitrariness of € > 0, we get the thesis. O]

Theorem 4.2. For each element y € [¥(T") the formula F(x) =Y . xy for any
z € h¥(T'), determines the functional F' € hg(L')* with ||[F'[| = ||y||,,. Conversely,

any functional G € h¢(T)* is determined by some element y from [¥(T).
Proof. Let y € 1¥(T'). Define F(z) = > pxy. By the Holder inequality, we

get |F'(z)| < ||lz[|7, [[yll,, i-e., I is a well defined linear functional on A¢(I") and
||l < lyll,- The opposite inequality follows by Lemma 4.1:

|F]= sup F(z)= sup » xzy> sup ry = [lyll
[zl <1 ]l <1 Z llzllg <1 Z .
xeh“’(l“) xeh‘p(I‘) supp(x)e&
Now take any G € hf(I')*. Since the norms [|-[|7 and [|-[|, are equivalent,

he(I')* is equal to h?(I')* as sets and consequently, by Theorem 3.2 there exists
y € [¥(T) such that G(z) = > xy for x € h#(T). O
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5. Smooth points of [¥(I")

In this section we will give criteria for smooth points of the unit sphere of [#(I")
equipped with the Luxemburg norm. Next we will point out the differences
between the spaces depending on the cardinality of the set I"'. Smooth points
in Orlicz spaces or in Musielak-Orlicz spaces corresponding to o-finite measure
spaces were investigated among others in [2-6,9-11].

Let us define support functionals and smooth points.

Definition 5.1. We say that a functional x* € X* is a support functional at a
point x € S(X) if ||z*| = 1 and z*(x) = 1. By Grad(z) we will denote the set
of all support functionals at a point x € S(X). If we take any = # 0, then we
define that * € Grad(z) if ||z*|| = 1 and z*(z) = ||z||.

Definition 5.2. We say that = € S(X) is a smooth point if Grad(x) is a single-
ton.

Now we will give some lemmas. Let us recall that d(z) :=infyeper) |z — -

Lemma 5.3. If G € I¥(I")* is a singular functional, then |G(x)| < ||G|| d(x)
for any x € 1°(T").

Proof. Take any = € [?(I'). For any y € h¥(I'), we have |G(z)| = |G(x) —
Gyl =Gz =yl <G [l =yl so |G()] < |Gllinfyenem) [z =yll,. O

Lemma 5.4. Let x € S(I*(I")). Ifd(x) < 1, then any x* € Grad(x) is a reqular
functional (i.e., the singular part of * is equal to 0).

Proof. Let x* = F, + G € Grad(z). Assume for the contrary that |G| > 0.
Then, by Lemma 5.3 and Theorem 3.5, we get

I=a"(z) = F(x) + G(x) < [E[lllzll, + 1G]l d(z) < |E] + Gl = [l="]|,
whence ||z*|] > 1, a contradiction. O

Lemma 5.5. Let x € I?(I), [|z|, = 1 and d(x) = 1. Then there exist y,z €
1#(T) such that ||yl|, = l|z|, = 1, supp(y) Nsupp(z) =0 and v =y + z.

Proof. Let x € 1(I') be such that [z[|, = 1 and d(z) = 1. Since d(z) = 0(x)
(see Theorem 2.10), so

. x(2
1nf{)\ > 0 Jdrex, Z ©® (%) < oo} =1.
1e\I
Consequently, for every 0 < A < 1 and every set I € 31, we have

> e (5) = )

ieT\J
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Take now any sequence (\,),cy such that 0 < A\; < Ay < A3 < ... < 1 and
Ay —25 1.

We will define by induction a sequence (I,),en of sets such that I, € 3 for
neN, I,NI, =0 forn#k and

Z)(%?)>L (4)

i€l
Since Zzergo(w(z)) = oo, there exists [; € ¥; such that ), ., ¢ (%)) > 1.
Having defined the sets I (kK =1,...,n) satisfying the above conditions, let us

define the set I,,,1. Since [; UL, U ... U I, € ¥, by (3), we have
(i)
> e(32)-
i€\ (1;UI5U...UI,,) ntl

Hence there exists a set I,;; C T'\ (L UL U...UI,), I,11 € ¥; such that
Zieln.H gp(m) > 1. Define now elements y and z by

>\n+1

y :xX11U13UI5UI7U... + mXF\(IlUIQUISU...) a‘nd z = xXIQUIALUIGUIgU...'

It is clear that z = y + z and supp(y) N supp(z) = ). We have to show that
lyll, = 1I=ll, = 1.

Notice that I, (y) < I, (z) < 1 and [, (2) < I, (x) < 1. Take any A < 1.
Then there exists Ay, > A\. We can assume without loss of generality that k is
an odd number. By (4) we have

@)z () 25 (o) =2 (52)

and

)2 ()2 () - o (2)

1€lp41

Therefore |yl = [[z][, = 1. O

Lemma 5.6. Let z € I?(1'), ||zf|, =1 and card {i € I : |z(2)[ = b, } > 2. Then
there exist y, 2 € 1?(I') such that [ly|| , = |||, = 1, supp(y) N supp(2) = O and
r=y+=z.

Proof. The proof is analogous as the proof of Proposition 2 in [10] for T' = N.
We will present it here for the sake of completeness.

By the assumption, there exist j, k € I such that j # k and |z(j)| = |z (k)| =
be. Define y = xxy;y, 2 = xr\(j3- We have supp(y)Nsupp(z) = 0 and z = y+2.
It is enough to show that [[y|[, = [|z]l, = 1. Indeed, I, (y) < I,(z) < 1,
I,(z) < I,(x) <1 and, for any A > 1, we have I, (y) = I, (z) = oo. O
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We have just proven analogues of Lemmas 0.1, 0.2, 0.3 and 0.4 from [2]. On
the base of these results necessary and sufficient conditions for smooth points
of the Musielak-Orlicz space were given in that article. Next it can be proved
in a similar way, an analogue of Theorem 1.1 from that article. Namely, the
following theorem holds.

Theorem 5.7. A point x € S(I1¥(I")) is a smooth point if and only if:
1. d(z) <1 (let us remind that d(x) denote the distance of x to h*(I"));
2. there exists at most one index i € I' such that |x(i)| = by;
3. if |z(i)| < by, for any i € I' then for any i € I' such that o(|z(i)]) < 1 the
equality ¢ ([x(i)]) = ¢ (lz(@)]) holds;
4. if |x(ip)| = by, for some iy € T', then I,(x) < 1 or ¢’ (b,) = oo or
P (12(D)) = 0 for any i # o,

From the above theorem we can deduce the next our theorems.

Theorem 5.8. If ¢ is an Orlicz function that is smooth at zero, then there
exists smooth points on the unit sphere S(I1¥(I')). In particular, smooth points
of S(I1¥(T")) are the elements defined by the formula

r = supfu: o(u) < 1} - Xy
where k is an arbitrary element of T'.

Proof. Let us fix k € T' and notice that x defined in the theorem belongs to
h#(I"), that is, the first claim of Theorem 5.7 is satisfied. From the definition of
element x, we get immediately that the second claim of Theorem 5.7 is satisfied
too.
Consider now two cases:

Case 1: ¢(by) > 1. Then I, (v) = 1, that is, ||z, = 1. If now |z(3)| < ¢~(1),
then i # k and, consequently, z(i) = 0. By the assumption that ¢ is smooth at
zero, we get that conditions 3 and 4 of Theorem 5.7 are satisfied. Therefore x
is a smooth point.

Case 2: ¢(b,) < 1. Since I, (z) < 1 and I, (z/\) = oo for every A < 1, so
|z]l, = 1. Consequently, we have x(k) = b, and z(i) = 0 for i # k. Since
¢ is smooth at zero, so ¢’ (x(i)) = 0 for i # k, that is, conditions 3 and 4 of
Theorem 5.7 are satisfied, and consequently, x is a smooth point. [l

When I' is an uncountable set and ¢ is an Orlicz function that takes only
finite values, then we can reverse the above theorem.

Theorem 5.9. Let I' be an uncountable set and ¢ be an Orlicz function that
takes only finite values. If the unit sphere S(I?(I")) has smooth points, then ¢
15 smooth at zero.
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Proof. Let z € S(I?(I')) be a smooth point. If a, > 0, then ¢ is automatically
smooth at 0. Assume that a, = 0. Then x(j) = 0 for some j € I' (in fact
x(i) = 0 for all indices outside a set A which is at most countable). Then by
the third condition of Theorem 5.7, we get that ¢ is smooth at zero. [

We will end our considerations concerning smooth points with an example.

Example 5.10. The unit sphere S(I*(T")) of /'(T") has smooth points if and only
if the set I' is countable.

Namely, if I' = N, then smooth points are all the sequences = € S(I'(N))
with supp(z) = N. The support functional at such a point is just y € (ll(N ))* =
[*°(N) defined as y = (sgn(x1),sgn(zs),sgn(zs),...), where sgn is the signum
function.

Now assume that I' is an uncountable set. For any x € S(I}(T")) there
exists ig € I" such that z(iy) = 0. Notice that for any a € [—1,1] the element
Yo € (IMT))" = 1°°(T") defined by the formula

(i) = « for i = iy
Yol = sgn(z;)  for i # .

is a support functional at this point. Consequently, at each point of the unit
sphere there exists infinitely many support functionals, that is, no point of
x € S(I1(T")) is a smooth point.

6. Extreme points of [¥(I")

In the last section of this article we will present criteria for extreme points of
S(I#(I)).

Definition 6.1. We call x € S(X) an extreme point of the unit ball of a normed
space X if for any y, 2z € S(X) the equality = = %(y + z) implies that y = z.

For an Orlicz function ¢ we define

Ext(yp) = {UER: v (w;«év/\wTH:u) = (w(u)<M)}

w,vER 2

We will use now the following result from |7] giving criteria for extreme
points in Orlicz spaces L¥ equipped with the Luxemburg norm.

Theorem 6.2 (|7, Theorem 1]). Let ¢ be an Orlicz function and (T,%, u) be
any measure space without atoms with infinite measure.

(i) Assume that ¢ is a continuous Orlicz function. Then x € S(L¥) is an
extreme point if and only if I, () =1 and either



448 H. Hudzik and L. Szymaszkiewicz

(a) x(t) € Ext(p) for p-p.w. t €T or
(b) there exist an atom A such that x(t) € Ext(p) for p-a.e. t € T\ A
and |4 = ug, where p(ug) # 0.

(ii) If ¢ is not continuous and I, (x) = 1, then x € S(L¥) is an extreme point
if and only if one of the above conditions (a) or (b) holds.

(iii) If ¢ is not continuous and 1, (x) < 1, then x € S(L¥) is an extreme point
if and only |z(t)| = b, for p-p.w. t € T.

In the above theorem L¥ denotes any Orlicz space, that is, an Orlicz space
over arbitrary (not necessarily o-finite) measure space, which can be purely
atomic or mixed, but without atoms with infinite measure. We are interested
here mainly in [¥(I"). If we additionally assume that the set I' is infinite, then
the above theorem takes for {¥(I") a particular simple form.

Theorem 6.3. For any infinite set I', we have the following:

(a) If a, < by, then x € S(I#(I")) is an extreme point if and only if I, (x) =1,
\z(i)| > a, for any i € T and

pli e Iz fa(@)] > ap Aa(i)] ¢ Ext(p)} < 1.

(b) If a, = by, then x € S(1¥(I")) is an extreme point if and only if |z(i)| = ay,
foranyiel.

Note that if the set I is finite and a, < b, then the condition I, (x) = 1is
not necessary for = € S(I#(I")) to be an extreme point.

As it is seen from the last theorem, in contrast to the criteria for smooth
points, if we consider extreme points of B(I?(I")) the fact if I is countable or
not is not so essential as for smooth points.
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