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Superposition Operator in a Space of
Infinitely Differentiable Functions

Mario Romeo

Abstract. In this paper we prove a degeneration result for the superposition oper-
ator in V(]Rd), a particular space of infinitely differentiable functions which have all
derivatives uniformly bounded by a constant that does not depend on the order of
derivation.
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1. Introduction

If f is a function defined on the real line, the (nonlinear) superposition operator
Ty associated with f is defined by Tf(u) := f ou. Given a space E of real
functions, a natural question consists in finding necessary and sufficient con-
ditions on f (called acting conditions) such that T((E) C E (cf. Appell and
Zabrejko [2]).

The superposition operator on various spaces is usually studied in view of
applications to partial differential equations. In particular, to study some differ-
ential equations of infinite order, Ricceri introduced in [5] a certain space V (R?)

of infinitely differentiable functions. The question about acting conditions in
V(RY) is stated in [6] as follows.

Problem. Let d be a positive integer. Denote by V (R?) the space of all functions
u € C®(R?) such that, for each bounded subset Q C R?, one has

sup sup|D%u(z)| < 400,
aENZ z€Q
where D = % and Ng = NU{0}. Let f: R — R be a function such
Ty Ty
that, for each u € V(R?), the composite function x — f(u(x)) belongs to V(R?).
Then must f be of the form f(t) = at +b?
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The aim of this paper is to give a positive answer to it. Note that the space
V(RY) can be seen as a particular case of the well studied class of Roumieu
spaces (see [2, page 217]), but known results for the superposition operator in
Roumieu spaces ([1,4,9]) do not fit with our problem. The author does not
know if the proof presented here could be adapted to improve known results for
superposition operator in Roumieu spaces.

2. Result

Let us first remember the following formula for the derivatives of the composite
function (for a short proof see [7]). The usual k-order derivative of a function f
is denoted by f®*.

Lemma 2.1 (Faa de Bruno Formula). Suppose that v and f are C* real func-
tions on R. Then the derivatives of the composite function f owv are given

by

outte - g () (222 (2242’

where k = ki + ko 4+ -+ - + k,, and the sum is taken over all ki, ko, ..., k, € Ny
for which ki + 2ks + - - - + nk, = n.

We note that if a derivative v () is zero, then the corresponding index k;
in the formula above can be assumed to be zero. As a corollary, we have the
following result.

Corollary 2.2. Let f be a C° real function on R and suppose that v is a real
polynomial v(x) := ag + a1 + aox™ + - - + a, 2", where r > 1 is an integer,
ag, - - - , a, are real numbers and iy, . . ., 1, are integers with 0 < 17 < g < «++ < .
Then

(o) (0) = 3 gty ol ol

where k = hy + hy + -+ + h,. and the sum is taken over all hq, ho, ..., h, € Ny
for which i1hy 4+ 19he + - - - + i, h, = n.

The next Lemma will be used in the proof of Theorem 2.4.

Lemma 2.3. Let f and v be as in the previous corollary. For i > i, integer
and ¢ € R define v;(x) := v(x) + cz'. Then

(f 0 0)@*(0) = (f 0 0) " *9(0) + can (i1 + 1)1 (ag)-
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Proof. Corollary above shows that

i1 +1)
(fov)® ()= hllh; . h, l;uf(k)(ao)@}f1 ag?---apre, (1)
where k = hy+ho+-- -+ h,+h and the sum is taken over all hq, ho, ..., h, € Ny
and all h € Ny for which ¢1hy + i9hy + - -+ + 4,h, +th = 71 + 4. Since i1 < 1,
condition above forces index h to be 0 or 1. So the sum in (1) can be split in
two terms, regarding if h = 0 or h = 1. Using again the Corollary above we
get that the first one, for h = 0, is equal to (f o v)@*1)(0). The second one, for
h=1,1is

i
> L aal e ale @)
where k = hy+ho+---+h,+1 and the sum is taken over all Ay, ho, ..., h, € Ny
for which i1 hq 4 ishy + -+ 4+ i,.h, = 71. Since 7; is smaller than i, ...,4,, the
sum in (2) reduces to the single term ca; f® (a)(i; +4)! and this concludes the
proof of the lemma. O

Theorem 2.4. Let f: R — R be a function such that, for each u € V(R?),
the composite function x — f(u(x)) belongs to V(R?). Then f is of the form
f(t)=at+b.

Proof. Suppose first that d = 1.

Since the identity function id(x) := x belongs to V(R), obviously f = foid
is a C*° function. The theorem follows if we prove that f*(ag) = 0 for every
fixed ag € R.

Consider the set {0, 1} with the discrete topology, and let @) be its numerable
product {0, 1} endowed with the product topology. For each element ¢ = (qx)
of () define functions u,: R — R by

x):=ap+ Z %xk (3)
k=1 "

It is easy to check that functions u, belong to V(R). Therefore f owu, belong to
V(R) and in particular there exist constants M, such that

sup|(f o ug)™(0)| <M,  VgeQ. (4)

n>1

We want to use the usual Baire argument (in its version for Hausdorff
compact spaces, see for example [3, Theorem 7.12]) to find an upper bound M
in (4) which does not depend on ¢. For M € N put

Qur = {q €Q: sgl?}(fouq)(”)(O)‘ < M}
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so that by (4) we have |J,,cy@n = Q. Moreover @y are closed sets in Q:
observe that
Qu = (T, ' ([-M, M]),

neN

where the functions T;,: ) — R are defined by

To(q) := (f 0ug)™(0).

The expression (f ou,)™(0) depends on first n derivatives of u, in 0, that is on
qi,---,qn, but does not depend on others components of ¢. This implies that
each T}, is continuous and hence that ()); are closed subsets of ().

Since @ is a Hausdorff compact set, by the Baire Lemma there exists M € N
such that ();; has non—empty interior. Therefore there exist two finite disjoint
(non-empty) subsets I, J of N with the following property: if ¢ € @ is such that
qr =1 for k € I and ¢ = 0 for k € J, then ¢ € int(Q ;) and hence

sup| (0 ug) ™ (0)] < M. (5)

neN

Let 7 := max(I U J) and suppose I = {iy,...,43,} with 0 < i; < iy < -+ < .
For ¢ > n define
71 :L.ir i1 x’ir xi

U(l'):a0+z—1'+_|_zr' and Ul(x):a0+z_1'++zr'_‘_z_'7

so that by (5) it follows that

sup|(f ov)(”)((]){g M and sup|(f o vi)(")(0)|§ M.

neN neN

In particular, choosing n = i, + i, we get

|(f 0 v) @ FD(0) — (f 0 v)@+)(0)]< 21 (6)

We may apply Lemma 2.3, with ¢ = %, to find

1! 4!

2) YR
’f 2 (a0)| < 2M(21 +Z)'7

and considering the limit for i — 400 we obtain as required that f®(ag) = 0.

If d > 1 we can repeat the same argument, just considering functions

Ug(x) = uy(z1) which depend only on first component x; of x = (x4, ..., z4) and
using partial derivatives % instead of ordinary derivatives (f ou,)™. O
1



Superposition Operator 467

References

[1] Appell, J., Nazarov, V. I. and Zabrejko, P. P., Composing infinitely differentiable
functions. Math. Z. 206 (1991), 659 — 670.

[2] Appell, J. and Zabrejko, P. P., Nonlinear Superposition Operators. Cambridge:
Cambridge University Press 1990.

[3] Choquet, G., Lectures on Analysis, Vol. I: Integration and Topological Vector
Spaces. New York: W. A. Benjamin Inc. 1969.

[4] Ider, M., On the superposition of functions in Carleman classes. Bull. Austral.
Math. Soc. 39 (1989), 471 — 476.

[5] Ricceri, B., On the well-posedness of the Cauchy problem for a class of linear
partial differential equations of infinite order in Banach spaces. J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 38 (1991), 623 — 640.

[6] Ricceri, B., Some research perspectives in nonlinear functional analysis. Semin.
Fized Point Theory Cluj-Napoca 3 (2002), 99 — 109.

[7] Roman, S., The Formula of Faa di Bruno. Amer. Math. Monthly 87 (1980)(10),
805 — 809.

[8] Roumieu, C., Sur quelques extensions de la notion de distribution. Ann. Ecole
Norm. Sup. Paris 77 (1960), 47 — 121.

[9] Tadjouri, M., Probléeme de Carleman et composition des fonctions indéfiniment
dérivables (in French). C. R. Acad. Sci. Paris, Sér. I Math. 315 (1992)(11),
1149 — 1152.

Received August 2, 2006



