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Existence of Solutions for some
Quasiaffine PDEs

Flavia Giannetti and Girovanni Pisante

Abstract. We prove the existence of solutions of problems of the type

O (Du(x)) = f(z) in Q
{ u(z) = o on 02
with @ : R"*" — R quasiaffine function and &y € R™*" fixed.
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1. Introduction

In 1965, J. Moser proved that two positive C'*° volume forms on a compact
manifold with the same total mass are related by a diffeomorphism [7]. Later
on B. Dacorogna and J. Moser in [5] considered problems of the type

det Du(z)=f in Q
{ u(z) =x  on 09, (1)

where () is a bounded domain in R™ with regular boundary and f is a positive
function on €2 verifying the assumption

/Qfdrvzlﬁl,

where || denotes the Lebesgue measure of Q. The equation in (1) is called
the prescribed volume form equation and has a lot of applications in physics,
in particular in elasticity theory.
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The main difficulty in solving (1) is in the non-linearity of the Jacobian
determinant. In [5], Dacorogna and Moser overcame this problem in the case
f belonging to the Hoélder spaces C™() and obtained the best regularity
that one can expect, that is u € C™2(Q,R"). Later on, in [10], the author
obtained the best regularity for u in the case f belonging to the Sobolev space
W™P(Q) with max (1, ) < p < oo, that is u € W™HP(Q,R™).

The intent of this paper is to continue this theme from a more general and
unifying perspective. In particular we study problems of the type

{@(Du(aj)) =f(z) in Q
u(zx) = &ox on 01},

where @ : R"*" — R is a quasiaffine function and &, € R"*" is fixed. Clearly, in
this case we shall require that the function f satisfies the compatibility condition

/Q f(x) dz = B(€)[€)]

Similar arguments to those used in [5] allow us to obtain, for f € C"™(Q2) and
| f — ®(&)||co. sufficiently small, a solution in C™+1%(Q, R") and an analogous
result in the setting of Sobolev spaces. The main difference between our results
and the ones contained in [5] and [10] is in the linearization procedure.

2. Notation and preliminaries

In this section we introduce some notation and recall some results useful in the
sequel. Let D CR", u: D — R and 0 < a <1 and say

[u]a,p = sup {M}

z,yeD |z —yl|*
T#y
Let 2 C R"™ be open, k > 0 be an integer. Set Ay := {a = (ay,...,a,) € N*:

> i a;j = k}. An element of Ay, is called a multi-index of order k. M‘o‘reover,
8 a

0% gy 0%y, "
Define the different spaces of Holder continuous functions in the following
way:
— C%(Q) is the set of u € C(Q) such that [u], x < oo for every compact
set K C Q.
— C%*(Q) is the set of functions u € C(Q) such that [u], g5 < co. It is a
complete space when equipped with the norm

if we write |a| =>_"

=1 @j, we mean by D®u the derivative Du =

[ullcoe@y = lullco@ + [ulag-
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— C*(Q) is the set of u € C*(Q) such that [D%], x < oo for every compact
set K C  and every multi-index a € Aj.

— C**(Q) is the set of u € C*(Q) such that [D%u], g < oo for every multi-
index a € Aj. It is a Banach space equipped with the norm

s = lullox + max{D"d

In the next proposition we state the useful property of Holder spaces C*(Q) of
being a multiplication algebra. For further references on these spaces we refer
to [1] and [6].

Proposition 2.1. Let Q C R™ be open, k > 0 an integer and 0 < a < 1. If
u,v € C*(Q) then uv € C**(Q). More precisely there exists a constant ¢ > 0
such that

[uvllore < e([lullorallvlico + lullcollvllorea) < 2cllullorallvlicra.

We shall need also the lower semicontinuity property of the || - ||or.« norm
stated in the following

Proposition 2.2. For an integer k > 0 and 0 < o < 1, let Q@ C R" be a
bounded open set with C**1 boundary. Let r > 0 and

Br = {U & Ck-f-l,a(ﬁ) : ||u||Ck+1,a(§) S 7"}‘
Let {uh}hGN C Br such that Up — U m LOO(Q)’ then u € Br and
HUHCHl,a(ﬁ) < hi?—lgolf HuhHCkH,a(ﬁ).

For the proof we suggest the book of Dacorogna ( [3], Prop. 12.8).
The following theorem, fundamental for the proof of our main result, has
been investigated by several authors, see for example [4].

Theorem 2.3. Let k > 0 an integer and 0 < o < 1. Let 2 C R™ be a bounded
connected open set with orientable C*t3 boundary consisting of finitely many
connected components. The following conditions are then equivalent:

(i) f € Ck*(Q) satisfies

f(z)dx =0.
Q

(ii) There exists u € C*H(Q, R™) werifying
divu=f in
u=20 on 0f).
Furthermore, there ezists Cy = Co(a, k, Q) > 0 such that

[ullgrre < Coll fllona -
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Let us recall now the definition and some structure properties of quasiaffine
functions.

A Borel measurable and locally integrable function ® : R™" — R is said
to be quasiconver (in the sense of Morrey) if

1
D(A) < W/DCI>(A+V¢(x))d:p

for every bounded domain D C R", for every A € R™" and for every ¢ €
Wy (D; RN).

We say that a Borel measurable and locally integrable function ® : R™*N —
R is quasiaffine if ® and —® are quasiconvex. Quasiaffine functions are com-
pletely characterized in [2] as linear functions of minors. In order to write the
representations of a quasiaffine function let us fix the terminology used.

For a matrix A € R™¥ we denote by T(A) the vector

T(A) = (A, adj,A, ..., adj,nA),

where adj,A stands for the matrix of all s X s minors of the matrix A, with
2 < s <nAN = min{n, N}. Observe that T can be seen as an operator
T : R"™W — R™™N) where 7(n, N) = ZZQ{V (];[) (") is the euclidean dimension
of the space of all minors of A.

The following proposition holds true.

Proposition 2.4. Let ® : RN — R. Then ® is quasiaffine if and only if
there exists 3 € R™™N) such that

®(A) = @(0) + (5;T(A))

Ran

for every A € , where (-; -} denotes the scalar product in RT(™N),

We refer to the book [3] and to the references therein for further properties
and characterizations of quasiaffine functions.

3. The equation ¢(Du) = f

In this section we present our main result in the setting of Holder spaces. Let
® : R™" — R a quasiaffine function and & € R™*" such that det D®(&y) # 0.
The following result holds:

Theorem 3.1. Let m > 0 an integer and 0 < a < 1. Let 2 C R™ be a bounded
connected open set with orientable C™ 3% boundary consisting of finitely many

connected components. Assume f € C™*(Q) satisfying

/Q f(@) dz = B(€)[€2]
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Then there exists € = e(a,m, ) > 0 such that if ||f — ®(o)llcow@) < € then
there exists u € C™FL*(Q, R™) such that

®(Du(z)) = f(=), zeN
{ o) =&, 1 €0N. (2)

=

E
I
<

Furthermore, there exists a constant v = vy(a, m, Q) such that

lu = ugollora@rny < VI = P(&0)llcoam) - (3)

Remark 3.2. Assuming in addition that det & > 0, we also have that u(z) is
a diffeomorphism provided || f —®(&o)l| 0.« @) is sufficiently small. Indeed ug, ()
is one to one and, in virtue of (3), for € small enough there exists ¢ > 0 such
that det Du(x) > det &y — € > 0 (see for example [8]).

Proof of Theorem 3.1. We divide the proof into two steps.
Step 1. Setting v(z) = u(x) — ug,(x), the problem in (2) can be read as

(& + Do) = f(z) i O
{ v(z) =0 on 0. (4)

On the other hand, since ® is an affine function of the minors (see Proposi-
tion 2.4), it is a polinomial function of its arguments. It follows that its Taylor
expansion has a finite number of entries and then we can write

®(So + Do(x)) = (&) + (DP(&); Dv(x)) + Qg (Do(x)),

where Q¢,(¢) is a polinomial function that does not involve any linear terms in
the ¢ variable. Therefore the problem (4) can be rewritten as

(D®(&); Du(x)) + Qg (Do(x)) = f(z) — B(&)  in O
_ ()
v(z) =0 on 0.
Let us show , by using some arguments of linear algebra, that the linear
term in (5) can be simplified in a divergence.

Let H be an invertible n x n matrix and consider the change of variables
y = Hz. Define w(y) = v(H 'y); its gradient will be given by

Dw(y) = Dv(H 'y)H ' = Dv(z)H ",

and therefore the gradient of v can be written as Dv(x) = Dw(y)H. The linear
term in (5) becomes (D®(&); Dw(y)H) or equivalently (D®(&)HT; Dw(y)).
Since det D®(&y) # 0, we can choose H := (D®(&)")~! and have

(D®(&)HT; Dw(y)) = div w.
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Then the problem (5) assumes the form

{ divw = f — ®(&) — Qey(Dw)  in HQ

w=0 on 0(HS), (6)

where we have defined f:= fo H~" and Qg, := Q¢, o H .

Step 2. Denote by H{2 C R" the domain obtained by the deformation of the
domain 2 via the linear mapping represented by H and consider the linear
spaces

X = {b € C™(HQ) : / b(x)dr = O}
HQ
YV ={aecC""(HLR"): a=0 on I(HN)}.

By Theorem 2.3 we know that there exists a bounded linear operator L : X — Y
which associates to every b € X a unique a € Y such that

diva=1> in HQ -
{ a=0 on O(HQ). (7)

Furthermore, there exists a constant Cy > 0 such that

||Lb’|cm+1v&(ﬁ,R") S COHbHCm,a(m) .
If we define for w € C™+1(HQ, R™) the operator

N(w) = f — ®(&) — Q¢ (Dw),

we can easily deduce that (6) is solved for any w € Y which is a fixed point of
the operator L N, i.e.,
w =L N(w). (8)

Let us remark that the equation (8) is well defined for any w € Y. Indeed,
being Q¢(¢) analytic, we obviously have N(w) € C™®. Moreover, using an
integration by parts argument and the structure of Q)¢,, we infer that

Nw)dy= [ (F - (&) - Qe(Dw))dy =0
HO HO
since w = 0 on O(HQ) and [,,[f — ®(&)]dy = 0.

Our aim is to use the contraction mapping principle to solve (8). For r > 0,
consider the set

B, = {w c C"TLe(HQ,R™)

w=0 on I(HQ), [[wlcremar <7
[l omerarapn < 2C0llf = 2(E)lomermy
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This is a complete space when endowed with the C'*® norm (see Proposition 2.2).
We shall prove the existence of w € B, satisfying (8). First of all, note that

there exists a constant C'; > 0 such that

If - P (&o)l oo < Cillf — (&) llco.e@)-

Moreover, from Proposition 2.1 we get the existence of a constant ¢ > 0
such that if wy, wy € C™TH(HQ, R™) with [|wy | c1e, [|ws]cre < 1, then
|Qe (Dw1) = Qe (Dws)||co.e < c([|wrllra + [|wal|gre) [[wr — wal|ore
Fix € = min {g7; ce 20,0 weorcy t and 1= 2Co|| f — (&)l o rm)- I we note
that r <1, for wy,wy € B, we have

ILN (w1) = LN (ws)l|cre < Col [N (wr) = N(ws)l|coe
= Col| Qe (Dwr) — Qey(Duws)[| oo
< cCo(willgre + lwallere)llwy — wal[cre
< 2r e Cyl|lwy — wsl|c1.a

= 4 G| f — @(&0) [l o lwr — wslcre
< 4cCi G|l f — (&)l coallwi — wal|ora
< 3llwr — wallora .
Moreover, observing that for w € B,
1Q¢ (Dw)llema < ¢ [w]emsralw]era
< 2¢Col|w]lomesal| f = (&) | coe
< 2¢Cy Col|w||gmerall f — ®(&o)|lcoa

S ﬁ”wHCmﬁ—l,a

< 31F = (o) llome

we get
LN (w)|gmsre < Col|N(w)]|cm.e
< Collf = ®(&o)llome + CollQe (Dw)|[omee
< 2Co[[f = ®(&o)llome -
Finally,

ILN (w)lgre < [ILN(w) = LN(0)]|gre + [[LN(0)]| g1
< 3llwllere + Col[N(0)[[con
< 5+ Collf = @(&o)l[coe =1
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In conclusion LN : B, — B, is a contraction mapping, hence there exists a
solution v in C™1* of the problem (5).

Furthermore, since the function w found above satisfies the inequality

[w]lcre < 2Co|| f — @(&)||cow

and there exists a constant K > 0 such that [|v]|cre@gre) < Kl|wllcre@a g we
get the existence of v = y(a, m, Q) such that ||u — ug,||cre < Y||f — P(&o)|coa-
Theorem 3.1 is proved. O]

Remark 3.3. Note that, choosing in the proof of Theorem 3.1 instead of B,.,
the set B defined as

B = {w ec«m-{—l@(m’Rn) w =0 on 3(HQ), Vk € {0,...,m}: }7

||w||ck+l,a(m7Rn) S 200||f - ¢(€0)||Cl‘370‘(m)
we can also obtain the estimates
Ju— ufo”C’f“ﬂa(ﬁ,R") <vIf - ‘1’(50)||okﬁa(§)a

just replacing m with k£ in the previous proof.

4. The Sobolev case

In this last section we point how to extend Theorem 3.1 to the setting of Sobolev
spaces. We shall start stating the result and then we shall comment about the
proof. Let ® : R™" — R a quasiaffine function and & € R™ " such that

Theorem 4.1. LetmEN,p>%cmd0<a§m—%. Let Q@ C R” be a

bounded connected open set with orientable C™3 boundary consisting of finitely
many connected components. Assume f € W™P(Q) satisfying

/ f(x) dz = B(€)[€)]
Q

Then there exists € = e(p,m, Q) > 0 such that if || f — (&)l coem < € then
there exists u € W™TLP(Q R") such that

=
g

S~—
I
e

{ ®(Du(x)) = f(x), r €
e () =&z, €.
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Theorem 4.1 can be seen as the analogous of the result of Ye [10] on the
prescribed volume form equation. Since the proof of Theorem 4.1 retraces the
one of Theorem 3.1 here we shall just make some comments on the arguments
needed to justify all the steps. Step 1 goes exactly as in Theorem 3.1.

n

Concerning Step 2, we first note that if p > =, since the regularity of
0 implies the strong local Lipschitz property, the Sobolev space WP () is
embedded in the Hélder space C*(Q)), with k := max{j : (m — j)p > n}
and 0 < g<lif(m—k—1p=nor0 << m — k — 2 otherwise (see
[1]). Accordingly, in our hypotheses, we always have W™P(Q) — C%*(Q) and
therefore f € C%*(Q2). This justifies our assumption on the difference f—®(&).

The existence of the bounded linear operator L can still be proved using
elliptic equations arguments (see for example Theorem 2 in [10]). The spaces
X and Y are replaced by

Agz{bewmﬂﬂﬂ)l/

HQ

b(z)dr = 0}
V={ae W™ (HQR"): a=0 on 0(HQ)},

respectively, and endowed with the Sobolev norms, in such a way that the
boundedness of L can be rephrased as

| Lb||wm+10(marny < Collbllwmre(me) -

We note also that in this framework it is enough to suppose 9 of class C™*3
and that, in virtue of the recalled Sobolev embedding, the condition on the
boundary in the problem (7) has a pointwise meaning.

The contraction mapping principle can be applied to the set
w=0 on J(HQ),
B=qweWm™P(HQ,R") [wllcre@arny < 2CDHJ?_ P (&0l co. (7m0
[w||wmirorarny < 200\l f — ®(&)|lwmo(moy

The completeness of B with respect to the C'1* norm follows from the sequential
weak relative compactness of bounded sets in WP the lower semicontinu-
ity of the W™LP norm with respect to the weak convergence, and from the
completeness of C1*(H, R™).

Finally, in order to estimate ||Qg, ||wm.», we need the property of W™ (H(Q)
of being a Banach algebra. This property, when mp > n, follows easily from
the Sobolev embedding theorems (see [1] for details).

We conclude observing that the choice of B implies for u the estimate

|lu — u50||Wm+Lp(Q,Rn) <N = 2)llwmr@)
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and following the same argument used in Remark 3.3 we can estimate the dis-
tance from u and ug, in any norm which generates a smaller topology with
respect to the WP one and such that the bounded sets are, for example, se-
quentially relatively compact with respect to the L> convergence. For instance,
we can infer the following W*P estimates for k < m:

[ — ugy[lwrrrmrny < VN — o) l[were) -
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