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Wong-Zakai Type Approximations
for Stochastic Differential Equations
Driven by a Fractional Brownian Motion
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Abstract. We consider Wong—Zakai type approximations for a class of It6—Volterra
equations related to the fractional Brownian motion. The quadratic mean conver-
gence, uniformly on compact time intervals, of the approximations to the solution of
an Ito—Volterra equation with a modified drift is obtained.
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1. Introduction

The approximation of SDE’s of Itd type (a.s. or in mean square) by ordinary
Riemann—Stieltjes equations is considered by Tkeda—Watanabe [6], Karatzas—
Shreve [7], Wong—Zakai [9,10]. It is known that if we replace the Brownian mo-
tion in the stochastic differential by some smooth approximation (such as linear
interpolation, mollifier, etc.), then the solution of the approximating equation
converges (a.s. or in mean square) to the Stratonovich form of the original
equation.

In the present paper we consider a class of It6—Volterra equations of the
form

Xt:54—/tKH(t,s)b(Xs)ds+/tKH(t,s)a(X5)dW5, tef0,1], (1)

where £ € R,b,0 : R — R are measurable functions, W is a Brownian motion
and Ky : [0,1> — R is a deterministic kernel (here / € (3,1)) such that the
process

t
Bl = / Ku(t, s)dW,, 2)
0
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is a fractional Brownian motion with Hurst parameter H, i.e., B is a continuous
Gaussian process with:

(i) By =0;

(ii) for every s,t € [0,1], E(BIBJT) = L(t21 + s2H — |t — s|*").
Such class of equations is introduced by Coutin—Decreusefond [1-3] and named
stochastic differential equations driven by a fractional Brownian motion (the
name comes from the fact that if ¢ = 1, then the stochastic term is exactly the
fractional Brownian motion B).

This kind of stochastic equations are used as models for signal and obser-
vation processes in the filtering theory in the presence of fractional Brownian
motion [2]. Approximation results for related SDE’s are given in Grecksch and
Anh [5].

We consider for (1) the approximation obtained by linear interpolation of
the Brownian motion (Wong—Zakai approximations) and we prove that if b €
C}, o € C}, then the approximations converge, in quadratic mean and uniformly
on [0, 1], to the solution of the limiting SDE with corrected drift (which for It6
equations is the Stratonovich form):

X, =€+ /0 ' K(t.s) [b(Xs) +agst™3 (00") (Xs)] ds

t
T / Ku(t, s)o(X)dW,, t€[0,1],
0

2H — 1 2HT (3 — H)
ag = 1
2H+ 1\ (H+3)T(2-2H)

(NI
v
R
| oo
I
=
=
I
N

where B (a, 3) = %

2. Preliminaries

DO

In what follows we fix H € (3,1) and a Brownian motion (W;),,., defined on
a probability space (€2, F, P). We consider the deterministic kernel Ky defined
by

Kyt s) cHs%_H f;(u — S)H_%UH_%du, 0<s<t<l1
,8) = .
" 0, otherwise,

where

B 1 2HT (3 — H) :
= (H_ﬁ) (P(H+§)F(2-2H)> '

In the next proposition we summarize the main properties of Ky (see [1,2,4]).
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Proposition 2.1.

(iy) The mapping s — Ky (t,s) is continuous on the set 0 < s <t and there
exists a positive constant 0y such that

Ky(t,s)<Ogsz™H, 0<s<t<l. (4)
(iz) For every 0 <s <t
/t Ku(t,r) — Ku(s,r)2dr = (t — 5%, 5)
0
(i3) The mapping t — Ky (t, s) is differentiable on the set 0 < s <t and

O Kntt.s) = en (2) 0= st

ot
(i4) For each 1 <p < 52—,
sup |[Ku(t, ')||Lp([0,1]) < 00. (6)
0<t<1

(i5) For each f € L*> (]0,1]) the function g(t) = fot Ky(t,s)f(s)ds, 0 <t <1,

18 derivable and

/0= [ GiHutt.o) )i 7

Remark 2.2 ([4,8]). The process BY defined by (2) is a fractional Brownian
motion.

3. Wong-Zakai approximations

We consider the measurable mappings b,0 : R — R and we introduce the
following assumption.

Assumption (H): b€ C}, 0 € C?.

Proposition 3.1 ([1-3]). Under Assumption (H) the Ito—Volterra equation (3)
has a pathwise unique continuous solution (Xi)y<,<, such that

sup E (|Xt|2) < 0. (8)

0<t<1

We consider the particular partition A, : 0 < % <-ee < % < j%l <--e<1
nj = (£, 7] and the linear interpolation W7 = (nt — /)W (A, ;) + W,

n’ n

L <t <ZIH where W(A,;) = Wj# - W%.

I
Y

g

.

3
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The Wong—Zakai approzimations (X')y<,<, associated with (3) are defined
by

Xn— g4 /0 Ka(t, $)b(X™) ds + /0 Ku(t,)o(X™) dW", te[0,1], (9)

where the second integral is to be understood in the Lebesgue-Stieltjes sense.

Next C' is a positive constant which may vary from line to line and is
independent of n and 0 < t < 1. The following proposition shows that the
Wong-Zakai approximations are well defined.

Proposition 3.2. Under Assumption (H) the Volterra equation (9) has a path-
wise unique continuous solution (Xi)o<,<; which satisfies
sup sup F (\Xﬂz) < 0. (10)
n 0<t<1

Proof. The equation (9) is a Volterra equation for every fixed w € Q. The proof
of existence and uniqueness uses the standard Picard approximations (successive
approximations) (see [1,2] for the stochastic case).

We write .

/ Ku(t,)o(X2) AW = L,(0) + J, (1), (1)
where I, ( fo KH t,s)o(X™)dW?™ and J,( f[nt] Kg(t,s)o(X?) dwnr.
Applylng (7) we can write

[nt]—1 J+1
L(t)=n Y W(A.;) / Ky(t, s)o(X™)ds
i=0 "
[nt]-1 itl s
0 Y W) [ Kt {ocen+ [ oo
=0 B " B
* OKpg(u,r) * 0Ky (u,1)
———o(X])dW" ————2b(X)dr|du pds.
X{/o o U(T)WT+/0 o (X)dr|du pds
Therefore the following equality holds:
[n(t) = n,l(t) + [n,Z(t) + [n,3<t>7 (12)
where

[nt]—1 Jt+1

Ii(t)=n W (A )U(X”) - Ky(t,s)ds
7=0 %

[nt]—1 .7+1
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and

[nt]—1 Jt1

)=n Z W (A / Ky(t,s)

n

x [/ o' (X™) (/0 W‘%—S"”b(){f) dr) du] ds.

The independence of the increments of the Brownian motion, Schwartz’s in-
equality with respect to s, Assumption (H) and (6) imply
E (i (0)]) = n? Z B(|w (@) 00xp) / Ku(t,s)d
[nt]—l J+1

<C Z / ' K3 (t,s)ds (13)

1
< C sup / K#(u,s)ds < co.

0<u<1 Jo
In order to estimate F (‘In’g(t”?) it is convenient to write the equality
La(t) = 13 (8) + 1350, (14)

where

[nt]—1 J+1

15t —nZW o / Ku(t, s)

y U a'<X;;)(/O" M%—WJ(Xﬁ)de)du} ds

[nt]—1 J+1
10 =0 3 W (A [T Kults
j=0 0

x { / s a’(Xg)( / ' M%—WJ(XS)CZW,?) du} ds.

n

Now we estimate E(|[,(f)2(t)|2), i = 1,2. By using Schwartz’s inequality with
respect to s, Assumption (H) and the independence of the increments of the
Brownian motion, we obtain

5(

el )< e S > / K3 i) B [ (2,)]

e e e

dw

dr
dr
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and, from Fubini’s theorem, Schwartz’s inequality and the equality

*OKg(s,r)dr 2ay o1
= 2 16

/0 ds °oH+1° (16)

we deduce

EO(/OMKZ;U,T) dr) 2)
// HaKH u,7;) (13[

)drldrg
L[R2 o
g

o (|22 ) [ [ 2 )

0<r<1 dr

1 awrm
=CyB §—H,H—— sup E W,
2 dr

aw
dr

TL

IA

2
)uZHl

Now, utilizing the above inequality in (15) and taking into acoount (6), we get

E(J,ﬁ%(t)D gcn {/ K2(t, ) ds] - <s—%)2ds

< Cn.

w.\

(17)
< C sup / K% (u, s)ds < oo.
0<u<l Jo
For the second term Lf%(t), we have by Fubini’s theorem
[nt]—1 J+1
10 =n 3 W () [T Kalt,s
=0 z
S u aK
X {/ 0'(X;‘)(/ MO‘(X:)CZT)CZU} ds
i i ou
[nt]—1 ﬂ;
s K
SC’nQZVV?(AM)/ - Kul(t,s) // aH—ur)drduds
j:O =5

G+l
:C’n2 n]/ KHts/KHsrdrds
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and then, using Schwartz’s inequality and (6),

[nt]—1 J+1 s 9
2 n
E (‘I,(fg(t)‘ )g cnt S B[ (A,)] / Kul(t,s) / Ku(s,r)dr ds
=0 I I
[nt]—-1 i+l s 2
=Cn Z - Kyt 3)/ Ky(s,r)drds
j=0 V% -

[nt]—1

J+1
gcz/" K2 (1, 5)
=0 Y%

2

ds (18)

/_S Kp(s,r) dr

J
n
2 [nt]—-1  j+1

1
< C sup / Ky(s,r)dr Z / K3 (t,s)ds
0<s<1 |Jo = Ji
1 3
< C sup / K3 (s,r)dr| < oo.
0<s<1 |Jo
Utilizing (17), (18) in (14) we deduce
E(L.t))<C, 0<t<1. (19)
Also, it is easily seen that
E(L:0f)<c, 0<t<1. (20)
Now from (13), (19), (20) and (12) we get
E(LOP)<C, 0<t<l (21)

Also, by Schwartz’s inequality and (6), we have for every 0 <t < 1,

t

1
E(J,t)) <C K3 (t,s)ds < C sup / K% (t,s)ds < o0, (22)
0

[nt] 0<t<1
3 (

Finally, by (21)-(23) and (11) it follows (10). O

/ ' K(t, $)b(X™) ds

2 1
) < C sup / K%(t,s)ds < oo. (23)
0

0<t<1

The main result is given by the following theorem.

Theorem 3.3. Under Assumption (H) we have the convergence

lim sup E (|X]' — Xt|2) = 0.

n—00 <4<
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The proof of Theorem 3.3 requires a few lemmas which we give below.

Lemma 3.4. For each k > 1 there exist C, oy, > 0 such that

2% C,.
sup E ‘Xg — X{g <—, n>1 (24)
0<s<1 n n%k
2k C
sup E(‘XS—X[M] )§ k, n > 1. (25)
0<s<1 n nok
Proof. We can write
X! — X0 :/ |:KH(S,’I“)—KH (—,T)]b(Xf)dr
n 0 n

[ns]

w [ sy = 1 (22) [ any

S

+ Ky (s,r)b(Xf)dT—k[ ]KH (s,r)o(X))dW",

[ns]

and then, by using Proposition 2.1 and Hdélder’s inequality, we obtain for 2 <

2
p< 2H-1’

B(|xz - X,

)

Rt 160 (2.

2 k 1 n
WRIE:
0 dr

n

<of[f
e[ o (1)
+ %(/H Ky (s,r)|2dr)k

n

+ b max E (|W(An) ) (/H Kn (S’TMQdT)k}

n

2%k
> dr

2k

1 1 1 1 /1 K(s.r)F d 3
+ + + Kg(s,r r
n2Hk T (2H-1)k e n(p—22>k . HA\;

_ G

= naka

<C

with aj, = min ( (2H — 1) k, (pf)k), and therefore (24) is proved.
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Denote by (1) = b(X,) + agr~2 (50’) (X,). We have

Xy~ Xy = /OH [KH (5.1) — K (@rﬂ by () dr

[ns]

[ o ()
+ [; Ky (s,7)by(r) dr + [; Ky (s,r)o(X,)dW,,

and reasoning as above we have the estimates
[ns)

E ( /0 {KH (s,1) — K C”Ts]rﬂ o (X,) dIW,
sc[/os

E(M K (5,1 o (X,) 1Y,

)

2 k
ns C
KH (87T) - KH ([n_]ﬂn)‘ d?”:| - n2Hk "’

and

2k s k C
) §C|:/ |KH(S,T)‘2dT:| Sw,
[ns] noz

where from it is easily to deduce (25). O

Lemma 3.5. We have the convergence

t
By == sup /
0<t<1 Jo

Proof. For € > 0 denote

[ns]+1

2
n/ | Ky (t,r)dr — Kg(t, s)

ds — 0.

n—oo

1
Bne = Sup{ |Ky(t,r) — Ky(t,s)| e <r,s<t<1,|r—sl < _}.
n
Since for r < s we have
|Ku(t,r) — Knu(t,s)| < calrd™ — 57| [ (u—s)"=5u=5 du
i_Hg ° H—3 H-1
+CHr2 (U—T) 2Uu Qdu

< C’|r%_H — s%_H’ +CO(s—r)fa,

it follows that

1 1
ig  i-m
Bne <C sup |7’2 — 82 ’ + T
e<r,s<1,|r—s|<1 nwo2

— 0. (26)
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Next, by using (4), Schwartz’s inequality and (26), we obtain

Bn <2 sup { /
0<t<1 0

[ns]+1

n[ ‘]n Ky (t,r)drds

2

+ 2/ K (£,9)]° ds}
0

1 [ns]41 2
+/ sup |n ' Ky (t,r)dr — Ky(t,s)| ds
e e<t<1 ljj]
[ns+1
<Cn/[ 12Hdrds+(]/ s Mds + CB,
ns] 0
SC( 1H)+ﬁn,%)—>0 as n — 00,e — 0. O

Lemma 3.6. Let ¢, : [0,1] — R be the function defined by

[ns]

[/ Kp(s, ) dr—/” KH([T;S] )dr}

lim sup Z

nee i<l ST

Then

Proof. The relation [ Ky(s,r)dr = ay sz, the mean value theorem and (4)
imply

[nt]—1 J+1 2
Ap(t) = Ky(t,s) (gpn( ) —ags” %> ds
j=0 V%
[nt]—1 J+1 ] H+5 . 2
=a% / Kg(t,s) [ ( —(—) )—SH_2:|dS
=0 "
1 [nt]—1 Jt+1 2
< (H— 5) a3 Z  Ky(t,s)s2ds| A1)
7=0 %
<< 0

Proof of Theorem 3.3. Next we use the notation from the proof of Proposi-
tion 3.2. The following equality holds:

Xit = Xo = an(t) + Ou(t) + (1), (27)
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where

an(t) = /0 Ky(t,s) [B(X") — b(X,)] ds

[nt] [nt]

Ba(t) = L(t) — /0 Ku(t, $)o(Xs) dW, — an /0 " Kut,s)s7b (00') (X.) ds

Yu(t) = Ju(t) — Ky(t,s)o(Xs)dWs —ap ]KH(t, s)stz (o0") (Xs) ds.

[nt] [nt

n n

From (4) and Assumption (H) it follows
¢ ¢

E(len(t)?) < C/Ki,(t, $)E(| X~ X,[*)ds < C/sleE(|X§—XS|2)ds. (28)
0 0

and, if 2 < p < 2, we have by (4) and (6)

IN

t 1
E (\fyn(t)|2) C’( - K?q(t, s)ds + ﬁ)

o[- ([ mpen) + 1] e
1

1
<(C|—+—=].
N (np;Q—i_Tﬂ)

Taking into account (12) we obtain the equality
ﬁn(t) = ﬁn,l(ﬂ + ﬁn,Q(ﬂ + In,3(t>7 (30)

IN

where

[nt]

Bni(t) = n,1(t)—/0 ! Ky (t,s)o(X,) dW,
[n1]

n

Bra(t) = Ins(t) — CLH/O Ky(t,s)s"™

NI

(o0") (X,) ds.

We write (3,1(t) in the form

[nt] [ns]+1

Bor(t) = /0 " Kn /H Ku(t,r) dT)a(X’["i:]) ~ Kyt S)J(XS)] dw,

[nt] [ns]+1

:/O” Kn/[] KH(t,r)dr—KH(t,s))a< @)}dWs

—|—/On [KH(t, s) <0<Xﬁl5]> - U(Xs)ﬂ dWs,

n
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and then we have

[nt] [ns]+1 9
E (‘5711(75)\2) < 20/ n o Ky(t,r)dr — Kg(t,s)| ds
0 ns
[nt] 9
+20/ K2 (t,5) ()Xm] _ X, )ds
[nt] [ns]+1 2
<C n - Ky(t,r)dr — Ky(t,s)| ds
0 ns
2
+c/ K2 ,5) (’X[m n )ds

[nt]

+0/ UKt s)E (X7 — X.[?) ds
0

and, by Lemma 3.4, Lemma 3.5, (4) and (6), we get

E (B0 < c/t K2t $)E (IX" — X, ) ds + 6

(31)
<0/ R (X — X,%) ds + 6,, 6, — 0.
0
The term f3,2(t) can be writen as
Bua(t) Zﬁffg (32)
where

[nt]—1
Biat) =n D> W(A,,)0'(X7)

=0

e SO w 0Ky (u,r)

X Kyt s)/ (/ I e (XD de) du ds

i i 0 ou

[nt]—1 i+l s
B0 =0 S W B) [ Kute)| [0 - o' xp)

j=0 n B

< ( / " ORp(u,r) (X")dW”)du} ds
0 au

[nt]—1 Jj+1 s

O =t S W) [T Katts) [ o)
=0 B n

X /u aKH—W’T)(J(X”) — o(X,))dr duds
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[nt]—1 J+1

A0 =t S W B [ Kalts)
=0
S u K
x/ (a’(XZ‘)—a’(Xu))/ ag—gy’r)a(Xr)drduds
[:t]—l ’ itl
B0 =n* Y- W (B (00) (X)) [ Kult.s
=0 n
S u M
x// ORuluw.r) duds—aH/ Ku(t,s)s" 2 (00") (X,) ds
2y ou 0
[nt]—1 s
=02 S W2 (An,) (00) (Xl-) Kyl s) / Ky(s,r)drds
=0 -
[nt]
—ag Ky(t,s)s" 72 (00') (X,)ds
0
[nt]—1 %
Baa(t) =n* D W (Any) o' (X1) [ Kults)
Jj=0 o
S OKy(u,r)
x// D o (X)) = o(X,) | drduds
[nt]—1 %
Ba(t) =n* 3~ W (Any) [ Kult,s)

X ﬁs (0’(X3) — U’(Xﬂ) [ aK}é—iu’r)a(X,,) drduds.

From independence of the increments of the Brownian motion, Schwartz’s in-
equality, Fubini’s theorem and the equality (16) we obtain

[nt]—1 i+l

B(|80%0]°) = n? ZE(‘W i) (X”)/"KH(t,s)

x / ( /O : Mfg—gma(xmdwgl)duds 2)

[nt]—1
dW”

3=

< Cn? Z E(W?(A,)))

XE(‘/ ‘KHtS’// aKHur

dr duds
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and further

E(shol)

[nt]—1

< njz[/ weoas| [ (s-2)
/ ( /0 OK yr(u,r)

dy
[nt]—1 J+1 J+1 .
=Cn Z [ , ! K3 (t, s)dsl / ' <s— %)

J
n n

/// 8KH (u,r1) OK g (u,rs) (‘CZVVT”1
E
1 ou dTl

n

RS

dwr

=

X

awy
d?"l

) drq dry du ds

[nt]—1 it

SCnZ [/nK?q(t,s)ds} /+ S__ /// 8KHur1 aKng )

J=0

S~

1 1
awr 1?2\ | awr |? :
x |E||—2 El|l— dry dry du ds
dTl d?"l
[nt]—1 2 i+l .
aw?r n 2
SC’n [/ K2ts }supE(’ L )/ (s—l>ds,
i 0<r<1 dr i n
and thus
o [nf]—1 it1 o 1
E (}67(}%(15)‘2) < — Z K3 (t,s)ds < — sup K3 (u,s)ds.  (33)
’ n P N 0<u<1.Jo

Next, reasoning as above, we deduce

E([880[)

[nt]—1

<Cn?’ZE[

<—sup/K2us

n o<u<1

j+1

n
J

aw; dr du ds
dr

T oo

* %8KH(U7 T)

An application of Assumption (H) and Fubini’s theorem imply

[nt]—1

J+1
18 (t) <CnZW2 nj/ KHts/KHsrdrds
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and, using the independence of the increments of the Brownian motion, we get

J+1 2
/ Ky(t 3)/ Ky (s, r)drds] :

which, by Schwartz’s inequality (in s) and (4), yields

B (js%n) << (35)

Applying Fubini’s theorem again, we obtain

[nt]—1

E (1830 < on?

[nt] 1

K
‘624%( < On? / KHts/ aHuralals

[nt] 1

= Z/ KHts/KHsrdrds
J=

and similarly for 67(2(15), 67(17%( t). Therefore (see (35))

S
E1S

i c .
E(\ﬁﬁé(t)lz) <=, i=4,6,T. (36)
’ n
Next, we write the term 67(15%(15) in the form

BEN) = an1(t) + ana(t) + ans(t) + ana(t),

where
[nt]—1 i+l
st =an 3 | [ Kult, 95 (o) (X,) - (00 (X)) ds
=0 -
[nt]—1 Jt+1
ana(t) =n Z (o) (X%)w2 (A, 5) ln[ Ky(t,s)
i=0 n
’ s i . J+1
X < KH(s,r)dr—/ KH< >dr)ds—aH/ Ky(t,s)s™ éals]
0 0 n’
[nt]—1 i+l

) (nw? (A, ;) — 1) / ! KH(t,s)sH*% ds

J=0 "
[nt]—1
analt) =n* Y (00") (X2)w* (Any)

X
d
=
T
=~
NG
o\
3l
/;
=
~~
3\}%.
N—
=
T
w
2
N——
Q
3
QU
VA
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From (4) and Assumption (H), we deduce

[nt]—1

a1 (t |<CZ/ ‘X - X,

7

and then | .
2
E (|ani (t)?) < cz/ E (‘X ~ X, ) ds < —. (37)
0 n
for some o > 0 (by Lemma 3.4).
Next, by Assumption (H) and Lemma 3.6,
[nt]—1 Jt+1
E(|af)<C > Ky(t, s)
j=0 7%
s v 112 (38)
X [n(/ Ky (s,r)dr —/ KH<—,r)d7") — aHsH2] ds
0 0 n
RN 0’

and from independence, Assumption (H) and (4) it follows that

nt]—1 FES}

B (ans0?) < 3 B (Juu( 20 =1P) | [ Bttt

7=0

2

)

sk

which implies the estimate

(39)

B (Jons(®F) <

Next, arguing with independence again, it follows that

E(\a“(t)ﬁ) < C’n2[[nt] 1 / KH t,s / (KH<%T> —KH(s,r)>drds ]

It is easily seen that by Schwartz’s inequality and (5),

C
E (Jana(0) < - (40)
From (37)-(40) we obtain, for some o > 0,
2 C
B ( 500 ) << (1)
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Now, utilizing (33)-(36) and (41) in (32) we obtain

E(18a(t)?) < < (12)

ne’
Finally, by using (28)-(32) and (42) in (27), we arrive to an estimate of the
form

sup B (|X7" — X)) < e+ C/ s sup B (|X" — X, %) ds,  (43)
0

t<u r<s
where €, — 0. By (43) and Gronwall’s lemma it follows that

sup E (|7 — X,[?) — 0,

0<t<1

and the proof is complete. n
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