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Generalized Rademacher-Stepanov
Type Theorem and Applications
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Abstract. The main purpose of this article is to generalize a theorem of Stepanov
which provides a necessary and sufficient condition for almost everywhere differen-
tiability of functions over Euclidean spaces. We state and prove an LP-type gener-
alization of the Stepanov theorem and then we extend it to the context of Orlicz
spaces. Then, this generalized Rademacher—Stepanov type theorem is applied to the
Sobolev and bounded variation maps with values into a metric space. It is shown
that several generalized differentiability type theorems are valid for the Sobolev maps
from a Lipschitz manifold into a metric space. As a byproduct, it is shown that the
Sobolev spaces of Korevaar—Schoen and Reshetnyak are equivalent.
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1. Introduction

In this article, we generalize a theorem of Stepanov about differentiability of
functions on the finite dimensional Euclidean spaces. Then, this generalized
Stepanov type theorem is applied to the Sobolev and bounded variation (BV)
maps. The Stepanov theorem provides a necessary and sufficient condition for
almost everywhere (a.e.) differentiability of real-valued functions on R*. Tt
is a generalized version of the Rademacher theorem, namely, every Lipschitz
function over a finite dimensional Euclidean space is differentiable a.e. The
precise statement of the Stepanov theorem is as the following (see [4, p. 218], [16,
p. 250] and [17, p. 97]): Let f : R¥ — R be a measurable function on R* with
the standard Fuclidean metric and Lebesque measure. Suppose that

/() — f(x)|

lim sup ——————— < o0,
y—z ly — x|

for a.e. x € R*. Then, f is differentiable a.e.
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Our generalized Stepanov type theorem is based on the following LP-type
differentiability concept.

Definition 1.1. Let f : R¥ — R belong to L} (R¥), for some p > 1. We
say that f is LP-differentiable at point z € R, if there is a linear functional
Df(x) : R¥ — R such that (see [16, p. 242])

i HW = @) = DI =),

"0 B(a,r) P

y =0,

where B(z,r) denotes the closed ball of radius r > 0 with center at = and
}oswiyi= s [ gway
B(z,r) vol(B(z,7)) B(z,r)
We call Df(z) the LP-differential of f at x.

Notice that if f is LP-differentiable at x, then it is approximately differen-
tiable at z, i.e., for every € > 0, we have (see [3, p. 233] and [4, p. 212])

vol({y € B(x,7) : |[f(y) — f(x) — Df(2) - (y — z)| > €|y — a[})

=0.
) vol(B(z, 7))

In the first section, we state and prove the following LP-type differentiability
theorem which can be interpreted as an LP-type generalization of the Stepanov
(and Rademacher) theorem (compare [18, Theorems 2.1.6, 3.5.7]):

Theorem 1.2. Let f: R¥ — R belong to L7 (R¥), for some p > 1. Suppose
that )
B(xz,e)

e—0 €pP
for a.e. x € R*. Then, f is LP-differentiable a.e.

Notice that if a function f : R¥ — R, for some positive numbers M and
p > 1, satisfies the condition

[ UWSry,
B(z,r) N ’

rp

for a.e. x € R¥ and all r > 0, then by Campanato’s theorem (see for example [10,
p. 31]), f is Lipschitz and therefore f is differentiable a.e.

In the second section, a Rademacher differentiability type theorem is proved
for Lipschitz maps into a Banach space. It is shown that if f: R¥ — Y is a
map into a metric space such that

oy PIDSD

e—0 €P
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—dp(f(zg’f(x)) dy exists, for a.e. z € RF (see

for a.e. € R*, then lim,_, JCB(J? 0
Theorem 3.5). This can be interpreted as a generalized LP-type differentiability

theorem for maps with values into a metric space.

In the third section, these generalized differentiability concepts are applied
to the Sobolev and BV type maps with values in a metric space. As a byproduct,
it is shown that the Sobolev type spaces of Korevaar-Schoen and Reshetnyak
are equivalent (this has been proved in [7, Theorem 5.1] with an additional as-
sumption that 0 is smooth, see also [14]). In fact, when the range of maps
is into ¢>°(N), we compute the energy norms for the Sobolev type maps by the
definitions of Korevaar—Schoen and Reshetnyak (see Theorem 4.2, Remark 4.3
and Corollary 4.4). These computations provide the best estimate of the en-
ergy norms for the Sobolev type maps in the sense of Korevaar-Schoen and
Reshetnyak with general metric space targets (compare with [7, Theorem 5.1]).

In the fourth section, the main result of Gregori [6] for the Sobolev type
maps over Lipschitz manifolds (that is an extension of the Korevaar—Schoen
result in [9]) is improved, see Corollary 5.2. It is shown that, in the convergence
of the family of the approximate energy density functions to the energy density
function, in fact, the (strong) limit exists (see [9] or [6] for definitions). There-
fore, we are able to obtain another generalized differentiability type theorem.

Finally, in the last section, a generalized differentiability theorem is intro-
duced in the context of Orlicz’s spaces.

2. Generalized differentiability for real-valued maps

In this section, we prove Theorem 1.2 and then this theorem is applied to the
Sobolev and bounded variation (BV) functions in order to show the generalized
differentiability for such functions.

First, we recall the concept of density in measure theory which has a crucial
role in the proofs. Let G be a subset of R*. It is said that z € R* is a point of
density one for G, if

vol(B(z,r) N G)
r0 vol(B(z, 1))
By the Lebesgue differetiation theorem, almost every x € G is a point of density
one for G.

= 1.

The proof of Theorem 1.2 is based on the following lemma which is a com-
bination of the proofs of Campanato and Stepanov theorems; compare with [4,
Lemma 3.1.5].

Lemma 2.1. Let f : R¥ — R belong to L} _(R¥), for some p > 1. For positive

loc

numbers a, M, R and T, we define the set E as the following:
_ p
E = {.CEGB(O,T) : sup ][ Mdy SM”}.
B(z,r)

0<r<R rop
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Then, we have:
(i) The restriction of f to E is a-Hélder, except on a set of measure zero.

(ii) The restriction of f to E is equal to an a-Hélder function whose domain
is entire RF, except on a set of measure zero.

(i) Let a =1, then f is LP-differentiable, for a.e. x € E.

Proof. (i) Let Q,(w) denote fy . f(2)dz, where w € R* and r > 0. Set

r; = %, for non-negative integer i. Suppose that x € E, then we have

Qr,(7) = Qry (T <C’7[ 7[ f(z) — f(w)|dzdw

‘ z( ) 7 ( )‘ B($7ri) B(m’n)| ( ) ( )|
<C z)— f(x)) — w) — f(x))| dz dw
< 7Z(I7Ti)7[B(x,ri)|(f( ) — f(x)) = (f(w) — f( ))}

< 207[3 ICERRICIE
<2C (]{B(W}f(@ - f(x)\”dz);

< CMry,

for every non-negative integer i and some (universal) constant C' which depends
on k. Then, for all ;7 > > 0, we have

|Qr, (2) = Qry ()] < Z |Qr,, (%) = Qrp ()] < CMZ?‘%- (2.1)

This implies that {Q,, ($)}i>1 is a Cauchy sequence. Hence, there exists a real
number, say fy(z), such that fo(z) := lim;_ @, (). Moreover, from (2.1) we
get

Q@) = folw)| <CMY e, (2.2)

m=i

for non-negative integer i. Suppose that ;1 < |z —y| < ry,, where z,y € E
and 79 > 1 is an integer. Then, we have

< zc]{g LGOI

< 2C 2) — f(x)|F dz ;.
< (]{S(m)\fu )l a:)
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Hence
Qr,, () — Qs (y)| < CMr, (2.3)
Therefore, from (2.2) and (2.3), we see that | fo(z) — fo(y)] < CM > or_ io T
Since Qio% =Tigr1 < |z —y| <7y = 2TRoa we obtain
|fola) = foly)| < CEaM |z —yl|°, (2.4)

where K, is a constant which depends on «. Let z and y be two Lebesgue
points of f, then, by the Lebesgue differentiation theorem, we have

|f(z) — f(y)| < OK. M |z — y|*, (2.5)

for a.e. z,y € E whenever |z — y| < £. This completes the proof of part (i).

(ii) Tt is a straightforward generalization of Theorem 1 in [3, p. 80]; see
also [4, p. 201].

(iii) By part (ii), we know that the restriction of f to E, except for a set
of measure zero, is equal to a Lipschitz function g whose domain is entire R¥.
Then, by the Rademacher theorem, g is differentiable a.e.

Let = € E be a point of density one for E, suppose that g is differentiable
at z and f(x) = g(z). We show that f is LP-differentiable at point z. Let

0<e< }L. Since x is a point of density one for E, thereis 0 < § < R, depending
on €, such that %&)Tﬁ) <, forall 0 < r < §, where F°:= RF\E, and also
lg(w) — g(x) — Dg(z) - (w — 2)| < €|w — |, for all w € B(x,8). Set &) := €0,
dy := 9 — 01 and J3 := § — 20;. Then, for every y € B(z,d2), we show that

B(y,01)NE # 0. (2.6)
By contradiction, suppose that B(y,d;) N E = 0. Then, we have

vol(B(x,0) N E°) - vol(B(y,01)) 5_{€ _
vol(B(z,8)) — vol(B(z,8)) o8

€ >

It is a contradiction. Therefore, for every y € B(z,d;), there exists some z =
2, € B(y,d1) N E. This implies (2.6). On the other hand, we have

[f(y)—=f(z) = Dg(z) - (y—2)| < [f(y) — 9(2)| + [9(2) — g(z) — Dy(z) - (z — z)|
+|Dg(x) - (2 —x) = Dyg(x) - (y — =)
<[f() =g +elz —al+ L]z -yl

g(
<|f(y) —g(z)| +ed+ L

< |f(y) — g(2)| + €5+ Lers
< |f(y) — g(z,)| + (L + L) et g,



254 A. Ranjbar-Motlagh

where L is a constant which depends on the Lipschitz constant of g. Suppose
that 2’ € B(x,03) N E, f(2') = g(2') and y € B(z/,01). Then, we have

g(zy)| + (1+L) )

|f(y)—f(x)=Dg(z) - (y—z)| < |f(y) — 9(
<1f) — 9]+ lg(z) — g()| + A+L) e-d
<1f(y) — g +L (lzy=yl+]y—2)+(A+L) €56
<|f(y) = g(z")| + 28, L+ (1+L) et §
<|f(y) — g()] + (143 L) et 0.

Therefore, we obtain
f () — f(x) — Dg(a) - (y — @) dy
B(z',61)
gwf F(y) — g()Pdy + (1+ 3Ly ck o
B(z',61)

=2p][ 1f(y) — f(Z)Pdy+ (1 +3L)Pek 67
B(z',61)

<2 M7} + (143 L) et 7]

< |MPek + (14 3L)P 6%] 57

= A(e) 05,

where A is a function such that lims_o A(s) = 0. Since we can cover B(z,d3)
by a minimum number of balls whose centers are in F and their radii are equal
to 61 (f and g are equal at such points), we get

f 1) f@) - Dyla) - (v - 2)P dy < CAO B,
B(x,83)
where C' is a (universal) constant which depends on k. Letting e — 0, this

completes the proof of Lemma 2.1. O

Proof of Theorem 1.2:. Let m and n be two positive integer numbers. We define
the set E,,,, as the following:

Epn = {xEB(O,m) ;. sup ][ |f(y);#dy Sm}.
B(z,r)

1
0<7‘§ n

It is clear that RF = U,py Emon, except for a set of measure zero. Now, the
assertion follows from Lemma 2.1. n
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Remark 2.2. We can show that Theorem 1.2 (and Definition 1.1) is valid (and
meaningful) for p = oo, if the average integral {~is replaced by the essential
supremum or supremum norm. So, the proof of Theorem 1.2 provides a proof

for the Stepanov theorem (using the Rademacher theorem), as well. Moreover,
we can obtain [4, Theorem 3.1.8]; see also [16, p. 250].

Corollary 2.3. Let f : R¥ — R belong to L7 _(RF), for some p > 1. Suppose

loc

that limsup,_,, fB(x e)w dy < oo, for a.e. x € R*. Then

_ p
lim Mdy:][ D () - o] dv,
=0 B(z,e€) P B(0,1)

for a.e. x € R*, where Df(x) is the LP-differential of f at x.

Proof. Since L* is a norm space, then by the triangle inequality, we have

' (f LR ) s (f LICREET dy)’l’ \

< (fB ) = @) = DFw) - x>|pdy) g

for a.e. x € R and all € > 0, where D f(z) is the LP-differential of f at x (using
Theorem 1.2). Since Df(z) is linear, by the change of variables formula, we

have D ) D )
[ DI, [ D,
B(z,r) B(0,s)

rpP sp

for all positive numbers r and s. This implies that

— p
T B PG Rt A )1 P :][ D f(x) - off dv,
=0/ B(z,e) P B(0,1)
for a.e. x € R*. This completes the proof of Corollary 2.3. ]

Remark 2.4. Notice that if f is differentiable at point x, then we immediately
obtain the conclusion of Corollary 2.3 at such a point. Also, the function f
(under the assumptions of Corollary 2.3 ) is not necessarily differentiable a.e.
(in the usual sense).

Question 2.5. Is there any direct proof for Corollary 2.3, without using The-
orem 1.2 or Lemma 2.17 Namely, is there any proof for Corollary 2.3 without
appealing to the differentiability of Lipschitz functions?

Next, we provide a few applications for this generalized Stepanov type the-
orem in the Sobolev and BV spaces. For the basic properties of the Sobolev
and BV spaces, see for example [1] and [3].
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Proposition 2.6. Suppose that f : R¥ — R belongs to LY (R¥) and v is a
(Radon) measure on R* in such a way that

U@ fr, (B
B(z,r)

rop T

for all0 <r < R and a.e. © € R* (with respect to the Lebesgue measure), where
p>1, R>0,8>0and a > 1. Then:
(i) f is LP-differentiable a.e. In particular, we have

[f(y) = f)”

(24

lim
=0 B(a,e)

dy={ Dfa) op .
B(0,1)

for a.e. x € R¥.
(ii) Furthermore, if o — k3 > 0, then f is L>-differentiable a.e. (see Re-
mark 2.2).

Proof. (i) We have
f HORF(CIN ][ HORF (G (v(B(m)))ﬁ”
B(z,r) N B(z,r) B 7

rP rop rk

for all 0 < r < min{1, R} and a.e. * € R*. On the other hand, by [3, p. 38,
Theorem 1], we know that

lim sup —V(B<x’ )

nst e < 00, (2.7)

for a.e. z € R* (with respect to the Lebesgue measure). Therefore, we obtain
lim sup,_ JCB(:c,e)‘f(y)Z# dy < oo, for a.e. € R¥. From Corollary 2.3, we
obtain the assertion of part (i).

(ii) By the assumptions, we have
][ 1f(y) — f(@)[Pdy < v(B(x, 7)) rleFor,
B(z,r)

for all 0 < r < R and a.e. # € R¥. Then, similar to the proof of Lemma 2.1 (by
inequality (2.5)), we have (or we can directly apply Campanato’s theorem |10,

N

b 31]) 1£(9) — F@)] < Cu(Bla,r)Pres = C(LEDY e for ae y e
B(z, %), ae. x € R¥ and all 0 < r < R, where C' is a constant which does not
depend on f and r. Therefore, by (2.7) and o > 1, we obtain

limsup{lesssup|f(y) —f(x)|} < 00,

r—0 T yeB(z,r)

for a.e. & € R¥. Therefore, the assertion of part (ii) follows from Theorem 1.2
and Remark 2.2. O
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Now, we replace the boundedness condition lim sup,_,, JCB e ‘f(y);# dy <

oo in Theorem 1.2, Corollary 2.3 and Proposition 2.6 by a slightly weaker as-
sumption.

Theorem 2.7. Let f : RF — R belong to LY (R¥), for some p > 1. Then:

(i) If
_ p
limsup][ ][ 1f(z) = f(w)] dz dw < o0,
e—0 B(z,e)J B(x,e) P

for a.e. x € R*, then f is LP-differentiable a.e. and

lim][ ][ dzdw—][ ][ |IDf(z) - (v—u)[Pdv du,
e—0 (z,6)J B(x,€) B(0,1)J B(0,1)

for a.e. x € R¥.

(ii) If there exists a (Radon) measure v on R* in such a way that

][ ][ ) = F@)P o < <u<B<x,r>>>m’ “ .
B(z,r)J B(z,r) rop rk

for all0 <r < R and a.e. x € RF, wherep>1, R>0,3>0anda >1,
then f is LP-differentiable a.e. and

lim][ ][ dzdw—][ ][ |Df(z) - (v—u)[Pdv du,
e—0 (z,€) B(x,€) B(0,1)/ B(0,1)

for a.e. ©x € RF. Furthermore, if o« — k3 > 0, then f is L>®-differentiable
a.e.

Proof. 1t is similar to the proofs of Theorem 1.2, Corollary 2.3 and Proposi-
tion 2.6 (with minor changes). O

Corollary 2.8. Let Wlp(]Rk) denote the Sobolev space, i.e., the set of all func-
tions in LY (RF) whose (first order) weak derivatives are in LY (R¥), for some
p>1. Suppose that f € WLP(R¥). Then:
(i) f is LP-differentiable a.e.
(ii) If p < k, then f is Li-differentiable a.e., where q = kk—_’;
(iii) Ifk < p, then f is differentiable a.e. (after changing f on a set of measure
zero).

Proof. (1) It follows from Theorem 2.7 and the Poincaré inequality.
(i1) It follows from Theorem 2.7 and the Sobolev inequality.

(iii) It follows from Theorem 2.7 and the Poincaré inequality. [
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Corollary 2.9. Let BV;,.(R¥) denote the set of all locally bounded variation

functions on R, Suppose that f € BVj,.(RF). Then f is L%—diﬁ‘erentiable
a.e.

Proof. Tt follows from Theorem 2.7 and the Sobolev inequality. O

Corollary 2.8 and Corollary 2.9 are well-known, see [16, p. 242] and [3,
Chapter 6]; compare with Theorem 6.3.

3. Generalized differentiability for maps with values
in a metric space

We extend a consequence of the main result of previous section to maps with
values into a metric space. Let (* = (*°(N) denote the Banach space of all
bounded sequences of real numbers with sup-norm || - ||~. First, we state and
prove a Rademacher differentiability type theorem for Lipschitz maps into the
Banach space ¢*°. Then, we generalize Corollary 2.3 to maps with range in a
metric space.

We start this section with the following lemma which has a crucial role in
order to study the generalized differentiability properties for maps with values
into a metric space. In fact, this lemma is obvious for Lipschitz maps with
values into a finite dimensional norm space. Moreover, Lemma 3.1, without
computing its limit, was proved by Kirchheim [8], see also Theorem 3.3.

Lemma 3.1. Let f : R — (> be a Lipschitz map. Then

t—0+ t i€N

for a.e. x € R, where f = (fi)ien-

Proof. Since f is a Lipschitz map, there exists M > 0 such that | f;(z) — fi(y)| <
M|z — y|, for all z,y € R and i € N (f is called M-Lipschitz). Since every
Lipschitz function on R is a.e. differentiable, there exists a subset A C R of
measure zero such that f/(z) exists for all ¢ € N and x € R\A. Define the
measurable function

g:R—R,  g(x):=supl|f(z).

By [3, p. 47], we know that ¢ is approxzimately continuous for a.e. x € R. So,
without loss of generality, we may assume that ¢ is approximately continuous
on R\A. Let g € R\A. We show that

g1 CEIES  BA,
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Let € and n be arbitrary positive numbers. Since g is approximately continuous
at xg, there exists 0 > 0 such that

vol({y € B(xo, 1) : [g(w0) — 9(y)| = €})

< 3.1
vol(B(zo, 7)) =" (3:1)

for all 0 < r < 4. Moreover, there exists ig € N such that
g(wo) =1 < ‘f{0($0)| < g(x0). (3.2)

Since f; is Lipschitz, we have f;(y) — fi(x) = ff fi(s)ds, for all z,y € R and
1 € N. Then

i) — fil@)] < / " g(s) ds, (3.3)

for all y > = and ¢ € N. Since f;, is differentiable at z;, there exists ¢’ > 0 such
that |fo@—fi@o) _ i’o(xo)| <, for all x € B(zy,d"). Hence

r—x0

(12 @o)l = ]Iz = ol < Ifia(@) = fio(o)| < L (@o)l + ]Iz = o], (34)

for all x € B(xo,dp), where dy := min{d,d'}. Then, from (3.2) and (3.4), we
have

[9(0) = 20|12 = w0l < |fi(w) = fuo(o)| < sup|fi(w) = filao)l,  (3.5)
for all © € B(xy,dp). Also, from (3.1) and (3.3), we get

|fi(x) = fi(zo)] < (9(wo) + €) |z — o
+ Mvol({y € B(xo,7) : |g(x0) — g(y)| > €}) (3.6)
< (g(x0) +€) |[v — 20| + M nvol(B(xo,r)),

for all x € B(xg,dp) and i € N, where r = |z — x¢|. Therefore, from (3.5) and
(3.6), we obtain

(9(a0) = 20| [z = 0| < supfi(w) — fiwo)] < [(g(r0) + ) + 2Mn] 2 — o,

for all x € B(x,dp). Letting €,7 — 0, this implies the assertion. n

Remark 3.2. In Lemma 3.1, the Lipschitz map f is not necessarily differen-
tiable a.e. For example, consider f;(z) := M See also [2, Chapter 5], about
the Radon-Nikodym property (RNP) and its relation with differentiability of
Lipschitz maps with values into a Banach space.
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Next, we extend Lemma 3.1 to the Lipschitz maps from R” into ¢*. In
fact, the following result can be interpreted as an extension of Rademacher’s
differentiability theorem for maps with values into a Banach space.

Theorem 3.3. Let f : R¥ — (> be a Lipschitz map. Then

oy 28 1) 01| D) M
—0

for a.e. ¥ € R* where f = (f1)ien.

Proof. The restriction of f to any line satisfies the assumptions of Lemma 3.1;
then for any v € R¥, there exists a subset A4, C R* of measure zero such that
limg_o+{§ sup; | fi(x + tsv) — fi(z)|}, exists, for all s > 0 and = € RF\A,. Now,
let {v;}ien be a sequence of elements of S*~1 := {z € R* : |2| = 1} which is
dense in S¥~!. Then, there is a subset A C R* of measure zero such that

oo () 1= Ti SR Lsvi) = @)
t—0+ t

exists, for all i € N, s > 0 and x € RF\ A. Notice that g, (r) = sg,(z). Since f
is M-Lipschitz, for some M > 0, we have || fi(z + tsv) — fi(z)| — | fi(z + tsw) —
filz)]| < Mts|v—wl|, foralll €N; s,t€]0,00] and z,v,w € RF. By choosing
v =v; and w = v;, we have

sup | fi(x + tsvi) — fix)| _ sup [filz + tsv)) = filw)]
t t

< M s|v; —vj|, (3.7)

for all 4,7 € N; s,t €]0,00[ and x € R¥\ A. Letting t — 07, then
‘gsvz(w) - gsvj (,CI;’)' S M s ”Ui - vj|7 (38)

for all i,j € N, s > 0 and x € R*\A. On the other hand, for every v € S*~1,
there exists a subsequence {v;, } which converges to v. From (3.8), for any s > 0
and z € R*\ A, the sequence {g., ()} converges to a real number, say a. Also,
(3.7) implies that lim,_o+ {7 sup; | fi(z + tsv) — fi(z)|}, exists and it is equal to
a = gs (), whenever x € R¥\ A, v € S* ! and s > 0.

Fix € > 0 and x € RF\ A. There exists a finite sequence of elements {v; };en
(or Sk1), say {w;}1<i<n, such that {B(w;,€)}i<icy covers S¥71. Also, there
exists 0 > 0 such that

sup, | fi(z + tsw;) — fi(z)|
t

— Gsw; ($) < €, (39)
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forall0 <t<d,0<s<land1<i<N. LetheRand0 < |h|] <4. Set
w = % and t := |h|. There is 1 < iy < N such that w € B(w;,,€). Hence, by
(3.7), (3.8) and 3.9, we get

el o)~
< sup, | fi(z + tsw) — fi(z)] _supy |filx + tswyy) — filz)]
< ; t
i [Pl 2 o) Z B )| gy ()~ )
ng\w—wi0|+€+M$|w—wio‘

<2Me+e,

forallw e S* 1, 0<s<1,0<|h| <6éand 2z € R*\A. By Lemma 3.1, this
implies that

i SRS+ 1) = i(0)] = s IDfi)
h—0 |h|

=0,

for all z € R¥\ A. O
Corollary 3.4. Let f : RF — (> be a Lipschitz map and p > 1. Then

HOETCT A I Xt
B(0,r)

ep rp

lim
=0 J B(z,e)

for a.e. x € R* and all v > 0, where f = (f1)en.

Proof. 1t is similar to the proof of Corollary 2.3. Notice that the map v ——
sup; | D fi(z)-v|, is not necessarily a linear map, but it is positively homogeneous
of degree one, i.e., sup; |Dfi(x) - (pv)| = p sup, | D fi(x) - v|, for all p > 0. O

Let (Y,d) be a metric space and let p > 1. Let L} (R*)Y) denote the
set of all Borel measurable maps f : R¥ — Y with separable (or essentially

separable) range such that [, d?(f(y), Q) dy < oo, for all (or some) Q € Y and
all balls B in R” (see [9, p. 571 |, [2, p. 100] and [7]).

Theorem 3.5. Let (Y,d) be a metric space and let f € L7 (RFY), for some

loc

p > 1. Suppose that lim sup,_, JCB(x E)M dy < oo, for a.e. x € R¥. Then

eP
lim,_. JCB(W)W dy exists, for a.e. x € R*. In particular, when Y = (>,

we have

lim
e—0 B(z,e)

)

PULIED [ DRk,
B(0,r)

€P rP

for a.e. x € R* and all r > 0, where f = (f1)ien.



262 A. Ranjbar-Motlagh

Proof. Since the image of f, say Im(f), is separable (or essentially separable),
there is an isometric embedding from Im( f) into the Banach space (> = (>°(N).
So, without loss of generality, we can assume that Y = ¢*°. On the other hand,
we know that every Lipschitz map from a subset of R into £> can be extended
to a Lipschitz map whose domain is entire R* see [2, Lemma 1.1 (ii)]. Also,
we can easily extend Lemma 2.1 and Corollary 2.3 to maps with range in £°°,
see also [11, Chapter 1]. Now, the rest of proof is similar to the proof of
Corollary 3.4. O

4. Sobolev type spaces for maps with values
in a metric space

In this section, we apply the previous section results to the Sobolev type maps
with values into a metric space. We compute the energy norms for the Sobolev
type maps in the sense of Korevaar—Schoen and Reshetnyak. Then, it is shown
that the Sobolev type spaces with definitions of Korevaar—Schoen and Reshet-
nyak are equivalent; this fact is announced in [13] and it is also proved in [7,
Theorem 5.1] with an additional assumption that 02 is smooth, see also [14].
Indeed, we find the best constants in order to compare the energy norms of
the Sobolev type maps by the definitions of Korevaar—Schoen and Reshetnyak.
Also, these computations, let us to modify Reshetnyak’s definition of the energy
norm in such a way that modified energy norm becomes equal (up to a multiple
universal constant) to Korevaar-Schoen’s definition (see Remark 4.5).

Now, we recall the definitions of Korevaar—-Schoen and Reshetnyak for the
Sobolev classes maps with values into a metric space. Let (Y,d) be a met-
ric space and let  be an open domain (connected and bounded) in the n-
dimensional Euclidean space (or in a Riemannian manifold, see Remark 4.5).
Let u : Q@ — Y belong to LP(2,Y"), for some p > 1; i.e., u is a Borel measurable
map with separable (or essentially separable) range for which [, d”(u(y), Q)dy <
oo, for all @ € Y (see [9] and [7] for the basic concepts). Denote the set of all
compactly supported continuous functions ¢ : 2 — [0, 1] by C.(€2,[0,1]). For
€ > 0, define

Qe :={z€Q: d(z,00) > €}
B0 [ otn(f, HH ) ar

where ¢ € C.(, [0, 1]). We say that u belongs to the Sobolev type (BV when
p = 1) space of Korevaar—Schoen [9], if u € LP(£2,Y") and also

sup <hm sup EE(¢)> < 0.
PEC(Q[0,1]) N €0
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When p > 1, it is shown in [9] that there exists a non-negative function g €
LP(Q2) such that

i [ (o) (fB (M)M dy) dz = [ ole) ¢ (@) dr

e—0 P

for all ¢ € C.(£2,]0,1]) and furthermore, the family of measures

(f i) ),
B(z,e) P

converges weakly to the measure g*(x)dz, as e — 0. We call [, ¢*(z) dx, the
p-energy norm (energy norm) of u (over Q).

The map u € LP(Q2,Y), for some p > 1, belongs to the Sobolev type space
in the sense of Reshetnyak, if there exists a non-negative function w € LP({2)
such that for any ) € Y, the real-valued function

r— ug(x) = d(u(x),Q),
belongs to the (classical) Sobolev space W'P(Q), furthermore,
| Dug(x)] < w(z), (4.1)

for all Q € Y and ae. z € (), where D denotes the differential operator.
Define the p-energy norm (energy norm) of u (over Q) by inf, [, w?(z)dz,
where the infimum is taken over all functions w as above. One can show that
the above infimum attains by a unique function (up to a set of measure zero).
Let £F%[u, Q] and £f[u, Q] denote the p-energy norms for the Sobolev map
u: 2 — Y in the sense of Korevaar—-Schoen and Reshetnyak, respectively.

Theorem 4.1. Let u : R™ — (*° be a Lipschitz map and let p > 1. Then

€fs[u, Q] :/Q<]{B( sup | Du;(x)-v|? dv) dr,  Elu, Q)] :/Qs%p|Dui(x)|p dz,

01) i

where u = {u;}ien and 2 is an open domain in R"™. Moreover, there exists a
positive constant ¢, p, depending on n and p, such that

Cnp Ex[u, Q) < EFF [0, Q] < EFu, Q).

Proof. Suppose that u is M-Lipschitz, for some M > 0. By Corollary 3.4, we
have

X . — 9. p
lim SUP; \ul(y)p ui(z)| dy = ][ sup | Du;(z) - v|P dw,
=0/ B(z,e) € B(0,1) i
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for a.e. x € R™. Therefore, by Lebesgue’s dominated convergence theorem, we
obtain £X%[u, Q] = [, (JCB(O,l) sup; | Du;(z) - v|P dv) d.

By [13, p. 579, Theorem 5.1], for any 1-Lipschitz function ¢ : {*° — R, we
have |D(C o u)(z)| < w(z), for a.e. z € R", whenever w satisfies (4.1). Notice
that u has a separable range but > is not a separable space. Suppose that a
sequence of real numbers a = {a;} belongs to ¢! with norm less than or equal
to 1, ie., ||ally := ) ,cn lai] < 1. Define the 1-Lipschitz function

Ca 0 — R, Ca({xz}) = Z a;x;.
ieN
Notice that (, is a linear functional over ¢*° with norm ||alj; < 1 and |D((, o

u)(2)] < w(2), for ae. 2 € R™ Hence, since lim; o> " [a;| = 0, and
sup;ey |Du;i(2)| < M, for a.e. z € R" | we obtain

Z a; Du;(z2)

€N

< w(z), (4.2)

for a.e. z € R” and all a € ¢! with norm less than or equal to 1. From (4.2),
we get

sup | Du;(2)| < w(z), (4.3)

ieN
for a.e. z € R".

On the other hand, consider an arbitrary 1-Lipschitz function 7 : *° — R.
We show that

Do u)(2)] < sup [ Du(2). (4.4

for a.e. z € R®. We know that

((now)(y) = mow (@) _ [luly) - ul@)llo _ sup; [uiy) — wi(z)|
ly — | B ly — | ly — |

for all z;y € R™ and x # y. Suppose that the real-valued functions 7 o u; wuy,
Us, ... are differentiable at point zy € R™. There is a unit vector vy € R™ such
that |D(nou)(z9)| = D(nowu)(zo) - vo, and then, by (4.5) and Theorem 3.3 (or
Lemma 3.1), we have

t _
|D(nowu)(z)] = lim n © ulzo + tvo) — 10 ulz) < sup |Du;(zp) - vol.
t—0+ t i€N

By the Cauchy-Schwarz inequality, we get |D(n o u)(20)| < sup;en |Dui(20)] |vol
= sup, ey | Dui(z0)|. This proves (4.4). Therefore, by (4.3) and (4.4), we obtain
ElMu, Q) = [, sup; |Duy(z)|P d.



Generalized Rademacher—Stepanov Type Theorem 265

Finally, we show that ¢, £F[u, Q] < EX%[u, Q] < EF[u, ], for some positive
constant ¢, , which depends on n and p. To do this, for A € R"\{0}, we define

A-vlp
Cnyp 1= ][ 14 vl dv, (4.6)
Bo1) AP

where ¢, , is a positive constant which depends on n and p and it does not
depend on A. Then, by the Cauchy-Schwarz inequality, we have

plAP = Aol do<f (Al P o< AP,
B(0,1) B(0,1)
for all A € R™. Therefore, we obtain

Cpp SUP |Duy(z) [P < ][B( )sup |Du;() - v|P dv < sup | Du,() 7,
? 0,1) i

for a.e. x € R". By taking integral with respect to x, we have

cmp/ sup |Du;(z)|Pdx S/ (][ sup |Du; () -v|pdv) dx S/ sup |Du;(z)[Pdx.
Q i o \JB(o,1) i Q i

This completes the proof of Theorem 4.1. n

Next, we extend Theorem 4.1 to the Sobolev type maps instead of Lipschitz
maps; see also Remark 4.3.

Theorem 4.2. Suppose that u € LP(§2, (), for some p > 1. Then, u belongs
to the Sobolev type space in the sense of Korevaar—Schoen iff u belongs to the
Sobolev type space in the sense of Reshetnyak. Moreover, there exists a positive
constant ¢, ,, depending on n and p, such that

Cp Exu, Q) < EFF[u, Q] < EFu, Q). (4.7)

Proof. 1t is clear that if the image of u is included in a line, then the conclusion
of theorem is valid for such a function (in fact, u belongs to the classical Sobolev
space, see [9, Theorem 1.6.2]).

Suppose that u = {u;};en belongs to the Sobolev type space in the sense
of Reshetnyak. Then, there is a non-negative function w € LP()) such that
w satisfies (4.1). By [13, p. 579, Theorem 5.1], for any 1-Lipschitz function
¢ : 0*° — R, we have |D(¢ o u)(z)| < w(x), for a.e. x € €. Therefore, we
obtain sup;cy |Du;(z)| < w(z), for a.e. z € (2. For m € N, define

T o 0% — 1°°, Tm({Ti }ien) = (21,29, ... ,2,0,0,0, ...).

Since ||, 0 u(y) — mm o u(@)||f, < o7 Jui(y) — wi(x)|P, and each u; belongs
to the Sobolev type space in the sense of Korevaar—Schoen (or equivalently the
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classical Sobolev space), we see that m,, o u belongs to the Sobolev type space
in the sense of Korevaar—Schoen. Suppose that U is an open subset (ball) in €,
by [9], there exist €y > 0 and non-negative function g,, € L”(£2) such that

/6 (ﬁ(m 7 0 ul(y) —Epwm o u(z)|[z, dy) dr < (14 Ce) / & () dz, (4.8)

U

for all 0 < € < ¢y and m € N, where C' is a constant which depends on the
dimension of domain, furthermore

_ P
lim (][ [ 0 uly) = mm © ul@)ll5 dy) dx = / gb (x) dx.
0 Ju. \J Bz, 2 U

Hence, by Corollary 2.8 (i) and Theorem 3.5, we obtain

_ p
lim 7 © uy) = Tom © u(@)ll5 dy < sup |Du(z)]? < wP(z), (4.9)

=0 ) B(x,e) €P 1<i<m

for a.e. € Q. From (4.9) and this fact that the measures

(f Il omaolle ),
B(z,¢) €P

converge weakly to the measure g (z)dz (as € — 0), we get

/Uggl(x) dxﬁ/ sup |Du,~(x)|pdx§/Uwp(x) d.

U 1<i<m

Since ||, 0 u(y) — T o w(x) |2, < || Tms1 © u(y) — Tmg1 o u(z) ||, for all m € N,
by (4.8), (4.9) and Fatou’s lemma, we have

— P
/ (][ lim 7 © uy) = T © u()ll5 dy) de < (14 Ce) / wP(z) dx,
Qe B(z,e) M €P Q

or /Q (fBW) lu(y) —Epu(x)llé’o dy) dr < (1+ Ce) /pr(x) dz,

for all 0 < € < ¢3. Then

_ P
lim sup/ (][ luly) = u@)lls. dy) dr < / wP(x) dr < co.
e—0 Qe B(z,€) €r Q

This implies that u belongs to the Sobolev type space in the sense of Korevaar—
Schoen and EX%[u, Q] < EF[u, Q).

On the other hand, suppose that u belongs to the Sobolev type space in
the sense of Korevaar—Schoen, we show that u belongs to the Sobolev type
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space in the sense of Reshetnyak. Consider an arbitrary 1-Lipschitz function
¢ : 0 — R, then

[ ]{3(“)'““(” “Coutal g ) < [ ( J{WHU@ U g,

for all open subsets (balls) U C Q and € > 0 small enough. Therefore, ( o u
belongs to the Sobolev type space in the sense of Korevaar—Schoen (or equiv-
alently the classical Sobolev space). Letting e — 0, by Corollary 2.8 (i) and
Fatou’s lemma (see also Proposition 2.6 (i)), we obtain

/U (]{9(071)\17(( ou)(z) - vl dv) dr < /ng(x) dz,

and then fB |D Cou)(z) - vfPdv < gP(x), for a.e. © € Q, where g is defined

by
lim (][ luly) — (@)% dy)dx—/gp(x) .
=0 Ju. \JB(z,) v U

This implies that ¢, , |D(Cou)(z)P < gP(x), for a.e. x € 2, where the constant
Cnp 18 defined as in (4.6). So, u belongs to the Sobolev type space in the
sense of Reshetnyak and cnpé’R[u Q] < X%, Q). This completes the proof of
Theorem 4.2. ]

Remark 4.3. Suppose that u € LP(Q, £>°), for some p > 1. If u belongs to the
Sobolev type space (in the sense of Korevaar-Schoen or Reshetnyak), then we
can show that

515(5[11, Q] :/Q<][( sup | Du;(x)-v|P dv) dx, Sf[u, Q] :/ngp | Du;(z)]? dx.

B(0,1) i

Compare with Theorem 4.1 and Theorem 5.2. Moreover, we can easily show
(by considering linear maps) that the energy norms 55w, Q] and £f[u, Q] are
not equal (up to a multiple universal constant) and the inequalities in (4.7) are
sharp.

Corollary 4.4. Suppose that (Y,d) is a metric space and §2 is an open domain
in R". Letu: Q) — Y belong to LP(2,Y) , for some p > 1. Then, u belongs
to the Sobolev type space in the sense of Korevaar—Schoen iff u belongs to the
Sobolev type space in the sense of Reshetnyak. Also, if u is a Sobolev type map,

then
/4
lim (][ wdy) d.
=0 Jo, \JB(z,0) €P

exists. Moreover, there exists a positive constant c, p, depending on n and p,

such that ¢, EFu, Q) < EXu, Q] < EF[u, Q).
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Proof. Since the image of u, say Im(u), is separable (or essentially separable),
there is an isometric embedding from Im(u) into ¢*°. Therefore, without loss
of generality, we may assume that Y = ¢>°. The existence of limit follows from
Theorem 4.2 and [9, Theorem 1.5.1]. Moreover, the rest of assertion follows
from Theorem 4.2. O

Remark 4.5. All results of this section are valid, if the domain of maps, instead
of Euclidean space, replaces by a Riemannian domain, i.e., a connected open
subset of an n-dimensional Riemannian manifold with compact closure. Also,
in Reshetnyak’s definition, suppose that the condition |Dug(x)| < w(x), for all
Q €Y and a.e. x € (), replaces by the condition

][ sup [D(¢ o u)(z) - vf dv < w(x),
B(0,1) ¢

for a.e. x € (), where supremum is taken over all 1-Lipschitz functions ¢ :
(> — R. Then, we can show that the energy norm, by this definition, is equal
(up to a multiple universal constant) to the energy norm by the definition of
Korevaar—Schoen.

5. Sobolev type spaces for maps whose domain is a
Lipschitz manifold

In this section, we strengthen the main result of Gregori [6] about the Sobolev
type maps. Gregori generalized Korevaar—Schoen’s work [9] to maps whose
domain is a Lipschitz manifold. In [9] and [6], it is shown that the approximate
energy functions, for the Sobolev maps, converges weakly to the energy density.
We improve this result by showing that the (strong) convergence holds (see
Theorem 5.2). In [9], the proof of the weak convergence of the approximate
energy functions is based on the sub-partition estimate (see [9, Lemma 1.3.1]).
Also, Gregori [6] generalized the sub-partition estimate for maps whose domain
is a Lipschitz manifold. Here, in the proof of the (strong) convergence of the
approximate energy functions, we did not use the (generalized) sub-partition
estimate for maps whose domain is a Lipschitz manifold. Indeed, the proof
of the (strong) convergence of the approximate energy functions is based on
an extension of Theorem 3.5 for maps whose domain is a Lipschitz manifold
(and [6, Lemma 2|, see also the proof of Theorem 5.2). Moreover, we may
interpret this result as another generalized differentiability property for the
Sobolev type maps.

It is said that a subset X of Euclidean space R™* is an n-dimensional
Lipschitz Manifold, if for any x € X, there exists an open neighborhood U, C X
of x such that U, is bi-Lipschitz equivalent to an open ball in R", i.e., there
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exist an open ball V' in R", positive number M and bijection ¢ : U, — V such
that
M~z —w| < [¥(2) — Y (w)] < M|z —w],

for all z,w € X (¢ is called an M-bi-Lipschitz map). We consider on X, the
induced Euclidean metric (from R™**) and n-dimensional Hausdorff measure
H = H". We denote the closed ball (in X) of radius » > 0 with center at
x € X by Bx(z,r). Similar to the previous section, we can define the average
integral, energy norm and other concepts for maps from a Lipschitz manifold
into a metric space, see also [11].

Lemma 5.1. Let € be an open domain in a Lipschitz manifold X and let (Y, d)
be a metric space. Suppose that uw € LP(Q,Y") belongs to the Sobolev type space
in the sense of Korevaar—Schoen, for some p > 1. Then

d*(u(y), u(x))

b

lim
=0 BX (x,e)

dH(y),

exists, for a.e. x € Q.

Proof. First, we assume that Y = R and also there is an M-bi-Lipschitz map
¢ from an open ball U C R" onto Q (i.e., M~!|z —w| < [¥(2) — Y(w)] <
M |z — w|) and w is Lipschitz. Then, v := w o 4 is a Lipschitz function on an
open ball in Euclidean space. Therefore, by the Rademacher theorem, 1) and v
are differentiable a.e. (with respect to the n-dimensional Lebesgue measure).

Suppose that the derivative of v is approximately continuous at zp € U
(see [3, p. 47]) and also v is differentiable at zy. We show that

|u(y) — w(wo) |

lim
=0 J By (z0.¢)

dH(y),

exists, where xy := 9(z9) € Q. Without loss of generality, we may assume that
29 = 0 € R™. There exist a linear isometry B : R"** — R"** and an invertible
linear (affine) map A : R® — R” such that B o Dy(z) o A(v) = (v,0), for
n ; |z—z0]
all v € R". Then, we have lim,_,,, oA (e)—$oAT0)]
(absolute value of) Jacobian of 9 o A is approximately continuous at zy, with
H"(Bx (zo,7))
vol(B(zo,r))
formula, z — 1 o A(2), we have

= 1, and furthermore, the

value 1. Hence lim,_, = 1. Therefore, by the change of variables

lvo A(z) —vo A(z)|P

ep

lim ) = w@ ) = lim

e—0 Bx (zo0,€) €P €—0 B(z0,¢€)

dz.

Notice that, since v o A is differentiable at zy, by Corollary 2.3 and Remark

2.4, we know that lim._q JCB(zg e)w dz exists. This implies that
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lim,_ JCBX(x e)w dH(y) exists, for a.e. = € €, whenever u is a Lip-
schitz and real-valued function. For the map w, under the assumptions of

Lemma 5.1, the proof is similar to the proofs of Theorem 3.3, Corollary 3.4
and Theorem 3.5. O

Theorem 5.2. Let Q be an open domain in a Lipschitz manifold X and let
(Y,d) be a metric space. Suppose that u € LP(Q,Y") belongs to the Sobolev type
space in the sense of Korevaar—Schoen, for some p > 1. Then

d?(u(y), u(x))

ep

g(z) :=lim dH(y)

e—0 Bx (z,€)

exists, for a.e. x € 0, and

(ﬁuw dH<y>) _ o)

Proof. By [6, Lemma 2] (it can be proved by Theorem 1.5.1 and Theorem 1.10
in [9]), for any n > 0 there is 6 > 0 such that

lim sup/A (fBX(M)M dH(y)) dH(z) <mn,

e—0 €pP

lim
e—0 Q.

dH(z) = 0.

whenever A is a compact (measurable) subset in € so that H(A) < . On the
other hand, Lemma 5.1 implies that

d?(u(y), u(x))

ep

g(x) :=lim dH(y)

=0/ Bx(z,€)

exists, for a.e. x € ). Then, by the Egorov theorem, for any ¢’ > 0, there exists
measurable set B C Q) such that H(Q\B) < ¢’ and

[ PO ) — g,
Bx (be)

ep

uniformly on b € B, as ¢ — 0. Therefore, for any n > 0 and dy > 0, there exist
€0 > 0 and a compact (measurable) subset G in 2 such that H(2\G) < dy and

f’ d”(u(y), u(z))
Bx (x,€)

o dH(y) — g(z)| <,

for all z € G and 0 < € < ¢. Furthermore, for any compact (measurable)
subset F' C (2\G), we have

lim sup/F (ﬁx(x’e)waﬁ{(yo dH(z) <mn.

e—0 €P
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For € small enough, we know that G' C §2.. Then

/fB (2:6) Ep o dH(y) dH(z)
/fB (20 ep i) dH(y) dH(z)
/Q\G]{g (“dp o ulz) dH(y) dH(x),

for € > 0 small enough. Also, by choosing J; small enough, we have that
fQ\G g(x) dH(z) < n. Finally, we obtain

/e (ﬁx(m,e)wd}f(yg —g(x)

for € > 0 small enough. Letting n — 0, then the assertion follows (as € — 0). O

dH(x) < nH(Q) + 2n,

Question 5.3. Under the assumptions of Theorem 5.2, for p = 1, is it possible
to prove the existence of the following limit:

e—0

Remark 5.4. We can extend Theorem 4.1, Theorem 4.2 and Corollary 4.4 to
maps whose domain is a Lipschitz manifold.

6. Orlicz spaces and L®-differentiability

In this section, we extend the concept of LP-differentiability to Orlicz’s spaces
context. For the basic concepts of Orlicz’s spaces, see for example [1, Chap-
ter VIII] or [12].

Definition 6.1. Let @ : [0, co[— [0, 00[ and f : R* — R be (Borel) measur-
able functions. We say that f is L*-differentiable at point z € R*_ if there exist
a linear functional D f(z) : R* — R and a positive number a such that

B(z,e€)

e—0 ae

Theorem 6.2. Let ® : [0, 00[— [0, 00 be a convex function with the following
properties:

- ® is an increasing and invertible function,

- limg_o ®(s) = ®(0) = 0.
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Let f : R¥ — R be a measurable function on R*, then f is L*-differentiable

a.e. iff
limsup][ ) (M> dy < o0, (6.1)
B(z,e)

e—0 Ay €

for a.e. x € R¥, where a, is a positive number. Moreover, similar to Theo-
rem 2.7, we can replace the condition (6.1) with the following condition:

. \f(Z)—f(W)!)
hr?_%lp ][B(w,e)fB(fc,e)q) ( e dz dw < 0. (6.2)

Proof. By the convexity of ®, it is clear that the L®-differentiability (a.e.) con-
dition implies (6.1). On the other hand, since ® is a convex function by the
Jensen inequality, we have

v (]{B(z,e)wt—ﬁf{x” dZ) : ][B(z,e)q) (U(Z)C;—Ef(x)') =

for a.e. x € R¥, where a, is a positive number which satisfies (6.1). Then, we get
limsup,_,, JCB(:E G)M dz < oo, for a.e. x € R*. Therefore, by Theorem 1.2,

€

we know that f is L!-differentiable a.e.

Let the notations be as in the proof of Lemma 2.1, except the set E is
defined as the following:

E:{xeB@Ty mpimﬂ¢cﬁ2iﬂﬂgdyg®w@}

0<r<R

where T, R, M and A are positive numbers. Then, similar to the proof of
Lemma 2.1 (iii), we obtain |f(y) — f(z) — Dg(x) - (y — x)| < |f(y) — 9(z")| +
(1+3L)erd. Since @ is a convex and increasing function and ®(0) = 0, we

have
q)(\f(y)—f(x);fg(x) : (y—w)l) < %¢(W)+ %q) (123L ei)
§%5¢(MQ£§92 +%J¢(£§£)

Notice that ®(At) < AP(¢) for all 0 < A < 1 and ¢t > 0. By integrating with
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respect to y , we obtain

froa a0 Joree ()

where A is a function such that lims_o A(s) = 0. Since we can cover B(z, d3) by
a minimum number of balls whose centers are in £ and their radii are equal to
01 (f and g are equal at such points), we get

f(y) — f(x) — Dg(z) - (y — )]
]{Bu,(sa)q)( 2A6 ) dy < C Ae),

where C'is a constant which depends on k. Then, we have

|f(y> - f(ac) — Dg(;g) . (y _ x)|
][B(wﬁa)@( 2(1+ A)ds > dy < C A(e),

for € small enough (depending on k). Letting e — 0, this implies that f is L®-

differentiable at . Now, the rest of proof is similar to the proof of Theorem 1.2.

Also, similar to Theorem 2.7, we can replace the condition (6.1) with (6.2). O
Next, we apply the previous theorem to the Sobolev functions.

Theorem 6.3. Suppose that u € I/Vl})cn(]R”), for an integer number n > 1.

Then, u is L®-differentiable a.e., where ®(t) := exp (tﬁ) — 1. In particular,

u 1s LP-differentiable a.e., for all p > 1.

Proof. By the Trudinger inequality (see for example [5, Theorem 7.15]), there
exist positive constants ¢; and ¢y, depending only on n, such that

|u<y)—uB|>
o LBl ) gy < ey,
7{; (clHDuHLn(m v=

for all balls B C R", where up := fBu. Suppose that a point x € R" satisfies

lim (]{3 (x76)|Du(y)|"dy> " | Du(z)] < . (6.3)

e—0

Then, we have lim._, w = w, |Du(x)|, where w, := [vol(B(0,1))]=.
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From the convexity of ®, we know that

(LY Ay ()l ) (Jute) wnl )]

2¢1 || Dul| By 2 c1 || Dul|pn (s c1 || Dul|tn(m)

for all z,w € R™ and ball B C R™. Then, by choosing B = B(z,€) and taking
integral over B(z,€), we obtain

][ ( u(z) — u(w)| ) D> duw
,€)J B(w,€) 201 HDU”Ln B(z.€))
U’B(me ’ >
dz dw
|:][ xe)f (z,€) (Cl ”DUHL" B(z,¢))
— UB(z,e) | ) :|
dz dw
][B(a:e ][ (z,€) (Cl ||Dul|L”(B(9U €))

B(z,€) 1 HDUHL”(B(z,e))

2.

l\DI»—tH

+

IN

IN
o

Therefore, if z € R™ satisfies (6.3), we have

lim supf ][ ® ( [u(2) — u(w)| ) dz dw < ¢y.
e—0 B(z,e)J B(z,¢) 31wy max{|Du($)| ) 1} €

By Lebesgue’s differentiation theorem, we know that the condition (6.3) holds
for a.e. x € R", then the assertion follows from Theorem 6.2. O

Remark 6.4. When u € W)."(R") (for an integer n > 1), by the John-
Nirenberg inequality [5, Theorem 7.15], we can show that v is LY-differentiable
a.e., where U(t) := e’ — 1. Also, we can extend Theorem 6.2 and Theorem 6.3

to maps with values in a metric space (as before).

Question 6.5. Is it possible to extend the conclusions of Corollary 2.8 (ii) and
Theorem 6.3 to the LP-differentiable functions instead of the Sobolev functions?
With some extra assumptions?
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