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On Nontrivial Solutions
of Variational-Hemivariational Inequalities
with Slowly Growing Principal Parts

Vy Khoi Le and Dumitru Motreanu

Abstract. This paper is concerned with the inclusion
—div(a(|Vu|)Vu) + 0,G(z,u) 20 in €,

with Dirichlet boundary condition v = 0 on 0f2, in the case where the higher or-
der part has slow growth and the lower order part is locally Lipschitz. By using
a Mountain Pass theorem for variational-hemivariational inequalities without the
Palais—Smale condition in Orlicz—Sobolev spaces, we show the existence of nontrivial
solutions of the above inclusion.
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1. Introduction

This paper is about a variational-hemivariational inequality arising from the
following inclusion:

—div(a(|Vu|)Vu) + 0,G(z,u) 50 in Q, (1)

with boundary condition
u=0 on 09, (2)

where 2 is a bounded domain in R with Lipschitz boundary. We are interested
here in the case where the function a(t)t has very slow growth and G(z,u) is a
Carathéodory function that is locally Lipschitz in v and the lower order term
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O0uG(z,u) in (1) is the generalized gradient of G with respect to u (cf. [3]).
The principal (higher order) part of the equation is represented by the function
¢t a(t)t, t € R, which is supposed to be increasing, continuous, odd, and
vanishing at 0.

Let ® denote the antiderivative of ¢, ®(t) = fot o(s)ds (t € R). The classi-
cal case ®(t) = t* corresponds to the semilinear Laplace inclusion. We are
concerned here with the situation where ® is growing very slowly, that is,
O(t) = o(tP) as t — oo for all p > 1. In this case, Orlicz—Sobolev spaces
rather than regular Sobolev spaces are more suitable as function spaces for the
study of (1)-(2). Since the Hélder conjugate ® of ® does not satisfy a A, con-
dition (see section 2 for more details on ® and A, condition), the functional
u— [, ®(|Vul) dz, does not belong to class C'. Moreover, the integral given by
the lower order term is not differentiable in general. Therefore, problem (1)—(2)
is formulated, in the weak form, not as a variational equation but naturally as a
variational-hemivariational inequality in an appropriate Orlicz-Sobolev space.
In a previous paper (cf. [9]), problem (1)—(2) was studied in the particular case
where G(z,u) is of class C' in u. In that case, the functional defined by the in-
tegral is also of class C! and the problem is therefore formulated as a variational
inequality.

To study the existence of nontrivial solutions, we shall use a version of the
Mountain Pass theorem for variational-hemivariational inequalities. Note that
in the case both ® and ® satisfy A, conditions, we could prove a compactness
condition for equations in W Lg, which implies the Palais-Smale (PS) condi-
tion (cf. [8]). However, there has not been proved a similar result in Orlicz—
Sobolev spaces when either ® or ® fails to satisfy this condition. We could
in fact prove the existence and boundedness of Palais-Smale sequences {u,}
of the variational-hemivariational inequality associated with problem (1)—(2).
However, the convergence of the integrals { [, ®(|Vu,|)da} is, in our case, not
strong enough to allow us to conclude the strong convergence of a subsequence
of {u,} in Orlicz-Sobolev spaces. Therefore, we need here a version of the
Mountain Pass theorem for variational-hemivariational inequalities without the
(PS) condition.

The paper is organized as follows. In Section 2, basic concepts and results
related to Orlicz—Sobolev spaces are presented. Next, in Section 3, we state
and prove a general linking theorem for variational-hemivariational inequali-
ties without the (PS) condition whose corollary, a Mountain Pass theorem for
variational-hemivariational inequalities, will be needed for our investigation of
problem (1)—(2). Although being abstract preparatory results for our existence
theorem later, these versions of linking and Mountain Pass theorems have their
own interests and would be useful in other situations as well. In Section 4, we
apply the abstract version of Mountain Pass theorem established in Section 3 to
prove the existence of nontrivial solutions of the variational-hemivariational in-
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equality that formulates (1)—(2). Note that in the particular case where G(x, u)
is of class C! in u, then our theorem here reduces to that in [9]. Hence, the
results here generalize those in that paper to the case of locally Lipschitz lower
order terms. We also observe that the arguments in our case also apply to
inequalities in which the principal operators have not very fast growth. There-
fore, when both ® and ® satisfy A, conditions, our results here give an alternate
and generalization of some existence results in [4] in cases where the equations
contain locally Lipschitz lower order terms.

2. Problem setting — preliminaries on Orlicz-Sobolev
spaces

The inclusion (1)—(2) can be formulated (in the weak form) as the inequality

(J'(u),v) +/QGO(a:,u;v) dr >0,

for all test functions v, where J is the potential functional associated with the
principal part:

J(u) = /Q O(|Vul) da, (3)

J' is the Gateaux derivative of J, (-,-) is the pairing between the space of test
functions and its dual, and G°(x,u;v) stands for the generalized directional
derivative of G (with respect to ) in the direction of v. Since the growth of the
principal term is represented by ®, we choose the function space for the solu-
tions and test functions as the first-order Orlicz—Sobolev space Wi Lg. In this
space, we write the above inequality as the following variational-hemivariational
inequality:

J(v)—J(u)+/G"(m,u;v—u)dz20, Vv € W) Ls n
Q 4
UEW&L@.

We recall that W' Lg is the Orlicz-Sobolev space of functions u € Lg such that
Vu € (Lo)N. Lg is the usual Orlicz space associated with the Young function ®
with the (Luxemburg) norm || - ||¢ defined by:

u
= =] . j— <
Julle = [Jullrs 1nf{)\>0. /QCI><)\> 1}.

A Young function ® is said to satisfy a Ay condition (on R) if there exists k > 0
such that ®(2t) < k®(¢) for all ¢ > 0. Since ¢ is assumed here to satisfy a
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A, condition, Ly = Ee = E¢,, where Eg is the closure of L>(2) in Lg (with
respect to the norm-topology) and

Lo = {v : Q — R : v is measurable on  and / O (v)dr < oo} .
Q

The corresponding norm on W1'Lg is given by

N
lullve = lullwire = lulle + Y 195ulle.

i=1

Properties of the Orlicz space Lg and of the Orlicz—Sobolev spaces W!Lg and
WiLe when ® and/or @ satisfies a A, condition are presented in detail in
[1,5-7]. It is known (cf. [6,7]) that Le is the dual space of Eg, i.e., Lo =
(Bg)*, and Lz = (Eg)*, where ® is the Holder conjugate function of ®, defined
by ®(t) = sup{ts—®(s) : s € R}. The space W'Lg and W' Ey can be identified
with closed subspaces of the products Hi]\io L and HiN:o Es, respectively. We
have Hf\io Lo = (Hfio E5)" and if we denote by 7 = o([] Ls,[[ Eg) the
weak™ topology in [] Le and also the restriction of 7 to the closed subspace
WL, then W!Lg is closed under weak* convergence of [ Le. Since [ Eg is
separable, we have the following properties of W' Lg (cf. [5]):

If {u,} is a bounded sequence in W!'Lg (with respect to || - |l1.4), then
{u,} has a subsequence which converges with respect to the topology 7 to some
u € W'Lg, i.e., a bounded set in W!Lg is relatively sequentially compact with
respect to the weak* topology 7.

We denote by W, Lg the closure of C5°(Q) with respect to the weak* topol-
ogy 7. By a Poincaré inequality for Orlicz-Sobolev spaces (see [5]), we know
that on W Lg the norm || - [ly1z, is equivalent to the norm || - [lyay, given by

lullwize = 1Vl [|zs-

A Young function ®; is said to grow (essentially) more slowly than another
Young function @, (at infinity) (cf. [1,6,7]), abbreviated by ®; < &y, if

(Ii 1((,:2) = 0, for all £ > 0. Let us denote by ®* the Sobolev conjugate

of & (in RY), with (®*)~'(t) = [, 2 O ds, provided that
s N

/100 ) g~ . (5)

S N

hmt_,oo

We have the following embeddings, similar to those among Sobolev spaces:
— The embedding W Ly <— Lg+ is continuous.

— If ¥ <« ®*, then the embedding W'Lg < Ly is compact. In particular,
since ® <« ®* (cf. [5, Lemma 4.14]), the embedding W'Ls < Lg is
compact.
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Moreover, it is shown that W!Lg is continuously embedded in L>(€2) (cf. [1,5])
o0 -1 S .
if [| 2 8ds < 0o in (5).
s N
We are interested here in problems with principal terms given by a Young

function ® growing more slowly than any power t1*¢ (e > 0), that is ®(¢) < t1*¢,
for all € > 0. Typical examples of such Young functions are

[¢]
(1) = / (in(1+9)ds (t€R) (6)
0

(®(t) = (|t| + 1) In(|t| + 1) — |¢], when 5 = 1), or
o(t) = [t|In(ft| +1))” (t € R), (7)
(with [ being a fixed positive constant). It is easy to check that in both cases

. t®(t)

fm B (®)

For such functions, their conjugates ® do not satisfy a A, condition. We refer
to [6] (or [1,7]) for basic properties of Ay condition. In what follows, we assume
that @ satisfies the growth condition determined by (8).

3. Linking and Mountain Pass theorems

We shall need here a version of the Mountain Pass theorem for variational-
hemivariational inequalities without the Palais-Smale condition. Since this
compactness condition is not imposed, we obtain, instead of the existence of
critical points of the associated functionals, only that of (PS) sequences in the
sense of (12) and (13) below. Note that in the problem we are interested in here,
the functional J is convex and finite everywhere, hence locally Lipschitz on X.
We state the theorem for the general case of sums of convex, lower semicontin-
uous and locally Lipschitz functionals, due to its own interest and applicability
in other situations as well.

Furthermore, we shall first establish a more general linking theorem which
contains the needed Mountain Pass theorem as a particular case. Let us start
with the definition of linking that we are interested in.

Definition 1 ([12, Definition 3.3]). Let S be a nonempty closed subset of a
Banach space X and let ) be a compact topological submanifold of X with
nonempty boundary 9@ (in the sense of manifolds with boundary). We say
that S and ) link if the next properties hold:

SNoR =0, fQNS#D

whenever f € I', where

I'={feC(Q X): flog = idaq}- (9)
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We are now ready to state and prove the following general minimax theorem
with the above type of linking for functionals which are sums of convex and
locally Lipschitz ones.

Theorem 1. Let the functional I : X — R U {+oc0} on the Banach space
(X, || - |) satisfy the following assumption:

(H) I = P+, where P : X — R s a locally Lipschitz functional and
Y X — RU{+o0} is convex, proper, and lower semicontinuous.

Let the closed sets S and Q link in X in the sense of Definition 1. Assume

supI(z) € R, a:= sup I(z) < b:= inf I(z). (10)
z€Q TEIQ x€eS

Then the number

c= }rellf,ilelgl(f(rv)), (11)

where I is given by (9), satisfies the following property: There exist sequences
{u,} in X and {e,} in (0,400) such that

€n 10, I(u,) = ¢ asn — oo, (12)
and
P(up;v —up) +(0) —(up) > —€nllv —uyll, Yoe X,VneN.  (13)

Proof. First, we see that thanks to (10) and the linking hypothesis we have that
€ :=c—a > 0. Arguing by contradiction, we assume that there exists ¢ € (0, €)
such that whenever u € X, we have either

I(u) & [c—€,¢c+ €, (14)
or one can find v = v(u) € X satisfying
P(u;v —u) +(v) — (u) < —3¢l|v — ul|. (15)

In particular, K.(I) = (), where K.(I) is the set of all critical points of I
at the level ¢: K.(I) = K(I) N I7'(c), where K(I) = {u € X : P°(u;v —
u) + () — Y(u) > 0, for all v € X}. For d € R, we also use the notation
Ij={ue X :1I(u) <d}.

We claim that for each uy € I..., there exist vy = vo(ug) € X and a
neighborhood Uy of uy in X such that

P(u;vo — u) + (vo) — ¥(w) < K([lu —wol| + [lw —woll),  Vu,w e Uy, (16)
with some constant K > 0, and

P(us 00 — u) + ¢(vo) — Y(w) < =3efw — wol], (17)
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for all u,w € Uy with I(w) > ¢ —e. Moreover, we claim that if ug € K(7), then
one can take vy = o, and if ug ¢ K(I), then one can choose vy and Uy so that
vo € Uy and, for some §g > 0,

P°(u;vg — u) + (vg) — Y(w) < =dpljlw — vol|, Vu,w € U. (18)

To justify the claim, we notice that if uy € K(I), then (15) does not hold for
u = up and it follows from (14) and wy € I, that I(ug) < ¢ —e. At this point,
we can further proceed as in page 67 of [12] to check that vy = ug fulfills (16)
and (17). In the case where ug ¢ K(I), by treating separately the situations
where I(ug) < ¢ — € and I(ug) > ¢ — €, we may prove the claim using the same
arguments as in pages 67-69 of [12], taking the neighborhood U of K.(I) therein
to be just U = (), which is possible because K.(I) = 0.

The next step in the proof is to show that for every compact subset A of X
which satisfies
c<supl(x) <c+e, (19)
T€A
there exists « € C(W %[0, §], X ), with § > 0 and W being a closed neighborhood
of Ain X, such that a(-,0) = idw,

lu—alu,s)]|<s, Vse0,5, ueW, (20)
and
sup I(a(u, s)) —sup I(u) < —2es, Vs € [0, 3]. (21)
ucA ucA

In order to establish the above assertions, we first observe that, due to (19),
we may apply the properties (16)—(18), referring to any uy € A. This fact,
combined with the compactness of A, enables us to construct as in [12, pages
69-70], a radial deformation of type

a(u, s) = u+ sw, (22)

with w = w(u), around A x {0} for which the relations (20) and (21) hold. The
construction of the mapping w = w(u) relies on the mapping vy = wvg(ug) for
which the relations (16) and (17) are true. A main point in the argument to
obtain (20)—(21) from (22) is to remark that if u € K(I) N A then necessarily
I(u) < ¢ — e. Furthermore, the proof of (20) and (21) does not make use of the
Palais—Smale condition at the level c.

Finally, we conclude the proof of the theorem by enlarging the class I in (9)
to the larger class I'; defined as the set of all mappings f € C(Q, X) such that
flag and idsg are homotopic as maps from 0Q) to I._./4 and f(0Q) C I._c/2. The
reason of this extension from I' to I'y is that the composition a(f(-), s) belongs
to I'y whenever f € I'y, while I does not generally have this property. Moreover,
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the set I'; is closed in C(Q, X) with respect to the uniform convergence topology
on that space (see [12, pages 75-76]).

We define the mapping I1: I'; — RU {+o00} by

I(f) = Stelgf(f(w)), Vferly,

which is lower semicontinuous. Moreover, if ¢; is defined by

o= inf iggf(f(x)) = inf II(f),

then by means of the Homotopy Extension Theorem and the formula of ¢ in
(11), we can prove the equality ¢ = ¢; (cf. [12, page 75]). This ensures, in
particular, that the functional II is bounded below on I'y, and Ekeland’s varia-
tional principle can thus be applied to II. Hence, we can produce some f € I'y

satisfying (19) with A = f(Q) and
II(g) > II(f) —€llg — fll, forall g €. (23)

Since (19) holds, we are allowed to consider the deformation o € C(W %[0, 5], X)
corresponding to the compact subset A = f(Q) of X. For a possibly smaller
5 > 0 we have that

alf(-),s) ey, Vse|0,3], (24)

(see [12, page 77]). In view of (24), we may set g = a(f(), s) for any s € [0, 5]
in (23) which, together with (20), leads to II(a(f(-),s))—II(f) > —ella(f(:),s)—
fll = —es. On the other hand, relations (21) and (24) imply that —2es >
(a(f(+),s)) — II(f). Consequently, a contradiction occurs for any s > 0 and
completes our proof. O

We illustrate the general minimax principle stated in Theorem 1 with the
important, particular case of the Mountain Pass theorem without assuming the
(PS) condition, which is formulated in the setting of hypothesis (H) above. This
abstract result will be used in our variational approach for studying problem

(1)-(2).

Corollary 1. Let (X, || -||) be a Banach space and I : X — R U {+oc} satisfy
assumption (H). Suppose that

(i) 1(0) =0 and there exist 3, p > 0 such that
I(u) = B, Vue X, |lul =p, (25)

(ii) There ezists e € X such that |le|| > p and I(e) < 0.
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Let
¢ = inf sup I(f(t)) (= B), (26)
felteio
where I' = {f € C([0,1],X) : f(0) =0, f(1) = e}. Then, there exist sequences
{un} € X and {e,} C (0,+00) that satisfy (12) and (13).

Remark 1. Livrea and Molica Bisci ( [11]) obtained the results of this section in
the following particular case of assumption (H) (with a slight change of notation
to relate with our notation here):

(H}) ([11, page 250]) I(z) := P(x) + ¢(z) for all z € X, where P: X — R is
locally Lipschitz continuous while ¢ : X — R U {400} is convex, proper
and lower semicontinuous. Moreover, 1 is continuous on any nonempty
compact set A C X such that sup, 4 ¥(z) < +o0.

The last condition in (H’) is not generally satisfied by convex, proper, and
lower semicontinuous functionals (cf. [13] for an explicit example even in a
finite dimensional space).

4. Existence of nontrivial solutions via Mountain Pass
theorem

In this section, we apply the Mountain Pass theorem in the previous section
to prove existence of nontrivial solutions for the inclusion (1)—(2) in the case
where ®(t) is growing more slowly than any power ¢? (p > 1).

Let us consider now the necessary assumptions on GG and ®. First, assume
that G : Q@ x R — R is a Carathéodory function such that G(z,0) = 0 and
G(z,) : R — R is locally Lipschitz for almost all z € €. Furthermore, the
generalized gradient of G(x,-) has the following growth condition:

€] < a1+ agls|* 7, (27)

for a.e. x € Q, all s € R, all £ € 0;G(x,s), where 1 < a < % (subcritical
condition). From the embeddings between Orlicz and Orlicz—Sobolev spaces in
Section 2 with ¥ = &, (d,(t) = t*, ¥Vt > 0), we have the compact (hence
continuous) embedding

W'Le — L*(Q). (28)

On the other hand, we refer to [3] for the basic concepts and results about the
nonsmooth analysis of locally Lipschitz functionals.

Next, let us assume the following behavior of G(z,t) when ¢ is small:

lim inf Gz, 1)

ATy > —A  uniformly for almost all z € (2, (29)
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where A = inf, ey, (0} % . Note that A > 0 (see e.g. [5]) and from its
Q

definition, we have
/CD(]VuDdx > A/ O([ul) dz, Vu € W' Le.
Q Q

We also suppose that there exist ¢; > 0 and v > 1 such that

sup G(x,t;) <0 (30)
e
and
G(z,t;t) <~vG(x,t) for ae. x € Q, all t with [t| > t;. (31)

It follows from this assumption that there exist as, ay > 0 such that
G(z,t) < —agt” +aqt forae. x€Q, allt>0. (32)
In fact, for z € Q,s € R, and ¢t > 0, we have the following formula:
Gz, )t = vt [y 0,G(w,t) — G(x,t)].

Thus, for ¢ > t;, from Lebourg’s theorem (cf. [10]), there exists ¢ € (¢;,¢) such
that

t 1

=110, [T_VG(x, T)L:
=t [vHO,G(x, t) — Gz, 1)] (t — ).

(1) cwn-cwmeal () cwn| @-n

Hence, from assumption (31),

(ti) Gl t) — Glanh) < A0F T G B ) — Gl D)(t— 1) <0,

Therefore,
G(x,t
G(z,t) < %ﬂ < —agt! forae xeQ, allt>t, (33)
1
where, from condition (30), az = —t; " sup,cq G(z,t1) is a positive number.

On the other hand, it follows from (27) and Lebourg’s theorem that for a.e.
xeQ alt>0,|G(xt) =|G(x,t) — G(x,0)| = |&t] for some & € 0;G(x, s),
0 < s <t, and hence |G(z,t)] < t(a; + azs*™ ') < (a1 + agt* *)t. Thus,

G (x,t)| < (a1 + agt] ), (34)
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for a.e. x € Q, all t € [0,¢,]. Choosing ay = a; + ast? ™ + a3t¥_1(> 0), we see
that |G(x,t)| < aygt —ast” for a.e. x € Q, allt € [0,¢1]. Combining this estimate
with (33), we obtain (32).

Concerning ¢, we assume that

® satisfies a Ay condition (on R) (35)
and
k> st;lg) q:;(it)) (< 00). (36)
Moreover, suppose that
ki = % <« (37)

(or equivalently, k£ < 2%).

The following theorem is our main existence result for nontrivial solutions
of the inequality (4) (or the inclusion (1)-(2)).

Theorem 2. Suppose ® is a Young function satisfying a Ao condition and the
growth condition (8). Assume G satisfies (27), (30), and (31). Let k be given
by (36) and assume that (29) and (37) hold. Under these assumptions, the
variational-hemivariational inequality (4) (with J given by (3)) has a nontrivial
solution.

The proof of this result is an application of the Mountain Pass theorem
(Corollary 1) stated in Section 2. Although following steps similar to those in the
proof of the main theorem in [9], some different calculations and arguments are
needed here due to the presence of the nonsmooth term G, and a complete proof
of Theorem 2 is given below. We first recall the following lemma concerning an
estimate of ||u/|g.

Lemma 1 (]9, Lemma 3]). Assume ® is a Young function that satisfies a A
condition on R, that is ®(2t) < k®(t), for allt > 0, for some k > 1. Then, for
each R > 0, there is ¢ > 0 such that for all u with ||ulle < R or [, ®(u)dr < R,

we have
In k

/ O (u)dx > cljullg? . (38)
Q

Proof of Theorem 2. We consider the Banach space X = W, Lg with norm
-1 = I lwar,- Let us define the functional I : WjLe — R by I = J + P,
where J is given by (3) and

P(u) = / G(z,u)dz, u€ W,Ls.
0
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It follows from (27) and Lebourg’s theorem (see also (34)) that G has the growth
|G (z,5)| < a5+ agls|® for a.ex € Q, all s € R. (39)

Therefore, from the locally Lipschitz property of G(z, -), we see that P is locally
Lipschitz on L*(€) and thus on W Lg, because of the embedding (28). We show
that under the assumptions of Theorem 2, all the assumption of the Mountain
Pass theorem in Section 3 (Corollary 1) are fulfilled.

Let us check the first condition (25) in Corollary 1. From (29), there are
s1 € (0,00) and € € (0,A) such that

G(z,s) > (=N +€)P(s) (40)
for a.e. x € Q, all s with |s| < s1. From (39), there exists a; > 0 such that
|G (2, )| < ag|s[ (41)
for a.e. x € Q, all s with |s| > s;. Combining (40) and (41), we have
G(x,s) > (=N +€)P(s) — az|s|?,

for a.e. x € ), all s € R. Therefore,

/G(m,u)dxz (—A+61)/(I>(u)dx—a7/ |u|® dx
Q Q Q
—A+€1

> /@(yvuy)dx—a7/ | da,
A Q Q

for all w € W§Lg. For simplicity, if there is no confusion, we shall in the
sequel use C' to denote a generic positive constant. By means of the continuous
embedding from W Lg into L%(§2) and Lemma 1 with R = 1, we see that there
is a constant C' > 0 such that

(42)

[l ds < iy, < 0| [ avapas (13)
Q Q

for all u € Wy Ly with |lullyay, = < 1. Combining (42) with (43) yields the
following estimate for I(u):

I(u) Z/Q<I>(|Vu|)dx— Axel /S)®(|Vu|)dx—a7/ﬂ|u|o‘dx

In 2
(03
€1 Ink

> % [ @(Vul)de — arC Ugcp(wu\)dx} (44)

_ {j\—l—mc {/Qq)(\Vu\)dm} ma_l}/g@(wu])dx.
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2,
Since limyy—o [ J;, ®(|Vul) dz] ™" t=0 (note that 22a —1 > 0), we have, by
choosing r > 0 sufficiently small, the following estimate:

In2

ovwwoﬂmm a
a u|)axr < —,
1/ = 2A

for all u € W Ly with ||u|| = r. From (44) and (38) (with u replaced by |Vul) ,

Ink Cer mk
1) 2 g5 [ @(vu)do > Selulli,, = SR > o

for all w € W Lg with ||ul]| = r. We have checked (25), so (i) of Corollary 1
holds here.

Now, let us check condition (ii) in Corollary 1. Let us fix a number ~, €
(1,7) with v > 1 given in (31). From (8), there exists Tj, > 0 such that
t'(t) < 7o, for all t > T;. Hence,

w0
m(%) /TO¢’SS(1 </TO (Tfo), VE> Ty, (45)

implying that ®(¢) < T(fg)ﬂo for all t > Tj. Therefore, for some constants
C1,Cy > 0 we have

O(t) < Cit"° 4+ Cy, YVt > 0. (46)

Let us fix ¢9 € C§(2) such that ¢9 > 0 on Q and ¢y # 0. For A > 0, let
u=wuy = APg(> 0). It follows from (46) and (32) the following estimates:

I(u)

§/(C’1|Vu|7° + Cy) dx + /(—ag,tﬂ + aqu) dx
0 Q (47)

= -\ (a3/¢g dx — C’l/\’YO—V/|V¢O|'YO dx — CQIQP\_PY—CM)\_W/Q% dIE)
Q Q Q

As A — oo, A7 A77 — 0 and the number in the parentheses tends to
as fQ ¢ dx (note that this number is strictly positive since ag > 0 and ¢g > 0,
¢ # 0 on Q). Hence, the right hand side of (47) tends to —oo as A — oo. For
A > 0 sufficiently large, I(uy) < 0 and u, is outside the ball centered at 0 with
radius 7.

We have checked both conditions in Corollary 1. By that result, there exist
a sequence {u,} in WiLg and a sequence {¢,} in (0,00) such that €, | 0,
I(u,) — ¢ (cis given in (26)) and for every n € N |

/@(]Vv\)da:—/<I>(|Vun])d:c+P°(un;v—un) > —€nlv — ug|,
Q Q
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for all v € Wy Lg. From Aubin—Clarke’s theorem (cf. [3]), we have that
P°(uyv) < /QG"(x,u(x);v(:c))d:c, Vu,v € Wy Lg.

Hence,

/QCID(|V1)])dx—/Q<b(|Vun\)dx+/QGO(x,un(x);v(:U)—un(x))dx (48)
> —eullv —un|l, Vv € WyLe.

We show that the sequence {u,} is bounded in W Lg. In fact, because v > 1,
we can choose g € (1,7) sufficiently close to 1 such that 27 < v+ 1. By using
calculations as in (45), we have for all t > Tj,

@(2t)) /21‘, q)/(s) /21‘, Yo

In{——== ) = ——ds < —ds = In2.

< (1) ¢ P(s) ¢S

Hence, ®(2t) < 2%®(t) , for all ¢t > Tp, and thus ®(2t) < 27°d(t) + Cf, for all
t € R, with C3 = sup{®(2t) : 0 <t < Ty} € (0,00). Hence,

/ B(2|Vul) dz < 27 / O(Vu|)dr + ColQ, Vue Wi'Le  (49)
Q Q
Letting v = 2u,, in (48) and using (49), one gets

(270 — 1)/QCI>(|Vun|)dx + Gyl z/ﬂ@(zyvunwx —/Q<I>(|Vun|)dx »
>~ [ Gl ) de = e |

Without loss of generality, we can only consider n such that ||u,|| > 1. It follows
from [6, Theorem 9.5, Chapter 2], that

/Q(I)(|Vun|)dx > [[[Vun|lle = [lunl] (51)
From (31) and (27), there exists a constant ag > 0 such that

G(z,t;t) <~vG(x,t) + ag, VteER. (52)
From (50)—(52),
(27 — 1)/ (V) d + 3|9
Q

(53)
> —7/ G(z,uy,) dz — ag|§Y| — en/ O(|Vuy,|) de.
Q Q



Variational-Hemivariational Inequalities 291

On the other hand, since I(u,) — ¢,

/@(|Vun|)dx+/G(x,un)dac:c—i-én, (54)
Q Q

with 0, — 0 as n — oo. It follows from (53) and (54) that

(2° —1+e,) / O(|Vup|) dx > 7/ O(|Vun|) dz — (e + 6n) — (as + c3)[Q.
Q Q
It follows that

(y+1—=27— en)/ O(|Vuy,|) de < y(c+supd,) + (as + ¢3)|Q] < oo, (55)
Q

for all n € N. On the other hand, by the choice of vy, because ¢, — 0 as
n — 00, we have y+1—27 —¢, > ¢, > 0, for all n large. Estimate (55) shows
that the sequence { [;, ®(|Vu,|) dz} is bounded, implying the boundedness of
{u,} in Wi Lg (see (51)).

Since {u,} is bounded in W/} Lg, by passing to a subsequence if necessary,
we can assume that u, —=* u in Wy Lg. This implies that [, u,¢ de — [, u¢ dx
and [, Qupddr — [, 0u¢dr, for all ¢ € Eg, and thus for all ¢ € L>(Q),
i.e., Vu, — Vu in [LY(Q)]Y(-weak). Since the function & — ®(|¢|) is convex,
continuous on RY and ®(|£]) > 0, for all £ € RY, we have

/(I>(|Vu|)dx§1iminf/¢>(|Vun|)dx, (56)
Q Q

(cf. e.g. [2]). Put @(t) = |t\%, t € R. (We assume here that N > 1, thus
p* = 57 is the Sobolev conjugate exponent of p = 1 and @7 is a Young func-
tion; trivial modifications are needed for the case N = 1.) Straightforward
calculations show that ®; < ®* (®* is the Sobolev conjugate of ®). Conse-
quently, the embedding W Lo — Le:(= LY/N=1(Q)) is compact. It follows
that u,, — u in LY/V=1(Q) and thus in L*($2). From the growth condition (27)
and Fatou’s lemma, we see that

limsup/ G(z,up(x);v(z) — up(x)) de < / G(z,u(z);v(z) —u(x)) dx. (57)
Q Q
Also, since the sequence {u,} is bounded in Wi Lg, we have

€nllv — uy|| — 0. (58)

Letting n — oo in (48) and noting (56), (57), and (58), we have that u is a
solution of (4). Note that u # 0. In fact, suppose by contradiction that u = 0.
Letting v = 0 in (48), one gets

/¢(|Vun])d:c§/G"(:c,un;—un)dx+en\|un||, Wn e N.
Q Q
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From (57), we have lim,,_.o. [, ®(|Vu,|) dz = 0. Also, G(-,u,) — G(-,0) =0 in
L'(Q) and thus [, G(z,u,)dx — 0. Hence,

I(un):/QCID(]VunDdx—l—/G(x,un)d:v—>0

Q

as n — oo. This contradicts (12) and (26) and completes our proof. O
Let us conclude our paper with some further remarks.

Remark 2. Assumption (31) is an adaptation of the classical “super-quadratic”
condition in applications of the Mountain Pass theorem to our nonsmooth prob-
lem in Orlicz—Sobolev space, which is in fact a “super-linear” condition (because
v is only assumed to be greater than 1) for generalized directional derivative
here.

A point worth mentioning is that in applications of the Ambrosetti—Rabino-
witz theorem to (even smooth) boundary value problems, sign conditions similar
to (30) are considered (see e.g. condition (p4) in [14, Section 2]). However, those
sign conditions are usually imposed for all large values of ¢ . Here in (30) this
sign condition is assumed at only one value t; of t. Condition (30) is essential
for the constant ag in estimates (33) and thus (32) to be strictly positive. This
sign property plays a crucial role in estimate (47) to conclude that the limit
value of I(uy) is —oo as A — +o00. The negative value of I(u,), in its turn,
contributes in an essential way to one of the two geometric conditions of the
Mountain Pass theorem.

Remark 3. Related to the assumptions on ®, we note that with ® given by
(6) or (7), since the function t% is decreasing on (0, 00), we have

to'(t) . td(t)

) % D)

Hence, one has (35) and (36) with k = 2'*0. If ® is given by (6) or (7), then
(37) holds if 1 + 3 < a.

Remark 4. Using similar arguments as in [9], we can extend the above results
and assumptions to variational-hemivariational inequalities that contains locally
Lipschitz lower order terms and principal terms defined by Young functions &
with “not very fast” growth (i.e., when ® satisfies a Ay condition, but ® may
or may not satisfy this condition). Examples of such functions are

1t
O(t) = / sPHIn(1 + 5)]Pds, or ®(t) = [tP[In(1 + |t])]®, teER,
0
with # > 0,p > 1. Since these functions ¢ are not equivalent to any power

functions t* (p € [1,00]), the regular setting in ordinary Sobolev spaces seem
not suitable for such inequalities.
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