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On the Mathematical Analysis and
Numerical Approximation of a
System of Nonlinear Parabolic PDEs

J. Kacur, B. Malengier and R. Van Keer

Abstract. In this paper we consider a boundary value problem for a system of 2
nonlinear parabolic PDEs e.g. arising in the context of flow and transport in porous
media. The flow model is based on tho nonlinear Richard’s equation problem and
is combined with the transport equation through saturation and Darcy’s velocity
(discharge) terms. The convective terms are approximated by means of the method
of characteristics initiated by P. Pironneau [Num. Math. 38 (1982), 871-885] and
R. Douglas and T. F. Russel [STAM J. Num. Anal. 19 (1982), 309-332]. The nonlinear
terms in Richard’s equation are approximated by means of a relaxation scheme applied
by W. Jéger and J. Ka¢ur [RAIRO Model. Math. Anal. Num. 29 (1995), 605-627] and
J. Kacur [IMA J. Num. Anal. 19 (1999), 119-154; SIAM J. Num. Anal. 39 (1999),
290-316]. The convergence of the approximation method is proved.
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1. Introduction

1.1. The mathematical model. In this paper we deal with the mathematical
analysis and with a new numerical approximation scheme of a coupled system
of nonlinear parabolic PDEs for a couple of space and time dependent functions
[u, w], viz

Oib(u) — div(F(z,u) + A(x)Vu) = f(t, ) (1.1)
b(u)oyw + v(u, Vu).Vw — div(D(u, Vu)Vw) = G(t, z, w), (1.2)
in (tz)elxQ=0Qp, I[=(0,T),T < oo,
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along with the boundary conditions

u=u" onlx0Q (1.3)
w=w"” onlxTIy, —D(u,Vu)Vw -7 =0 on I x Ty, (1.4)

(7 is the unit outward normal vector to 0€2) and along with the initial conditions
u=1uy on {0} xQ, w=1wy on {0} x . (1.5)

Here, 2 C R? is a bounded domain with Lipschitz continuous boundary 052,
I’y and T'y are open parts of 92 with I'y NI’y = () and measT'; + measT'y =
meas 0{2. We assume that the scalar function b is positive and satisfies 0 <
d < V(s) < M < oo for some M > § > 0, for all s € R. Furthermore,
we assume that D = D(u,Vu) is a symmetric positive definite matrix with
ID(n, )| < C(A+|n|+|€]), for all n € R, for all £ € R3. Moreover, we assume
that the vector functions © and F in R? obey |v(n, &)| < C(1 + || + |€]), for
all p € R, for all £ € R? and |0,F(x,s)] < C, for all x € Q and for all s € R.
Furthermore, we let |G(t,z,s)| < C(1+ |s|) for all t € I, for all x € Q and for
all s € R. Here (' is a generic constant. Next, the matrix A(r) € R3*® is only
space dependent. By means of u” and w” we prescribe the Dirichlet boundary
conditions and we assume that these functions are defined on Q.

1.2. A motivating physical example. The mathematical model (1.1)—(1.5)
arises e.g. in the modeling of contaminant transport in porous media with
unsaturated-saturated flow. In the terminology used further we will stick to
this physical context throughout the paper. The flow in an unsaturated porous
media (2 is governed by Richard’s equation — see [6,12,20] etc.:

8,0 = div(k(h)A(x)V(h + Z)), == (X.Y,Z2), (1.6)

where 6 is the volumetric water content, h is the pressure head, k(h) is the
hydraulic permeability, A(z) is the permeability in saturated porous media and
the gravitation is in the direction of the Z-axis. We can use the Van Genuchten—

Mualem model for the retention and permeability curves:

0, — 6,
(1+ (ah))™

k(S) =831~ (1~ Si)mf, S =

6 =6(h) =6, +

0—0,
0, — 6,

where S is the effective saturation and k(h) = k(6(h)) for h < 0,k(h) = 1 for
h > 0. Here, 0 < 0,,0, < 1,1 <n, m = 1—%, a < 0 are so called soil
parameters. The flow in the saturated region h > 0 is governed by Darcy’s law
— see [6]:

S.0:h — div(A(z)V(h + Z)) = 0,
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where S, is the specific (elastic) storativity coefficient and § = S.h . Thus,
we can extend (1.6) from the unsaturated to the saturated zone. The Van
Genuchten model reflects two fronts (free boundaries) of degeneracy. The first
front occurs at the interface between dry (S = 0) and wet (S > 0) zones. The
second front occurs at the boundary between saturated (h > 0) and unsaturated
(—oo < h < 0) zones.

Using Kirchoff’s transformation we can transfer all nonlinearities to the
parabolic term 6 in (1.6). We introduce the new unknown w and the function
b(u) by u = B(h) = foh k(s)ds, b(u) := 6(87(u)). Then, we can rewrite (1.6)
into the form

Oib(u) — div(A(z)Vu) — divK (z,b(u)) = 0, (1.7)
where K (z,b(u)) = A(z)k(b(u)).€z, €, being the unit vector in direction Z.
The unknown w varies in (u*,0) with u* > —oo. The same transformation
can be used for h > 0. We obtain u = h,b(u) = Seu. Then, (1.7) is of
the form (1.1). We can verify that |0,K(x,b(s))] < C for n > 2 (in Van
Genuchten’s model) and 0’ (u*) = oo, b'(0) = 0 so that b is not globally Lipschitz
continuous. If the data’s (initial wetness, boundary conditions) guarantee that
h > hy > —o0, i.e., u > u* + ¢ for some € > 0, then we can assume that b is
Lipschitz continuous, since '(s) is decreasing for 0 > u > w*. This assumption
is based on the comparison principle for the problem (1.1),(1.3),(1.5);, proved
in [1, Theorem 2.2]. To guarantee that 0 < § < '(s) we have to regularize 0(h)
and %(S ) in a small neighbourhood of h = 0 and S = 1, respectively. In that case
we can take 6, (h) = 0(h) and EW(S) = k(S) for h € (—oo,—n) and S € (0,1—1n).
We extend the graphs of 6, and En by lines connecting the points (—n,0(—n))
and (0,6,) and (—7, k(—n)) and (0, 1), respectively. This regularization (for any
small 1) will guarantee that b'(s) > ¢ > 0 and |9,K (z,b(s))| < C < co. We can
expect the solution u, to this regularized problem to converge to u as n — 0.
This has been discussed (with a similar regularization) in [2]. The transport
equation for the contaminant is considered in the form — see e.g. [6,20,24]:

O (0w) + div(vw — DVw) = G(t, x,w),
where v = —(AVu + K(x,b(u)) is Darcy’s velocity . The matrix D is of the
form — see [6]:
D;j = { Dol + ar|0|}d;5 + (ap — ap)—=
where Dy, is the molecular diffusivity of the contaminant in the fluid and ay

and ay are the transversal and longitudinal length’s, respectively. On account
of Richard’s equation , we can rewrite the transport equation in the form

00,w + vVw — div(DVw) = G(t, z, w),
which is of the type (1.2).
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1.3. Basic ideas of a new method of discretization in time. Evidently,
the problem (1.1)-(1.5) cannot be solved exactly. So far, the convergence of a
semi-discrete numerical method, viz a method of discretization in time, has been
studied separately for the flow and for the transport problems. The convergence
of the numerical solution for the flow problem has been discussed in [12], where
Lipschitz continuity of b(u) has been assumed. The convergence of the nu-
merical solution of the contaminant transport (even with adsorption) has been
discussed in [4,5,8,9,19,24], among others. In the papers mentioned it was
substantially assumed that the flow velocity v and the saturation 6 > 6y > 0
are Lipschitz continuous. However, this assumption cannot be guaranteed for
and v generated by the solution u of Richard’s equation. Moreover, in order to
establish a practical numerical approximation, the coupled flow-transport prob-
lem is not splitted into the flow and next into the transport problem, but we
solve them simultaneously using a time stepping procedure. The exact mathe-
matical proof of the convergence of such numerical approximation is discussed
in the present paper. This proof is not a straightforward combination of the
technical tools which we have developed in [18,19]. Indeed, we do not a priori
assume regularity of the velocity field governed by the flow problem. In our con-
cept of numerical approximation of (1.1)—(1.5) we control the convective terms
by the method of characteristics, initiated in [23] and [10] and dynamically de-
veloped in the last decade in [4,7,9,11,18|, among others. We follow the idea
of [18] using a regularization of the approximated characteristics. The nonlin-
ear parabolic term in (1.1) is controlled by the relaxation method developed
in [14,16,17]. Let u; ~ u(x,t;),w; ~ w(x,t;) be approximations on the time
level t = ¢; = ir, where 7 = £ is the time step and i = 1,...,n (n € N). If
V(z,t) is a velocity field, then the characteristics (in the time interval (¢;_;,t;))
are the curves governed by the ODE

ds

with the initial condition H(t;; t;, #) = z. Then, we denote ¢'(z) = H(t;_1;t;, 7).
Let ¢' be the (backward Euler) approximation of @'(z) expressed in the form
¢'(x) :=x — 7V (z,t;). The convection-diffusion process described by (1.1) and
(1.2) is approximated in the time interval (¢;_1,t;) by superposition of the trans-
port (convection) and the diffusion (without convection). The transport part
can be realized by shifting of u;_; and w;_; along the corresponding characteris-
tic, respectively. For this purpose it is crucial that the characteristics (which are
also approximated) are not intersecting along t € (¢;_1,t;) for all i = 1,... n.
This in turn requires that the maps @ and their inverse functions are Lipschitz
continuous. To guarantee this, we introduce the regularized velocity field

Vii=wnxV; (t=1t)
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and put ¢'(z) := x — 7V}, (), where wy, is the mollifier. We can take wy,(z) =

%wl (%) s with
1172
wi(r) = ! {eXP <|$|\2|—1> =1

10, |z > 1,

where £ is a scaling parameter such that [y, wi(x) do = 1. Recall that the
convolution is defined by g * z(z) = [zs g(@ — £)2(§) d§. We will take h = 77
with a fixed parameter p € (0,2). Then, if the Ly(Q2)-norm of V is bounded
(uniformly for ¢ € I) we will prove that the maps ¢ and their inverse are one
to one and Lipschitz continuous maps for all ¢ = 1,...,n, provided 7 < 7.
The transport parts (without diffusion) in (1.1)—(1.2) can be approximated by
ui—10908 = u;_1(¢4(r)) and w;_joph, respectively, where ! and o} correspond
to

_ O0sF(x,s _ v(u;, Vu,
Vii= % and Vo, = %
() N (us)
Then we introduce new approximate solutions u; and w; on the time level t = ¢;

by means of the elliptic equations

YiZ WA %9 Qiv(AVi) = f; — dive F(z, ) (1.8)

T

Ai

and

i
W; — Wi—1 O Yo

T

Here, 0 < \; € Lo(Q) is a relaxation function which has to satisfy the “conver-

gence condition” .

b(us) — blui—1 © ¢1)
Uy — Ui—1 © P}

Ai — (1.10)

Moreover, let L > 0 be a truncation parameter. We define a truncation func-
tion oy,

D} := D(o1(u;),00(Vy,)), or(s) := min {1, ﬁ}s (1.11)

Along with (1.8)—(1.9) we consider the boundary conditions
u; =ul  on O (1.12)
w; = wP on Ty, DiVw;-v=0 onIy. (1.13)

The approximation scheme (1.8)—(1.13) is implicit, since ); is related to the
unknown function u; in (1.10). We can determine u; and w; from (1.8)—(1.13) by
using relaxation iterations in (1.8)-(1.10) as follows. We define u;;, (k =1, ...),
by means of the elliptic equation

i
Uik — Ui—1 O P
T

)‘lﬁkfl — dlv(f_quZ,k) = fl — lexF(LL', ui,l), (114)
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along with the boundary condition (1.12) where we put u; ; instead of u;. Next,
we take ‘
b(uik) — b(ui—1 © 1)

Ui — Ui—1 © SOZi '

/\i,k =

If [Niky — Aigko—1| < 7, we put \; := A; k-1 and u; := u;g,. The efficiency of the
relaxation method has been discussed in [3,13,14,17] among others.

1.4. Outline of the paper. In Section 2 we first state the precise assumptions
on the data. Next, we introduce a truncated problem P’ related to the original
problem (1.1)-(1.5), denoted by problem P. We then show the existence and
uniqueness of a suitably introduced variational solution. In Section 3 some
auxiliary results are proved, such as the bijective property of the characteristic
map ¢° introduced in Section 1.3. We also prove the L..-boundedness of the
sequences {u;} and {w;} obtained from (1.8)—(1.13) by means of the relaxation
iterations based on (1.14). In Section 4 we prove the convergence of the semi-
discrete method, described in Section 1.3. In Section 5 we briefly discuss a fully
discrete approximation method, which is obtained when the elliptic boundary
value problems, that arise at each time point ¢ = ¢; from the discretization in
time, are approximated by passing to suitable finite dimensional spaces, such
as finite element spaces, in the variational formulation.

2. Variational formulation, existence and uniqueness

2.1. Assumption, notations and definitions. Let C' denotes a generic pos-
itive constant. We shall assume:

Hy) b(s) > 6 > 0 is Lipschitz continuous, satisfying 0 < § < b/(s) < M < oo
for small 9;

Hy) F(z,s) is continuous and satisfies |0,F (z,s)| < C and |div,F(x,s)] <
C(1+|s]) in Q x R;

Hs) 9(n,€) is continuous and satisfies |v(n,&)] < C(1 + |n| + [€]) on R x
R3; D(z,(, &) is continuous, it is a symmetric 3 x 3 matrix and satisfies
ID(z, 0, < C(L+ Inl+ [¢]) in @ x R x R

Hy) (A(2)6,€) = Calel’: (D(x,¢,E)n,m) = Cplnf? for all ¢ € R, for all n,
€ € R? and for all x € Q;

Hs) G and f are continuous functions in their variables and |0;G (¢, z, s)| < C;
f, Ouf € Lo(I, Ly);

Hg) o, wo € Loo(Q)NWH(Q); uP, wP € Loo(I, WL); 0P, dywP € Lo(I,W3).

We introduce the following subspaces of the Sobolev space Wy: Vi = {v € Wy :
v=00n 0N}, Vo ={veWs: v=0onT1}. By Le, Lo, Ws,Ly(I,Ls) =
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Ly(I x Q) and Lo(I,V;), (I = 1,2), we denote standard functional spaces —
see [21]. We denote (u,v) = [yuvdz, (u,v)r = [fuwwdz (I C 0Q). By
I+ lloos Il flos [+ I, I - flr and || - ||.. we denote the norms in Leo(92), La(€2), W3 (),
Ly(T") and V}*, respectively. Here V;* is the dual space to Vi, (I = 1,2), and
(w,v) is the duality pairing between V,* and V3. The model problem (1.1)—(1.5)
is called Problem P, while Problem P* will denote the truncated problem, where
the matrix D is replaced by the truncated matrix D*, as defined in Section 1.3.

Definition 2.1. {u,w’} is a variational solution to Problem PZ, iff
i) u—ul € Lo(I,V1), u € Loo(Qr),  0ib(u) € Lo(I, Ly),
w—wP € Ly(I,Va), w € Loo(Qr), O:(b(u)w) € Ly(I,Vy');
ii) the following identities hold:

/ (Opb(u), €)dt + / (AVu -+ F(t,u), VE)dt
— [ vee L)
/I(ﬁt(b(u)w),n)dt—/I(atb(u)w,n)dt

+/(17(u,Vu)Vw,n)dt+/(DL(u,Vu)Vw,Vn)dt (2.2)

(2.1)

— /(G(t,x,w),n)dt, Vn € La(1,V2) N Leo(Qr)

I
iii) u(0) = up in Ly and

/I@t(b( // — b(up)wo) 0 (dx dt (2.3)

Ve € Lo(1, VQ) with 0;¢ € Loo(Qr), ((z,T) =0.

Definition 2.2. {u,v} is a variational solution to Problem P, iff
i) condition i) and identity (2.1) from Definition 2.1 are satisfied;
ii) the following identity holds:

— (b(uo)wo, n(0)) —/I(atb(u)w,n) —/I(b(u)w,am)dt
+/(T}(u,Vu)Vw,n)dt+/(D(u, Vu)Vw, V) dt

I (2.4)
= / (G(t, T, w), n)dt

I
Vi € Loo(I,Va) N Loo(Qr) with 8 € La(I, Lo), y(x,T) = 0.

Remark 2.3. Existence and uniqueness of the solution to the flow problem
(1.1), (1.3) and (1.5) is guaranteed by [1]. The uniqueness of the solution to



312 J. Kacur et al.

the transport problem has been analysed in [20] under the assumption that D
is a time independent matrix. On the other hand a more general structure of
the adsorption term has been considered there.

We shall prove the uniqueness of the variational solution (in the sense of
Definition 2.1) to the Problem PZ. We need an integration by parts formula.

Lemma 2.4. If {u,w} are as in Definition 2.1, then

/0 (Op(b(u)w), w)dt

1 , 1
=5 [outenury o= [ vauian+ g [ /@ wj? di dt.
Proof. Since 0y(b(u)w) € Lo(1, V5") we have (see, e.g., [15])

b(u(-+ h))w(-+ h) —
h
Moreover, from 0;b(u) € Lo(I, Lo) and w € Lo(Q7) we obtain also

(2.5)

b(”())w() _ @t(b(u)w) in LQ(]’ ‘/2*) for h — 0.

b(u(- + h))w(-) = b(u(-))w(- = h) - .
; — Oy(b(u)w) in Lo(I,Vy), (2.6)

since Mw() - w w(-—h) — 0for h — 0in Lo(I, Ly) and
hence also in Ly(1, V). Introduce

// ult o )ywlt + ) = ) oo,

h
We have
= — /Ot (b(u(t))w(t), w(t) = Z’“ - h)>dt
. / ' / b(u(t))w(t)w(t — h)) dr dt @2.7)
/ o / — h)dzdt,
where we used the extensions u(s) = uy and w(s) = wy for s € (—h,0). For the
first term we have
// wOw=h)y ) ddt
- /O /Q ;” h)b(u(t)) dz dt 2.9

P rw(t) —w(t—h) W) de
n /0 /Q - bu(t))w(t — h) de dt

=Jip+ Jop.
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Similarly as Jj, we may rearrange J; 5 and J 5, in the forms

oo /0 /Q b(u(t+h)})L ) 2y gy ar

— %/tjh /Q b(u(t + h))w?(t) dx dt + %/_(;/Q b(u(t + h))w?(t) dz dt,

and

Ty = — /O/Q b(u(t + h))w(t) ; b(u(t))w(t — h>w(t) v di

+ % /t jh /Q b(u(t + h))w(t) de dt + % /0 h/gb(u(t + R))w?(t) da dt.

We substitute J; ;, and Jo, into (2.7) and make use of (2.6). Then, taking the
limit for h — 0, we arrive at (2.5). O

Theorem 2.5. IfI'y = 0 and f € Ly, then there exists a unique variational
solution (in the sense of Definition 2.1) to Problem PL.

Proof. The uniqueness of the variational solution u is guaranteed by [1]. The
uniqueness of the variational solution w = w’ is obtained in the following way.
Let w; and wy be two variational solutions. Then, for w = w; — wy, we obtain
from (2.2)

/0 (Op(b(u)w), w) dt — /0 (Opb(u)w, w) dt
+ /t (v(u, Vu)Vw, w)dt + /t (DL(u, Vu)Vw, Vw)dt (2.9)

= /Ot (G(t,z,w1) — G(t, , wy), w)dt.

We use the integration by parts formula (2.5). Notice that wy = w(0) = 0.
Invoking hypotheses Hs—Hj we obtain from (2.9) and (2.1) (with & = w?) that

1 /Q b(u(t))w?(t) dz < /0 t /ﬂ G/ (w1 + 7(2) (ws — wy)|wdx dt

2
t
+//|f|w2dxdt
0JQ
t 1 )
§C//—buwdwdt
o Jo 2"

t
< C’//b(u)dexdt,
0Ja
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where we have taken into account that

// (=0pb(u)w? + oVw?) dx dt = //fw dx dt.

Then, Gronwall’s argument implies that [, b(u(t))w?(t)dz = 0 for a.e. ¢t € I.
Since b(u) > § > 0, we obtain that w = 0 a.e. in I and the proof is complete. [

3. Method of discretization in time: auxiliary results

The implementation of the method of characteristics mentioned in Section 1.3
is based on the following lemma.

Lemma 3.1. If V € Loo(I, L2(2)) and p € (0,2), then it holds
1 , ‘ ‘

where o' (x) =z — 7 wy * V;, Vi = 1ft V(t,z)dt, h =1 and 7 < 79, Ty being
sufficiently small.

Proof. We start from

)= =r—y=ra—y) [ [ wil+ste—9) -9V dsds

Then, from the estimate

‘ /O/R wWh(y + s(z = y) = OVi(§) ds dg’
S/Ol(/mwz,(yjts(x_ _ ) (/IV |d€>
<C/ </R3w§l(y+s(:c_ y) =€) dg)

<Ch /01 (/Rg wi(Z)Zdz)%dS

< Ch3,
we obtain the desired result, since Th™3 =113 °. O

The solution to the problems (1.8), (1.12) and (1.9), (1.13) are understood
in variational sense, where

(Aiw,v)ﬂgvm,w) = (fi —diveF(z,ui1),v), YoeVi (3.1)

T
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and

(b(ui)wi - w;"l ° *"é,w)ﬂDwai,w) = (Gt 2 wi1), ), V€ Vh (3.2)

and where \; € Lo (9) satisfies (1.10). The characteristic map ¢' maps € into
Q; C 0, where Q* D Q is a small neighbourhood of  provided that 7 < 7.
If ' (x) ¢ Q, we prolongate u;_; € W)} into 4,y € W3 (2*) so that (see [22] —
prolongation of Nikolskij)

i1l < Clluiallwy()-

Similarly we prolongate w;_ to @;_ so that @;_; 0 h(x) is defined for all 2 € Q
also in the case when @}(z) € Q* \ Q. Then Lemma 3.1 guarantees that

1Zi—10¢'llo < Cllzicalle and  [|[VZi—1 0 ¢'[lo < C[|Vzizlo (3.3)

for z;_; € W3(Q). The existence of u; € V; and w; € Vo, (i = 1,...n), in
(3.1) and (3.2) is guaranteed by the Lax—Milgram argument, provided that
i € Loo(£2) is given, on account of (3.3) where we replace z by u and w, respec-
tively. In fact, the convective parts in (1.1) and (1.2) can be approximated more
precisely, if we approximate the characteristic curves H(s;t,z) by an explicit
Euler method but with smaller time steps 7; = tZ@l —tg:l), l=1,...,m, (thl) =

t;, tgg)l = t;_1), throughout the time interval (¢;_;,%;). We denote

and
ot =2 (2) — (1) — t5D)" (4 ()
Then we put
pli=zh () = (t— ) (). (3.4)

Here, ¢'(z) represents the position of the initial point x after m smaller time
steps -, 71 = 7. By the same arguments as in Lemma 3.1 we can prove that
@'(x) and its inverse are Lipschitz continuous uniformly for i = 1,..., n.

Lemma 3.2. If p € (0, %), h = 77 then there exists Ty such that
1 N i -

provided that T < 71, where @' is from (3.4).
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Proof. Start from Vz' = Vzl' [(1-7,V,(z"), (n = |t._, —t71 ],y = V2 ().
We use the estimate [Vwy, * g| < $|g[lo < £. Then, we obtain

|@Awm»f;ug%cQ+Zc+(zycmﬂ“+(gm*gwq

h h h
T 1
<0l _——
hl—}—LC’
~» T 1
RS < —
00, ()1l < O 7

for any jand k =1,..., N, j # k, where we used the notation {v}; for the j-th
component of v. Hence, the required result follows. [l

In the next lemma we prove the uniform boundedness of {u;} and {w;}.

Lemma 3.3. The solutions u; and w;, (i = 1,...,n), to (3.1) and (3.2), re-
spectively, are uniformly bounded in L (S2), i.e.,

|tilloo < C  and  ||willo < C, Vi=1,...,n,Vn € N.

Proof. For fixed 7, u; is a minimizer of the functional

Oy (u) = l/ Ni(u —u;y 0 ¢})?dx + (AVu, Vu) — 2/ (fi — divy F(z,ui—y)udz
Q

T Q

on the set ulD + V1. Denote by u; = z; + ulD the unique minimizer and consider
the truncation uy := og(u;), where S > |[uP||1(1xo0). Then, uf € u? +V;. In
what follows we shall construct S such that ®;(u?) < ®;(u;), from which we
deduce (by the uniqueness argument) that ||u;||z., < S. Due to the symmetry
and the positive definiteness of A(x) we can estimate

@ (u;) — @1 (uf)

by ‘
> / (u; — uf){ (—Z (ul + uf — 2Uu;_q 0 <p21) ) —2fi+2 divxF(x,uil)} dx,
Eg T

where Fg = {z € Q: |u;(x)] > S}, since
(AVu;, V) — (AVaf, Vu?) = (AV(u; —u?), V(u; — uf)) > 0.

We have ||u;_1 0 ¢ |leo < Cllti1|loe and | fi| + |diveF (t;, ui—1)| < C1 + Colu;_1].
Then, choosing S = max{||u” ||, [|ti-1]lcc + TC(1 + |Jui-1ls)}, and noticing
that A; > 2, we obtain that ®;(uf) < ®;(u;). This implies that

luilloe < max {[|u”loo, (14 7C) i1l + CT}-

From this recurrent inequality we obtain the required result. We proceed anal-
ogously for the proof of the boundedness of {w;} in L. O]
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4. Convergence of the semi-discrete method

4.1. Rothe functions and associated step functions on the time in-
terval I. By means of {u;}? ; and {w;}!, we construct approximate solutions
{u",w"} and {u",w"} to the problem (1.1)—(1.5) as follows.

Definition 4.1. The Rothe function u™ is the piecewise linear function on the
time interval I (with values taken on in appropriate function spaces on §2)
defined by

u(t) = uiq + (E—ti1)0u; fort € (tiq,t;),i=1,...,n, (4.1)
where du; := “—=. We introduce the associated step function on I by
u(t) :=u; forte (tio1,t;),i=1,...,n.
We similarly define w™(¢) and w™(t) by means of {w;} ;.

To prove the convergence of {a"} and {w™} in the corresponding functional
spaces for n — oo, i.e. for 7 — 0, we need a priori estimates for {a™(¢)}>, and

{@" () )52,
4.2. A priori estimates.

Lemma 4.2. The a priori estimates
S llowllir <€, fwll <C (i=1,....n), > [V(u—w)lf <C
i=1 i=1

hold uniformly for n.
Proof. Due to (1.10) we split the first term in (3.1)

Ai(u; — wimg 0 9) = b(ug) — blui—1) + 7xi(u; — iy 0 @})

+ b(ui_y) — blui_y 0 ©}), (4.2)

where [|X;/loo < 1. We put v = u; — u;— — (uP —u? ) into (3.1) and sum up

for i = 1,...,j. The resulting equation is denoted by J; + Jo = J;3. We again
split J; = J2 + JP for 1 =1,2,3 (in J? we use v = u; — u;_; and in JP we use

_ D D
v=—(u; —u;’,)) . Let us denote
J i
Jo — U1 T Ui—1 0P Uy — Ui
Le ™ Xi T ’ T g

i=1

J ‘ .
ng _ Z (b(uz—l) b(uz—l © 901)7 U; uz—l)T.

- T T
=1
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Then, using H; we get

J J
T = TP S+ (0b(us), du)T > S+ TS+ O [loui3T
i=1 =1
To estimate J{ , we split u; — u;—1 0 @} = u; — wj—1 + w1 — Uiy 0}, and use
the formula

1 — g i 1 . F/ ]
U Z U0 i (o () — ) T
0

T

From the estimate (3. 3) (replacing z;_1 by u;_1), the inequality \; < M and the
fact that Hwh s Fulzuio1) 1 H < C, we obtain

b’u 1

[T, < (e +C7) le5uzlloT+C ZHVUZHOT
i=1 =1
and, similarly,

J J
TP < (e +Cm) > lloul 37 + C > IVusllgr + Co.
i=1 i=1
In a similar way we can estimate JS#J and Jﬁp since b is Lipschitz continuous.
Due to Hg and Lemma 3.3 we estimate

J i D D
U; — U1 O Y] U — UiZy
E )\7, 5 T
T T

=1

7| =

<Oy Z [6uP |27 + C; Z |V us||27 + Cs

<C+ 022 | V|27
=1

Combining this estimate with the one for J?, obtained above, we conclude

J j
Ji = CyY|low|m = Co ) flusl|Pr — Cs. (4.4)
i=1 i=1
Due to the symmetry and the positive definiteness of A we have
1
Jo > §CA||VUJ||O +5 CA Z IV (i — i) 13
—CZHVWH()HWU?HO T—C (4.5)
i=1
1

> S CallVlls — ClZIIVuzlloT Ca.

i=1

\)
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Due to assumption Hs and Lemma 3.3 we obtain

J
[Tl < &> llow|3r + C-. (4.6)

i=1
Inserting (4.4)-(4.6) in the equality J; + J, = J3 and invoking Gronwall’s argu-
ment the required estimates follow. [l

Using the estimates of Lemma 4.2 we can derive a priori estimates for {w;}.

Lemma 4.3. The estimates Y, ||Vw;||*T < C, uniformly for L, and

n—k

Z 16(wjsx)wjsr — b(uj)w;|or < Ckr,  where C = C(L),

j=1
take place uniformly for n. Here L is the truncation parameter introduced
in (1.11).
Proof. We put ¢ = (w; — wP)7 into (3.2) and sum up for ¢ = 1,...,j. The
resulting equation is denoted by J; + Jp = J3. We split J; = JP + JP, 1 = 1,2
and 3, as in the proof of Lemma 4.2. Moreover, we split w; — w;_; o ¢l =
Wy — W;_1 +w;_1 — w;_1 0 ph and correspondingly we write J; = Ji1+ Ji2. First
we estimate

;
Ty = () (wi — w;—1), w;)

=1

1 sy | st Ly / :
— 2/Qb(u])wjda: Q/Qb(uo)wodx%—2; Qb(ul)(wz w;_1)°dx
1 b(ui) — b(ui 1)
_ 2 d
21'217'/Q - w;_,dx

1 1 d
> > /Q b(uj)widr — 5 / b(ug)widz — C Y [|6b(us) |5 — C.

Q i=1

Similarly, using Lemma 3.3 and Hg, we obtain

J

|Jfl| < Z (b(u;)w; — b(“i—l)wi—hwiD) +Z ’((b(“l) = b(ui—1))wims, w; )‘
< | (b(uy)yw;, wP) |+ | (b(uo)wo, wP) |+ ' (b(ull)wu, w; —T w,_lT) ‘ +C

<C.
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Thus we get
1
Q

To estimate .J; » we use formula (4.3) (where we replace u;_y by w;_; and ‘_/f’h
by V3 },), together with (3.3) and Lemma 3.1. Then we have

J
170,] < 027/
i=1 Q

j i
<e) IVaillgr+C. ) lIb(w)llgr
i=1 =1

b(u;) / Vi (I + S(Wé(x) - I))ds Wy, * M

dx
0 b(u;)

J
<e ) |[Vwilir+C.,
=1

: ﬂ(ui,Vui)
since HCUh * —b(uz)

o < C(1+ [Jul)) < C. Similarly we estimate [J[5| from
above. Combining the resulting estimate for .J; » with (4.7) we have

1 J
Q =1

Using the positive definiteness of D}' we find
J
B3> Ca) Vil
i=1

To estimate JP we use Hg and the growth conditions on D in Hz. We deduce
that

J
77| SCZ/ | DV |da
i=1 v/

J 7 7
<3 [Vulr + 06(1 S il ||wz~||3f).
=1 =1 =1

Combining this inequality with the one above for JY and using Lemma 4.2 we
arrive at

J
Jo > Cr Y [ Vwigr = Ca (4.9)
=1

From Lemma 3.3 and using Hg we obtain

3] < C. (4.10)
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Inserting the estimates (4.8)—(4.10) in the equality J; 4+ Jo = J3 the first a priori
estimate of this Lemma follows.

To obtain the second a priori estimate we rewrite the first term in (3.2) in
the form

w. i b ws — bl Dws b(w) — bl
b(ui)wz Wi 09y () w; (wi—1)w;_q B (u;) (u; 1)wi71
T T . T (4.11)
4 b(uy) DL~ im0 P

T

We multiply (3.2) by 7 and sum up for ¢ = j+1,...,5 + k. Then we put
Y = [b(ujyr)wjsr — blug)w; — (D(ujpr)w?y — bu;)wy)]T and sum up for j =
1,...,n — k. We denote the resulting equation by J; + J; = J3 and again split
Jy=J)+ JP, (I=1,2 and 3), as in the proof of the previous lemma. We have

Ji = Ji1 + Jia2 + J1 5 due to the splitting (4.11). We first get

=

.
P12 () wir — b(ug)w;|3.
1

J

Due to Hg and the estimates of Lemma 3.3 and Lemma 4.2 we find

n—k n—k j+k
TP < e lIb(uga)wsn—bluy)ws |57 = C2 )Y 18b(us)w?|[o]|b(uir)6w? [lo7?
j=1 j=1 i=j
n—k
< €Z’|b(uj+k)wj+k_b<uj)wj||3T—O€k7' .
j=1

Due to the estimates of Lemma 4.2 and Lemma 3.3 we obtain |J; 5] < Ckr.
Using Hg, formula (4.3), the estimate (3.3) and the estimates of Lemmas 3.1,
3.3 and 4.2, we get |J; 3| < Ck7. Combining this estimate with the ones for J; ;
and J; o we arrive at

;
Jo > Y 6wk )wysx — blug)w; |57 — Chr. (4.12)

=1

To estimate the term Jp we use the fact that ||V (b(w;)w;)|o < Ci]|Vwilo +
|C2||ui]| on account of the estimates of Lemma 3.3 and Lemma 4.2 and on
account of the Lipschitz continuity of b. Noticing that |(DfVw;, Vw;)| <
C(L)|IVw;llo]| Vw;|lo and invoking the first estimate of this Lemma, we get

|| < Ckr, | J5] < Ckr. (4.13)

Finally, from (4.12)—(4.13) the second estimate of Lemma 4.3 follows. O
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4.3. Compactness results. Next, we prove the compactness of {a"} and
{w"}. By {n} we denote a subsequence of {n} .

Lemma 4.4. There exist u € Loo(Qr) N Lo(I,W}) and wl € Lo (Qr) N
Lo(I,W3) such that ¢ — w in L.(Qr), for all 7, 1 < r < oo , u" — u in
Ly(I, W), db(u™) — 0;b(u), 6u™ — Opu in Ly(I, Ly) and w™ — w* in L.(Qr),
for allr, 1 < r < oo, w" — w¥ in Ly(I,Wy), 6(b(u™)w™) — Oy(b(u)w) in
Ly(I,Vy) when n — oo.

Proof. From Lemma 4.2 it follows that {@"} is compact in Ly(I, Lo) (see, e.g.,
[15]). The second estimate in Lemma 4.3 can be rewritten in the form

/0 o 1b(@™ (¢ + 2))w™(t + z) — b(@™(t))@™(t)||? dt < C-z, (4.14)

where k7 < z < (k + 1)7. Due to Lemma 3.3 and Lemma 4.2 we have

b(a™ (£))w"(t) € WL(Q), and
10(@™) 0" || Ly rwzy < Cilla| Loy + Coll @™ | Ly -

Following [22] we readily find

// M+ )L+ y) — b (L 7)) (¢, o) e dt

< |y (CUIVO™ | 1a1,10) + Col VT || 1a(1,1)) -

This estimate together with (4.14) guarantees the compactness of {b(a")w™}
in Ly(I, Ly), because of Kolmogorov’s compactness argument — see [22]. Since
{b(a™)} is compact in Lo(I, Ly) and since b(s) > § > 0 (see H;) we conclude
that w™(t,r) — wl(t,x) for a.e. (t,x) € Q7. This convergence and Lemma 3.3
imply L, (Qr)-convergence w" — w (for all r > 1), where w € Lo (Qr).

To prove that d(b(a™)w™) — Oy(b(u)w) in Lo(1, V5), we apply the duality
argument in (3.2). Using (4.11) we rewrite (3.2) in the form

(b(ui)wi — b(atgr Wi | U) _ (b(ui) - b(ui—l)wi_bv)

T T

- (Disz“ VU) + (G(tla L, wi—1)7 U) (415)

T

Applying the a priori estimates of Lemmas 3.3, 4.2 and 4.3, using the for-
mula (4.3) and the estimates (3.3) we conclude that

16(b(ui)wi) [l < CL)([[Vuillo + [[Vwillo + [Vwi-illo)-
Consequently, {5(b(a")w™)} is bounded in Ly(I, V*). There exists & € Lo(1, V)
so that §(b(a™)w™) — ® in Ly(I,V*). On the other hand, b(a")w™ — b(u)w in
Ly(1, Ly). This implies that ® = 0;(b(u)w). The rest of the proof follows from
Lemma 4.2 and Lemma 4.3. [
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4.4. Convergence of {u"} and {w"}. Now we can formulate the main result
of this section.

Theorem 4.5. Let the assumptions Hy-Hg be satisfied. Then,

" —u in Lo(1, V1), w" — wh in Ly(1,V3) for n — oo.

Here, {u"} and {w"} are defined by (4.1) and by (3.1) and (3.2), while {u, w}
is a variational solution to Problem P in the sense of Definition 2.1. If the
variational solution u € Lo (I, WL), then {u,w’} is also a variational solution
to Problem P. If L — oo, then wl — w where {u,w} is a variational solution
to the Problem P in the sense of Definition 2.2, provided that G(t, xz,w) is linear
inw (i.e., G(t,z,w) = gi(t,x) + ga2(t, x)w). If the variational solution {u,w"}
is unique (see, e.g., Theorem 2.5), then the original sequences {u"} and {w™}
are convergent.

Proof. We rewrite (3.1) and (3.2) in terms of a",u" and w", defined in (4.1).
We use (4.2) and (4.11). Integrating the resulting equations over I, we obtain

/ (5b(a™), v)dt + / (AVu,, Vo)t
/I(X (@ — o @), v )dt+%/I(b(uﬁ)—b(uﬁogo’f),v)dt (4.16)
= /I(f” — div,F(z,a}),v)dt Vv € Ly(I,V4)
and
/1 (6(b(a™)w™),n)dt+ /[ (DE(a", var)Va", V) dt
- /1 (G(t, x, @), n)dt+ [ (Sb(am)a?,n)di— / <b(u")w,n> dt

I T
for all n € Lo(1,V2) N Loo(Qr), where @l := @™ (t — 7) and w? := w"(t — 7).
We pass to the limit n — oo in (4.16). We readily get

/I (Gb(@"), v)dt — /I (Ob(u), v)dt, /I (AVu,, Vo)dt — /1 (AVu, Vo)dt

[+ P, e — [ (7 + div,F (o), o).
I

I

1

and

Moreover, we obtain

/ (@ — a0 @), v)dt — 0
I
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since ™ — u! — 0 in Ly(I, Lo) and since
F'(x,u™)

—u T2 50 in Lo([1, Lo).
pan) 0 lall L)

al —ul Og01—7'/ Val(x + s(@] — x))ds - wy, *

The crucial point is to prove

1 _
- / (b(ul) — b(u? o }),v)dt — / (0uF(z,u) - Vu,v)dt. (4.18)
TJI I
For this purpose we first notice that
b(a™) — b(a™ o " 1 SN A~ AT
(t) - bl o 21) :/ V(i + s(il o @ — @"))ds =T > L
0

T T

Next, we use that fol b'(.)ds — b'(u) ae. in Qp, V'(s) < M, as well as (4.3),

(3.3), Lemma 4.3 and Lemma 4.4. Moreover, we use Hwh * Fé,((g;’f;) L < C,
Fy (x,ap) uF
on+ S — S

, for a.e (t,z) € Qr when n — co. We denote by

1
zZ" ::/ ul(t,x + s(@f — x))ds.
0

Then, (3.3) and Lemma 4.4 imply that VZ? — & in Lo(I, Ly). On the other
hand, from

Fy(x, ug)
blay)
we get Z' —u — 0 in Lo(1, Ly), which implies that Z — w in Ly(1, Ls) for

n — o0o. Thus, ® = Vu, from which (4.18) follows. Consequently, we obtain
that the function v from Lemma 4.4 satisfies (2.1).

To prove the convergence u" — w in Ly(I,V]) for n — oo we put v =

" —u — (4P — up) in (4.16) and use Lemma 4.4. We first have

1 p1
Zf—uﬁzf// sVul(t,x + sr(@) — x)) dsdr - wy *
0 Jo

/ (AVa", V(@ —w))dt > Cx / IV (@ — w)|2dt — C
I

1

where C,, = [,(AVu, V(@" — u))dt — 0 for n — oo since @™ — w in Lo(I, W7).
The remaining terms in (4.16) converge to 0. To argue this, notice that u" —
u in LQ(I LQ) and a2 — uP in Lo(I,V}). Furthermore, use the estimate

H b(an)—b(alop?) || < O|vaZfe < C’ Next, remark that db(a") — 0;b(u) in
LQ(I Lg) and consequently [;(6b(am), u" — u)dt — 0 for n — oo.

Now we prove that (2.2) holds. To this end we take the limit n — oo in
(4.17). We first have (see Lemma 4.4)

/l (6(b(@ya@"), n)dt — /I (Du(b(u)w), )t
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and

/ (DL (@, Va") V", Vn)dt — / (D" (u, V) Vi, Vi)t
I I

This follows from the convergences Vw" — Vw in Ly(I, Ly) and @ — wu and
Vu" — Vu a.e. in Q7 and from the estimate || DX (a", Vi™)|o < C(L). Next,
from Lemma 4.4 we deduce

/I(db(ﬁ")u_)f,n)dte/I(Gt(b(u))w,n)dt

and
/(G(t,x,@f),n)dt %/(G(t,x,w),n)dt for n — oo.
I I
The crucial point is to prove

/ (b(u”)w, n) dt — /(v -Vw,n)dt for n — oo.
I T I
where 0 = —(AVu+ F(z,u)). We proceed analogously as in (4.18). We use the
convergence wy, * ﬁ(AVﬂ” + F(z,ul)) — ﬁ(AVu + F(z,u)) in Lo(I, Ly) on
account of

1

Sy AV + Pl am) — L AVt Pla,u)) in Lo(I, Ly) for n — oo,
u™T

b(u)

where h = 77, p € (0, 2). Along the same lines as in (4.18) we prove that
1
/ V' (t,x + s(gh(x) — x))ds — Vw in Ly(I, Ly).
0

Inserting the obtained limit results for n — oo in (4.17) we arrive at (2.2).

To prove that the identity (2.3) is satisfied, we use 0;(b(u)w) € Lo(I,V5)
and we take the limit 7 — 0 in the equality

/<b(u(t))w(t) —bult = n))wlt—7) g>dt

T

_ %/I(b(u(t))w(t) = b(u(t = 7))w(t = ),¢)dt
:/0 _T (b(u(t)%C(t—Tz—C(t)>dt_/T (b(ut))w(t), C(t))dt

- %/OT (b(uo)wo, C(t))dt,

where b(u(t))w(t) = b(ug)wy for t € (—7,0). Noticing that

b(u(t))w(t) — bu(t — 7))w(t —7) — Oy(b(u)w) in Lo(I,Vy) for 7 — 0

T
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we get (2.3). Summarizing, we have proved that {u, w”} is a variational solution
to Problem PY. Lemma 4.3 guarantees that ||w”| 1,1, < C independently
on L. Taking the the limit L — oo in (2.2) and using w’ — w in Ly(I, V3), we
conclude that {u,w} is a variational solution to Problem P. The uniqueness of
the variational solution to Problem P’ guarantees that the original sequences
{a"} and {w"} are convergent.

To prove the convergence of W™ — w” in Ly(I,V,) for n — oo we follow
the same idea as in the proof of the convergence @™ — w in Lo(1,V}). First, we
show that

t
lim sup/ (6(b(@™)yw™), @™ —w)dt >0, a.e.tel. (4.19)
0

For this purpose we use Abel’s summation to obtain the equality

Z (b(ui)w; — b(uwi—)wi—1, w;) = %/Qb(uj)w?dz - %/ b(ug)widz

i=1 Q
1 J
+ Q;T/Q(Sb(ui)w?dx

1 )
+ élzz;/gb(uz_l)(’wz —wi_l) dx.

7

We take the limit n — oo and use the convergences db(u™) — 0b(u), w", W —
w in Ly(I, Ly). We get

lim sup/0 (6(b(u™)w™), ™) dt

(4.20)
1 1 1
> —/ b(u(t))w?(t) de — —/ b(ug)wg dx + = / Oib(u)w?* dz dt.
2 Jo 2 Jo 2 Jo
Then, from Lemma 4.3 and Lemma 2.4 we obtain (4.19). Next, we put 7(s) =
(w"(s) — w(s) — (W) — wP))x@ n (4.17), where x(oy) is the characteristic
function of (0,%), and pass to the limit for n — oo. The elliptic part gives

t
/ (DL (u", Va")Va", V(o™ — w))dt
0 . (4.21)

> CA/ Hu‘)”—wHth—/(Dﬁ(ﬁ”,Vﬁ”)Vw,V(w”—w))dt.

0 I
Since w" — w in Ly(I,Vs) and since (DL(u", Vu")Vw — (D*(u, Vu)Vw in
Lo(I, Ly), the last term in (4.21) converges to 0 as n — o0o. As the remaining
terms in (4.17) also converge to 0, the convergence of {w"} in Ly(1, V3) follows
and the proof is complete. O]
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5. Full discretization scheme

The convergence results obtained in Section 4 remain valid for a suitable full
discretization scheme where (3.1)—(3.2) are approximated on finite dimensional
spaces, e.g., by a FEM. We look for u] € Vi, C Vi, w] C V,, C V5, where
dimV; , < oo, dimV,, < 00 and Vi, — Vs, Vo, — V5 for v — 0 in canonical

sense. We determine u;,w; for i = 1,...,n from (see (3.1), (3.2))
ul —ui_y © ) i e
Ni——————= v+ (AVY] Vo) = (f; — div, F(z,u]_,),v), Yo € Vi, (5.1)
T
and

T_a? o b
(b@»W,w) +(DFV] V) = (Gl 0] ), 0)., Y € Vo (52

where u} = P§1)u0 and w] = Pv(z)wo, with Pv(l) : Vi — Vi, (I =1,2), being
orthogonal projections, and where \; € L., (£2) satisfies

<rT. (5.3)

Here, D = D04 (u]), 04(Var]), with

F’l/l,(x7 UZ—l)
b/(uz—ﬂ

v(u, Vu})

b(u))

(2

O (x) =z — Twp * and  ©h(2) =1 — Tw, *
Let a := (7,7) represents the discretization parameter corresponding to the
time and space discretization. By means of u, w, we define the step functions

u(t) =u]

(2

and w(t) =w; forte (t;i_1,t;),i=1,...,n. (5.4)

)

Following the arguments in Section 4 we prove the convergence u* — u and
w* — w’ in corresponding functional spaces for & — 0, where {u,w’} is a
variational solution to the problem (1.1)—(1.5) in the sense of Definition 2.1. By
{a} we denote a subsequence of {a}. We shall assume that

IPP0]la < Cllollee Yo € Vary N Luoo(€). (5.5)

Theorem 5.1. Retain the assumptions of Theorem 4.5. Assume that (5.5)
holds. Moreover, let V;, — Vi (I = 1,2) in the canonical sense. Then, one has
that u® — w in Ly(I, V1) and @w® — w” in Ly(I,W3) for & — 0, where {u, w"}
is a variational solution to Problem PY and u® and w® are from (5.1)—(5.4).
If Problem PL has a unique solution (see, e.g., Theorem 2.5), then the original
sequences {u®} and {w*} are convergent.
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Proof. We follow the arguments in Section 4 and obtain a priori estimates for
u; as in Lemma 4.2. Consequently, we get the same a priori estimates for w;
as in Lemma 4.3 and the compactness of {a®} as in Lemma 4.4. In the same
way as in Lemma 4.4 we find that 0b(a®) — 0;b(u) in Lo(I, Ly). However, we
cannot verify that §(b(a®)w®) — 0y(b(u)w) in Lo(I, V), since we do not obtain
the uniform boundedness of the functionals §(b(u®*)w®) € Lo(I, Vy), (uniformly
for o). We only have

[6(o(u®)0)||Ly,vy) < C.

We extend the functional 0(b(u®)w®) € Lo(I,V5))) to F* € Ly(I,V5), so
that ||fa||L2(],V2*) S HFQHL2(I7V;V) by the definition

/ v)dt —/<5 PPy dt = // PPydzdt.  (5.6)

Then, F* — Fin Ly(I, V5") since Lo(1, V) is reflexive. Due to the compactness
of {u*} and {w*} in Lo(I, Ls), we have that b(u®*) — b(u) and b(a*)w®) —
b(u)w in Lo(1, L) for @« — 0. From these facts we find that F = 9;(b(u)w).

To prove that {u, w®} is the variational solution to PZ, we use a test
function v = 2% in (5.1), where 2% — v in Lo(I,V}) for @ — 0, and rewrite the
equation in a similar way as (4.16). By the same arguments as in Theorem 4.5,
taking the limit @ — 0, we conclude that u satisfies (2.1).

We write u® = z* + aP* and u = z + u”. Let 2* € Ly(I,V;,) be such that
2% — 2z in Lo(I,Vy), ie., 29 + @ — u for a — 0 in Ly(I, W3). To prove
u® — ufor @« — 0in Lo(I, WQ) we choose the test function v = a4 — (2% +uP»)
in (5.1) and transform the remaining equation in a similar way as (4.16). Using
the same arguments as in the proof of Theorem 4.5 and noticing that

/(AV(ZO‘ +aP?), V(ua* — (z* +a”*))) dt — 0, for o — 0,
I

we arrive at u* — w in Lo(I,V}) for @ — 0. To prove that (2.2) holds, we
use d(b(u*)w®) — Oy(b(u)w) in Lo(I,Vy) and u® — w in Lyo(I,V;). By the
same arguments as in Lemma 4.4 we can prove that w® — w’ in Ly(I, L) and
w® — wl in Ly(I,W}). For this purpose we first rewrite (5.2) in a similar way
s (3.2), where the splitting (4.11) is taken into account. Then, we multiply
by 7 and sum up fori =7541,...,7 4+ k. Next, we choose the test function
v = b(ul Jwl,, — b(u])w] — (PP bl Jwi] — P b(u))w)”]) and sum
up the resulting equation for j = 1,...,n — k. Similarly as in the proof of

Lemma 4.3 we obtain

n—=k
Jﬂl 2 Z |’b(“}+k)w;+k - b(“}>w§)’7}}37
j=1
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and
n—k 5
D’
|J1l,71| < 52 Hb(u%k)w;ﬁrk — b(u])w; ﬂ{”oT
j=1

n—k j+k

+C N |[P), b w1, - ([ P2 buy ) dw! |,

=1 i=j

<e Z b7 )l — b wP7 |27 + Cokr

since HP H < C. The remalmng steps are similar as in the proof of Theorem 4.5
and we conclude that w* — w” in Ly(I, Ly) and w* — w” in Ly(I,W)) for
a — 0. To show that w = w” obeys (2.2) and that {u,w”} is a variational
solution to the problem (1.1)—(1.5) in the sense of Definition 2.1, we proceed as
follows. Take v € Lay(I, V3) N Loo(Qr). Use the test function 1 = P{Pv in (5.2)
and rewrite this equation similarly as (4.17). In the first (parabolic) term we
use (5.5). The crucial point is to prove that

/(b(u )w P )dt — /(@Vw,v)dt for « — 0.
T I

T

To this end we use
—a _ —a 1 _ —a
i B i 21 :l_]T °% i Vol (z + s(p®(x) — x)ds - wy, * —v(ub(,l_z)u )
Similarly as in Theorem 4.5 we obtain fol Ve (z + s(p*(x) — x)ds = Vw in
Ly(I, Ly) and wy, * E(EI:E;ZZ?Q) — E(Z(’Z)u) in Ly(I, Ly) for a — 0. Then, using (5.5)
and (5.6) we conclude that w = w’ satisfies (2.2) and {u,w’} is a variational
solution to problem (1.1)—(1.5) in the sense of Definition 2.1.

It remains to prove the Ly(1, W, )-convergence of {w®}. We follow the idea
used for the convergence of {u®} in Lo(I,W3}). Let w® = ¢ + @wP* and w =
y +w”, where §* € Lo(I,Vy,) and §* — y in Lo(I, W3 ). Let g% € Lo(I, Va,)
be such that §® — y in Ly(I,W}). Then , we put ¢ = 0% — (Qa—l—u_fD"") in (5.2)
and rewrite this equation in a similar way as (4.17). We have that

t
lim sup / (6(b(a™)yw®), ™ — (§* + w™*))dt > 0 for ae. t € I
0

a—0
since

/0(5(b(uo‘)wa),w°‘)dt 1

5 (b)) 1(b<uo>,w§)

//5() )Vidx dt += // (0 —w®)*dx dt

= Jo(t) fort=t,(t;=1"

1
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and

fimsup J,(8) = J(0) = 5 [ du(@)t(O)de =5 [ buoyuida

//8t w)w dedt for a.e. t € 1.

On the other hand, fot(é(b Nw®), g +wP)dt — J(t )forae telfora—0
because of §(b(a)w®) — 0(b(u)w) and §*+w?® — wl in Ly(I, W3 ) for a — 0.
Similarly as in (4.21) we have

/ (D (@, Va®), V(@® — (§° + @")))dt
> CA/ IV (0% — w)||5dt — /Ot (D*(a*, Va*)Vw, V(0* — w))dt
+/0 (D" (@, Va*)Va®, V(w — (§* +a@™)))dt,

where the last two terms converge to 0 with a@ — 0. Then we obtain W* — w =
Lin Ly(I,W3) along the same lines as in the proof of Theorem 4.5. Thus the
proof is complete. n

Remark 5.2. If the convective term generated by F(z, u) is not dominant (with

respect to the diffusion), then a simplified approximation scheme can be used.
Here, (1.8) and (1.10) are replaced by

U — Ui - U; — Wi © Pl
P Wl div(AVw;) = fi — dive F(z,u—1) — Wim U105
T T
with the “convergence” condition |\;— u)+“11)‘ < 7, where @4 (z) := x—Twy*
F'(z,u;_1). In this case the only change in the convergence analysis concerns
the uniform L..-boundedness of u;, i = 1,...,n. If this boundedness is shown,

then all other results remain valid.
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