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1. Introduction

Let Ry = [0,+00) and R"™ be the real n-dimensional Euclidean space with
the Euclidean norm |- |. Let x = (z1,...,2,), ¥ = (Y1,---,Y») € R" and a,
r € R%. We denote by C(U, V) the set of all continuous functions from U to
ViLet G={zeR":0<z<a},Q={zreR": —r <z <a} and B = Q\G
For uw : Q — E, where E is a Banach space with the norm || - ||, we define
the function u,(7) = u(x + 1), 7 € B, € G. There are given the functions
F e C(Gx E™xC(B,E),E), fy € C(GxGxC(B,E),E), i =1,...,m,
meN, 0V, € C(GxC(B,E),G),i=1,....m,m € N, 8,04 € C(G,G),
i=1,...,m,and p € C(B, E).

Consider the problem

u(z) =F (x,/( )f(x,s,u\p(wa(s)))ds,u@(x,uﬂ<z))> , re€G (1)
H(x
u(z) = ¢(x), x € B, (2)
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where

/ f(xa S>u\11(s,ua<s)))d3

= (/ fl (fE, S, u\Iﬁ(s,ual(S)))(dS)pl? s 7/ fm (.1', S, U\Pm(s,uam(s))) (ds)pm) )
Hy(x) Hp ()

and Hy(z) C{seR": 0<s<z},zeG,i=1,...,m.

Assume that H;(z) is contained in a p;-dimensional hyperplane (1 < p; < n),
where p; does not depend on x, parallel to the coordinate axes, and that it
is Lebesgue measurable, when considered as a p;-dimensional set. Denote by
L,,(H;(z)) the p;-dimensional measure of H;(x) and let T';, T'; C {1,...,n},
1=1,...,m, be defined by

I, = {j : the axis Ox; is parallel to the hyperplane containing Hi(x)},

and [; = {1,...,n}\I.

Put A = {@ pi=n}, A = {i:1<p; < n} Let a pi- dimensional hy—
perplane containing H( ) be defined by xp, = a:k Ty = ku, e Ty, = a:kl
[ =n—p;. Then le (x) 2(@,8)(ds)p,, 5 = (s1,. .., ), denotes the p;-dimensional
Lebesgue integral with respect to the Variables Sk;» kj € I';, and in the above
integral we have sy, = x}ej for k; € T';.

We define

Gi(z) = {S €ER": 5, = x;cj for kj € Ty, 0 <y, < (/5,(;])(1:) for k; € Fi} :
where gzﬁ,(jj) € C(G,R), k; € I';, and Hi(z) C Gi(z) C {seR":0<s<x}.

Then we have L, (Gi(z)) = [l.er, gzi(f)(x). To simplify we use the following
notations:

L(G(2)) = (Lp (G1(2)), - -, Ly, (Gm(2))),

and
) / f(z,s, qu(svua(s)))ds = Z Kj(z) / fi(z, s, quj(svuaj(s)))(ds)pj7
H(z) j=1 Hj(x)
K(2)L(G(x)) = Y K;(2)Ly,(G5(x)), = €G,
=1

where z € G, K = (K;,...,K,,) € C(G,R™).
Ordinary functional differential equations with state dependent delays have
attracted the attention of many authors [1, 3,5, 7-12,20, 25|, and [34]. The
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paper [19] initiated the study of the existence theory for first order functional
partial differential equations with state dependent delays (see also [4,6,16]). A
particular case of equation (1) with n = 1 was discussed in [3,5,15].

There are various problems for functional differential equations which lead
to Volterra functional integral equations of type (1). One of the simplest prob-
lem of the form (1), (2) with n = 1 can be obtained from the initial value
problem for the ordinary functional differential equations of the neutral type:

yl(t) = F(tvyoq(t)? v 7yozm(t)7y;3(t))7 t e [07 C_l]
y(t) = ¢(t), te[-r0.

In case r = 0 the above problem leads to the single equation of type (1) with-
out the additional condition (2). Therefore equation (1) is a generalization of
equations considered in [13,17,21,26,27,29).

Various initial value problems for the hyperbolic functional differential equa-
tions of the neutral type with two independent variables

Dyyz(x,y)
=F(2,9,2(09 (2.9)),(0 (2.9) P2 % (0l (2.9)).(0b (:9)) Py Z (02 (2.9)) (03 (@) Py 281 (2.9)), (Ba(w.9) )

(z,y) € [0,a] x [0,b], with the initial condition

Z($7y) = So(x>y)7 (ar,y) S [_Tb&] X [_T27b]\[07&] X [07 b]?

can also be transformed to the problem of type (1), (2). The Volterra functional
integral equation corresponding to that problem takes the form

u(z,y)

=F (l’, Y, —%(0,0) + Qp(a(l’(x,y),ﬂ) + ()0(07013(96,3/)) +/ Us,t) ds dt’
HO(Z'7y)

Us,tydt, Dyp(0,02(ey)) T / U(s,t) ds, uwl(m,y),ﬁz(m,y») :

Hoy (x,y)

DeP (ol @y),0) T /

Hi(z,y)
(x,y) € [-11,0] X [—rg, 0], where
Hy(z,y) = {(s,t) 15 € [0,0450)(:10,3;)],25 € [0,0zéo)(x,y)}}
Hiw,y) = {(s,t) : s = ol (w,y),t € [0,08(z.9)] |

Hy(w,y) = {(s.1) 15 € 0.0 (2. p)] ¢ = 0l (w,9) }

For this reason, in case r; = 5 = 0 equation (1) is a generalization of the
equations investigated in [23,24,30, 31].
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The case where V(z,w) = «a(z), O(z,w) = [(z) was studied in [2] and
[14]. The Cauchy problem and the Goursat problem for hyperbolic functional
differential equations also lead to equations of type (1) (see [32]). Initial value
problems for equations in more than two variables and problems for equations
of higher order can be transformed in terms of Volterra functional integral
equations. As a particular case of equation (1) we can obtain the system of
Volterra integral equations which was discussed in [32,33] or the functional
integral equations considered in [18,22,28].

In this paper we prove a theorem of the existence and uniqueness of Lipschitz
continuous solutions of the problem (1), (2). If we assume that the Lipschitz
coefficient [ of the function F' with respect to the last variable satisfies the
condition [ < 1, then we have a theorem on the existence and uniqueness of
solutions of (1), (2), which can be obtained by means of the Banach fixed point
theorem. We relaxed this very restrictive condition. We proved that the integral
operator defined by the right-hand side of (1) is a contraction with a weighted
norm constructed with the help of a solution of a certain comparative integral
equation.

2. Assumptions and lemmas

Suppose that for any z € G and i € A’ the set H;(x) is contained in a p;-
dimensional hyperplane S;(x), parallel to the p; coordinate axes, where p; =
1,...n — 1. Then for any y € R", such that = + y € G, there exists a vector
vi(x,y) € R™ perpendicular to S;(z) and —v;(x,y) + H;(z +y) C Si(x).
Assumption H;. Suppose that
(i) there exist w € Ry: Ly(H;(x) A Hi(Z)) <wlz —Z|, i € A
(the sign A denotes the symmetric difference of two sets);
(i) Ly, (Hi(x) A (—vi(z, T — x) + Hi(T))) < wlx — 7],
vi(2,2)> 0, limy_zvi(2, 2 —2) =0,i € A, 2,2 € G, < T;
(i) Hi(z) € Hy(z) for 2,z € G, x < T, and i € A;
(iv) Hy(z) +vi(z,7 —2) C Hy(Z) for 2,7 € G, x < Z,and i € A'.

Assumption H,. Suppose that
(i) I, h € C(G,Ry), K € C(G,RT),0,V, :GxC(B,E) - G,i=1,...,m,
are nondecreasing functions;
(i) v, ¢ € C(G,G), i =1,...,m, are nondecreasing functions, and v;(z) < z,
((z)<zforzeG,i=1,...,m;
(iii) the function m : G — R is defined by

+oo
m(a) = 3 L{x)h(G(x) < +oo.
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where (o(z) = 2, Gia(z) = ((G(2)), lo(z) = L lipa = U(2)li(¢(2)), and
1=0,1,...,x € G,

(iv) the function M : G — R, is given by
+oo
M(z) = Li(2)K(G(2))L(G(G(2)) < o0, z € G;
=0
(v) the function M : G — R given by

W) = S K LGGE) (T o)

is bounded on G.

Further we will use the following notation:
400 B
m(z) =Y Li(x)h(G())
i=0

+o0
(Vo)) = Y L@EGE) [ uli(s)ds)
i=0 H(Gi(2))
Remark 1. Suppose that
(I) conditions (i)—(iv) of Assumption H, are satisfied;
(I) h e C(G,Ry) and h(x) < h(z) for z € G;
(III) ¢g: G — Ry is upper semicontinuous.

Then m and Vg are functions well defined for x € G.

Lemma 2.1. Suppose that Assumptions Hy, Hy are satisfied, he C(G,R;) is
nondecreasing, and h(z) < h(x) on G. Then

(I) there exists a nondecreasing solution g € C(G,R,) of the equation
g9(x) =m(z) + (Vg)(z), =€, (3)

which is unique in the set P(G,R.) of upper semicontinuous functions
from G to Ry,

(IT) the function g is a solution of the equation
g(x) = K(l‘)/ g(y(s))ds +U(x)g(C(x)) + h(z), ze€CG, (4)
H(x)

which is unique in the class P(G,Ry,g) of all functions from the class
P(G,Ry), such that inf {rk € Ry : g(x) < kg(z), x € G} < +00, where g
is a solution of (3) with h = h;
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(III) the function § satisfies the condition

lim 1;(x)g(Ci(x)) = 0 (5)

i——+00
uniformly on G.

Proof. First we show that equation (3) has a unique solution in the class
P(G,R,). We define the operator

(Tz)(x) =m(zx) + (Vz)(z), ze€d.
We prove that T': P(G,R;) — P(G,R,). Let z € P(G,R;) and

vij(T) = 2(75(s))(ds)p;
() /H oy @)

wherex € G,i=1,...,n,7=1,...,m, m,n € N. Because of z € P(G,R,), so
there exists the sequence {2}, oy, such that z, € C(G,R;) and 241 () < 2zi(2),
2(z) = limg_ 400 2k (), € G,k € N. Let

o) (z) = 2k(75(8))(ds),,,
SO IR CADICON

where v € G, 1 = 1,...,n, j = 1,....,m, k,m,n € N. Functions UZ-(]’?) are

continuous in G (see [32]) and U(k+1)( ) < Ug-c) (x). From Lebesgue’s theorem
(about the integration of the sequence of nonincreasing functions) we have

vij(z) = lim U(Ifﬁ)(x), reGi=1,....n,j=1,....,m, k,m,n € N
and therefore v;; € P(G,R;). From the Weierstrass criterium (elements of

these series are continuous and nondecreasing) follows the uniform convergence
of the series

+00
Zl Jh(Gi(@), M) = Li(@) K (G) L(G(G()).
Now we have ;(x)h(Ci(2)) < l;(z)h(¢(x)), and
WKGE) [ =06)ds) < (s0p2() LK G L(EG ),

where ¢ € N, x € GG. Hence we get that the series

Zl )h(Gi(@)), Zli(x)K(Ci(x))/H(c( ) 2(7(s))(ds)
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are convergent. Now it is easily seen that m € C(G,R,), Vz € P(G,R,) and
consequently 7 : P(G,R,) — P(G,R,).

Now we show that operator T is a contraction. We define the norm
ot = ma (0} -exp (- Azx,,ﬂ <€ P(G,Ry),

where A > A = max{l SuprGM } For z, w € P(G,R,) we get
Tz)(x) — (Tw)(x L) K (G(x z(v(s8)) —w(~v(s))|(ds
|(T2)(2) = (Tw) ()| S; () K (G ))/H(Q(I))I (7(s)) — w(v(s))l(ds)

< ||z —wrugzxw)ff(@(a:) / e (Azsp)ds

Using the estimation exp(et) — 1 < eexp(t), € € [0,1], ¢ > 0, we have the
following;:

exp </\ s) (ds)p, < exp </\ :v) (ds) / exp ()\ s) (ds),
/Hj(Ci(l“)) Z g Z " G;(Gi(x)) Z g

< exp (Az ) 1 G exp<A¢g><@;>> - 1>)
< Sexp Q;Q L, (G (I‘F[ :13)
Further we have
(T2)(2) — (Tw)()
< 1Hz—wl\xgli(x)é&(mw)ﬂ (H) exp( Z)

3
A
< Mo (Azxp)nz—wnA,

and cosequently [Tz — Tw||y < £{/z — w]|5. From the Banach theorem we get
that for A > A equation (3) has a unique solution z € P(G,Ry).

Now we show that z € C(G,R,) and is nondecreasing. Indeed z(z) =
lim, 00 2n(2), © € G, where 29 € P(G,R,), 2o(z) =const, and z,1(x) =
(Tz,)(x) = m(z) + (Vz,)(x), z € G, n € N. The function 2y € C(G,R;) is
nondecreasing. Therefore we easily get that z, € C(G,R,) for n € N, and
functions z, are nondecreasing for n € N. The point (I) is proved.
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We prove point (II). Indeed, for 7 € C(G,R,) and h = h we get from (3)
the following;:

l(l’) Zl CZ CZ+J ))
1 (G i+j Z(v(s)) ds
Z (G ( (Gt [ ) )
= Li(x)h(¢(x Li(z)| K(¢(x Z(v(s))ds |,
Z <><<<>>+; o 6@ [ o) )

where x € G, 7 € N.

Now we show that an arbitrary solution of (3) denoted by Zz is a solution of
equation (4). If z is a solution of (3), then we have

2(2) - K(x) / 2(y(8))ds — 1(x)2(C(x)
= L(2)h(¢(x Oolz-x K(G(z zZ(v(s)) ds
> L) + 3 ke (Kia >>/H(<Z_()) () s )
— K(x ))ds — l(x Li( B ;
[ =0 Z (G(ca)

Now we prove that Z is a unique solution of (4) in the class P(G,R4,g).
Let z € P(G,R,, g) be an arbitrary solution of (4). Then

n—1

=D lix) 2(3(s))ds
Z:Z 1 /(Ci(w)) (6)
£ L@R(G(E) +L(@)2(G(), weCneN.

Because 0 < z(x) < kZ(z) for a certain k € R, then lim; o l;(z)2((i(z)) =0
uniformly on G. If in (6) n — 400, then z(x) = m(x) + (Vz)(x) for z € G,
and it means that it is a solution of (3). Because equation (3) has the only one
solution, then z(x) = Z(x). The proof of Lemma 2.1 is finished. O
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In the space C(B, E) we define the norm

[ullo = sup [[u(7)]l, ue C(B,E).

TEB

Assumption Hj. Suppose that there exist nondecreasing functions p;, ki,
le C(G,Ry), n, & € C(G,G), such that

1fi(, 8, w) = filw, t, ]| < pi(2)|w — @, i=1,....m

1 (2, 0,w) = Fz, 0,00 <Y k(@) = ail| + U(z) Jw — |y

=1
lo(T)| < g(0) for7eB
16(z, w)| < n(z)
[Ws(z, w)|| < &(x) fori=1,...,m,

where t, x € G, v, v € E™, w, w € C(B, E), and for z € G we have n(x) < z,

&i(r) <z

Remark 2. The consequence of Assumption H, is the fact that there exist
functions 9;, A: G — R, ,i=1,...,m, such that

[fi(z,t, w)|| < pi(z)[|wllo +di(x), i=1,....,m

m

1F(, 0, w) Z )||vill + l(@)[wllo + A=),

where ¢, z € G, [[wllo < g(a), [lvillo < pi(a)g(a) Ly, (Gi(a)), and

di(x) = max mafol(s t,0)|, A(x)= max ||[F(s,0,0)].

s€[0,z] teG s€[0,x]

6 means the zero in the space C(B, E).

Lemma 2.2. Suppose that the assumptions of Lemma 2.1 are satisfied with

functions v;(s) = &(x), i = 1,...,m, ((z) = n(z), K(z) = S ki()pi(z),

ha) = Al) + S0 ki(@)0(2) Ly, (Gi()), Ux) = I(x), and Assumption H,
holds. Then

F:B(Q,E,5) — B(Q,E, g),

where B(Q, E,g) = {ue C(QE):ulg =y |u(s)| <gt),se[-rt],teG},
and F is defined by right side of equation (1).
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Proof. Let w € B(Q2, E, g). Then for x € G we have

[Flul(@)] < Z/@(m) /H D) [[tw a0 0 (5

Therefore || Flu](z)|| < g(z) for € G. Hence it follows that Flu] € B(Q2, E, g).
The lemma is proved. O

Assumption H;. Suppose that there exist nondecreasing functions p : G —
R., 4 : G — Ry, and constants d, ¢;, v, 0 € Ry, such that

(i) 0z, w) = O(z, )| < p(z)|[w — wlo
(i) [[O(z,w) —O(z, w)|| < d|lz — Z|
(iti) || fi(z,t,w) — fi(Z, ¢, 0)[| < gl — 7
(iv) ||Fi(z,v,w) — Fj(Z,v,w)| < v|e— z|
(v) |[B(z) = B(2)| < o]z — 2|

i) |

Vs (z, w) — Wiz, 0)|| < pi(@)]|w — o,
where (z,w), (z,w) € G x C(B, E).
We define functions My, Ms, M3 € C(G,R,) as follows:

Mi(e) =o)X po) + 00| + L alp(Gala) v (D
My(a) = dila) ®)
My(a) = oT(r)p(e). )

Suppose that My(a) < 1 and [My(a) — 1]* — 4M;(a)M3(a) > 0. Let A\;, Ay be
two different positive roots of the equation Mz(a)\?+ [My(a)— 1A+ M;(a) = 0.
Now we define the following class of functions:

D([~r,a), E,\) = {u € B([-r,d, E, ) : |[u(z) — u(@)| < Nz — 7|, 2,7 € G},

where X € [\, Ao, if M3(a) # 0, and A > M;(a)[1 — My(a)] ™!, if M3(a) = 0.
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Lemma 2.3. Suppose that the assumptions of Lemma 2.2 and Assumptions (i)—
(v) of Hy are satisfied and My(a) < 1, [My(a) — 1]* — 4M;(a)M3(a) > 0, where
the functions My, My, Ms are defined by (7)—(9). Then F : D(|—r,a], E,\) —
D([-r,a], E, ).

Proof. From Assumptions H3 and H, we have

|7 (@) — FLal(@) < vl — |+ Te)A[dhe — 7] + p(a) ey — o]
30 @G @) + 60 + 0Ly (Gla)] o -
< vl a4 Nl — 5] + p(@)MB(e) - HE)]
+ il [wpi(x)g(x) + wé;(z) + qini(Gi(x))] |z — 7|

< {lolla)p(o)? + @A+ |1+ 90 3o

+w Zéi(m) + Zéini(Gi(x))} }|x — z
< Az f:v], -

where z, Z € G. This means that F : D([—r,a|, E,\) — D([—r,a], E,\). The
lemma is proved. [

3. The main theorem.
For uw € D([—r,al], E, \), where X is defined in Lemma 2.3, we define the norm

lulle = sup Ju(s)]]

SE[—r,x]

Theorem 3.1. Let the assumptions of Lemma 2.3 and Assumption (vi) of H,
hold. Then the Cauchy problem (1), (2) has the unique solution in the class
D([-r,a], E, ).

Proof. Because of Assumptions Hs, Hy, Hs for u, u € D([—r,al, E, \) we have

1F[u (@) = Fla)(@)[| < Y ka@)pi() (1 + M) / [w = 0]l a;(s)(ds)y,

1 H;(x

—|-_l(£li)(1 + Ap(2) [ — @l gy,

where x € G, and a;(s) = max {¢;(s), a;(s)}, B(z) = max {n(x), B8(x)}.
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Let 2 € C(G, E) be a solution of equation (4) with i = h. It is easily seen
that #(z) > h(z) for = € G. If h(x) > 0 then Z > 0. Suppose that Z is any
positive and nondecreasing extension of Z onto the set Q. For u € D(Q, E, \)
we define the norm

We get

Analogously we have a such estimation for [|u(8(x)+7)—u(8(x)+7)||. Therefore
[ = alla o) < [lu—allz(@(s)) and |lu —ull5e) < llu—ul2(5(x)). Now we get

< 33 Ral@)p @)L+ Aus()] / 2(a(s))ds + (2)[1 + Ap(m)}z(ﬁ(x»}uu —all.

where x € GG, and finally

~ _h(x) ~
_ L < (1= inf 22 ) - all,.
I7lule) ~ Flalo)l. < (1wt 25 ) Ju - al
Thus by the Banach fixed point theorem the problem (1), (2) has a unique
solution in the class D([—r,al], E,\]), where X is defined in Lemma 2.2. The
main theorem is proved. O

4. Some effective conditions

Now we give some examples of effective conditions for Assumptions (iii)—(v) of
H, to be satisfied (see [18]).
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Example 1. Suppose that there exist
(a) Ki, [, €R,,i=1,...,m, j=1,...n, such that
(1 I(x) <1, Ki(x) gl_(i,izl,...,m

g( v) < Grj, (<1, =1,.
leeF (<1lfori=1,.

N:O lNh(<1 Liyeeey Cn xn) < +00;
(b) 3, € Ry, such that ¢ < 7'z, and 5, < 1, where k; € T,

Then the conditions (iii)—(v) of Assumption H, are satisfied.

Example 2. Suppose that

(a) there exist [ and K; € Ry, j = 1,...,n, such that I(z) < [, K;(z) <
Z?:l Kjl‘j, 1= 1, e,y

(b) conditions (ii), (iv) of Assumption (a) and Assumption (b) of Example 1
are satisfied.

Then the conditions (iii)-(v) of Assumption H, are fulfilled.

Example 3. Suppose that

(a) G=[0,al,a=(a,...,a,),a; >0,j=1,...,m;
(b) condition (ii) of Assumption (a), and Assumption (b) of Example 1 are

satisfied;
(c) there exist | = (l_l,...,l ), K = (Ky,..., ) such that lj, K; € Ry,
j=1...ni=1,...,m, and l[(z) <37 [;x Ki(r) < K;, and the

condition Y 7, l_jC]aJ < 1 holds.
Then the conditions (iii)—(v) of Assumption H, are fulfilled.

Example 4. Suppose that

(a) conditions (ii), (iv) of Assumption (a) of Example 1 are satisfied;

(b) there exist l: K = (Ky,..., I_(n), such that Z, KieRy i=1,...,n,
and (z) < [, K;(z) < Zl Kz, j=1,...,m, and lCi(Hsefj ()2 <1,
i=1,....n,j=1,.

(c) ¢ifx) < wkﬁxkl,---,vé;wzpi), k€T 7)) €Ry.

Then the conditions (iii)—(v) of Assumption H are fulfilled.
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Example 5. Suppose that
(a) there exist G = [0,al, a = (ay,...,a,), 0 <a; <1,i=1,...n, such that
2 _ .
[Ler,as <1, 5=1,....m;

(b) ¢(x) = (Gi(z),... . Gu(2)) < (aF,...,27);

(c) condition (i) of Assumption (a), and Assumption (b) of Example 1 are
fulfilled, and the condition 312 INh(22", ..., 22") < 400 holds.

n

Then the conditions (iii)—(v) of Assumption H, are satisfied.

Example 6. Suppose that
(a) there exist H, P € Ry, such that h(z) = h(z1, ..., x,) < H(IT, xl)P;
(b) conditions (i), (ii) of Assumption (a) and Assumpt10 (b) of Example 1
are fulfilled, and (HSEF ()" < 1. where v = min[L, PJ.

Then the conditions (iii)—(v) of Assumption H, are satisfied.
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