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Uniqueness of the First Eigenfunction
for Fully Nonlinear Equations: the Radial Case

1. Birindelli and F. Demengel

Abstract. The concept of eigenvalue has recently been extended to a large class of
fully-nonlinear operators, here for fully-nonlinear operators in non divergence form
that present singularities and degeneracies similar to the p-Laplacian we prove that
in the radial case the eigenfunction is simple.
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1. Introduction

The extension of the concept of eigenvalue to non-linear operator was started,
in the variational case, to study existence of solutions for Dirichlet problems for
operators such as the p-Laplacian and it has been proved a very fruitful field of
research (see, e.g., [1,13,19]). In particular, the simplicity of the first eigenvalue
for the p-Laplacian was proved both by Anane [1] and Otani and Teshima [20].

Very recently, inspired by the seminal result of Berestycki, Nirenberg and
Varadhan [2], the concept of non-linear eigenvalue has been extended to elliptic,
fully-nonlinear operators in non divergence form and it has been the object of
many interesting papers. In particular we should mention the works of Busca,
Esteban, Quaas [8], and Quaas [21] for the Pucci operators, the papers of Ishii,
Yoshimura [16] and Quaas, Sirakov [22] for more general fullynonlinear uni-
formly elliptic operators which are homogeneous of degree 1 in the Hessian and
degree zero on the gradient.

The authors of this note have defined the ”principal eigenvalue” for fully-
nonlinear degenerate or singular elliptic operators modeled on the p-Laplacian
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but not variational, i.e., which are homogenous of degree @ > —1 in the gra-
dient, see [3-5]. In those papers we prove the existence of the corresponding
eigenfunction together with many other properties (regularity of the viscosity
solutions, maximum principle, existence of solutions below the principal eigen-
value ...). But in those papers we raised the question of whether the principal
eigenfunction is unique up to multiplication by a constant. Here we answer this
question when the eigenfunctions are radial.

We also wish to mention the work of Petri Juutinen [17] who treats even
more degenerate operators since he defines the principal eigenvalue for the in-
finite Laplacian using techniques somehow related with those used in [4].

We start by describing the general class of operators that we consider. Let
a > —1 and let S be the set of symmetric matrices N x N. Let us suppose that
b and ¢ are continuous and bounded functions in 2 and let us consider

F(x,Vu, D*u) + b(z) - Vu|Vu|* + c(z)|u|*u

with F: Q xRN\ {0} x S, satisfying homogeneity, ellipticity and some standard
continuity assumptions, and with b satisfying some Holder’s continuity condi-
tion. All the hypothesis will be made precise in the next section. In this class
of operators one can consider for example the p-Laplacian or

F(z,p, X) = |p|*Ma,a(X)
where M, 4(X) is a Pucci operator. In [4,5] we showed that
M) = sup{A : >0, F(z, Vi, D) +b(x)- Vip|ip|* +(c(x) + ) [p|*p < 0in Q}

A(Q) = sup{X : 3p <0, F(z, Vip, D*0)+b(x)- Vol | * +(c(x) + ) o[*p > 0in Q}
are two eigenvalues in the following sense:

There exists an eigenfunction ¢ > 0 such that in the viscosity sense

F(z,Vp, D*p) + b(x). V| Ve|* + (c(z) + X)|p|* = 0 in Q
@ =0 on 0%

and there exists ¢ < 0 such that in the viscosity sense:

Fla, V4, D20) + b(a). V[V + (e(x) + Ny = 0 in O
1 =0 on Of.

One way of characterizing the eigenvalue ) is that for any A < X the max-
imum principle holds, and, analogously, for any A < A the minimum principle
holds (see [4,5]). Clearly, since the operators are highly nonlinear these prop-
erties do not imply the validity of some strict comparison principle which is
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tightly linked to the question of the simplicity of the eigenfunction and of the
isolation of the eigenvalue which was raised in [4, 5].

Since here we prove the simplicity of radial eigenfunctions, we suppose that
Q) is rotationally invariant, i.e., up to a translation it is either a ball or an
annular region centered at the origin.

The key ingredients for obtaining these results are the Hopf principle, a
strict comparison principle near the boundary, and specific properties in the
radial case. Let us note that the classical approach cannot be taken because it
is not known if the Alexandrov Bakelman Pucci inequality holds true for the
solutions of the class of equations treated here.

2. Notations and hypothesis

We begin by detailing the hypothesis on the continuous operator F : Q x (RY)\
{0} x S — R. Let & > —1 and let S be the set of symmetric matrices N x N.

(H1) For all z € Q, F(x,tp, uX) = |t|*uF (z,p, X), ¥t € R\0}, p € RT.
(H2) 3 a,A > 0 such that for all x € Q, p € RV \ {0} and (M,N) € S?
N > 0:

alp|*trN < F(z,p, M + N) — F(z,p, M) < A|p|*trN

(H3) There exists a continuous function @, @(0) = 0 such that for all (z,y) €
02 for all p# 0 and for all X € S

|F(z,p, X) = F(y,p, X)| < @(lz —y[)p|*|X].

(H4) There exists a continuous function w with w(0) = 0, such that if (X,Y) €
S? and ¢ € R satisfy

<(or)=(hv)=e(T)

where [ is the identity matrix in R, then for all (z,y) € RN, x # y,

Concerning b we assume that b : Q — R¥ is a continuous and bounded function
satisfying

(H5) — Either aw < 0 and b is Holder of exponent 1 + «,
— or a > 0 and, for all z and y in Q , (b(z) — b(y),x —y) < 0.
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In particular the condition (H1) implies that if ¢(z) = g(|z|), then

T x r ¢ (x| x x
F($7V¢>D2(¢))=|9'(|13|)|0‘F<17,—,g"(lfCD— ® — + [——&—]]
] | fal ] [ []
Considering now condition (H2), it implies that
o Y2(n —1 o I'y(n—1
9] (’719” + %9’) < F(z, Ve, D*(¢)) < |g| <F19” + %9’)7
where
aif ¢" >0 aifg >0
M=V Aifg" <0, TV Aifg <0
Aifg" >0 Aifg >0
" laifg’ <o, laifg <o,

see [14] for a similar computation.

2.1. Radial eigenfunctions. In the rest of the paper we suppose that F', b
and c¢ are such that there exists an eigenfunction ¢ corresponding to A which
is radial, i.e., ¢(xz) = g¢(|z|) for some real function g, and Q@ = B(0,1) or
Q= B(0,1)\ B(0, p).

For completeness sake, let us mention that it is the case when b(x) - ‘i—| =
h(|z|) for some real function h, ¢(z) = ¢(|x|) and there exists F : Rt*xR* xR —
R such that, for r = |z|,

N r ,r T g T oz -
lg' (r)|*F (x,g’(r);,g”; ® —+ = (I ——® —>> =F(r,d,q").
In this situation we can define

Ar=sup {X:3g > 0,F(r,g',g") + h(r)g|g|* + (c(r) + N)g" ™ < 0 in Q.

Following the arguments in [4], one can prove that there exists ¢ > 0 in (2,
solution of

1
g =0 on 0N. (1)

{ F(r,g'. ")+ h(r)g'|g'|* + (c(r) + A)g" " =0 in Q
In particular this implies that A = A(Q); indeed, by definition, A, < (), but
if A, < A(Q), then by the maximum principle this would imply that the above
solution g would be strictly negative, a contradiction.
We now introduce some notations for left and right ”derivatives” that will
be useful in the rest of the paper:
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Definition 2.1. Let us recall the definition of the four number derivatives:

uw(F + h) — u(r) w(7 + h) — u(r)

du(r) = liminf ,  dyu(r) = liminf

h—0,h<0 h h—0,h>0 h
FR) — (P Fh) — ulF
Do) — }Lm;iu% u(F + })L u(r)’ Dou(r) = }LH%S}LUPO u(F + })l u(r)
—0,A< —0,h>

Remark 2.2. According to the regularity results obtained in [4], the solutions
of the Dirichlet problem

F(z,Vu, D*u) + b(z) - Vu|Vu|* + c(x)|u|*u = f in Q )
u=0 on 0f 2)

are Lipschitz inside €. This in particular implies that for solutions of (2) the
limits given in the above definition are finite. Furthermore, almost everywhere,
the four number derivatives coincide.

Proposition 2.3. Let u be a radial Lipschitz supersolution of problem (2) with
f bounded by above, then, for every 7 €|p, 1],

Dyu(7) > dyu(T).

Similarly if u is a Lipschitz subsolution of (2) with f bounded by below, then,
for every 7 €]p, 1],
D,u(r) > dyu(T).

Proof. Suppose by contradiction that Dju(r) < d,u(7) and let p €] Dyu(7), d,u(F)],
then for every q € R, o(r) = u(7) + p(r —7) + ¢(r — 7)? touches u by below on 7
and then, for some value C' depending only on p and the data but not on ¢, one
would have, for ¢ > 0 (aq — wﬂp\a + C < f. A contradiction for ¢ large
since f is bounded by above. The analogous result for sub-solution is easy to
prove in the same manner. [l

We now give a definition.

Definition 2.4. For r # 0, we shall say, in what follows, that u/(r) 7 0 if
either inf(Dyu(r), D,u(r)) >0 or sup(du(r),d.u(r)) < 0.

While «/(r) ~ 0 means that Dyu(r) - D,u(r) <0 and dju(r) - d,u(r) > 0. When
u'(r) ¢ 0 we shall sometime say that ' is not zero.

Proposition 2.5. Suppose that u satisfies v/ () # 0. Then for every test
function ¢ touching u by above or by below on 7,

|0 (7)] = inf { inf(Dyu(F), Dyu(r)), | sup(diu(r), dyu(r))]}.
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Proof. Suppose, for example, that Dyu(7) and D,u(7) are both strictly positive.
Let ¢ be such that ¢ touches u by below on 7. Then for r < 7, u(r) — u(r) >
©(r) — ¢(7) and then, dividing by r — 7 < 0, one gets (’2 f() > ”(”) “(F)
Taking the limsup on both sides and using the fact that ¢ is dlfferentlable
one gets that ¢/(7) > Dyu(7). In the same manner if ¢ touches u by above

for r > 7 one has u(r) — u(r) < @(r) — ¢(7), dividing by » — 7 > 0 one
p(r)—¢(r) > u(r)—u(r)

concludes , and taking the limsup on both sides one gets
' (F) > Dyu(r ) Analogous arguments permit to prove the other cases. [

Proposition 2.6. Suppose that u is a nonnegative, radial, continuous, nontriv-
1al, supersolution of

F(x,Vu, D*u) + b(z) - Vu|Vu|* + c(z)u'™™ <0 in Q
u=0 on 0N

with ¢ >0 in Q. If Q = B(0,1), then 0 is a mazimum point for u and it is the
only point on which v’ ~ 0. If Q = B(0,1) \ B(0, p), then there exists at most
one value r, on which w achieves its maximum, which is also the only point on
which u' ~ 0.

Proof. Let us start by observing that for ¢ > 0, any non-negative super solution,
which is not identically zero, cannot be locally constant.

Secondly, let us observe that any non-negative radial super-solution reaches
its maximum in one point only. Indeed, if u(r,) = u(r,) = maxu(r) with
rqe < Tp, then, since the positive constants are strict subsolutions, using the
comparison principle (see [5, Theorem 1]) one would have that u(r) > maxu(r)
for r € (r,,rp), contradicting the first observation.

In the case 2 = B(0,1) \ B(0, p), we can choose any ¢ €]0, maxu[. By the
continuity of u there exist r; and ry such that p < r; <r,, 1 > ry > r, such that
u(ry) = u(ry) = t. By the comparison principle on the set B(0,7s) \ B(0,7),
reasoning as before one has u(r) > ¢, for any r € B(0,73) \ B(0,r;). Moreover
the minimum is achieved on the boundary of B(0,73) \ B(0,71) so, since u is
nowhere locally constant, d,u(r;) > 0 and Dyu(re) < 0 by the Hopf principle
(see [5, Corollary 1]).

In the case Q@ = B(0, 1) reasoning as above we get that the maximum point
has to be 0, and for any ¢ €]0, max u| by the continuity of the super solutions
there exists 7, € (0,1) such that u(ry) =t = infg,) v and Dyu(rsy) < 0.

In both cases, by Proposition 2.3 we know that D;u(ry) > d,u(r;) > 0 and
then inf(Dju(ry), Dyu(ry)) > 0, ie., according to Definition 2.4, u/(r;) + 0.
Similarly, concerning rq, one has 0 > Dju(ry) > d,u(ry) and then

inf(dyu(rsy), dyu(ry)) <0,
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which means that u/(rg) ¢ 0. Since t was chosen arbitrarily, we can conclude
that r, is the only point on which u’ can be zero. [l

Remark 2.7. The previous result establishes that «/(7) ¢ 0 as soon as 7 # r,.
Without the information that the left and right derivatives defined above satisfy
some kind of continuity, one cannot conclude that there exists some constant
m > 0 such that inf(D,u(r), Dju(r)) > m on every compact subset of |p, r,].
This will be a necessary ingredient in what follows, and it is the object of the
following Proposition 2.8.

Proposition 2.8. Let u be a non negative, radial continuous supersolution of
F(x,Vu, D*u) 4+ b(x) - Vu|Vul® + c(x)u'™ < 0, with c(z) > 0. Then there exist
d >0 and Ks > 0 such that for all r €]1 — 0, 1]:

| Dru(r)| = Ks|Diu(L)], - |dyu(r)] = Ks|du(1)].

Remark 2.9. Of course, if Q = B(0,1) \ B(0, p), one has the symmetric result
near the point r = p: There exist 6 > 0 and K5 > 0 such that for all r €]p, p+ 4]

|dyu(r)] = Ksldr(p)| - and | Dru(r)] = K5|Dy(p)].

Proof. Let r, be such that u(r,) = sup u.

Claim: For all r, €]r,,1 [ for all 61 < 1, — 1y and for all v €|r, — 61,7,[, and

. A(N o
defining o = % + |b|

u(r, — 1) — u(r,)

( or
670'(7“0751) — 0T

u(r) > u(r,) + —e 7).

Proof of the claim. It is enough to remark that, with the above choice of o, the
function v(r) = u(r,) + C(e™" — e~ ?"°) is a strict-subsolution for the equation
F(x,Vu, D*u) + b(z) - Vu|Vul® = 0, for any C' > 0. Moreover, with the choice
of C' as in the claim, v(r,) = u(r,) and v(r, — d;) = wu(r, — ;). Hence to
conclude the proof of the claim it is enough to apply the comparison theorem
for the operator u — F(z, Vu, D*u) + b(x) - Vu|Vul®. O

Using the fundamental calculus theorem, we deduce from the claim that,

du(ry) < e A0 ‘ilfsl_ ulre) (3)

End of the proof: Let ¢; < 5™ be such that = ud=d)—ul) 3\dzu - by

o1
continuity, there exists § < & such that for all r € |1 — 49,1, u‘ >

|dl“( )l This, together with (3), gives the result: dju(r) < —e 7% ‘d”g(m < 0.
Slmllarly for D; instead of d. O
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Corollary 2.10. Under the assumptions of Proposition 2.8, there exists 6 > 0
and K5 > 0 such that for all v €]1 — 9, 1]

sup (dju(r), d,u(r)) < Kssup (dyu(1), Diu(1)) < 0.

Proof. We use the fact that Dyu(r) > d,u(r), so by Proposition 2.8 d,u(r) <
Dyu(r) < KsDju(1) < 0 and then

sup (dyu(r), du(r)) < sup (Ksdiu(1), KsDyu(1)) < 0. O

Remark 2.11. The same reasoning establishes that for all 7 € [p,r,[, there
exist 0 > 0 and K > 0 such that, for r € [p, p + 4],

|dru(r)| = Kzldru(r)|,  |Dru(r)| = Kz| Dru(r)].

Remark 2.12. As suggested by one of the referee, let us note that the re-
sult of Proposition 2.8 can be formulated in terms of distributional derivatives;
precisely, for all 7 € [p,r,[, there exist 6 > 0 and K > 0 such that in the
distributional sense on |p, p + [, v’ > K;|d,u(7)|. Indeed let ¢ € D(]p, p + §])
and ¢ > 0, then

/u’gp = —/ugp’ = — lim u(p(r +h) = ¢lr) dr

h—0,h>0 h
L uw(r+h) —u(r)
=, lim g e

> KT]dTu(f)]/go(T) dr.

3. Uniqueness

We are now in a position to prove the simplicity of the radial eigenfunctions:

Theorem 3.1. Suppose that F' satisfies (H1), (H2), (H3) and (H4), that c(x) +
A >0 in 2, and that there exist two positive eigenfunctions ¢ and v which are
radial, then there exists a constant t such that ¢ = t.

Before starting the proof we shall give a few propositions that will be used
in the proof of this theorem and which are of independent interest. In the rest
of the section we shall suppose that F' satisfies (H1), (H2), (H3), (H4), that b
and c¢ are continuous and b satisfies (H5). The first two results are not specific
to radial solutions.
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Proposition 3.2. Suppose that A < \(Q), that ¢ + X is positive in Q and that
u and v are respectively continuous super- and subsolutions of

F(x,Vu, D2u) + b(x) . Vu]Vu\a + (C—i— )\)uua <0
F(:E,VU, DQU) + b(g) . VU|V’U|°‘ + (C+ )\)UH'O‘ > 0.

Suppose that v > 0, then:
1) Ifu>wv>0 ondf, then u > v in €.
2) If u > v on 09, then u > v on Q.

In [5] we have obtained a comparison principle for strict sub- and super-
solutions (Theorem 1), we shall use it here and in the following.

Proof of Proposition 3.2. Observe that in both cases, by the maximum principle
below the first eigenvalue, © > mingou > 0 in €. In the first case, let 0 < € <
mi;“, since by hypothesis u is strictly positive and continuous. Then, since
A+c>0in Q, u. = u — € > 0 satisfies for some constant m > 0

F(z, Vue, D*u.) + b(z) - Vu | Vu|* + (A + ¢)(u )™ < —m < 0.

While for v, defined as y(¢) = —~—, v. = —— satisfies

min u—e’ 1+

F(z, Ve, D*v.) + b(z) - Vo | Vo |* + (A + c)vl ™ > 0.

For this choice of vy(¢), ue > v on the boundary. Using the comparison principle
in [5], one gets that u. > v, and letting € tend to zero one gets that u > v.

In the second case, i.e., u > v on the boundary, u. > (1+¢€)v for some € > 0
and since v(1 + €) is still a sub-solution, one gets that u > (1 +¢€)vin Q. O

Proposition 3.3. Let Q' CC$, suppose that c(z)+ () >0, then A(2) < X(V).

Proof. Let ¢ be a positive eigenfunction for A(€2). Since ¢ is continuous, let
0 < 2e <infg ¢. Then there exists X' > \(Q2) such that ¢. = ¢ — € is a positive
solution of

F(2,V¢e, D*pe) + b(2). VOV + (X + ¢)(¢) T < 0.

Indeed just choose N > A(Q), but sufficiently close to it that % <
i

(e b . .
Sup f—< , SO, by monotonicity,

clx)+ N <infc+)\’<( sup ¢ >1+a<< o(x) )HO‘
clx) +XQ) ~ infe+ X T \supgp—e “\o(z) —€ '

By definition of an eigenvalue, A(€') > X > A\(Q); this ends the proof. O
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The next Proposition is a sort of Hopf comparison principle:

Proposition 3.4. Suppose that ¢ > 0. Let u and v be respectively nonnegative
radial continuous solutions of

F(x,Vu, D*u) + b(z) - Vu|Vu|® + c(z)u*t < f

and
F(z, Vv, D*v) + b(z) - Vo|Vo|* + ¢(x) > go*T!

with f < g. Suppose that u > v in |7 — §,7[ and u(F — 0) > v(F — &) for some
d >0 and 7 € (p,1]. Suppose that either v’ % 0 or v’ # 0 on |7 — 0,7[, then
there exists C' > 0 which depends only on 6 and on the data, such that

u(r) >v(r)+C(F—r)
for any r €]F — 6, 7.

Remark 3.5. Similarly, suppose that u > v in |7, 7+ [ and u(rF +0) > v(7+0)
for some § > 0 and 7 € [p,1), and suppose that either v’ % 0 or v/ % 0 on
|7, 7 + [, then there exists C' > 0 which depends only on § and on the data,
which is such that for r €7, 7 + 0[, u(r) > v(r) + C(r — 7). In particular, if
7 €lp,1[, and u > v in |F — 0,7 + 0[ for some 6 > 0 and either u' % 0 or v/ % 0
on |7 — 8,7 4 4[, then

eitheru=wvon |Fr —0,7+4d[, or u>wvon]|r—047+J

Proof of Proposition 3.4. It is sufficient to prove the result when ¢ = 0. Indeed
suppose that it has been proved in this case. We get the result using the one
obtained in the case ¢ = 0, replacing f by f — c(z)u!™, and g by g — c(x)v! T
which also satisfy f — c(x)u!™ < g — ¢(x)v'T®. Hence we now suppose that
c=0.

Suppose to fix the ideas that v'(7) % 0 on [F — §, 7], then by Definition 2.4,
Proposition 2.5 and Proposition 2.8 there exist £ > 0 and a neighborhood of 7
on which the test functions ¢ of v satisfy |¢'| > k . Let

(240N 1) (2 allgl | 2
7 =P a(F —9) ak a

and

—oad = _ =
ezinf{ke ’u(r §) — (T 5)}
20 2

Let w = ¢ — 1. We shall prove that 1(r) = v(r) + ew(r) is a radial
subsolution of

F(z, Vi), D*Y) + b(x) - VY| VY[* > g+ me
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for some constant m > 0 in the set [F — d,7[. (In the case where u/(7) o 0, one
would prove in the same manner that u — ew is a supersolution of

F(z,V(u— ew), D*(u — ew)) + b(z) - V(u — ew)|V(u — ew)|®

+ cJu — ew|*(u — ew) < f —me

for some positive constant m.)

o(F—r

Observe that ¢ +ew’ = ¢’ —eoe ) and, with our choice of ¢, |¢' +ew'| >

|‘g|. We then obtain, by (H2),

F(z,V(p +ew), D*(¢ + ew)) +b(x) - V(o + ew)|V(p + ew)|

> (¢ + el (FTE g ey (D) + el
> (¢ + ew')| (ﬁﬁﬁi + eM, o(D*w) + eh(r)w’) :
Clearly:
M;A(DQw) _ o) {aaz _ AU(Z— 1)} > 6a(f—r)a;'2
and

9la—1]
k

K¢+aww(ww)zg—mJWWmmm

Putting everything together we get

F(x, V(g + ew), D*(¢ + ew)) + b(z) - V(g + ew)|V(p + ew)[*
2 |a—1|

o, __o(r—r ao
> g(a) + e | %2 — alaligl

_ 02\a||h|oo 7

which is the required result with our choice of o.

On the other hand u(7) > v(7) = (v 4 ew)(7) while, with our choice of ¢,
u(F —9) > (v + ew)(r —9).

Using the comparison principle in the annulus |7 — §, 7| one gets that u >
v+ ew in that set and we also get that for 7 —§ < r < 7, u(r) > v(r)+eo(rF—r).
(In particular if w(7) = v(7), du(r) < do(r) — oe, Diu(r) < Dw(r) — oe with o
and € some positive constants which depend only on 7, 4, g h, a, A).

One can do the same on the right hand side of 7, more precisely one defines

w =€) — 1, and choosing o large enough, and e small enough, one obtains
that u > v + ew for some e. O]
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Proof of Theorem 3.1. Let us recall that either Q = B(0,1) or Q = B(0,1) \
B(0, p). We shall give the proof in this second case, the other proof being similar
but easier.

Let I' = sup % and v = inf % We know that by [5, Proposition 3.4] and the
Hopf principle, I' < oo and v > 0. We want to prove that I' = ~.

Step 1. The extrema of % are reached on the boundary, in the following
sense : There exists some sequence r, which goes either to r =1 or to r = p
with %(rn) — I', and there exists r/, which goes either to r = 1 or to r = p with
S(rn) = .

To prove this claim, let K, be a strictly increasing sequence of annulus of
center 0, |J K, = , such that K,, CC Q. Then \(K,) > A(2) by Proposi-
tion 3.3. We prove that supQ\Kf% —TI.

Assume by contradiction that lim, 4 supg z ¢ < TI'. Let 6 > 0 be such
that I' — 5 > 7, and such that, for n > N, supg, %, <¢> < TI'— 9, one would have
on 0K, 5 <TI'—-9¢ and usmg the comparison principle in Proposition 3.2 on
K, one would get that ¥ G < ['—§ both in Q \ K,, and in K, for n > N, which

contradicts the definition of I'. A similar proof will imply that ian\K—n% — .

Step 2. We prove that % admits a limit on each of the two parts of the
boundary, these two limits being respectively the supremum and the infimum
of the ratio. Without loss of generality we can suppose that the supremum I’
is reached at r =1

In what follows, we shall prove that ¢( ) converges to I' when r goes to 1.
Once this will be done , we shall derive smularly that, ( ) converges to y when
T goes to p.

Let r, be a strictly increasing sequence such that %(rn) =TI, — I'. Let
0 > 0 and Ny be such that for n > Ny, 7é’(rn) >T —§. Let then 61 =1 — ry,.
We now prove that for any r €]1 — dy, 1], ( ) > I' — 6. Indeed for any n >
Ny, since the inequality holds on the boundary of B(0,7,) \ B(0,7,+1) using
Proposition 3.2, we obtain that % > T — ¢ in B(0,r,) \ B(0,7,4+1). Since
B(0,1)\ B(0,7n,) = Up>n, B(0,7) \ B(0,75,11), we have obtained the required
result . N

Step 3. We prove that ¢ = I'¢ in a left neighborhood of 1. Suppose not,
then there exists ¢ such that § < 5™, with ¢(1—6) < I'¢(1—0) and ¢ < T'¢ in
a left neighborhood of 1. By Proposition 3.4, there exists C' > 0 which depends
only on ¢ and on the data, such that for r € [1 — 4, 1]

b(r) <T(p(r) + C(r —1)). (4)

But ¢ is Lipschitz with Lipschitz constant L, hence 1(7; >

Dividing (4) by ¢

1
-
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and passing to the limit when 7 goes to 1 we get I' < I'(1 — %), a contradiction.
We would do the same in a neighborhood of p.

Conclusion. We denote by 74 and ry the points on which ¢ and v have
respectively their maximum. If r, = ry this ends the proof. Indeed in that case
¢ #01in (p,1,) and in (14, 1). Hence, by Remark 3.5

v =7¢ n(p,ry) and ¢ =T¢ in (ry,1),

since in a neighborhood of 1 and p these equalities hold. By continuity of the
solution v =T" and ¢ = I'¢ in 2.

We shall prove that ry # 7, leads to a contradiction. Observe that, in that
case the derivatives of 1) and ¢ are never zero in the same point and we can, at
any point, apply Proposition 3.4. This implies that

7 = inf{r, such that ¢ =T¢, in (r, 1]} = p.

Indeed, if ¥ > p using Remark 3.5 since ¢ coincides with I'¢ on the right of 7, it
is still true on a neighborhood [ — 6, 7] for 6 <7 — p. And this contradicts the
definition of 7. But if ¥ = p, then ¢ = I'¢ and then their maximum coincide also
i.e. ry = r, contradicting the hypothesis. So we have obtained that r, = ry,
and, as mentioned before, this ends the proof. [l
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