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Estimates for Blow-Up Solutions to
Nonlinear Elliptic Equations
with p-Growth in the Gradient

V. Ferone, E. Giarrusso, B. Messano and M. R. Posteraro

Abstract. In this paper we deal with blow-up solutions to p-Laplacian equations with
a nonlinear gradient term. We prove comparison results for the solutions in terms
of the solutions to suitable symmetrized problems defined in a ball. We analyze two
cases where the form of the term which depends on the gradient plays different roles.
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1. Introduction

Problems involving Laplacian or p-Laplacian operators with blow-up boundary
conditions in a bounded domain 2 C R", n > 2, have been studied by many
authors. Namely, the following typical problem:

{Apu = f(u) nQ

u(x) — oo as v — OS2

(1.1)

has been considered under suitable assumptions on f. Here the p-Laplacian
operator is A,u = div(|Vul[P™2Vu), p > 1, and it reduces to Laplacian for
p=2.

A problem of type (1.1) has first been considered by Bieberbach [12] when
n =2, p=2and f(u) = e*. Successively, a long list of papers has been
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dedicated to the study of problems in the form (1.1), addressing various issues
related to it.

Existence, uniqueness and asymptotic results for solutions to problem (1.1)
have been given, for example, in [7,14,17,21,22,24,30]. Also the possibility to
obtain a priori estimates for solutions to (1.1), via symmetrization techniques,
has been investigated (see, for example, [7,17,32]). We recall that there exists
a wide bibliography concerning the case of different boundary conditions such
as, for example, homogeneous Dirichlet conditions (see, for instance, [1,35]).

In the present paper we are interested in the case in which the equation (1.1)
has a lower-order term which depends on the gradient. The presence of such
a term has been considered in [4,10,15,16,23,31,37]. For example, problems
with blow-up boundary condition for an equation involving the Laplacian and
a term which depends on the gradient are connected with a stochastic control
problem when the state of the controlled system is a diffusion process (see [23]).

We are interested in establishing a priori estimates for solutions to problem
in the form

u(z) — oo as x — 0§, (12)

{Apuj: |[VulP = f(u) in Q

under suitable assumptions on f which depend on the sign which appears in
front of the term |Vu|P (see Sections 3 and 4).

In particular, we prove that any solution of (1.2) can be compared with the
solution v of the “symmetrized” problem

v v|P = f(v) in QF
{Apim f(v) inQ 1L3)

v(x) — oo as x — 007,

where Q% is the ball centered at the origin such that [Q%| = |Q| (we denote by
|E| the Lebesgue measure of a set £ C R™). Namely, we prove that

min u(z) > win v(x). (1.4)
By some examples given in Sections 3 and 4, it is possible to show that ming4v(x)
can be explicitly written in terms of || for some particular choices of f. Such
a result states that one can obtain a sharp estimate from below of a solution
to (1.2) in terms of the solution to a problem defined in a set (ball) having the
same measure of {2. On the other hand, our approach allows us also to estimate
u from above in terms of the solution w to a problem in the form (1.3) defined
in a ball B such that ming u(z) = ming w(x) (see Remarks 3.1 and 4.2). From
this point of view one obtains an estimate of || in terms of ming u(x).

We finally remark that we have to treat probems in the form (1.2) in differ-
ent ways depending on the sign of the term containing the gradient, even though
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the comparison results one can state in both cases appear to be essentially the
same. Indeed, a natural way to obtain a comparison result consists in mak-
ing use of a change of the unknown function. When the positive sign appears
in (1.2) such a transformation leads to a suitable blow-up problem, while, if
the negative sign appears in (1.2), then transformation leads to a homogeneous
Dirichlet problem. This means that different arguments have to be used in the
two cases.

2. The radial case

In this section we give some properties of radial solutions to two boundary value
problems defined in a ball which will be used in the next sections.

We start with the problem with radial symmetric data
{Apv = fB(v) in Bg

v(x) - 00 asx — 0Bg, (2.1)

where By is the ball centered at the origin with radius R, and § : Ry — Ry
satisfies the following conditions:

i) A(s) is a continuous increasing function such that 5(0) = 0 and 5(s) > 0,
for all s > 0;

ii) (Keller condition)

/OO;1 ds < +00.
(fos ﬁ(T)dT)p

Under the hypotheses i) and ii) problem (2.1) admits a unique solution (see [14,
Theorem 6.4 and Remark 3.4]) which is radial. Therefore, such a solution
v = v(r) satisfies a Cauchy problem in the form

L ) PR ) = ) i (0B

v(0) = M, v'(0) =0,

(2.2)

where M = minp g v(r). Using, for example, results contained in [34] (see
also [27]) one can state the following result.

Proposition 2.1. Let §: Ry — R satisfy conditions i) and ii). Let vg, (|x|) =
Vg, (r) and vg,(|x|) = vgr,(r) be the radial solutions to problem (2.1), resp.,
in the balls Br, and Bpg,, with Ry, Ry €]0,4+00[. Set M; = ming, Vg, (),
My = ming, vg,(z) and R = min{R;, Ry}. If 9(s) = v((i)%), then the
following statements are true:

1) My > My = g, (s) > g,(s), Vs € [0,w,R"];
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II) My > My, = R; < R».
IIT) The function M(R) is a continuous function in )0, +ool.

Remark 2.2. Let v be a solution to problem (2.1). The function o(s) defined
in Proposition 2.1 satisfies the equality

o(s) = Mg + ¢y / D5t (/0 6(6(0))610) ”LdT, (2.3)

0

p

1
where Mg = ming, v(|z|) = v(0) = 9(0) and ¢, = (nwg ) 7.
Indeed, v(r) satisfies the equation in (2.2) and, observing that o(s) is in-
creasing, the equation in (2.2) becomes

& (so- R p) =

o
()’

From here, integrating from 0 to s, we have

7(s) = o707 ( | mm(a»da)“,

and then a further integration between 0 and s gives (2.3).

Now, let us consider the problem

{ — Ay = [(v) in Bg

v=20 on 0Bg, (2.4)

where Bpg is the ball centered at the origin with radius R. Assume that the
function 3 : R, — R, satisfies the following conditions:

j) B(r) is decreasing;
ji) lim 5(r) < +oo.
According to [26] problem (2.4) has a unique solution v € Wy () which is

radial. Then setting v(|z|) = v(r) and 9(s) = v((i)%) proceeding as in Re-
mark 2.2, we have

(s) = Mg — cn,p / G GE) (/075(@(0)) da)plldT, (2.5)

0
where Mg = maxg, v(z).

Proposition 2.3. Let f : R, — Ry satisfy conditions j) and jj). Let vg, (r)
and vg,(r) be the solutions to problem (2.4), resp., in the balls B, and Bp,,
with Ry, Ry €]0,+00[. Set My = maxp, vg,(v), My = maxp, vg,(z) and R =

min{ Ry, Ro}. If 0(s) = v((win)%) the following statements are true:
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1) My > My = 9p,(s) > vg,(s), Vs € [0, w, R"];
) My > My = R, > Ry.
IIT) The function M(R) is continuous in |0, +oo[ .

Proof. From (2.5) we have

’l;R1 (S) = M1 - Cn7p n ( UR1 dU) ) dr
1 1 pil
Up,(8) = My — cnp n ( B(0r, (0 da) dr.
If I) is not satisfied, being M; = le(O) = Up,(0), there exists 5 €]0, w, k"]

such that Og, (5) = 0g,(8), Ur,(S) > Vg, (s ) for all s €]0, 5[. Consequently,

0= ’6R1 (§) - 6R2(§)

= M;— M, —cn,p/T "D [(/ B(g, (o da) 1— (/Tﬁ(ﬁRz(a))d(f)pl] dr
0

> 0.

Thus, we have a contradiction and I) is proved.

According to the uniqueness of the solution in the ball with radius Ry,
see [26], it is enough to prove that Ry > Ry. If Ry < Ry, we will have by I)
0 = g, (R1) < vg,(R2) = 0 that is absurdo. Then I7) is proved.

Obviously, from II) we derive that the function M(R) is increasing. Now,
arguing by contradiction, suppose that for some Ry the inequality M(R;) <
M(R{) holds. Hence M(Ry) < M(Ry) < M(R]), and at least one of these
inequalities is strict. If M(R,) < M(Ry), take M, €]M(Ry), M(Ro)[ and
consider the following problem:

L WP 0) = Blelr) in (0. R)

v(0) = M,, v'(0) = 0.

Let v, be the unique (classical) solution of such a problem (see [34]). Since
M, < Mg, by 1) v4(r) < vg,(r). Then there exists R, such that v,(R,) = 0
and, by II), R, < Ry, that implies M, < M(R;) < M,, that is absurdo. The
proposition is completely proved. [l

3. First comparison result

Let 2 be a bounded domain in R, n > 2. We consider the problem
{div(a(x,u, Vu)) + H(z,u,Vu) = f(u) in

u(zr) — 00 as x — 0§, (3.1)
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where a(z,s,€) : 2 x R x R" — R™ is a Carathéodory function satisfying, for
some p > 1, the following ellipticity condition:

a(x,s,£)E > |€|P, ae. x €, V(s,§) € RxR" (3.2)

H(z,5,¢) : 2 x R xR" — R is a Carathéodory function satisfying, for some
positive constant v, the inequality

a(z,5,€)6 < H(z,5,6) <HI€fP, ae xeQ Vs, ) eRxR",  (3.3)

and f: R — R, is a continuous function.
We say that u € W,2P(Q) is a weak solution to problem (3.1) if a(x, u, Vu) €
(L7 ()", f(u) € LY (Q) and

loc

—/ a(x,u, Vu)Vipdr + [ H(x,u,Vu)pdr = [ f(u)ydx, (3.4)
: o

Q/

for every ¢ € Wy P(Q) N L®(Y), with ' cC Q and lim,_gq u(x) = +oo.

Let us consider the problem

P _ in OF
{ Ayv + |Vl f(v) Q (35)

v(x) — o0 as  — 007,

where Q7 is the ball such that |Q#| = |€Q)].

Our aim is to prove a comparison result between the solutions to problems
(3.1) and (3.5).

Theorem 3.1. Let u € WLP(Q) be a weak solution to problem (3.1). If f(s) =
(p—1D)'PsP7 f((p—1)logs), s > 0, satisfies i) and ii) in Section 2 and v €
WP (Q#) is the radial solution to problem (3.5), then

loc

inf > essinf . .
essin u(z) > ess in v(x) (3.6)

Before giving the proof of the above theorem we briefly recall the definition
of increasing rearrangement of a measurable function. For a measurable function
u: ) CR" — R one can define the distribution function u, of u as follows:

pa(t) = [{z € Q:u(z) <t}|, teR.

The function pu, is increasing; moreover, its generalized inverse function is the
increasing rearrangement wu, of u

u.(s) = inf{t € R: u,(t) > s}, se€]l0,[Q].
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The spherically symmetric increasing rearrangement of u is defined by
Uy () = u(wnlz]™), x € QF,

where Q7 is the ball centered at the origin having the same measure as €2 and
w,, 1s the measure of the unit ball in R™. For an exhaustive treatment of the
properties of rearrangements we refer to [2,19,20,29].

We finally recall that for a measurable set £ C R of finite measure, the
following well known isoperimetric inequality holds true (see [13]):

P(E) > nwi|B|'"%,
where P(E) denotes the perimeter of E.
Proof of Theorem 3.1. Let u € W,2P(Q) be a weak solution of problem (3.1).

loc

Let us consider, for ¢ > 0, the following function belonging to W, (€)NL>(Q),
for some Q' CC Q:

e“h, u<t—nh
p(x)=qe“(t—u), t—h<u<t
0, >t

where h > 0 and @ = er-1. If we use () as test function in (3.4), using the
ellipticity condition (3.2) and inequality (3.3), we have

1 pu
(p— 1)p_1/ \Val|P doe < —— a(z,u, Vu)Vuer-t dx
t—h<u<t p—1

t—h<a<t
< / f(u) e“hdw—i—/ f(u)e*(t —u)de.
a<t—h t—h<a<t

Passing to the limit in A, in a standard way (see, for example, [1,35]) we obtain

d

D \vapds < / 8(a) da. (3.7)
dt u<t a<t

It is well known that, from the Holder inequality, the Fleming—Rishel coarea
ux (0

formula and the isoperimetric inequality, for a.e. t > M = essinf,cq u(x) = e»-1,
it holds

)
Consequently, by the properties of rearrangements, from (3.7) we derive the
following inequality, a.e. in [0, |€|]:

1 P
(met (o)) d/ vard
u Z.

u<t

1

() (nwi s +)" < /0 " B(U(0)) do, (3.8)



226 V. Ferone et al.

ux (s

)
where we have put U(s) = u.(s) = e»-1 . After an integration, from (3.8) it is
immediate to obtain

_1_
-1

U(s) < M + cnp /Osf(i—l)ppl [/OTﬂ(U(a))da} Cdr, Vselo,]Q]

1 p

where ¢, = (nwg) 71,
For € > 0, because of Proposition 2.1, there exists a ball D. such that the
radial solution w, to problem

{ Apw, = f(w.) in D,

we(x) - 00  asx — D,

is such that minp, w.(z) = M +e. Set w.(x) = W (wy|z|"), We(s) is the solution
to problem

_1
W.(s)=M+e+ Cn,p/ G035 {/ B(WE(U))dU] ’ dr, (3.9)
0 0
in [0, s.], where s. = |D.| < |€2|. Being

M = min U(s) < M +e¢= min W.(s),

s€[0,s¢] s€[0,s¢]

let us prove that
U(s) < We(s), Vse|0,s.]. (3.10)

On the contrary, there exists § € [0, s.], clearly 5§ < ||, such that U(s) = W.(s)
and U(s) < W,(s), for all s € [0, 5]. Then, from (3.8) and (3.9) it follows

0="U(5) — W.(5)

< et ey [ 7D [( / Tﬁ(U(a))do)”ll— (f Tﬁ<wg<a>>da)p11]d7

< 0,

so we have a contradiction. Condition (3.10) is thus proved.

Let us observe that W_(s) is monotonically convergent to a function W (s),
with respect to €. Letting ¢ — 0 in (3.10), it follows

U(s) <W(s), Vsel0,so, (3.11)
where sp = lim._¢s. <| Q| and W (s) is the solution of

_1
p—1

W(s) =M + ¢, /OST(il)p‘H[/OTﬁ(W(a))da} dr, (3.12)
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in [0, so[. Actually it holds that, for every 5§ < s, W.(s) — W(s), s € [0, §,
hence W (s) satisfies (3.12) in [0, so].

Set w(z) = W(wy|z|"), w(z) is the solution of problem

{ Ayw = f(w) in B

w(x) - 00 asx — 0B,

(3.13)

where B is the ball such that |B| = s.
Set v(x) = log(wP~(x)), € B, v(x) is the unique solution of problem

{Apl/+ IVv|P = f(v) in B

v(z) — oo as x — 0B. (3.14)

Let us observe that W(z) = e51 so W(s) = it Then, being U(s) =
eup*f(si), from (3.11) it follows w.(s) < v.(s), for all s€[0,|B|], where |B| = so < |©].
Finally, considering the radial solution v(z) to problem (3.5), the inequality
(3.6) follows from condition |B| < || because of II) of Proposition 2.1. The

theorem is thus proved. ]

Remark 3.2. Let us observe that in the proof of Theorem 3.1 it is contained
the comparison result

ui(s) <wils), Vs €[0,]B]],
where v is the solution to the problem (3.14) in a ball B, such that

essinf u = essinf v.
e z€B
Remark 3.3. We observe that, in order to prove the comparison result in
Theorem 3.1 it is necessary to know that for problem (3.13) there is a unique
solution and the properties established in Proposition 2.1 hold true. Every time
f is such that the above properties are satisfied one can prove Theorem 3.1. The
assumptions we have made on f are an example of a sufficient condition.

Example 3.4. In some cases it is possible to write the solution to problem (3.5)
and then to make explicit the lower bound in (3.6). For example, for 1 < p < n,

one can choose ,
pp

fs)=(p— 1) Ter", (3.15)

where, as usual, p’ = 255, We then consider the problem (3.5) in the form

(3.16)

Apu + |VoulP = (p — 1)P~'en 5" in Bg
v(z) — oo as x — O0Bgp,
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where Bp is the ball centered at the origin with radius R. Clearly G(s) =

(p— 1)t PsPLf((p—1)logs) = s75 ' and the assumptions of Theorem 3.1 are
satisfied. The function

o= ([0 () )

is the radial solution of problem (3.16). Hence, for a solution u to problem
(3.1), with f(u) as in (3.15), in any domain 2 with |Q| = |Bg|, the following

inequality holds:
_ _ —1 1 1
essinfu > ulog [(n p)p n}p— )
z€Q 4 p—1 R

4. Second comparison result

We consider the problem

{div(a(x, u,Vu)) = G(z,u, Vu) + f(u) in

u(z) — oo as x — 0, (41)

where () is a bounded subset of R", n > 2, p is a real number with p > 1, and
a(x,s,€) : QxR xR" — R™ is a Carathéodory function satisfying the ellipticity
condition (3.2), G(z, s,£) : @xRxR"™ — R is a Carathéodory function satisfying
the inequality

Gl,5,6) < [€P,  ae zeQ, W(s,6) €R xR,

and f: R — R, is a continuous function.

Let us consider the problem

{ Ay — |VolP = f(v) in QF (42)

v(x) — o0 as & — 007,

Theorem 4.1. Let u € W,-P(Q) be a weak solution to problem (4.1) and let
F(r)y = (p — 1)yt f(logr'=P), r > 0, be a decreasing function such that
lim, _o+ F(r) < +o0. Ifv € WEP(Q#) is a solution to problem (4.2), then

loc

inf > essinf . 4.
essin u(z) > ess in v(x) (4.3)

Moreover if F(r) € C?*(]0,400[), then

/osf(u*(f))eu*m ar 2 /Osf(v*(r))e”*(’“) dr, rel0, QL (44)
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Remark 4.2. We observe explicitly that problem (4.2) has a unique radial
solution. Indeed, by a suitable change of unknown function (see also problems
(4.10) and (4.11) in the proof below) it is possible to write problem (4.2) in the
form (2.4). The hypotheses made in Theorem 4.1 are such that conditions j)
and jj) in Section 2 are satisfied and, taking into account the results in [26], the
uniqueness of the solution follows.

Proof of Theorem 4.1. We use, for t > 0, the following test function in the weak
formulation of problem (4.1),

e “h, u>t+h
plx)=qe™“(u—t), t<a<t+h
0, i<t

where b > 0 and @ = e 71, Proceeding as in the proof of Theorem 3.1 we
obtain, instead of (3.8),

1

(—U’(s))pﬂ(nwéslw)p < /OSF(U(U)) do, (4.5)

_ux(s)

where we have used the definition of F(r) and we have put U(s) = e »-T.
After an integration one immediately obtains

Uls) > M — e, /ST(il)(ppl) (/OTF(U(U)) da)pldr, (4.6)

0

ux (0) 1 p

where M = U(0) = e »1 and ¢, = (nwyi) 7.
For € > 0, because of Proposition 2.3, there exists s. > 0 and a function
w.(x) such that sup,cp. w.(x) = M — € and w.(x) is solution to problem

— Apw. = F(w;) in D,
w, =0 on 0D.,

where D, is the ball centered at the origin such that |D.| = s.. The function
we(z) is radial and W, (wy|z|") = w.(z) satisfies, for s € [0, s.],

W.(s) = M — ¢ —cn,p/S G GE) (/0 F(W.(0)) da)pildr. (4.7)

0

Being U(0) = sup,ep o U(s) > We(0) = supyep,.We(s), there exists § > 0
such that U(s) > W,(s) in [0,0[. We claim that

U(s) > W.(s) Vs e [0,min{s., |Q[}]. (4.8)
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Otherwise there exists § > 0 such that U(s) > W.(s) in [0, 5] and U(5) = W.(3).
Then by (4.6) and (4.7) we have

0=U(s) — We(s)

[
=&—C —
n,p 0 Tp/<1_%)

that is a contradiction.

( /0 " PU(o)) da)pil— ( /O T FW.(0)) da>pil

Let us observe that (4.8) implies also s. < |Q]; otherwise we would have
W(12]) > lim,_ ) U(s) = 0 against (4.8). Letting € go to 0 in (4.7) we have

]d7'>0,

U(s) > W(s), Vsel0,so, (4.9)

where sp = lim._os. < |2 and W (s) is solution of

W(s) = M—c, /0 A GE) (/0 F(W (o) da>’”d7.

Set w(x) = W(wy,|z|™), w(z) is a solution of

lim w(x) =0 on JB, (4.10)

{ —Apw = F(w) inB
|x|—0B
where B is the ball centered at the origin such that | B| = s.

v(x)
If we consider the function v(z) such that w(z) = e »-1, z € B, v(z) is the

unique solution of

{Apy —|VvP=f(v) inB (4.11)

v(z) — oo as x — 0B.
Let us observe that W (s) = ¢~ 5%, Then being U(s) = e 5 from (4.9)
we have wu.(s) < wvi(s), for all s € [0,|B][, that implies essinf,cqu(x) =
essinf,epv(z) and

1B| < |9, (4.12)

To prove (4.3) we argue by contradiction. If essinf,cq u(z)=essinf,cp v(z) <
essinf,ep v(x), then by Proposition 2.3 it would follow |B| > |Q#]|. By unique-
ness equality sign cannot occur and this contradicts (4.12). This means

essinfu(x) > essinf v(z).
e reB
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To prove (4.4) we consider (4.5) and we set Uy (s) = st(e*u;f?) dr ob-

0
taining

U/ + >0

PI(FU) U7
(nwnsl %)ﬁ

UL(0) =0, U0)=F (e—“p*—(?)) .

If v(z) is a solution of (4.2), then setting Vi(s) = [ F(e*vp*—(g)) dr we have

o F'(F 1( ))V“
1%)_

(nw;[ S

Vi(0) =0, V{(0)=F (5.

=0

Since F'(r) < 0, a maximum principle gives U (s) > Vj(s), that is (4.4). O

Remark 4.3. Let us observe that in the proof of Theorem 4.1 it is contained
the comparison result

u«(s) <vi(s), Vs e[0,|Bl,
where v is the solution to the problem (4.11) in B, such that

essinf u = essinf v.
e z€B

Example 4.4. As in the previous section, in some cases, it is possible to write
the solution to problem (4.2) and then to make explicit the lower bound in (4.3).
We will limit ourself to the simple case n = p = 2, and we choose

s

f(s)=e"° (4.13)
We then consider the problem (4.2) in the form
Av— Vo2 =e"*" in Bpg (4.14)
v(z) — oo as © — 0Bp,

where Bp is the ball centered at the origin with radius R. Clearly F(r) =
r f(—logr) = e™" and the assumptions of Theorem 4.1 are satisfied. If we put
Lr =4+ 2v4+ 2R?, the function

L% — 8|x|?
— —log [ 21og 2B 2171
v(w) 0g< 8 g )

is the radial solution of problem (4.14). Hence, for a solution u to problem (4.1)

with f(u) asin (4.13), in any domain Q with |Q2| = | Bg|, the following inequality
holds:

Lr
infu>—1 2log — |.
essinfu > og( 0g 8)
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