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Abstract. We introduce a new class of measures of noncompactness related to asymp-
totic stability and ultimate monotonicity in the space of continuous and bounded
functions on an unbounded interval. With help of those measures of noncompactness
and a fixed point theorem of Darbo type we investigate the existence of asymptotically
stable and ultimately nondecreasing solutions of some quadratic functional integral
equations of Hammerstein—Volterra type.
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1. Introduction

The theory of integral equations is an important branch of mathematical analy-
sis. This theory applies to many real world problems, especially in mathematical
physics, mechanics, engineering, biology, economics and so on (cf. [1, 13, 16,
18, 21, 22, 23]). It is worthwhile mentioning that, building on the theory of
integral equations one can answer many questions arising in the kinetic theory
of gases, the theory of radiative transfer and the theory of neutron transport
(14, 15, 19, 20].
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The principal aim of this paper is to study the existence of solutions of
quadratic functional integral equations in some special classes of functions.
Namely, we will look for such solutions of integral equations which are simulta-
neously asymptotically stable and ultimately nondecreasing in the sense defined
below. The main tools which will be used are the technique of measures of non-
compactness and a fixed point theorem of Darbo type.

In order to realize our purposes we define a class of measures of noncom-
pactness related to asymptotic stability and ultimate monotonicity. The use
of those measures of noncompactness enables us to prove that some quadratic
functional integral equations of Hammerstein—Volterra type have solutions in
the space of bounded and continuous functions on the real half axis which are
nonnegative, asymptotically stable and ultimately nondecreasing.

The results of this paper generalize several results obtained earlier. More-
over, our main theorem obtained below seems to apply as well to other classes
of functional and functional integral equations.

2. Notation, definitions and some auxiliary facts

In this section we introduce some notation and collect some basic facts needed
in what follows. By R we denote the set of real numbers, by R, = [0, 00) the
set of all nonnegative real numbers.

Let E be an infinite dimensional real Banach space with norm || - [|. We
denote by B(x,r) the closed ball centered at x and with radius r. If X is a
subset of £ then the symbols X and ConvX denote the closure and convex
closure of X, respectively. If X and Y are subsets of £ and A € R then we
write X + Y and AX to denote the usual algebraic operations on sets.

Throughout this paper, we denote by 9z the family of all nonempty
bounded subsets of E and by Mg its subfamily consisting of all nonempty rel-
atively compact sets.

Now we recall a few definitions which turn out to be useful in nonlinear
analysis and its applications (see [2, 3, 5, 7], for example). Given a Banach
space F and a function p : 9Mg — R, in what follows we call the set

kerp={X € Mg : p(X) =0} (2.1)

the kernel of p. In mathematical analysis such set functions p are used over
and over, but in the sequel we will use only set functions which are measures
of noncompactness in the axiomatic sense of [7]. Let us recall the necessary
definition.

Definition 2.1. A set function p is said to be a measure of noncompactness in
E' if it satisfies the following conditions:
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19 The kernel ker p is nonempty and ker yp C M.

2° X C Y implies pu(X) < u(Y).

37 p(X) = pu(X).

4° p(ConvX) = p(X).

52 p(AX + (1= N)Y) < Ap(X) + (1= N)u(Y) for X € [0,1].

6° If (X,) is a sequence of closed sets from Mg such that X, .1 C X, (n =
1,2,...) and if lim, o p(X,) = 0, then the intersection set Xoo = (), X,
is nonempty.

Measures of noncompactness are closely related to the following fixed point
theorem of Darbo type (cf. [17,7]) which will be used further on.

Theorem 2.1. Let Q) be a nonempty, bounded, closed and convexr subset of a
Banach space E, and let V : Q — Q be a continuous mapping. Assume that
there exists a constant k € [0,1) such that u(VX) < ku(X) for any nonempty
subset X of Q. Then V has a fixed point in the set €.

We remark that, under the hypotheses of Theorem 2.1, it can be shown [7]
that the set of all fixed points of the operator V' in () always belongs to the
kernel ker . This observation, although being quite simple, will be crucial in
our further considerations.

Now let us introduce two Banach function spaces which we will use in
our existence theorems for functional integral equations in Section 5. Namely,
denote by B(RR,) the space consisting of all bounded real functions on the half-
line R, , equipped with the standard supremum norm

2]l = sup {|z(£)] - t € Ry} (2.2)

Together with B(R,) we will also consider the closed subspace BC(R,) of all
continuous functions z € B(R,). Obviously, both B(R;) and BC(R,) are
Banach spaces with respect to the norm (2.2).

In what follows we assume that 2 is a nonempty subset of the space BC(R )
and V' is an operator defined on §2 with values in BC'(R;.). Consider the operator
equation

z(t) = (Vx)(t), (t>0). (2.3)

Definition 2.2. We say that solutions of equation (2.3) are asymptotically
stable if there exists a ball B(zg, ) in the space BC(R ) such that B(xq,r)N #
() and for each € > 0 there exists T' > 0 such that |x(t)—y(t)| < e for all solutions
x,y € B(xo,r)NQ of (2.3) and for t > T.

We mention that the concept of asymptotic stability in the sense of Defini-
tion 2.2 was introduced in [9, 10]. Clearly, a unique solution of equation (2.3) is
always asymptotically stable in the sense of Definition 2.2, so only in the case
of multiple solutions this notion becomes interesting.
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3. Some set functions in the spaces B(R;) and BC(R;)

In this section we will work in the space B(R, ) or in its closed subspace BC(R)
described in the previous section. Let us recall that both spaces are endowed
with the standard supremum norm (2.2).

For a function # € B(R;) and fixed T' > 0 we define the quantities

x(t)] T <t<s}
z(s)]: T <t<s}.

dr(z) = sup {|z(s) — x(t)
ir(x) =sup {|z(s) — x(t)

’ _
| _
The quantity dr(x) represents the so-called modulus of decrease of the function x
on the interval [T, 00), while ir(z) represents the modulus of increase of x on
the interval [T, 00). These quantities have been introduced in [8] in the case of
a bounded interval [a,b] (cf. also [11]).

Next, for X € Mpr,) we put
dr(X) =sup{dr(z) 1z € X}, ip(X)=sup{ir(z):ze€ X}. (3.1)

Observe that the functions 7" — dr(z) and T+ ip(z) are nonincreasing on the
half-axis R, . This implies that the limits

doo(z) = Tlim dr(z), ie(z)= Tlim ir(x)
exist. Similarly, since T" — dr(X) and T+ irp(X) are also nonincreasing on
R, the limits

doo(X) = lim dp(X), (X)) = lim ir(X) (3.2)

exist as well. In what follows, we will we will say that a function x € B(R,) is
ultimately nondecreasing if do(x) =0, and ultimately nonincreasing if i (x)=0.

Consider now the families ker d., and ker iy, in the sense of (2.1). If a set X
contains only functions which are nondecreasing (resp. nonincreasing) on R
or on a subinterval [b,00) of R, then clearly X € kerd., (resp. X € keriy,).
This implies, in particular, that neither kerd,, nor keri,, is the kernel of a
measure of noncompactness in B(R ), and so neither d., nor i, is a measure of
noncompactness in the space B(R,). However, as we will see later (see (3.10)
and (3.11) below), one may use the set functions d., and iy to construct a
natural measure of noncompactness in the subspace BC(R).

Suppose now that a set X consists entirely of functions having limits at
infinity and tending to their limits uniformly with respect to X, i.e., the limit

lim z(t) = g, (3.3)

t—o00
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exists uniformly with respect to x € X. We claim that in this case X €
kerd,, and X € keri,,. To see this, we first remark that such a set X can be
characterized by the relation (see [6,7])

lim {sup {sup {|z(t) — z(s)| : t,s > T}}} =0. (3.4)

T—oo | zex

Thus, for € > 0 we can find 7' > 0 such that |z(t) — z(s)| < e for all t,s > T
and for each x € X. Hence, taking s > t > T and choosing any z € X we
obtain the estimates

(s) — 2(0)] — [(s) — 2(0)] < 2Aa(s) — a(t)] < 2
and
|l2(s) = 2(t)] = [2(t) — 2()]] < 2J(s) —x(t)] < 2¢.
This shows that dy(X) < 2¢ and iy (X) < 2¢, by definition (3.2), and so

X € kerd,, and X € keri,, since € > 0 was arbitrary.

We will show later that condition (3.4) is sufficient, but not necessary for
a set X to belong to the families ker d, and keri,,. A condition which is both
necessary and sufficient is contained in the following theorem.

Theorem 3.1. A bounded and nonempty subset X of the space B(R,) belongs
to the family ker dy, if and only if for any € > 0 there exists T' > 0 such that
for each x € X and for all s >t > T the inequality

x(t) <x(s)+e (3.5)
holds.

Proof. Suppose first that X € kerd,,, and let ¢ > 0. Then there exists T' > 0
such that for each x € X and for all s > ¢ > T we have

|2(s) = ()] = [#(s) —z(t)] < e. (3.6)
If z(s) > x(t) for s > ¢t > T, then (3.5) is satisfied. Conversely, if z(s) < x(t),
then |z(s) — z(t)| = —[z(s) — z(t)], and from (3.6) we get
|2(s) — x(t)] — [2(s) — ()] = —2[z(s) —2())] <e,

hence z(t) < z(s) + § < z(s) + . This shows that for any € > 0 there exists
T > 0 such that for every x € X and for all s >t > T the inequality (3.5) is
satisfied.

Conversely, assume now that the condition (3.5) holds. Fix ¢ > 0 and
choose T' > 0 according to (3.5). Further, let x € X and t¢,s be such that
T <t<s. If z(s) > x(t), then we have

|2(s) = x(t)] = [(s) —z(s)] =0 <e.
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On the other hand, if z(s) < x(t), then in view of (3.5) we obtain x(t) —x(s) < ¢,
hence

[2(s) = x()] = [2(s) = x(t)] = =2[z(s) — 2(t)] = 2[z(t) — 2(s)] < 2¢.

In both cases we have shown that dp(z) < 2¢ for any function z € X, and so
dr(X) < 2e, by (3.1). Since € was arbitrary we have d.(X) = 0 as claimed.
This completes the proof. n

Of course, in exactly the same way we can prove the following parallel result
for kerio,.

Theorem 3.2. A bounded and nonempty subset X of the space B(R,) belongs
to the family ker dy, if and only if for any € > 0 there exists T > 0 such that
for each x € X and for all s >t > T the inequality x(s) < z(t) + € holds.

In the following theorem we give a necessary condition for a bounded set
X C B(R;) to belong to kerd,, or kerin..

Theorem 3.3. Let X € kerd,, or X € keri,,. Then each function v € X has
a finite limit at infinity, i.e., the limit (3.3) exists and is finite.

Proof. First let us notice that, in view of the boundedness of x, if the limit
(3.3) exists then it is finite. Suppose that the limit (3.3) does not exist for
some function x € X. Then x does not satisty the Cauchy condition, i.e., there
exists g > 0 such that for each T > 0 we find ¢, s with s > ¢t > T such that
|z(s) — x(t)] > eo. This implies that there exists an increasing sequence {t,}
such that T'<t¢,, — oo as n — oo and

2(tnsr) — 2(t)] = 0. (3.7)

In view of the boundedness of the function x, the sequence {z(t,)} is bounded.
By the classical Bolzano-Weierstrass theorem there exists a subsequence {x(t,) }
of the sequence {z(t,)} which is convergent to a finite limit, say x,. Moreover,
there exists a monotonic subsequence of the sequence {x(tx, )} (which we denote
by the same symbol {z(¢x,)}) which converges to z,. Without loss of generality,
we may assume that {z(t, )} is nondecreasing.

Thus, keeping in mind (3.7) we get
|$(tk?n+1) - x(tkn)‘ = $<tkﬂ,+l) - x(tkn> 2 EO ?

and so x(tg,.,) > x(tg,)+neo forn =1,2,.... But this implies lim,, .o z(t,) =
0o, contradicting the boundedness the sequence {xz(t,)}. This completes the
proof. n
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We point out again that Theorem 3.3 gives only a necessary condition (ex-
istence of the limit (3.3) for each x € X), while condition (3.4) is only sufficient
(existence of this limit uniformly with respect to z € X) for a set X to belong
to ker dy, (or to keriy,). This is illustrated by means of the following example.

Example 3.1. Consider the set X C B(R,) consisting of all functions z,, (n =
1,2,...) defined by

0 for t€[0,n)
zo(t) =< t—n for te€n,n+1)
1 for t>n+1.

It is easily seen that dr(x,) = 0 for each fixed ' > 0 and for any n = 1,2,.. .,
and so dr(X) =0, by (3.1). Consequently, do(X) = 0 as well, by (3.2).

On the other hand, observe that all functions belonging to X tend to 1 at
infinity, but not uniformly with respect to X. So (3.3) holds with g,, = 1, but
(3.4) fails. Let us also remark that i, (X) = 1 in this example.

Now we introduce and study some measures of noncompactness involving
the quantities d,, and i defined above. To this end, we first recall the con-
struction of a special measure of noncompactness for continuous functions from

[7] (cf. also [6]).
For fixed € > 0 and T' > 0 we denote by

wh(z,e) =sup {|z(t) — x(s)|: t,s €[0,T], |t —s| <&}

the usual modulus of continuity of a function x on the interval [0,T]. Next, for
a nonempty bounded subset X of the space BC(R,) we put

wl'(X,e) =sup{w’(z,e): z€ X}, wp(X)=limw"(X,¢),

—0

and
wo(X) = lim wi (X). (3.8)

T—o00

In what follows, for t € R, we will use the shortcut
X(t)=A{z(t):x € X}, diam X(t) =sup{|z(t) —y(t)]: z,y € X}.
Then the function p defined by the formula

p(X) = wo(X) +limsup diamX (t) (X € Mpew,)) (3.9)

t—o0

is a measure of noncompactness in the space BC(R,) in the sense of Defi-
nition 2.1. This measure has also some additional properties [6]. Note that
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the kernel (2.1) of the measure p can be characterized as follows [6]: A set
X € Mpe(r,) belongs to ker p if and only if X is locally equicontinuous on R
and the “thickness” of the bundle X (¢) formed by the elements of X tends to
zero as t — oo.

In the sequel we consider the functions pg and p; defined on the family
meC(Rg by
pa(X) = p(X) + doo (X) (3.10)
and
(X) = p(X) + ine(X), (3.11)

respectively, where p denotes the measure of noncompactness (3.9), while d,
and i, are given by (3.2). It is not hard to see that ug and p; are in fact
measures of noncompactness in the sense of Definition 2.1. For example, the
condition 6° of Definition 2.1 follows easily from the inequalities pq(X) > pu(X)
and 11;(X) > p(X) (for X € Mpewr,)) and the fact that p is a measure of
noncompactness in the space BC(R,).

To give a simple example, for the set X € Mpr,) (actually, X € Mper,))
from Example 3.1 we have

doo(X) =0, io(X) =wo(X) = limsupdiamX (t) = 1,

t—o00

pi(X) =3, p(X) = p(X) =2.

The kernel (2.1) of pg and p; may also be easily characterized: For example,
a set X € Mpor,) belongs to ker py if and only if X is locally equicontinuous
on R, , the thickness of the bundle X (¢) formed by the elements of X tends to
zero as t — 00, and all functions x € X are ultimately nondecreasing on R,. Of
course, a similar characterization holds for the kernel ker u; of the measure of
noncompactness p;. These characterizations of ker 1y and ker p; will be crucial
in our further considerations.

4. Properties of superposition operators related to
ultimate monotonicity

One of the simplest and most frequently used nonlinear operators is the so-
called superposition operator (cf. [4]). Given an interval J C R, we denote
by X a set of functions x : R, — J. Furthermore, given a function of two
variables f : R, x J — R, we may assign to every function z € X; the function
Fz defined by

(Fz)(t) = f(t,z(t)) (t>0). (4.1)
The operator F' defined in this way is called the superposition operator generated

by the function f. In the sequel we will suppose throughout that the following
hypotheses are satisfied:



Measures of Noncompactness 259
(o) The function f is continuous on the set R, x J.

() The function ¢ — f(t,u) is ultimately nondecreasing uniformly with re-
spect to u belonging to bounded subintervals of J, i.e.,

Tlijrgo{sup{\f(s,u)—f(t,u)\—[f(s,u)—f(t,u)] cs>t>T, ue it} =0

for any bounded subinterval J; C J.

(7) For any fixed t € R, the function u — f(¢,u) is nondecreasing on J.

(0) The function u — f(t,u) satisfies a Lipschitz condition, i.e., there exists
a constant k& > 0 such that

[f(t,u) = f(t,0)] < Eklu— vl (4.2)

for all t > 0 and all u,v € J.

Theorem 4.1. Suppose that the assumptions () — (0) are satisfied. Then the
inequality

doo(F) < kdoo(2) (4.3)

holds for any x € X; N B(R,), where k is the Lipschitz constant from (4.2).

Proof. Choose a bounded function x € X; and fix 7" > 0. We define a subset
I CR, x J by

I"={(t,s) €Ry xR : T <t < sandz(t) = z(s)}.

Then for (¢,s) € I' we have

Hence, keeping in mind the boundedness of x and assumption (3) we get

71iﬁrrolo{sup{!(FCC)(S)—(Fﬂf)(t)\—[(Fx)(S)—(Fflr)(lt)]: s>t>T, (s, t)el]}} (4.4)
=0. '

Now assume that t,s € R, T <t < s and (¢,s) € IT ie., x(t) # x(s). Then
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we obtain

{11, w() = £(L ()]~ [F s, 2(5)) — £ 0, 2()])
< {| AR T o) o)
fhals) - fe),
DD a(s) a0
{11 (s, 2(8)) — T 2] ~ [ (s,2(8) — 1t 2()])
[
- ‘ﬂt,xxz; — i((igx(t)) [2(s) — x(t)]}

(t)]
+{lf(s,2(s)) — f(t, 2(s))] = [f (s, 2(s)) — f(£,2(5))]}
<k-sup{lz(s) —z(@t)| - [z(s) —x(t)]: s>t>T, (t,s) €I}
+sup {[f(s,z(s)) — f(t, x(s))|
—[f(s,2(5)) = f(t,x(s))] s s>t >T, (t,s) ¢ 1]}

Observe that in the second equality sign we used the fact that the expression

W is nonnegative. From these estimates and assumption (3) we

further obtain

Tim {sup{|(F)(s) ~ (Fa) (1) ~[(F)(s) ~ (Fa)(D)]: s> > T, (1,5) £ I7}}

<k Jim {sup {[a(s) = 2(t)] = [(s) —w()] : s >t > T, (t,) ¢ I }}. )

Combining now (4.4) and (4.5) we obtain (4.3), and the proof is complete. [

Theorem 4.1 generalizes a result given in [12]. Note that in the proof of
Theorem 4.1 we tacitly assumed that both the set I7 and its complement R\ I
are unbounded. Obviously, in the case when one of these sets is bounded we
can repeat the same reasoning referring only to an unbounded set.
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A particularly interesting special case in Theorem 4.1 is when we may choose
k < 1in (4.2). In this case (4.3) means that, loosely speaking, the superposi-
tion operator F' generated by f strictly improves the degree of decrease of any
bounded subset X of X ;.

In the following corollaries we consider two special cases where the hypothe-
ses (a)—(0) are easy to verify. The first corollary is an immediate consequence of
the mean value theorem, the second follows from a straightforward calculation.
Afterwards we illustrate these corollaries with two simple examples.

Corollary 4.1. Suppose that the function f : R, x J — R satisfies the
assumptions () and () of Theorem 4.1. Moreover, assume that the partial
deriwative f, exists and is nonnegative and bounded on the set Ry x J. Then f
also satisfies the hypotheses () and (0), where the Lipschitz constant in (4.2)
may be taken as

k=sup{f.(t,u): (t,u) e Ry x J}.

Corollary 4.2. Let a : Ry — Ry be continuous, bounded and ultimately
nondecreasing, and h : J — R differentiable with nonnegative and bounded
derivative on J. Then both functions f(t,u) = a(t)h(u) and f(t,u) = a(t)+h(u)
satisfy assumptions (a)—(8) of Theorem 4.1. The Lipschitz constant k appearing
in (4.2) is given by

k = ||lall e, sup {h'(u) 1 u € J}
in the first case, and by
k=sup{h'(u):ueJ}

in the second case.

Example 4.1. For fixed o > 0, let f : R, X [a,00) — R, be defined by
f(t,u) = a(t)y/u, where

£, t
a(t)=e 4Slnt—|—t+1 (t >0).
It is easily seen that the function a takes positive values and is continuous and
bounded on Ry with [la||pcr,) < 2, but is certainly not monotonic on Rj.
However, since a(t) — 1 as t — oo, from the properties of the quantity d.
established in Section 3 we conclude that d.(a) = 0 which means that a is
ultimately nondecreasing on R .

Further, putting J = [, 00) and h(u) = y/u we see that the derivative

h(u) = % u is positive and bounded on J, and so we may apply the first case

of Corollary 4.2. A trivial calculation shows that k = % « in this example; in
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particular, £k < 1 if a > 1%. Thus, according to Corollary 4.2 the function f

satisfies all the assumptions (a) — (J), and so Theorem 4.1 applies.

Example 4.2. Let f: R, X [3,00) — R be defined by

. gt+1 /1 U
f(t,u) = sin |:7T2t+1 (5—1— 9+u2>] .

We claim that the function f satisfies all assumption («) —(9) of Theorem 4.1 on
J = [3,00). The hypothesis («) is obvious. To see that () holds as well, note
that for fixed u € J we have lim;_., f(¢,u) = sin [%7? (1 + 9+u2)} Consider the
set X ={f(-,u): 3<wu< oo} C BO(R,). The estimate

) t+1 /1 n u .13 /1 n u T 1

sin |7 = —sin |=7 | = - —
2t+1\2  9+u? 2 \2 9+ 3 2t+1

shows that all functions in X tend to their limits uniformly with respect to

the set X. So from the facts established in Section 3 we conclude that the
function f satisfies assumption ().

Now, combining the inequalities 7 < 7354 < 37 and § < 54 55 < %, w
see that st 41 /1
T t+ U
< ~ 4 < 4.6
2_7T2t+1<2 9+u2>—7T (4.6)

for all pairs (t,u) € R, x J. For the partial derivative of f with respect to u

we obtain
f(tu)——g_u2 coS 7T—3t+1 l—l— 4
(9 4 u2)2 20+1\2 9+u2/|"

Consequently, taking into account the estimate (4.6) we conclude that 0 <
fut,u) < &5 on Ry x J, and so we may apply Corollary 4.1 with k = =.
This shows that the function f satisfies all the assumptions («)—(d), and so
Theorem 4.1 applies.

5. Application to a functional integral equation

In this section we will consider the quadratic functional integral equation of
Hammerstein—Volterra type

z(t) =m(t) + f(t,x(t))/o g(t, T)h(T,z(1))dr (t > 0). (5.1)

Integral equations of this type may be encountered in the mathematical mod-
elling of real world problems arising in mathematical physics, engineering, eco-
nomics, biology and so on (cf. [1, 13, 16, 18, 20, 21, 22, 23]).
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Using the measure of noncompactness (3.10) and some results concerning
the superposition operator (4.1) established in Section 4 we will show now that
equation (5.1) has asymptotically stable and ultimately nondecreasing solutions
in the space BC(R,). To this end, throughout this section we impose the
following hypotheses:

(i) The function m : Ry — R is continuous, bounded and ultimately nonde-
creasing with

mo :=1inf {m(t): t € Ry} > 0.

(ii) The function f : Ry x J — R, satisfies the assumptions («) — (y) from
Section 4 on the interval J = [mg, 00).
(iii) There exists a nondecreasing function k : J — R, such that

|[F(tu) = f(t,0)| < E(r)|u— v

for all t € Ry and all u,v € J with |[u —ov| <.
(iv) The function ¢g : Ry x R, — R, is continuous and satisfies the condition

jim {sup { [tlats.7) = gte. 7)1 = lots.7) = gte. s 5> 027}
=0.

(v) The function h : Ry x.J — R is continuous, and there exists a continuous
nondecreasing function p : Ry — R, satisfying p(0) = 0 and

|h(t,u) — h(t,v)| < p(Ju —v|)

for all t € R, and all u,v € J.
(vi) The functions t — f(¢t,m(t)) and t — h(t,m(t)) are bounded on R,.
(vii) The function a : Ry — R, defined by the formula

a(t) = /Otg(t,T)dT

vanishes at infinity, i.e., limy_ a(t) = 0.

Apart from the function a, in what follows we will also use auxiliary functions

b, ¢ and d defined by

b(t) = f(t,m(t))a(t)
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By construction, it is clear from (vii) that the function a is bounded. We claim
that the functions b, ¢ and d are bounded as well. In fact, from (vi) we deduce
that the numbers

F,=sup{f(t,m(t)): te Ry}, H, =sup{h(t,m(t)): teR} (5.3)
are finite. This immediately implies that
b(t) < Fa(t), c(t) < Hypa(t), d(t) < H,f(t,m(t))a(t) = Hy,b(t).
So the four constants
A=sup{a(t):teR.}, B=sup{b(t):teR,},

(5.4)
C=sup{c(t):t € R}, D=sup{d(t):teR;}

are all finite. Using these constants, we impose, in addition to (i)—(vii), a final
condition:

(viii) There exists a positive real number ry which simultaneously satisfies the
inequalities

Ark(r)p(r) + Bp(r) + Crk(r) + D <r
(Ap(r) + C)k(r) <1,
where k(r) is the local Lipschitz constant from assumption (iii) and p(r)
is from assumption (v).

At first glance, the hypotheses (i)—(viii) may appear somewhat artificial. In
the last section we will give a nontrivial illustrative example of equation (5.1)
where all hypotheses (i)—(viii) are satisfied. Now we are in a position to for-

mulate and prove our main existence result for the functional integral equa-
tion (5.1).

Theorem 5.1. Under the assumptions (i)—(viil) equation (5.1) has at least
one solution x € BC(R,) which is nonnegative, ultimately nondecreasing, and
asymptotically stable, and satisfies the two-sided estimate

m(t) < a(t) <m(t) +ro (¢ =0),
where 1o is the number occurring in assumption (viii).
Proof. Consider the subset €2 of the space BC'(R,) defined by
Q={x e BC(R;): m(t) <z(t) for t e Ry} .

We define an operator V' on €2 by putting

(Va)(t) = m(t) +f(ta56(t))/0 g(t, T)h(r, 2(7))dr (£ = 0).
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This operator may be represented in the form
Ve=m+ (Fx)(Hz), (5.5)

where F' is the superposition operator (4.1) and H is the Hammerstein integral
operator defined by

(Hz)(t) :/0 g(t, T)h(r,x(7))dr (t > 0).

With this notation, we may rewrite the functional integral equation (5.1) equiv-
alently as fixed point equation (2.3) for the operator (5.5). In the remaining
part of this section we will show how to apply Theorem 2.1 to this operator.

Let us show first that the operator V' maps the set {2 into itself. To prove
this, fix € . In view of the assumptions (i), (ii), (iv) and (v) we see that the
function Vz is continuous on Ry and (Vx)(t) > m(t) for t € Ry, since both
(Fx)(t) > 0 and (Hz)(t) > 0. To show that Vx € Q it remains to prove that
Vx is bounded on R,.

From (iii) we get, for arbitrary ¢ € R, ,

|((Fz) ()] < [f(E,2(8) — f(t,m(D)| + f(t,m(t))
< k(llz = mlD]x(t) = m@)| + f(t,m(t)) (5.6)
<l =mllk(llz —ml) + f(t, m(t)),

while (v) implies that
|(Hz)()] S/O g(t, D)|h(7, x(7)) = h(7, m(7))| + h(7,m(7))] d7

< /0 g(t;7)[p(lz(7) — m(7)]) + h(7,m(7))] dr (5.7)

< p(llz —m|) / glt.7)dr + / g(t, 7)h(r,m(r)) dr
< p(llz — mla(t) + c(t)

Thus, using the representation (5.5) and multiplying (5.6) and (5.7), by defini-
tion (5.4) of the numbers B, C' and D we obtain

|(Vz)(@)] < [Iml + |z — m[[k(|lx — m|)p(l|z — m[)a(t)
+ ||z = mk(lz = m[))e(t) + p(llz —m))a(t) f(t,m(t))
+c(t) f(t,m(t)) (5.8)
< |lm| + [z — m|k(l|z — m[)p([|x —m])
+ |l = m[lk(|lz — m|)C + p([|lz —m|)B + D.
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Since the last espression in (5.8) does not depend on ¢, we conclude that Vz is
indeed a bounded function on the interval R, , and so Vz € €.

A similar computation as in (5.8) shows that, for arbitrary x € €, the
inequality
Vz —m| < [lz —m|k(|lz —m|)p(l|z —m|)A
+ [lz = m|k(|z = m[)C + p([|lx —m|)B + D
holds, where again we have used the upper bounds (5.4). Hence, taking into

account the first inequality in assumption (viii) we conclude that there exists a
positive real number ry such that V transforms the set

Q,, = QNB(m,rg) ={x € BC(Ry) :m(t) < z(t) <m(t)+roforteR,} (5.9)

into itself. Clearly, the set €2,, is bounded, convex, and closed. In the sequel
we will consider the operator V' on the set €2,, and apply Theorem 2.1 to V' on
this set.

We show now that the operator V' is continuous on the set €2,,. To do this
fix a number € > 0 and take z,y € Q,, such that ||z — y|| < e. Then, by our
assumptions (ii), (iii) and (v) we have

|(Vz)(t) = (Vy)(1)]

£t 2(1)) / g(t, 7)h(r, 2(r))dr — f(t,y(1)) / o(t, 7)h(r, 2(r))dr

<

| t00) [ sttt st = 0,00 [ ot p(r))in
< (b, 20)) — (1, 9(0)

< [ ottt () = bl m(r ) + bl (o)

U7 y(0) — £t m(e)

+ [(t,m(1))] / g(t, )l 2(r)) — h(r, y(r)ldr (5.10)

< k(ro)z(t) = y(1)] /0 g9(t, D)p(|z() = m(7)]) + h(r,m(7))ldr
+ [k(ro)ly(®) — m(t)| + f(t, m(1))] /0 g(t, T)p(|x(T) — y(r))dr

< k(ro)p(ro)a(t)x(t) — y()| + k(ro)e(t)]x(t) — y(1)]

+Tok(ro)/0 g(t,T)p(|lz(7) —y(7)|)dr
+1(em0) [ gt 7)p(le(r) = v()r
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By the definition (5.4) of the numbers A, B and C, this yields
(V) (t) = (Vy)(t)| < k(ro)p(ro)Ae + k(ro)Ce + rok(ro) Ap(e) + Bp(e)

and so the continuity of the operator V' on the set €2, follows from the continuity
of the function p assumed in (v).

In the next step we show that

lim sup diam(V X)(t) =0 (5.11)

t—o0

for any nonempty subset X of €2, . In fact, let z,y € X. Then, for a fixed
t € R, from the estimate (5.10) we obtain

diam(VX)(t) < a(t)k(ro)p(ro)diamX (¢) + c(t)k(ro)diamX (t)

+ rok(ro) /0 o(t, T)p(diam X (r))dr

+ f(t,m(t)) /0 g(t, 7)p(diam X (7))dr
< a(t)k(ro)p(ro)diamX (t) + c(t)k(ro)diam X (t)
+ a(t)rok(ro)p(ro) + b(t)p(ro) -

Consequently, taking into account assumption (vii) we see that (5.11) is true.
We will now combine this with estimates for the set functions (3.8) and (3.9),
in order to derive an estimate for the measure of noncompactness (3.10).

Fix T'> 0 and ¢ > 0, and let x € X. Next, take t,s € [0,7] such that
|t — s| <e. Without loss of generality we may assume that ¢ < s. Then, again
by our assumptions (ii), (iii) and (v) and the representation (5.5) we obtain

|(Va)(s) = (V)(1)]
< |m(s) —=m(t)] + [(Fz)(s)(Hz)(s) — (Fz)()(Hz)(s)|
(@)( H(Hz)(t)] < w”(m,e)
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< wh(m,e) + [k(ro)|z(s) — (1))

) / g5, 1) [h(r, 2(r)) — B, m(r)| + hr, m(7)))dr
T lrok(ro) + £(t, m(®))]

X [ /Osg(S,T)h(T,ZL‘(T))dT - /Osg(t,T)h(T,x(T))dT
/Osg(t,T)h(T, x(7))dT — /o g(t, 7)h(r,x(7))dr }
<wh(m,e) + [k(ro)w" (z,2) + wi(f, )] [a(s)p(ro) + c(s)]

+ [rok(ro) + f(t, m(t))] [/0 l9(s, ) — g(t, 7)|h(7, x(7))dr

_|_

(5.12)

+ /: g(t,T)h(T,ZL‘(T))dT]

< w'(m,e) + [k(ro)w” (z,€) + wi (f,€)] (Ap(ro) + C)
+ [rok(ro) +sup {f (¢, m(t)) : ¢ €[0,T]}]

X [ /0 swg(g,g)[p(ro) + h(r,m(7))]dr

+esup{g(t,7): t,7 €[0,T]}(p(ro) + Hn)|,
where we have used (5.3) and the shortcuts
W?(f, 5): Sllp{|f($,7’)—f(t,7’)| s, TE [OvT]7 |t - S| SE,TE [mOv ||m|| + TO]}
W{(g,&“): Sllp{|g(8,7')—g(t,7')| : ta 8, T € [OaT]v |t - S| < 5} :

Now, from the uniform continuity of the function f on the set [0,7] x
[mo, ||m|| + r0] and of the function g on the set [0,7] x [0,7] we infer that
wl(f,e) — 0 and wl(g,e) — 0 as ¢ — 0. Combining the above statements with
(5.12) we get wl (VX) < (Ap(rg) + C)k(ro)wi (X), and so, by (3.8), also

wo(VX) < (Ap(ro) + C)k(ro)wo(X). (5.13)

Fix T > 0 and take t, s such that s > t > T. Then, keeping in mind the
representation (5.5), for any x € X we obtain



Measures of Noncompactness 269

and hence
!( z)(s) = (V) ()] = [(Va)(s) = (Va)(t)]
dp(m) + (Hx)(s){|(Fz)(s) — (Fx)(t)] — [(Fz)(s) — (Fx)(t)]}
+(Fx)(t){|(va)(8)—(Hx)( )| = [(Hz)(s) — (Hz)(t)]} (5.14)
< dr(m) + (Hzx)(s)dr(Fx)
+ (Fa)(O){[(Hz)(s) — (Hz)(t)| — [(Hx)(s) — (Hz)(t)]} -

Thus, by (5.3) and our assumptions (ii), (iii) and (v) we obtain the estimates

(Hz)(s) < /089(8, 7)[p(ro) + h(r,m(7))]dr < a(s)p(ro) + c(s) (5.15)
(Fz)(t) < [f(t,z(t) — f(t,m@)| + f(t,m(t)) < rok(ro) + F,  (5.16)
and

|(Hz)(s) — (Hx)(t)| — [(Hz)(s) — (Hx)(t)]
/0 o(s, 7)h(r, 2(7))dr — /0 ot 7Y, (7)) dr

’ { /Osg(s;)h (e / tg@,T)h(T,x(T))dT}
/Osg(S,T)h(T,J?(T))dT — /Sg(fa T)h(T, x(T))dT

0

<

+

[y e
[ [ st ot atonar - [ ate.rmiratoar]
_ Uosg(t,T)h(T,x(T))dT— /Otg(tﬂ')h(T,x(T))dT] (5.17)
< /0 lg(s,7) — g(t,7)|h(r,z(7))dr +

/Sg(t,T)h(T,I(T))dT

t

/ [9(s,7) — g(t, ), (7)) — / gt )b, a(r))dr

t

/ {lg(s,7) = g(t,7)| = lg(s,7) — g(t, T)I}h(7, x(7))dr
/ {Ig (s,7) = g(t, 1) = [g(s,7) = g(&, D)HIA(T, 2(7)) = h(7,m(7))]

< (p(ro) + Hy) / {lg(s,m) — g(t.7)] — [g(s,7) — g(t, 7] }dr
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Combining the estimates (5.14)—(5.17), using the assumptions (vi) and (vii),
and taking into account the definition of the functions b, ¢ and d in (5.2) we
finally get

deo(VX) =0. (5.18)

Summarizing, from (5.11), (5.13) and (5.18) we derive the estimate
pa(VX) < (Ap(ro) + C)k(ro) pa(X) ,

where 4 is the measure of noncompactness (3.10). So the second inequality in
assumption (viii) guarantees that the operator V' strictly diminishes the measure
of noncompactness (3.10), while the first inequality in (viii) shows that V' leaves
the bounded closed convex set (1, invariant. By Theorem 2.1, V' has at least
one fixed point x in the set €,, which of course is a solution of (5.1).
Moreover, keeping in mind Definition 2.2 and the fact that all fixed points
of V in Q,, belong to ker y14, we conclude that all solutions of (5.1) from the
set (2., are asymptotically stable and ultimately nondecreasing. Finally, the
two-sided estimate in the assertion of Theorem 5.1 follows of course from the
definition (5.9) of the invariant set €,,. This completes the proof. O

6. An example

In this final section we give an example which illustrates the applicability of the
abstract Theorem 5.1.

Example 6.1. Consider the quadratic functional integral equation of Ham-
merstein-Volterra type

_t : 3t+1 /1 x(t)
t) = t T e
z(t) =3+te 2 + Smlﬂ2t+1(2+9+x2(t)>}

o s (6.)
-3 d
X/D 1+t2—|—74\/1+72 +a(r)dr,
where t € R,. Putting
_t . 3gt+1 /1 U
m(t) =3 +te 2, f(t,u):51n[7r2t+1(§+9+u2)} : 0

g(t,7) T h(t,u):\/ t —-3+u,

1+t
we see that equation (6.1) is of the form (5.1). We are now going to show that
the functions in (6.2) meet all the hypotheses (i)—(viii) of the preceding section.

It is easily seen that the function m satisfies (i) with my = 3 and ||m|| =
3+ 2e~! & 3.73576; so we may consider the function f as in Example 4.2 on
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the interval J = [3, oo) As we have seen there, f satisfies the assumptions (ii)
and (iil) with k(r) = &.

In order to check that the function g satisfies assumption (iv) observe that
for any T' > 0 and for arbitrary ¢, s with s > ¢ > T" we have

/ {lg(s,7) — g(t, )] — lg(s,7) — gt 7)]}dr

/ T T T T d
- - — - T
o Ul+s24+74 1+82+74 I+s2+74 1+82+71

2/8 4 . d
= - T
o L1+824+74 1482474

. 52 1 . 52
= arctan — arctan ———
1412 V1+t2 1+ 82 V1+ s2
1 52
< arctan
V1122 V1+t2

Since the last expression in this estimate tends to 0 as T' — oo, we deduce that
the function g satisfies assumption (iv).

Observing that |h(t,u) — h(t,v)| < y/|u—v| for ¢ € R} and for arbitrary
u,v € J, we see that the function h satisfies assumption (v) with p(r) = /r for
reR;.

Now we show that the assumptions (vi) and (vii) are satisfied as well. For
t € Ry we have

f(t’m(t»:m[ Z: @Wféﬁ(t))} =1

and

h(t,m(t)) = —t/2 < \/1 + 2 =9~ 1.1116

’ 1+ ¢2 V2 e ’
and so (vi) is satisﬁed Moreover, the function a appearmg in assumption (vii)
has here the.form a(t) = [ 5 Taadr = \/? arctan —~— . Clearly, a(t) — 0
as t — oo. Since
1 2 n t?
c(t) <a(t)y/ =+ - £ —————=arctan —,
() < alt) 2 e 2Vy14t2 V142

by (5.2), for the constants defined in (5.4) we get the estimates

™

A<
- 4

B < C<n-<1, D<C<I1. (6.3)

[
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It remains to show that (viii) is satisfied for some ry > 0. The two inequal-
ities from assumption (viii) have here the form

AN&+BWM£Z+D§r

Aﬁ+0<1
72 '

In view of (6.3), each positive solution r of the inequalities

T T T
— 4+ 1<
%8 4w (6.5)

s 7’+ 1 <1
288 72

is certainly a solution of the inequalities (6.4). But it is easy to check that
ro = 3, say, solves (6.5), and so also solves (6.4).

Summarizing, we see Theorem 5.1 applies to equation (6.1), and so (6.1)
has a solution z € BC(R, ) which satisfies the two-sided estimate

VIS

34te 2 <a(t) < 6+te?

for any t € R, since it belongs to the set {24, see (5.9). Moreover, this solution
is, as any other solution of (6.1) from the set €y, both asymptotically stable
and ultimately nondecreasing.
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