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Abstract. We consider a nonlinear Neumann elliptic problem driven by the p-
Laplacian and with a reaction term which asymptotically at +o0o exhibits resonance
with respect to the principal eigenvalue A\g = 0. Using variational methods combined
with tools from Morse theory, we show that the resonant problem has at least three
nontrivial smooth solutions, two of which have constant sign (one positive, the other
negative).
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1. Introduction

Let Z C RY be a bounded domain with a C?-boundary 9Z. In this paper, we
study the following nonlinear Neumann problem:
—Apz(z) = f(z,2(2)) ae. onZ

1
or _ on 87 (1)
on

Here A, stands for the p-Laplacian differential operator defined by

Ayu(z) = div(]| Vu(2) [P Vu(2)).
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where p € (1,400) and n(z) denotes the outward unit normal on 0Z7.

The aim of this work is to establish the existence of at least three nontrivial
smooth solutions, when resonance occurs at +co with respect to the principal
eigenvalue \y = 0. Recently, three solutions theorems, were proved in the con-
text of the Dirichlet p-Laplacian. We mention the works of Carl-Perera [4],
Liu [12], Liu-Liu [13], Papageorgiou—Papageorgiou [17], and Zhang—Chen-Li
[21]. No such results exist for the Neumann p-Laplacian. The existing multi-
plicity results in this direction, do not allow for resonance to occur and impose
additional restrictive conditions, such as that p > N (low dimensional prob-
lem), see Bonanno—Candito [3], Faraci [6], Ricceri [18], Wu—Tan [20], or impose
symmetry conditions on the nonlinearity f(z,-), see Motreanu—Papageorgiou
[16], or produce only two nontrivial smooth solutions, see Filippakis—Gasinski—
Papageorgiou [7]. We should mention the recent work of Gasiriski-Papageorgiou
[10], where the authors produce two nontrivial, smooth solutions, when the po-
tential function F'(z,() = fOC f(z, s) ds admits asymptotic L*-limits as { — £o00
(strong resonance at +00).

Our approach here combines variational methods based on the critical point
theory together with techniques from Morse theory.

2. Mathematical Background

In this section we briefly recall some basic notion and facts from critical point
theory and from Morse theory, which we shall use in the sequel. We also recall
some needed properties about the spectrum of the Neumann p-Laplacian and
we fix our notation.

Let X be a Banach space and let X* be its topological dual. By (,-) we
denote the duality brackets for the pair (X*, X). Let ¢ € C'(X). We say that
@ satisfies the Cerami condition at level ¢ € R (the C.-condition for short), if
the following holds: every sequence {x,},>1 C X, such that

p(en) — ¢ and (14 [za])¢'(2n) — 0 in X7,

has a strongly convergent subsequence. We say that ¢ satisfies the Cerams
condition (the C-condition for short), if it satisfies the C,-condition at every
level ¢ € R.

It was shown by Bartolo-Benci-Fortunato [1], that the deformation theorem
and consequently the minimax theory for the critical values of a function ¢ €
C1(X), remains valid if instead of the usual Palais-Smale condition (see e.g.
Gasinski-Papageorgiou [9]), we employ the C-condition. The two compactness-
type conditions coincide when ¢ € C'(X) is bounded below (see Gasiniski—
Papageorgiou [8, p. 127, Proposition 2.1.2]).

The following notion is helpful in verifying the C-condition.
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Definition 2.1. Let X be a reflexive Banach space and let A: X — X* be
an operator. We say that A is of type (5)4, if for every sequence {x,}n,>1 C X,
such that

x, — x weakly in X and limsup(A(z,),z, —z) < 0,
n—-+0oo

one has z, — x in X.

For every ¢ € C*(X) and ¢ € R, we define the sublevel set of ¢ at ¢, by
¢ ={x € X : p(x) < c}; the critical set of p, by K¢ = {x € X : ¢'(z) = 0};
the critical set of ¢ at the level ¢, by K¥ ={z € K¥: ¢(x) = c}.

If (Y7,Y3) is a topological pair with Yo C Y] C X, then for every integer
k > 0, we denote by Hy(Y1,Y3) the k-th relative singular homology group of
(Y1, Y3) with integer coefficients. The critical groups of ¢ at an isolated critical
point g € X with ¢(z¢) = ¢ are defined by

Ci(p, o) = Hi(¢"NU, " NU \ {zo}) Vk =0,

where U is a neighbourhood of xg, such that K?Ne°NU = {x} (see Chang [5],
Mawhin—Willem [14]). The excision property of singular homology implies that
the above definition is independent of the particular neighbourhood U we use.

Suppose that ¢ € C'(X) satisfies the C-condition and that inf o(K?) >
—00. Choose ¢ < inf p(K¥), the critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X,¢°) Yk >0

(see Bartsch—Li [2, p. 424, Definition 3.4]). Recall that the deformation theorem
is still valid, if the C-condition is assumed (see Bartolo-Benci-Fortunato [1]).
By virtue of the deformation theorem, it follows that the above definition is
independent of ¢ < inf p(K¥).

In the analysis of problem (1), we shall use the following spaces:

— =
)

CNZ) = {u cCY(2): % =0 on GZ} and WM(Z)=CLZ)

with || - || being the usual norm of WP(Z).
The Banach space C}(Z) is an ordered Banach space with positive cone:

Cy ={ueCyZ): u(z) > 0forall z € Z}.
This cone has a nonempty interior, given by

intCy ={ueCy: ulz)>0forallzeZ}.
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Finally let us recall a few basic facts about the spectrum of the negative
p-Laplacian (p € (1,+00)), denoted by (— A,, WiP(Z)). So we consider the
following nonlinear eigenvalue problem:

—Ayz(2) = Mz (2)|P%2(2) ae. on Z
@ =0 on 0Z. @)
on

A number A\ € R is an eigenvalue of (— A, WP(Z)), if problem (2) has a
nontrivial solution, called an eigenfunction corresponding to the eigenvalue .
It is easy to see that an eigenvalue satisfies A > 0. In fact, A\g = 0 is an
eigenvalue with corresponding eigenspace R and it is isolated (i.e., there is
e > 0, such that (0,¢) No(p) = 0, with o(p) denoting the set of eigenvalues of
(— Ap, WEP(Z))). By virtue of the Ljusternik-Schnirelmann theory, we have a
whole strictly increasing sequence of eigenvalues { g }r>1, A — +00. These are
the so called LS-eigenvalues of (—A,, Wr*(Z)). When p = 2 (linear eigenvalue
problem), the LS-eigenvalues are all the eigenvalues of (— A, H}(Z)).

In what follows, we use the notation 7* = max{#£r,0} for all »r € R. By
|- | we denote the Lebesgue measure on RY. Also by || - ||, we denote the norm
of L"(Z) and by || - || the norm of the Sobolev space W1P(Z) or of RY — it will
always be clear from the context, which one we use. Finally,

N .
+oo fN<p

is the critical Sobolev exponent.

In the next section using a variational argument, we produce two nontrivial
smooth solutions of constant sign.

3. The solutions of constant sign

The hypotheses on the nonlinearity f(z, () are the following:

H(f): f: Z xR — R is a function, such that:
(i) for all ¢ € R, the function z — f(z, () is measurable;
(i) for almost all z € Z, the function ( — f(z, () is continuous and f(z,0)=0;

(iii) there exist a function a € L*(Z), and ¢ > 0, such that for almost all
z € Z and all ¢ € R, we have

1f(z, Q)] < alz) + ¢
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(iv) if F(z,¢) = fo z,8)ds, then
F(z,¢)

Cl=+oo  |CP

=0 uniformly for a.a. z € Z

and

(f(2,0)¢ = pF(2,()) = —o0 uniformly for a.a. z € Z;

im
|¢|—=+o00

(v) there exist d < 0 < a, such that

esssup f(z,a) <0< esszinff(z, d)
z

and, if r = max{—d, a}, then we can find &, > 0, such that for almost all
z € Z, the function ¢ — f(z,¢) + &[¢[P72C is nondecreasing on [—r,7];

(vi) there exist 99 > 0, 7 € (1,p), ¢ € (p,p*) and ¢1, 2, c3 > 0, such that for
almost all z € Z, we have

f(z,)¢>0 V¢ 0 <[] < do
f(z,Q)¢ Z —al(l’ V(eR

and

TF(z,¢) — f(2,0¢ = ol¢P — es[¢|? V¢ eR.

Remark 3.1. Condition H(f)(iv) implies that problem (1) is resonant at +oo
with respect to the principal eigenvalue A\g = 0 from the right. Hence the Euler
functional of the problem is indefinite.

Example 3.2. The following function f(({) satisfies the hypotheses H(f). For
the sake of simplicity, we drop the z-dependence:

NI = e CP [T [ <1
2, 2 :
F20— = f 1
Iq K if [¢] > 1,

where ¢ > 2, n=c—2and 1 < pu, 7 < p < g < p*. In this case ¢ = 1 and
d=—1.

We consider the Euler functional ¢: W,'?(Z) — R for problem (1), defined
by

f(¢) =

= b — z,x(2))dz Yz Lp
o) = S[IValp /ZF<, (2))dz Ve W(Z).

Evidently ¢ € C*(Wr(Z)).

First, let us quote a version of the Brezis—Nirenberg theorem due to Mo-
treanu—Motreanu-Papageorgiou [15, Proposition 2.5] on W!P?(Z) versus C}(Z)
local minimizers of .
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Proposition 3.3. If hypotheses H(f) hold and o € WP (Z) is a local C1(Z)-
minimizer of v, i.e., there exists oy > 0 such that

o(w0) < plao+h) YheCLZ), [IHl,,, < o

then xo € CM(Z), and it is a local W P(Z)-minimizer of @, i.e., there exists
02 > 0 such that

p(wo) < (o +h) Yhe W P(Z), Bl Ly, < 02

For the proof we refer to Motreanu-Motreanu—Papageorgiou [15, Propo-
sition 2.5] (our hypotheses on f are much stronger then the ones needed for
Proposition 3.3).

In the next proposition, using variational tools, we establish the existence
of two solutions of constant sign.

Proposition 3.4. If hypotheses H(f) hold, then problem (1) has two smooth
solutions of constant sign:

xg € mtCy and vy € —intCy,
which are local minimizers of .

Proof. First we produce a positive solution. For this purpose, for € € (0, 1), we
introduce the following truncation:

0 if ¢ <0

G (2,0) =4 e+ f(2,0) if¢e0,d] (3)
ea” ' + f(z,a) if( > a.

Evidently this is a Carathéodory function. We set G+ (2,¢) = fo (z,s)ds and
then consider the functional §f: W?(Z) — R, defined by

1 —~
PH@) = IValp + Slal - / Gt (2,2(2) d= Vo € WP (Z).

Clearly ¢F € CYWLr(Z)). Also it is coercive and sequentially weakly
lower semlcontlnuous Therefore, by the Weierstrass theorem, we can find xq €

WLp(Z), such that

= pfwe—wd%) (4)
wir(z)

We may always assume that 6y < min{—d,a, 1} (see hypothesis H(f)(vi)). By
virtue of hypothesis H(f)(vi) and since ¢ > p, we can find 6; € (0, dy) such that

F(2,¢) > f(2,0)¢( >0 foraa. z€ Z, all 0 < |{| < ;. (5)
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From (5) and reasoning as in the case of the Ambrosetti-Rabinowitz condition
(see, e.g., Gasinski-Papageorgiou [8, p. 298]), we can have that

F(2,0) > el for aaz € Z, all [¢] < 61, (6)

for some ¢4 > 0. Using (3) and (6), for £ € (0, d;], we have

r(E) = — / F(2,6)dz < —es"|Z]w < 0,

80 M. = P (xg) < 0= gF(0), i.e., zg # 0. From (4), we have (p)'(x¢) = 0, so
A(xo) + €|$0|p_2$0 = Ngj (o), (7)

where A: W'P(Z) — WP(Z)* is the nonlinear map, defined by
(A(u),v) = / | Vu|P~2(Vu, Vo) dz Vu,v € W,P(Z) (8)
z

and
Nos (0)(-) = 5 (o u() Vu € WEP(2).

On (7) we act with —z; € W*(Z) and obtain ||V |5 + €l|z4 [|5 = 0, so
xyg =0, ie,x9=0, z9#0. (9)

Also, on (7) we act with (zg—a)t € WP (Z) and using also hypothesis H(f)(v),
we obtain

IValgre [ @ e - adi< [ feam-ads <o
{zo>a}

{zo>a}
S0
|[{zo > a}}N =0, ie, z9<a. (10)

Because of (9) and (10), equation (7) becomes A(xg)=Ny(x¢), where Ng(u)(-)=
f(,u(+)) for allu € WhP(Z) (see (3)). From (10), as in Motreanu—Papageorgiou
[16, pp. 24-25, proof of Proposition 12], using the nonlinear Green’s identity
(see, e.g., Gasinski-Papageorgiou [9, p. 211, Theorem 2.4.54]), we have

—A,zo(2) = f(z,20(2)) ae. onZ

%:O on 0Z.

Nonlinear regularity theory (see, e.g., Gasiriski—Papageorgiou [9]), implies that
xo € Cy \ {0}. According to hypothesis H(f)(v), we have

—Apo(2) + &ao(2)' T = f(2,m0(2)) + &o(2)PH 20 ae. on Z,
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s0 Apzo(2) < &xo(2)P~t ae. on Z and from Vazquez [19, p. 192, Theorem 1],
we have
o € int Cy. (11)
Next for § > 0, let us(2) = zo(2) + d. Then us € int C.. We have
—Apus(2) + &us(2)P T = = Dywo(2) + Eao(2)P T+ A(9),

where A € C((0,+00);Ry), A(J) — 0 as & — 0F. Then, using hypothesis
H(f)(v), we have

—Apus(2) +&us(2)P 1 = f(z,20(2)) +&a0(2)P T +A(0) < f(z,a)+&a+A(6).

Let 3, = esssupy, f(z,a) < 0 (see hypothesis H(f)(v)). Choose § > 0 small
enough, such that 3, + A(6) < 0. Hence

_Apqu(Z) + frué(z)pil < g?“apil = _Apa + £rap71-

Acting on this inequality with (us — a)* and assuming that |{us > 0}| ~ >0,
we obtain

o<t/ HVudez+gr/m (Wt — a1 (us —a)dz < 0,
{us>a} {us>a}
a contradiction, hence [{us > 0}[y = 0 and so us(z) < a for all z € Z, 50
z(z) < a for all z € Z and thus

a—1xp € intCy. (12)
From (11) and (12), it follows that we can find r > 0, small enough, such that,

o C -

if B,"(z0) = {2z €CLZ): ||z - onc}ﬁ) < r}, then
~t _ '
ve |ETC71”(10) SO|§§71L(10)

This implies that zy € int C is a local C}(Z)-minimizer of . Invoking Propo-
sition 3.3, z¢ € int Cy is a local W P(Z)-minimizer of .
Similarly, for ¢ € (0,1), we introduce

eldP2d + f(z,d) ifC<d

9- (2,Q) = L elCP2C+ f(2,¢) if (e ld,0] (13)
0 if ¢ > 0.

We set C/J\E—(z, ) :foc/g\;(z, s)ds and introduce the C'-functional 3= : WP(Z) —
R, defined by

. 1 £ A
wJ@=*WVﬂ@+—WW£—/u%(%ﬂ@ﬁh Vo € W,"(2).
p p z
Working with the functional p_ instead of pf and using this time (13), we
obtain vy € —int C;, a second nontrivial constant sign smooth solution of (1),

which is also a local minimizer of (. O
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4. The critical groups at 0 and o~o

Clearly x = 0 is a critical point of ¢. We may assume that it is an isolated
critical point ¢ or otherwise we have a whole sequence of distinct nontrivial
solutions of (1) and so we are done.

Proposition 4.1. If hypotheses H(f) hold, then Cy(p,0) =0 for all k > 0.
Proof. Recall that for some d; € (0,dy), we have
F(2,¢) 2 c4lC|” foraa. z € Z, all || <6y (14)
(see (6)). Combining (14) with hypothesis H(f)(vi), we have
F(z,¢) = cs|C]” + c6|C|P — ¢7[C]? for a.a.z € Z, all € R, (15)
for some cs,cq,cr > 0. Let x € WP(Z)\ {0} and ¢ > 0. Then

tP
p(tr) = —||Vz| — / F(z,tx)dz
p z

tP
< ;Ilvﬂfllﬁ — ot ||z[7 — cat?lll} + crt? ]|

(16)

(see (15)). Because 1 < 7 < p < ¢, from (16), it follows that we can find
t, = t.(z) € (0,1) small enough, such that

p(te) <0 YVt e (0,t,). (17)

Claim 1. There exists r; > 0, such that

d
%go(t:cﬂt:l >0 Ve W;’p(Z), 0< |zl <ri, plx)=0. (18)

For the proof, let x € W?(Z) be such that ¢(z) = 0. Then, using the facts
that p(z) = 0, 7 < p and hypothesis H(f)(vi), we have

L ot = (¢ (@), )
= |Vl — /Z (o 2)a d
- . z|P TF(z,x) — f(z,x)x) dz (19)
(1= 2)i9sly+ [ (rFCer) = sle.a)e)

p
> (1= 2 )IVally + eallely — csllel

> cgllz]|” = col ],
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for some cg,c9 > 0. Because p < ¢, from (19), we infer that we can find
r1 € (0,1) small enough, such that (18) hold. This proves Claim 1.

Claim 2. We have
o(tr) <O vt e[0,1], z € (¢" N B\ {0}, (20)

For the proof, consider z € WF(Z), such that 0 < ||z]] < r; and ¢(z) < 0
(ie., x € (¢’ N B,,) \ {0}). We proceed by contradiction. So, suppose we can
find tg € (0,1), such that ¢(tpx) > 0. Due to the continuity of ¢, we can find
t1 € (to, 1], such that ¢(t1z) = 0. We set t, = min {¢ € [to, 1] : ¢(tz) = 0}.
Then

o(tr) >0 Vit e [ty ta]. (21)
Let u = toz. Then ¢(u) = 0 and 0 < ||u|| = to]|z|] < r. Hence, on account of
Claim 1 (see (18)), we have
L oty >0 (22)
—p(tu :
dtsO t=1

On the other hand, due to (21), for every t € [ty,t2), we have 0 = p(u) =
o(tax) < p(tz). Consequently,

o plta) — plta)
2 t—ty

d

—o(t = < 0. 23
2ot (23)
Comparing (22) and (23), we reach a contradiction. This implies that (20) is
true and so Claim 2 is proved.

Choose r € (0,71) small enough, such that B, N K¥ = {0}. Let h: [0,1] x
("N B,) — ¢"N B, be defined by h(t,r) = (1 —t)z. Because of Claim 2 (see
(20)), h is well defined and it is a continuous deformation. Therefore ©° N B,
is contractible in itself.

Claim 3. For every x € B, with o(x) > 0 there exists a unique ,, € (0, 1), such
that ¢(t,z) = 0.

For the proof, fix # € B, with ¢(x) > 0. The existence of £, € (0, 1) follows
from the fact that ¢(z) > 0, from (17) and from the continuity of t — p(tx)
on [0,1]. We need to show the uniqueness of ¢, € (0,1). To this end, suppose
that there exist 0 < f. < 7> < 1, such that ¢(foz) = ¢(f-x) = 0. From Claim 2
(see (20)), we have @(tf-z) < 0 for all £ € [0,1], so 7, is a local maximum of the
function [0, 1] 5 t — p(tx), hence %cp(tfix)hzl = 0, which contradicts Claim 1
(see (18)). This proves Claim 3.

From Claim 3, it follows that for every z € B, with ¢(z) > 0, we have

(tr) <0 Vte(0,%,)
{ 5<m> >0 Vte (f,1). (24)
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Next let n: B, \ {0} — (0, 1] be defined by

(25)

n(z) = {1 if z € B, \ {0} and ¢(z) <0

t, ifz € B,\ {0} and ¢(z) >0,

with ¢, € (0,1) being as in Claim 3. This is a well defined map. Moreover, due
to Claim 1 (see (18)), (24) and the implicit function theorem, we have that
is continuous. Then we define the map &: B, \ {0} — (¢° N B,.) \ {0} by

() = 4 1@z iz € B\ {0} and (x) > 0
x if v € B, \ {0} and p(z) < 0.

From (25), we see that n(z) = 1 when ¢(z) = 0. Therefore, £ is well defined and
due to the continuity of 7, it is continuous. Moreover, note that ¢| =

— — (¢°NBr)\ {0}
so £ is a retraction of B, \ {0} onto (p° N B,)\ {0}.

2d|(¢oﬂ§r)\{0}7

Recall that B, \ {0} is contractible and retracts of contractible sets, are
contractible too. Therefore (0°NB,)\{0} is contractible in itself. We established
earlier that ° N B, is contractible in itself. It follows that

Hi(¢"NB,, (¢"NB,)\{0}) =0 Vk>0
(see Dugundji-Granas [11, p. 389]), so Cx(p,0) = 0 for all k£ > 0. O]
Proposition 4.2. If hypotheses H(f) hold, then Ci(p,o0) # 0.

Proof. First we show that the functional ¢ satisfies the C-condition. To this
end, let {z,},>1 C W?(Z) be a sequence, such that

p(en)| < My V21, (26)

for some M; > 0 and
(L + [lzalD¢"(2n) — 0. (27)

Claim 1. The sequence {z,},>1 C W,'P(Z) is bounded.

We argue by contradiction. So, suppose that the claim is not true. Then,

we may assume that ||z,| — +oo. Let y, = 7oy for allm > 1. Then |lyall =1
for all n > 1 and so by passing to a suitable subsequence if necessary, we may

assume that

Yp — y weakly in WHP(2)
Yo —y in LP(Z). (28)
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From (26), we have ﬂiﬁg < ”i,ww for all n > 1, so

1 F n M
]—9||Vyn||§ —/ Gotn) o My > 1. (29)
Z

lzallP ™ flzallP

By virtue of hypotheses H(f)(iii) and (iv), for a given € > 0 we can find ¢, > 0,
such that .
|F(z,0)| < =[C]P +¢c. foraa. z€Z, all( €R. (30)
p

We use (30) in (29) and we obtain

M,
Hanp

Ce

1
~[IVynllp < T
p g [lnl[?

£
+ _Hyan +
p p

so, using also (28), we have ||[Vy,[|? < el|y[[h. Because ¢ > 0 was arbitrary, we
let € \, 0 and obtain ||Vy||, =0, s0y =& € R.

If £ =0, then ||Vy,||, — 0, hence ||y,|| — 0, a contradiction to the fact
that ||y,|| = 1 for all n > 1.

If £ # 0, then without any loss of generality we may assume that £ > 0 (the
proof is similar, if we assume that £ < 0). Then we have z,(z) — +oo for a.a.
z € Z. Hence, from hypothesis H(f)(iv), we have

lim (f(z,2.(2))2n(2) — pF (2, 2,(2))) = —00 for a.a. z € Z.

n—-+4o0o

By Fatou’s lemma, we have

lim (f(z,zp)zn — pF (2, 2,)) dz = —o0. (31)

n—-400 z

On the other hand, from (27), we have |(¢'(x,), z,)| < €}, with €/, \, 0, so

‘HV%H]’; - /Zf(z,xn)xn dz| <e, Vn>1 (32)
Also from (26), we have
‘HanHg — /ZpF(z,xn) dz| < pMy Vn > 1. (33)
From (32) and (33), it follows that
/Z (f(z, Tn)T, — pF(z, xn)) dz>—My VYn=>1, (34)

for some My > 0. Comparing (31) and (34), we reach a contradiction. This
proves Claim 1.
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On account of Claim 1, we may assume that

z, — x  weakly in W,?(Z)
x, — x in LP(Z). (35)

From (27), we have

€
Axn,xn—x—/fz,xn T, —1)dz| < —— ||z, — z|| = €7,
(A n =) = [ Jeva)oa = a)ds| < 5l —al

with €/ \, 0, where A is defined by (8). Evidently [, f(z,z,)(2, —z)dz — 0
(see (35)). Hence lim,, . oo (A(zy,), 2, — ) = 0. Using the fact that A is of type
(9)+ (see Definition 2.1), we have

T, — o in WP(2),

so  satisfies the C'-condition.

Next we consider the following direct sum decomposition W*(Z) = R@V,
with V = {z € WP(Z): [,z(z)dz = 0}. By virtue of hypothesis H(f)(iv),
for a given > 0, we can find M3 = M3(3) > 0, such that

f(z,0)¢ —pF(z,¢) < =p foraa.ze Z all|(| > Ms. (36)
Suppose that ¢ > Mj3. Then

d F(2,¢)  f(20¢ —p* ' F(2()
dac ¢ ¢
_ f(z,0C = pF(z,()

o (rHl

fora.a.ze Z

S - gp+1

(see (36)). Integrating this last inequality on the interval [y, u], with M3 < y <
u, we obtain

Flew) Fly) B0 LN ez
up yo o op\ur P h |

We let u — +o0. Using hypothesis H(f)(iv), we have %py) > gyip, SO

F(z,y) > g for a.a. z € Z, all y > Ms;. (37)

Therefore, if £ € R, & > 0, from (37) and since § > 0 was arbitrary, we infer
that

ﬂ@z—éF@@@_ﬁ_m as & — 400,
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Similarly, we show that ¢(§) — —o0 as & — —o0. So, we conclude that
¢(§) — —oo as [{| — +oo. (38)

Now, using (30), for any v € V', we have
1 P 1 p_ e
p(v) = —[IVolly = [ F(z,v(z))dz 2 —||V[[f = —[loll} — c.|Z]n. (39)
p Z p p

From the Poincaré-Wirtinger inequality (see, e.g., Gasiriski-Papageorgiou [8,
p. 224]), we have

Aol <Vl woev, (40)
for some ¢ > 0. Using (40) in (39), we obtain
1 € »
plv) 2 2( 1= 3 ) IVelly = |2l (41)

Choosing ¢ € (0,¢) and since ||Vvl|, is an equivalent norm on V, from (41),
we infer that ¢|, is coercive. Because of this fact and (38), we can apply
Proposition 3.8 of Bartsch-Li [2] and conclude that C;(p,00) # 0. O

5. Three Nontrivial Smooth Solutions

In this section, we prove the full multiplicity theorem (three nontrivial smooth
solutions) for problem (1).

Theorem 5.1. If hypotheses H(f) hold, then problem (1) has at least three
nontrivial smooth solutions xq € intCy, vg € —intCy and ug € CH(Z).

Proof. From Proposition 3.4, we already have two constant sign solutions xy €
intCy, vy € —int C'..

Moreover, we know that both are local minimizers of ¢. Hence
C’k(go, IO) = Ok(go, U0> = 5]@02 Vk 2 0 (42)

(see Chang [5, p. 33] and Mawhin—Willem [14, p. 175]). From Proposition 4.2,
we know that C(p,00) # 0. Hence, there is a critical point ug of ¢, such that

Ci(p,up) # 0 (43)

(see Bartsch-Li [2, Proposition 3.5]).

Also, from Proposition 4.1, we know that

Cr(p,0) =0 Vk >0. (44)
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From (42), (43) and (44), we infer that uy ¢ {0,x0,v0}, hence it is a third
nontrivial critical point of . We have

A(ug) = Ny (uo). (45)

From (45), as before, using the nonlinear Green’s identity, we deduce that uy is
a solution of (1) and uy € C}(Z) (nonlinear regularity theory). O

Remark 5.2. The third solution in the proof of Theorem 5.1 can be obtained
also in another way. Namely, because we already have two solutions zy and
vp being local minimizers of ¢ and ¢ is unbounded from below, so using the
mountain pass theorem we can obtain a third solution uy with no use of Propo-
sition 4.2. Because C}(p,up) # 0 so wg is nontrivial (see Proposition 4.1).
Nevertheless, Proposition 4.2 is of independent interest.

Acknowledgments. The authors wish to thank a knowledgeable referee for
pointing out another possibility of the proof of Theorem 5.1.
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