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Abstract. In the paper, we prove that if the support of the solution of a semilinear
heat equation has the instantaneous shrinking property, then the initial data must
vanish at infinity. We apply the weak comparison principle to prove this conclusion.
We also give an example to illustrate our results.
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1. Introduction

In this paper, we consider the following semilinear heat equation
uy — Au+ |u|"tu =0, (x,t) € RY x (0, 4+00), (1)

where the exponent ¢ will be constant in the range 0 < ¢ < 1(the term |u|?"'u
usually represents a strong absorption term). We also assume initial data

u(z,0) = ug(z) >0, up(x) € C(RYN) N L=(RY). (2)

Such equation appears in the subject of plasma physics, biomathematics and
other applied fields. Under the assumption (2), there exists a unique nonnega-
tive classical solution wu(z,t) of (1). As a result of the strong absorption term,
the solution of (1) may occur a phenomenon called instantaneous shrinking of
the support which is defined as follows.
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Definition 1.1. Suppose u(z,t) € C(RY x [0,7]),0 < T < +oo, u(x,t) > 0,
set

C(t;u) = sup{|z|; u(z,t) > 0}.
We say that instantaneous shrinking of the support (briefly, ISS) occurs for
u(z,t) if ((0;u) = +o00 and there exists 7 > 0 such that ((t;u) < +oo for all
t e (0,7].

By the definition, if ISS occurs for u(x,t), then for any small ¢ > 0 the
support of u(z,t) is bounded although the initial data ug(z) may be positive
everywhere.

The ISS phenomenon has been studied by many authors. The results in [1]
yield the following conclusion: If the initial data ug(z) satisfies

| l‘im up(z) =0, (3)
then ISS occurs for the solution of (1), (2). This result gives a sufficient condi-
tion of the initial data which ensures the occurrence of ISS property. However,
in this paper, we will prove that (3) is also a necessary condition for the emer-

gence of the ISS property for the solution of (1), (2). The following theorem is
our main result.

Theorem 1.2. Let u(z,t) be the solution of (1), (2). Then ISS occurs for
u(z,t) if and only if ug(x) satisfies (3).

Since the results in [1] yield the sufficient part of Theorem 1.2, hence in
order to prove Theorem 1.2, we only need to prove the following theorem.

Theorem 1.3. Let u(x,t) be the solution of (1), (2), and assume that ug(x)
satisfies either

llm\[l inf ug(x) = C > 0, (4)
or
l‘nln inf up(z) =0, limsupug(z)=C > 0. (5)

Then there exists T > 0 such that ((t;u) = 400 for allt € [0, 7]. Therefore 1SS
does not occur for u(x,t) in both case (4) and (5).

It is well-known that the solution of heat equation has the infinite propaga-
tion property even the support of initial data is compact, hence the ISS property
of (1) and (2) is due to the presence of the strong absorption term. Compar-
ing equation (1), here we give some remarks about the following equation with
variable coefficient:

wy — Au+b(z, ) ulfu =0, (z,t) € RY x (0, +00), (6)
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where b(z,t) > 0, 0 < ¢ < 1. In this case, the appearance of the ISS property
for the solution of (6) and (2) depends not only on the behavior of wy(z), but
also on the relationship between b(z,t) and ug(x). For example the results in
[7] (N =1) say that if ug(z) and b(z,t) satisfying

uo(z) < ufW (co > 0,a > 0)
bo
b(I,t)ZW (bo>0,ﬁ>0),

and if f < «(1 — ¢), then ISS occurs for u(z,t) which solves (6) and (2).
See also [5]. Furthermore, for the variable coefficient equation with strong
absorption such as (6), we emphasize that even ug(x) does not vanish at infinity,
i.e., up(z) does not satisfy (3), the phenomenon of ISS property can still occur
under an extra condition of b(z,t). Here we point out that the paper [8] gets
the ISS property when ug(z) is taken in LP(RY)(1 < p < oo) spaces, and what
is even more surprising is that [9, 10] also proves the ISS property when ug(z) is
growing rapidly at infinity, in which ug(z) can be taken the form Agexp(a|z|?)
where Ay > 0,a > 0.

With the effect of the strong absorption term, the solution of (1) and (2)
also has the extinction behavior, which means the solution will vanish after
finite time. See [2, 3, 4] and the references therein for more discussion about
the extinction behavior.

Using comparison principles is one of the main methods to discuss the ISS
property, hence in Section 2 we give some comparison principles which will be
used in the proof of Theorem 1.3, but it is interesting to notice that the classical
comparison principle is not enough for our proof to Theorem 1.3, so we prove a
weaker comparison principle in Section 2. In Section 3, we prove Theorem 1.3.
Section 4 deals with the ISS property under the condition N = 1, ug(z) =
| sin z|.

2. Comparison principles

This section gives some useful comparison principles. For simplicity, throughout
Lemma 2.1-Lemma 2.3, we set

Lu = u; — Au+ f(u),

where f : R — R be a continuous, non-decreasing function. The proofs of
Lemma 2.1-Lemma 2.3 are analogous to that of linear parabolic equations, so
we omit their proofs.
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Lemma 2.1. Let €2 be an open bounded set in RN, T < +o0, Qr = Q x (0,7,
and OpQr = Qr\Qr be the parabolic boundary of Qr. Assume that u,v €
C(Qr) NC2(Qr) satisfy the following condition:

Lv < Lu, (x,t) € Qr
v(z,t) <wu(z,t), (z,t) € 0,Qr.
Then v(x,t) < u(x,t) everywhere in Qr.

Lemma 2.2. Suppose that u,v € C(RYN x [0,400)) N CZ} (RN x (0,+00)) are
bounded and satisfy the following condition:

Lv < Lu, (z,t) € RN x (0, +o0)
v(x,0) < u(z,0), r € RY.
Then v(x,t) < u(z,t) everywhere in RY x [0, +00).

Lemma 2.3. Assume that u,v € C((R¥\B,) x [0, +00)) N C2, (RM\B,) x
(0,+00)) are bounded and satisfy the following condition:

Lv < Lu, (z,t) € (RNM\B,) x (0, 400)
v(x,t) <wu(z,t), (z,t) € IB, x[0,+00)
v(z,0) < wu(z,0), r € RN\ B,,

where By, := B,(0) be the open ball with center 0 and radius n. Then v(x,t) <
u(x,t) everywhere in (RN\B,,) x [0, +0c0).

For a given function, it sometimes does not have continuous first order
or second order derivatives, therefore we cannot apply Lemma 2.1-Lemma 2.3
for such a function. In order to generalize the comparison principles for these
functions, following the idea in [6, 7], we first introduce the following concept
of a weak solution.

Definition 2.4. Let © be an open bounded set in RY, T < 400, Q7 = Q x
(0,7]. We shall say a function u(z,t) is a weak subsolution of equation u, —
Au+ f(u) =0 in Qr if it is continuous in Qr and satisfy the inequality

(0,0 x [0, 41]) = /Q (@, 1)l t)dz — / u(, 0)p(x, 0)da

t1 t1 .
—//ugptdxdt—//uﬁgodxdt
0JQ 0 Jo

t1 690 t1
+// u—det+/ f(u)pdzdt
0 Jao On 0JQ
<0
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for all nonnegative test functions ¢ € Ci’tl (©2x[0, 1)) such that p(z, t)|saxo] =
0 and for all t; < T. We define a weak solution of equation u; — Au+ f(u) =0
in Q7 as a continuous function u(x,t) which satisfies I(u, ¢, Q x [0,%,]) = 0 for
all test functions ¢(z,t) and for all t; < T.

According to Definition 2.4, it is easy to check that a classical solution must
be a weak solution. Suppose now u(zx,t) is a nonnegative classical solution of
equation u; — Au+ u? = 0 in Qr, and let u.(x,t) (0 < e < 1) be the classical
solution of following problem:

(ue)r — Aue + (u)? —e? =0, (x,t) € Qr,
{ us(x,t) = u(z,t) +¢, (x,t) € 0,Qr.

(7)

As for u.(z,t), we have the following lemma which admits that u(x,t) can be
approximated by positive solution of the approximated problem.

Lemma 2.5. u.(x,t) satisfies the following properties:
(i) ut+e <u. <M+ 1, where M = maxg-u(w,t), therefore u.(z,t) has a
positive infimum.
(ii) For small € > 0, we have u. < u+e9(M + 1)9¢ 1,

(iil) we(z,t) — u(w,t) uniformly in Qr as e — 0.
Proof. (i) Let Liu := uy — Au + u?, then we have

Li(u+e) <el= L. < Li(M+1), (v,t)€Qr
u+e=ul(zr,t) <M+1, (z,t)€dQr,

where we have used the inequality (a + b)? < a? 4+ b*(a,b > 0,0 < p < 1). By
Lemma 2.1, we then conclude that u +¢ < wu, < M + 1.

(ii) Let z(x,t) = uc(x,t) —u(z,t), then ud —u? = q fol(eu8 +(1—0)u)?1df-
2(z,t). Set b.(z,t) = qfol(Gu(E + (1 — 0)u)?1df. Since u. > e, we see that
b.(z,t) is well-defined in Q7 and ¢(M + 1)7! < b.(z,t) < €', Now define
Lou :=u; — Au+ q(M + 1) *u. Then for small £ > 0 we get

Lyz < e = L2(8q(M + 1)1qu—1)7 (l’,t) € Qr
2w, t) = <e(M+1)797 (a,t) € 9,Qr.
Owing to Lemma 2.1, we deduce that z(z,t) < e?(M + 1)'7%!, then u. <
w+ (M + 1) 171
(iii) Combining property (1) and (2), we immediately see that u.(z,t) —

u(z, t) uniformly in Qr as e — 0. O

Now we generalize Lemma 2.1 for weak solution as follows.
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Lemma 2.6. Let Q, T, Qr be the same with Lemma 2.1. Assume that u(x,t) is
a nonnegative classical solution of uy—Au+u? = 0 in Qr and v(z,t) is a nonneg-
ative weak subsolution of the same equation in Qr. If v(z,t) < u(z,t)((x,t) €
9,Qr), then v(z,t) < u(z,t) everywhere in Qr.

Proof. We argue by contradiction. If there exists (zg,%9) € @r such that
v(xo, to) — u(xo,tp) > 0, then by the continuity of w and v, we choose § > 0
such that v(z,tg) — u(z,t9) > 0 for all € Bs(zg) C Q. Let now ¥(z) be a
nonnegative C§°(€2) function with supp ¥ C Bj(zo), then we have

Jo (@) [v(z, to) — u(x,to)]dx > 0.
We will show that

/Q D)oz, to) — ul, to)lde < 0, (8)

and then a contradiction occurs.

Let p(z,t) € Ci’tl (2% [0,0]) be a nonnegative function, ¢(z,t)|saxo.] = 0-
By Lemma 2.5, u.(z,t) is a classical solution of (7) , and then u.(z,t) is also a
weak solution of (u.); — Aue + (u:)? — e? = 0 in Q7. Then from the definition
of a weak solution we have

I(ug, 0, Q x [0,t0]) = 0. (9)
On the other hand, v(z,t) is a weak subsolution of (1.1), hence we have
I(v,0,9Q x [0,%]) <0. (10)
(9) and (10) yield

/Q (s o) — e (2, £0)|op(z, £0)dar < / (2, 0) . (x, 0)] o, 0)da

Q

+/0(Xz(v—us)(@ﬁ&p—ca(x,t)gp)dxdt (11)

to to
—/ / (U—ue)g—(pdet—aq/ /godxdt,
0 Joa n 0 Ja

where we have used the equality v? — ud = ¢(v — u,.) fol(Qv + (1 —0)u.)71do =
ce(x,t) (v — u.), with c.(z,t) = qf01 (Bv + (1 — O)u.)?1dh, notice that c.(x,t) is
well defined since u. > ¢ > 0. In view of v(z,0) < u(z,0) < u.(z,0) and ¢ > 0,
from (11) we get that

/[v(x,to) — ue(x, to)|p(z, to)dx
Q

< /Oto/g(v—us)(sot + A — ce(z,t)p)dadt _/otzﬂ(”_ue)g—idet. (12)
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Now we choose smooth functions {c.(x,t)}52; which satisfy
cor(w,t) — co(w,t) in L*(Qr) as k — oo. (13)
Consider the following boundary value problem:

o+ A — cep(z, t)p = 0, (x,t) € Q% [0,10)
o(x,t) =0, (x,t) € 9 x [0, to] (14)
oz, tg) = Y(z), x € €.

(14) is a linear parabolic equation with smooth coefficients, and by the classical
theory ([9]), (14) has a unique C*'(Q x [0, ¢]) solution p.(z,t). By maximum
principles, we see that 0 < (2, t) < max|i(z)| and

5S05k
on

Inserting ¢(x,t) = pe(x,t) into (12), using (15) and the condition v(z,t) <
u(z,t)((z,t) € 0,Qr) , we have

[t = ettt < [ 0 = ulen - oo
L/féﬂ aw*det (16)
< / [0 = e - cpadsa

Taking the limit in (16) with respect to k — +o00, then (13) implies that

<0, (z,t) €9 x [0,t]. (15)

/Q[U(Iato) — ue(x, to)|J(z)dx < 0.

Thanks to Lemma 2.5, let ¢ — 0% in the above inequality, we finally arrive
at (8), and the proof is complete. ]

3. Proof of Theorem 1.3

This section gives the proof of Theorem 1.3. The main tool in the proof is
comparison principles that are established in Section 2. We prove Theorem 1.3
in three cases.

Proof. Case 1: wug(x) satisfies (4).

In this case, fixed ¢ € (0, 1), we construct an auxiliary function

v(z,t) =eC(1 = At)Y, (17)
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where w = ﬁ, A > 0 to be fixed later, a; = max{a,0}. Note that w > 1, and
by direct calculation we find that

v—Avto? = (1=\)Ta <— : A -5C’+(5C’)q> <0, (z,6)eRYx(0,1], (18)

if we choose A = \(C, ¢, q) large enough.

Since liminf|; o uo(x) = C > 0, it follows that there exists n > 0 such
that ug(x) > eC' if |z| > n. Thus we have

v(z,0) =eC <up(z), |z|>n. (19)

On the other hand, by the continuity of v and u, we can find 71 = 71(n) > 0
such that

v(x,t) <wu(z,t), |z|=mn,tel0,n] (20)

By Lemma 2.3, it follows v(z,t) < u(z,t), (x,t) € (RM\B,) x [0, 7], from (18)-
(20), where we choose 7 < min{s,7}. Hence (17) and the above inequality
imply that u(z,t) > 0, (z,t) € (RV\B,) x [0, 7], thus ISS does not occur for
u(z, t).

Instead of continuing to prove Theorem 1.3, we here turn to prove the
following proposition.

Proposition 3.1. Given xy € R, ¢g > 0, 6 > 0. Let f(x) be a function
satisfying

D(x — o) + co, x € [xg — 0, x0)
f(x) = ¢ —L(x —x0) + o, € [T, 20 + 0]
0, else,

and u(x,t) be the solution of equation (1) (N = 1) with initial data ug(z) =
f(x). Then there exists 7o = To(co) > 0 such that

u(zo, t) >0, forallte[0,7).

Remark 3.2. The graph of f(x) is a "tent” of height ¢ = f(z¢) and width 20,
lying above the interval [zg — 0,29 + 0]. The most important point in this
proposition is that 75 only depends on the height of the ”tent” function f(z),
and does not depend on the width, thus 79 does not depend on the slope of the
"tent” function.

Proof. Fix € € (0,1). Let us consider the function

o(w,t) = e f(x) <1 - W)i (21)
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where w = l%q, a; = max{a,0}. Notice that v(z,t) does not always have

continuous second order partial derivatives. For simplicity, let A(z,t) = 1 —
t
iy and
={(z,t) € (xg — 0,29 + 0) X (0, +00); A(z,t) > 0}
E0 {(z,t) € (xg — §, 20 + 0) X (0,+00); A(z,t) =0}
= {(z,t) € (xg — 0,29 + 0) X (0, +00); A(z,t) <0}.
Then v = 0 in the set £, thus
UV — Vge + 01 =0, (2,t) € E™. (22)

In the set Et\({zo} x (0,+00)), we compute

oA — (1 - q) — w(1 — )] AT )
M ( — 1)(1 - PRAT I (1 — A fr
Since f' =0 a.e., w = ﬁ, omitting the nonpositive terms in the above equality
gives that
—Vy <0 ae. in BT, (23)

It concludes from (21) and (23) that

Vg — Uy + 01 < —eqwquw’l + el f1A%

1 24
= 5qqu“’q(—1— +1)<0 ae. in ET. (24)
—4q

Note that (22) and (24) imply that v(z, t) is a weak subsolution of equation
—Au+u?=01in (xg — d, 29 + 6) x (0, +00), and recall that

v(z,0) =cf(z) <u(x,0), z€ (rg—0d,x0+0)
0=wv(zo£0,t) <u(zgLd,t), t>0.
Using these facts and Lemma 2.6, we have
v(x,t) <wu(z,t), (x,t)€ [xg—09,x9+ ] % [0,+00).

By the definition of v(z,t), we choose 19 = (ecg)'™4, then u(zg,t) > 0 for all
t e [0, T()). ]

We now continue to prove Theorem 1.3.

Case 2: wg(x) satisfies (5), and the dimension N = 1.

Since limsup,_, ., uo(z) = C > 0, then we Can choose a sequence {xy}>°
such that limy 1o 2 = Foo and uo(xk) € (k=0+1,+2,...). In view
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of the continuity of ug(x), we know that there exists {0x};°° _ with & > 0
(k=0,£1,42,...) and the intervals (xy — 0y, zx + O) (K =0,4£1,£2,...) are
disjoint and ug(z) > & for all x € (x4 — Ok, zp, + ) (k= 0,£1,£2,...).

Given k, we now define

%(5’3—%)"'%» T € [z — Ok, k)
fk<.l’) = —%(x—xk;)—k%, x e [xksal’k:"i_dk]
0, else.

From the definition of fi(x), we easily see that
uo(z) > fe(z), z=e€R. (25)
Then (25) and Lemma 2.2 together imply that
u(z,t) > vg(z,t), (x,t) € R x[0,+00),

where vy (x,t) is the solution of (1) with initial data fz. By the previous propo-
sition and above inequality, we know

u(zg,t) >0, te [O, (5%)17(1) L k=0,%£1,...,

which implies that ISS does not occur for u(x,t) in Case 2.

Case 3: wg(x) satisfies (5), and the dimension N > 1.

Since lim supy, ., uo(z) = C' > 0 and ug() is continuous in R, there exists
{xk}iozl = {(xlln ﬂia S 7$kN)}ZO:1 and {5/9}20:1 = {<511:> 51?:7 s 751?)}20:1 satisfying
limg oo |2x] = 00, 0, > 0 (k=1,2,...,00,i=1,2,...,N), up(z) > % for all
x € Bjs,|(z), and the balls Bjs, () (k = 1,2,...,00) are disjoint. Then for
each k£ and 7, we define

1 i 1 i i i

(%)Né(s_xk)Jf(%)Na s € [z}, — Op, )

i 1 L i i i

(s) = —(%)Né(s—xk)ﬂ% N, s € [x, 7, + 0
0, else.

We now set fi(z) = fu(zh,2?,...,2N) = fl(@")f2(@?) - fN(2N). From the
definition we can check that ug(z) > fi(x), v € RY.

Fix e € (0,1), let w = 1%(1, consider the function

on(, ) = & ) (1 _ W)i . (26)

Proceeding similarly as in the proof of Proposition 3.1, we deduce that

U($,t) > Uk('rat)7 (:U,t) < [mllc_(sllwxllﬁ—i_&i] X X [‘T{{V_él]gvv'r;gv—i_él]cv] X [07+OO)7
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thus this inequality and (26) imply that there exists 7 = (5%)17(1 such that

w(zg,t) >0, tel0,7), k=1,2,..., 0. (27)

Then (27) demonstrates that ISS does not occur for u(z,t) in Case 3.
Combining Case 1-Case 3, we complete the proof of Theorem 1.3. n

4. An example

This section gives an example in the case N = 1, ug(x) = |sinz|. By Theo-
rem 1.3, we know that ISS does not occur for the solution of (1) and (2) with
this ug(z), furthermore, we have the following proposition.

Proposition 4.1. Assume that N = 1, u(x,t) be the solution of (1) with
u(z,0) = up(x) = |sinz|. Then there exists € € (0,1) and 7 > 0 such that

: t ¢
u(z,t) > ¢|sinz| (1 - W)Jr, (x,t) € R x [0, 7],
where w = l_lq' Particularly, one has uw(km + 5,t) > 0 for all t € (0,7],

k=0,+1,42, ...
Proof. Consider in (0,7) x (0, 4+00) the function

o(z,t) = esina (1 _ ;)ﬂ , (28)

(esinx)t=2)

where w = %q, e € (0,1) to be fixed. We simply set A(z,t) = 1 — —Lt5— and

1 " (esinz)l-¢
E* ={(z,t) € (0,7) x (0,+00); A(x,t) >0}
E° = {(,t) € (0,7) x (0, +00); A(w,t) = 0}
E™ ={(x,t) € (0,7) x (0,400); A(z,t) <0}
Hence we have
Vg — Vge + 01 =0, (x,t) € E™. (29)
In the set £, a direct calculation gives
vy = —wel sin? xAY ! (30)
and
—Vye = esinzAY — [w(l — q) — w(1 — q)*|etA“ ' sin? % x cos® w
— 2 (w — 1)(1 — q)*#* A% %sin® 3 x cos® x
+ elw(1 — g)tA* tsinz
<esinzA¥ + elw(l — q)tA“ 'sin?z,

(31)
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where we have dropped the nonpositive terms in the last inequality.
Thus (28), (30) and (31) imply that

Vp — Vg + 01 < 9510t :z:A“’q[ — w4 lsint Tz A+t + 1]
< g9sin1 :z:A‘”q[ — % +ele 4 t],
—q

(32)

where we have used the inequality 0 < A(z,t) < 1((x,t) € ET). Now we first
choose £ = £(q) € (0,1) such that —- +¢'77 < 0, then choose 7 = 7(¢) > 0
satisfying 7(q) < !77 and —%} +el7% 4+ 7 <0. Tt follows from (32) that

Uy — Ve + 07 <0, (x,t) € EYN((0,7) x (0,7]). (33)

Owing to (29) and (33), we see that v(z,t) is a weak subsolution of (1) in
(0,7) x (0, 7]. On the other hand, since u(z,t) is the nonnegative solution of (1)
with ug(z) = |sinz|, we have

v(z,0) =esinz < sinx =u(z,0), 0<z<m
v(0,) = 0 < u(0,1), 0<t<r
v(m,t) =0 < u(m,t), 0<t<rT.

Utilizing these facts and Lemma 2.6, we deduce that v(z,t) < u(x,t), (z,t) €
[0, 7] x [0, 7]. Using the same method, we conclude that

vz, t) <wulz,t), (x,t) € 2km, (2k+ 1)7] x [0,7], k=0,£1,£2,.... (34)

If we consider function

(@, 4) = e(—sinz) (1 - ;)w ,

(—esinx)t=1 )

where ¢ and w are the same as in the function v(x,t). Then a similar discussion
yields that

T, t) < ulz,t), (z.t) € [(2k+1)m, (2k+2)7]x[0, 7], k = 0,1, £2, ... (35)

Combining now (34) and (35), we find that

. t ’
U(Z)’J,t)2€|S1H.TI| (1—W)+, (I’,t)ERX[O,T],

hence the proposition is proved. [l

Remark 4.2. By the proposition, we know that for all § € [0,%), there
exists 7 = 7(0,€) > 0 such that u(km + 5 —0,t) > 0, for all ¢ € (0,7] (k =
0,41, +2,...).
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