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A Quasilinear Eigenvalue Problem with
Robin Conditions on the Non-Smooth Domain
of Finite Measure
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Abstract. In this paper, we consider a nonlinear eigenvalue problem involving the
p-Laplacian with Robin boundary conditions on a domain of finite measure. We show
the existence, simplicity and isolation of principal eigenvalue and regularity results
for the corresponding eigenfunction. Furthermore we establish the link between the
Dirichlet and Neumann problems by means of the Robin boundary conditions with
variable parameter.
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1. Introduction

The aim of this paper is to study the existence and main properties of the
principal eigenvalue and corresponding eigenfunction of the following nonlinear
boundary value problem:

—Apu = A|ufP"?u in Q

1
|Vu|p_2% + [uP?u =0 on OS). S

Here 2 is a domain in RV (N > 1) of finite measure, A, denotes the p-Laplacian
operator defined by A,u = div(|Vu|P~2Vu), p € (1,00), v is the outward point-
ing unit normal to the boundary 02, A € R is the eigenvalue parameter. As we
want to deal with domains having non smooth boundary, the condition on 02
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in (1) has to be interpreted in a weak sense that we shall specify later, see
Definition 3.1.

The problem (1) appears in mathematical models for subjects such as
glaciology, nonlinear diffusion, filtration problem [32], power-low materials [20],
non-Newtonian fluids [8], reaction-diffusion problems, flow through porous me-
dia, nonlinear elasticity, petroleum extraction, torsional creep problems, etc.
For a discussion and some physical background, we refer the reader to [16]. The
nonlinear boundary condition describes the flux through the boundary 0€) which
depends on the solution itself. For a physical motivation of such conditions, see
for example [31].

On the other hand, the properties of the principal eigenvalue are of prime
interest since, for example, they are closely associated with the dynamics of the
corresponding evolution equations (e.g., global bifurcation, stability) or with
the description of the solution set of corresponding perturbed problems, see,
e.g., [33]. These properties are: existence, positivity, simplicity, uniqueness up
to eigenfunctions which do not change sign and isolation, which hold, e.g., in the
case of the p-Laplacian operator in a bounded domain with smooth boundary,
see [2,3,6,11].

Eigenvalue problems involving the Laplacian or the p-Laplacian on bounded
domains have been the topic of many other studies. We cite the works [10,12,13,
17-19,21-23]. The Dirichlet and/or the Neumann eigenvalue problem involving
the p-Laplacian

—Apyu = Nu[f?u in Q
ou (2)

u=0 and/or |Vu|p_2$ =0 on 09,

has attracted considerable attention. Recently in [26] the author studied nonlin-
ear eigenvalue problems for the p-Laplacian operator subject to different types
of boundary conditions on a bounded domain.

The “smoothness” of the boundary 0f2 is an important assumption in papers
mentioned above. In this paper we want to extend these results to more general
domains which can occur in applications. In particular, we want to emphasize
that our results cover a wide class of domains with non Lipschitz boundary and
which are allowed to be unbounded in RY.

To this end we have to choose different functional framework than usual.
Namely, we seek weak solutions in a suitable subspace V,, of Wpl () which reflects
the influence of boundary conditions. This allows us to deal with more general
domains by using an inequality due to Maz’ja [28], see Section 2 for the details.
On the other hand, if €2 is bounded and has a Lipschitz boundary, then the
standard space V,, = W}(Q) is a suitable functional framework.
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We also consider parameter dependent boundary conditions,
2 Ou 2
|VulP~ 5 plulP~*u =0 on 05,

with p € [0, 400) and establish the link between the Dirichlet and the Neumann
boundary conditions letting p to approach 0 and oo, respectively.

The paper is organized as follows. In Section 2, we establish necessary
preliminaries and introduce the functional framework. In Section 3, we use a
variational method to show the existence and simplicity of principal eigenvalue
A1 of (1). We also show the regularity of corresponding principal eigenfunction.
In Section 4, we show the isolation of principal eigenvalue. Finally, in Section 5,
we study the dependence of \; = A;(u) on the parameter p > 0 and link the
Dirichlet and the Neumann problem (2).

2. Preliminaries

Let Q be a domain of finite measure [Q2]. Let W, (€2) denote the usual Sobolev
space and for u € W}(Q) let us put [|ul, = ([, |VulPdz)/P. We will write
| - ||, for the L,-norm. We then set

V, = Wi, (2,09)

for a Banach space defined as a completion of W, () N C (Q) with respect to
the norm

lealv, = (Jhull?, + Nulooll} on, )

1

P

uloallL, @) = (/ |u|deN_1> .
o9

Note that the (N — 1)-dimensional Hausdorff measure coincides with the usual
surface Lebesque measure if 0€2 is Lipschitz. These spaces have been introduced
by Maz’ja (see [28, Section 3.6]).

where

Remark 2.1. Since the L,-norms are uniformly convex, also the V,-norm is
uniformly convex. In particular by Milman’s Theorem, V, is a reflexive space

(see [36, Section 5.2]). For v € V, let v = ‘U‘;” and v~ = ‘U‘ “ be the positive
and negative part of v, respectively. Then |v], vt v~ €V, follows directly from

the definition of V.

Further discussion focuses on the fact that for rather general domains {2
the space V}, is more suitable functional framework than W}(Q) and that, in
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general, we can have V, # WI}(Q) Indeed, Maz’ja’s result ([28, Corollary Sec-
tion 3.6.3, p.189]) says that there exists a constant ¢ > 0 (merely depending on
the dimension and not on the set 2) such that

s < e(llulla + lulonloom)

for all u € W(Q)NC(Q). Following the calculations from [15, Sec. 4] (replacing
above u by |ul?, applying Holder’s and Young’s inequalities with usual notation
p = - ~-) we subsequently get

ol = Nl
< c(llfal 1 + el ool £,on) )
= c(plllul " Vaulls + Julaoll;, o
< (0%l Nl + ol )
< P 7/_ P
< c(PIRY Z ulPy + 1905 5 Tl + [,

and hence, taking € small enough, there exists C' > 0 such that

lull s < Cluly, 3)
for all u € V,. In particular, we have continuous embedding V,, < L,(€2) for
q < ﬁ, since the volume of €2 is finite.

Note that for a domain with an outward pointing exponential cusp the V-
norm is stronger than the Wpl—norm and thus by the open mapping theorem
the space V,, is a proper subspace of Wpl(Q) That the norm is strictly stronger
follows from [1, Theorem 5.32], , asserting that for a domain with a sufficiently
sharp outward pointing cusp W (Q) € Ly(Q2) for all ¢ > p, contradicting (3) if
we assume that V, = W (Q). Similar situation occurs when € is an unbounded
domain with finite volume (see [1, Theorem 5.30]).

Let us consider the embedding V,, < L,(Q2). There are domains for which
this embedding is not injective (see [7, Example 4.3, pp.357 and 358| for an
example illustrating this phenomenon in the case p = 2). In other words, due
to the influence of the boundary d€2 there exists a function w € V}, such that
w # oy, but w = or (o). Here, oy, and oy, q) denote the zero elements in V,, and
L,(Q), respectively. Notice that this cannot happen if the trace of a function
from V), is locally defined in a usual sense up to a set of (N — 1)-dimensional
Hausdorff measure zero. The domains for which the embedding V,, — L,(2)
is injective are usually called admissible, cf. [15]. In particular, it follows from
above discussion that any domain with Lipschitz boundary is admissible.
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In order to apply the results from [15] and get L., estimates for principal
eigenfunction as well as to perform some of our proofs, we require our domain
to be admissible. However, it follows from [7, Section 4] that this is not essential
restriction on the domain Q (cf. also [9] and [14, Section 3]). An example of a
bounded domain which is not admissible is constructed in [7, pp.357 and 358].
One can see that the domains of this kind are rather special. On the other hand,
most of the domains which appear in applications do not possess such compli-
cated structure. In particular, due to our approach we can go “far beyond” the
class of Lipschitz domains and to extend some known results for much wider
class of boundary value problems arising in the real world applications.

To be more specific, our approach covers for instance the domains with
cusps. We can consider bounded planar domain

Q:{(x,y)ER2:O<x<1,O<y<eﬁ}.

The boundary 92 is smooth between the points (0,0), (0,1) and (1,0), it has
Lipschitz edges at (0,0) and (0,1), but there is an exponential cusp at (1,0)
(cf. [1, Theorem 5.32]). In particular, the last fact implies that V, # W} (Q).
On the other hand, since the trace of a function from V), is locally well-defined
up to a set of 1-Hausdorff measure zero (i.e., up to the point (1,0)), the set Q
is admissible (cf. [7, Section 4]).

Our results cover also unbounded domains of finite measure like
Q:{(a:,y)eRZ:—oo<x<+oo,0<y<e*“2}.

Finally, we recall the assertions of Maz’ja (see [28, Section 4.11, Corollaries 2
and 3]) from which it follows that the embedding V,, <= L,(2) is compact for
q< %. In particular, we have

Vp == Ly(Q). (4)

3. Existence and simplicity of principal eigenvalue

Since we deal with the domains having non smooth boundaries, the expressions
in (1) do not make sense in general. To make our exposition precise, we give
the definition of a weak solution of (1).

Definition 3.1. We say that (u, \) € V, x R is a weak solution to (1) if for all
¢ €V, we have

/|Vu|p_2VuV¢dx+/ lulP~?ud dH :/\/ lulP~?ue dz.
Q 20 Q

In this case, such a pair (u, A), with u nontrivial, is called an eigenpair, X is an
etgenvalue and wu is called an associated eigen function.
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Let us formulate problem (1) variationally. For that purpose we introduce
the C! functionals Z and J : V,, — R defined by

/|Vu|pda:—|—/ luPdHy-1 and  J(u /|u|pda:

In particular, we have Z(u) = [[ul[y, . It follows from previous definitions that a
real value A is an eigenvalue of problem (1) if and only if there exists u € V,,\ {0}
such that Z'(u) = A\J'(u). Here Z'(u) and J'(u) denote the Fréchet derivatives
of 7 and J at u, respectively. At this point let us introduce the set

M = {u eV, Ju) = 1}
Obviously, we have M # ). Moreover the set M is a C' manifold in V,,.

Theorem 3.2. . There exists the principal (i.e., the least) eigenvalue A1 of (1).
Moreover, A\; > 0 and any principal eigenfunction (i.e., any eigenfunction cor-
responding to ;) belongs to Loo(Q) N C°(Q) for some 6 € (0,1) and it is of
definite sign in €.

Proof of Theorem 3.2. We proceed in standard way. We use the compact em-
bedding (4) and show that Z achieves its infimum on M,

A =1inf{Z(u) : v € M}.
Let (u,) be a minimizing sequence for A, i.e.,

J(u,) =1 and 7}13)101(%) = .
Obviously (u,) is bounded in V. By the reflexivity of V,, it has a weakly con-
vergent subsequence, so by renumbering it we can assume that there exists
@1 € V, such that, u,, — ¢; in V,. The compact embedding V,, —— L,(2),
see (4), implies u, — ¢ in L,(Q), i.e., J(p1) = 1. In particular, o1 Z 0. The
weak lower semicontinuity of the norm in V,, yields A\; < Z(¢y) fﬂ Vi |Pde+
Joa lerlPdHn 1 = llpu 7, < liminf, o ||unH v, = liminf, oo Z(un) = Ay, iee.,

M= T(g1) = / Vel dr + / orlPdHy . (5)
0 o0

It follows from (5) and J(¢1) = 1 that A; > 0 and by the Lagrange multiplier
method we get that A; is the least (principal) eigenvalue of (1) with correspond-
ing principal eigenfunction ¢;. Moreover, if u is an eigenfunction corresponding
to A; then |u| is also an eigenfunction corresponding to A;. It follows from
Daners and Drabek [15, Theorem 2.7], that |u| € Ly (€2). Regularity result of
Tolksdorf [34] implies that |u| € C19(Q) for some § € (0,1). If u changes sign,
there is a point in © at which |u| vanishes. But then it violates the Harnack
inequality of Trudinger [35]. This proves Theorem 3.2. O
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Remark 3.3. Let u € V, be a principal eigenfunction satisfying v > 0 in €.
Then u > 0 a.e. on 0f2 (in the sense of the Hausdorff measure). Indeed, it follows
from the Definition 3.1 with ¢ = —u~ and X\ = X\; that [, |u”[PdHy_1 = 0,
ie., u >0 a.e. on 0.

By convexity argument, as shown in [4], we show that the eigenfunctions
corresponding to A; are unique (up to a multiplicative constant). Our proof
is based on the observation, made in [24, Proposition 4], that for nonnegative
functions u, the functional Z(u) is convex in u?. The proof is included here for
completeness even if it is known in the literature.

Theorem 3.4. . The principal eigenvalue \i is simple.

Proof of Theorem 3.4. In the light of Theorem 3.2 it is sufficient to prove that
positive eigenfunctions u,v € M associated with A\; coincide in 2. Indeed, let
w = (» with ( = # Then w € V, and Wephave fQ wPdx = %(IQ uPdx +
JovPdz) = 1. Hence, w € M. Let 0(z) = o € (0,1),2 € @ . Now we
calculate

V= ¢ (UPIVU —2{— UI’le),

so that, by the convexity of the map s — |s|P, we have

p

1
|Vw[P = ¢'P é(u”_l Vu+ P~ Vo)

1 /uwP Vu P Vo
(g 22

p

¢ wu ¢ w
= o) T 4 1= 8 S .
< (o) 2+ a- o2 )
L/ | Vul? o IVol]?
25(“ | T )
= S (IVul? + (9o,

We note that equality occurs in (6) if and only if ¥* = Y% in Q. Thus,
1
/|Vw|pd:c < —(/ |Vu]pda:+/ |Vvlpdx).
Q 2\ Ja Q
Also we have [, wPdHn_1 = 5( [sq WPdHn_1+ [, vPdHy_1). Hence

Z(w) < =(Z(u) + Z(v)). (7)

DO | —
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On the other hand, v and v are both minimizers of Z on M, then we have

/|Vu|pdm—|—/ udeN_1§/|Vw|pda:—l—/ wPdH n_1
Q 89 Q 89

/|Vv|pd:v—|—/ vdeN_1§/|Vw|pdx+/ wPdHy_1.
Q 89 Q 89

I(u) +Z(v) <2Z(w). (8)
Due to (7) and (8) we have that actually equality holds in (7), and we conclude

1
/|Vw|pdx:—</ |Vu|pdx+/|VU|pdx>.
Q 2\ Ja 0

With respect to (6) we then have ¥* = Y% in . But this implies that V(%) =0

in €, so that v = cv for some ¢ € R. The facts J(u) = J(v) = 1 and u,v
positive in  imply ¢ = 1. This completes the proof. O]

and

Hence

Remark 3.5. It follows from above that the set of all eigenfunctions associated
with the principal eigenvalue A; is one-dimensional vector space spanned by a
single function ¢; € M satisfying ¢; > 0 in 2 and ¢; > 0 on 0f).

4. Isolation of the principal eigenvalue

The proofs in this section are standard for the Dirichlet problem. Since we
have to take care also about the boundary values, we include them here for
completeness.

Theorem 4.1. The principal eigenvalue Ay is isolated, that is, there existsn > 0
such that in the interval (A1, \1 + n) there are no other eigenvalues of (1).

For the proof we need the following lemmas. At first, we recall the “Picone
identity” proved in [5, p.820, Theorem 1.1].

Lemma 4.2. Let v > 0,u > 0 be differentiable in 2. Denote

uP~1
pp—1

V[P 2VoVu,

up
L{u,v) = [Vul” + (p = 1) Vol —p

Up
p—1

R(u,v) = |Vul? — |Vv|p_2v< )VU.

(%

Then
(i) L(u,v) = R(u,v)
(ii) L(u,v) >0 a.e. in Q.
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Next, we show that any eigenfunction associated with an eigenvalue Ay such
that A\g # A; has to change the sign in (2.

Proposition 4.3. Any eigenfunction corresponding to the eigenvalue Ao, \g #
A1 changes sign in €.

Proof of Proposition 4.3. We assume the contrary. Let vy be an eigenfunction
corresponding to the eigenvalue Ay of (1) and assume that vy > 0 (the case
v < 0 being completely analogous). By [15, Theorem 2.7], we have vy € Lo (£2)
and hence according to [34] we have vy € C19(Q) for some § € (0,1). Then
Harnack’s inequality implies that vo(z) > 0 for all z € Q. Note that given
>0, & +E)p —— €V, follows from o1, vy € V,N Loo(£2) and from  being of finite
measure. Hence, for any € > 0 we can apply Lemma 4.2 to the pair ¢, vo + €
and use the fact that ¢ is a weak solution of (1) with A = A, where
can be taken as a test function.

We thus have

(vo +E)

0</ L(p1,v9 + €) dx

R(p1,v0 + €) dx

2

v P _ p—2 szl)
Vi ? — [V~ V oot 1 Vo | dz

Q (U0+€p1

p
pdx—/ PdH —/ Vo “v(L)w da
1/9 aﬂ% M Ql o (vo + €)p~! ’

p
Ve — | @PdHy =Ny [ o —D
/Q Yy ax /(99901 Hn-1 o/QUO (0o + 7] T

1 90]1)
+ T dHnN_
/asz O (g +ept T

P! P!
_ p)\—)\o—d—/pl—o—d_.
/9901< 1 0(v0+e)l’—1) T -~ <P1< (o + ) Hn-1

Letting € — 0 we apply the Lebesgue dominated convergence theorem to obtain
0 < (M — Xo) J, ¥l de = (A — Ag), which is a contradiction since Ag > A; by
the variational characterization of the principal eigenvalue. O

|
>

Lemma 4.4. Let k > 0 be fized and A > 0, A # A\ be an eigenvalue of (1) such
that A < k. Denote Q" = {z € Q: v(z) > 0} and Q= = {x € Q: v(z) < 0},
where v is an eigenfunction associated with \. Then there exists a positive
constant ¢ = c(k, ) > 0 such that

Q" >c and Q7] >c
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Proof of Lemma 4.4. We give the proof for Q~, the other case being analo-
gous. It follows from the Definition 3.1 with ¢ = v, that [, [Vv~|Pdz +
Joo [vTIPdHN_1 = X [ |[v|P dz. By Holder inequality we have

1
o 1, < koI, 19717
On the other hand, by (3) we have
o717, < Cllv IR,
N—-1

Note that |[v~||y, > 0 due to Proposition 4.3. Hence [Q~| > (kC)™™ =¢ > 0.
This proves the lemma. [l

Proof of Theorem 4.1. We proceed similarly as in the case of the Dirichlet prob-
lem. Suppose that A; is not isolated. Then there exists a sequence of eigenvalues
of (1), (An)n>2, with A\, — A;. Let u, be an eigenfunction associated to A,.
Then A\ < A, every u, changes sign in € (see Proposition 4.3), and without
loss of generality we may assume that [|u,||, = 1. Since ||lu,[ly, = A, Jo, lunl? dz
we can assume that (u,) is bounded in Vj,. The reflexivity of V,, yields the weak
convergence u, — @ in V, for some @ € V,, (at least for some subsequence of
(up)). The compact embedding V,, <= L,(€2) implies the strong convergence
up, — U in L,(€2). Moreover J () = 1. On the other hand

Z(a) := ||}, <Uminf|lu,|], =X\ = inf\f/lI(v),
p n—00 p vE

and hence \; = Z(u). By Theorem 3.2, we can assume @ > 0. Since u, — U
in L,(€), then w, — @ in measure, and then (u,) has a subsequence (still
denoted wu,) which converges to @ a.e. in €, then Q| — 0, where Q. = {x €
Q: u,(x) < 0}. But this contradicts Lemma 4.4. O

5. The principal eigencurve

In order to link all three basic types of homogeneous boundary conditions
(Dirichlet, Neumann and Robin), we consider the following nonlinear eigen-
value problem

—Ayu = AuP?u in Q

9)

)
\Vulp’Qa—Z +plulPu =0 on 99,

where 1 is a variable parameter. We study the dependence of A\; = A\ (u) and
@1 =1(p) on p € [0,00).
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We define
Z,(u) = / |VulP de + u/ |ulPdHy-1 and  J(u) = / |u|Pdx,
Q o0 Q

and

A — Ai(p) =inf {Z,(u) 1 u € M},
where M ={u €V, : J(u) = 1}. The graph of \; = A;(u) is called the first
eigencurve of (9).

By similar arguments as in Sections 3 and 4, we can prove the existence,
simplicity and isolation of principal eigenvalue \;(u) of (9) for any fixed p. We
have 1 (p) € M, p1(11) € Loo(Q) N CH(Q) for some § € (0,1) and ¢q (i) > 0
in ©, p1(p) > 0 on OS2

Lemma 5.1. The function \y = A\i(p) is concave in (0,00).

Proof of Lemma 5.1. 1t is easy to see that, u — Z,(u) is an affine and so concave
function. As the infimum of the collection of concave functions is concave, it
follows that A\; = A1 (u) is concave function. O

Lemma 5.2. The function \y = A\ (p) is continuous in (0,00), i.e., for any
o € (0,00), u— po implies Ay (p) — A (o).

Proof of Lemma 5.2. Continuity of A\; = A;(u) follows from Lemma 5.1 and the
fact that a concave function is continuous on its open domain of definition. [J

Lemma 5.3. The function 1 = ¢1(p) is continuous in (0,00), i.e., for any
po € (0,00), p — po implies o1 () — p1(po) i V.

Proof of Lemma 5.3. Let u — ug € (0,00). We introduce an equivalent norm
on V), by

Sl

Jull = ([ullf, + #o ||U|8ﬂ||]zp(am) :

As p1(p) is bounded in V), there exists ¢ € V, such that, ¢;(u) — ¢ weakly
in V,, and ¢;(u) — ¢ strongly in L,(Q2), i.e., J(¢) = 1.
On the other hand, by Lemma 5.2, we know that Ay (1) — Ai(po), hence

i ()= Jim, (00— | a0 1) = i MG =l 1
B 1o B 1o 90 p— 1o
The weak lower semicontinuity of the norm in V,, then yields
M(po) < @l < Timinf [y (u)[[7 = Tim [l () [[” = [l@a (o) I = A (o),
p— o p— o
i.e., AM(uo) = ||@]|P. Hence, ¢ = p1(mo) by simplicity of A (po). Moreover, the

uniform convexity of V,, then implies the strong convergence ¢;(u) — ¢1(po)
in V. O
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The next lemma asserts that A\ = A\;(p) is actually differentiable.
Lemma 5.4. For any po € (0,00), we have

d\
(o) = /a R

In particular, the function Ay = A\ () is non decreasing.

Proof of Lemma 5.4. Let us recall the normalization ¢;(u) € M. For any pos-
itive 1 and g, by using the variational characterization of A\ () and A\ (uo),
respectively, we have

AM(p0) = Lo (01(110)) < Lo (pr(p))  and  Ai(u) = Zu(e1(p) < Zu(pr (o))

Thus,

(1 — o) /aQ p1(p)PdHn—1 < Mi(p) — M(po) < (1 — o) /89 e1(po) dHy -1

Dividing by (x— o) and letting i — po, the result follows from Lemma 5.3. [

Continuity of A;(u) and ¢1(u) at 0 requires a special attention. Let us
assume that €2 is a bounded domain with Lipschitz boundary. Note that (0=)
A1(0) = AN, where AV denotes the principal eigenvalue of the p-Laplacian sub-
ject to the Neumann boundary conditions with corresponding eigenfunction
©1(0) = const.

It follows from the Trace Theorem (see [25,29]) that there exists ¢ > 0
such that for any W} (€2) N C(Q) we have [luloa|z,o0) < c|lull,- In particular,
V, = W, (€). Moreover, given pg > 0, it follows from the definition of ¢ ()
that for all 4 € (0, p0) the norms |l¢i(p)||v, are uniformly bounded. Hence,
there exists ¢ € W, () such that for 4 — 0, we may assume that ¢ (p) — ¢
weakly in WI}(Q) and ¢1(p) — ¢ strongly in L,(£2). In particular, we have
¢1 > 0 a.e. in Q and ¢; # 0 by normalization of ¢;(p). Due to Lemma 5.2 we
also have A(u) — A > 0. Letting y — 0 in

/ IVeor (1) P2V () Vo da + p / o1 (1) [P 201 (1) dH v
Q o0

— () / ()P0 () do,

we conclude that ¢, is a weak solution of the Neumann problem

—Apd1 = A1 P 29 in Q

991

By =0 on 0f).

[V |P~?
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This fact together with ¢; > 0 a.e. in £ imply that ¢; = ¢1(0) = const # 0,
A = A(0) = 0. Substituting ¢ = ¢1() into the integral identity above and
letting © — 0, we get ||o1(u)|lip, — 0 and so, eventually, p1(n) — ¢1(0)
strongly in W (Q).

A

N
A 1

10 L
Figure 1. Graph of p — A;(p) when Aq(po)=AP.

Finally, we proceed to prove that \;(u) — AP and o1 (u) — o as yu — oo,
where AP denotes the principal eigenvalue of the p-Laplacian subject to the
Dirichlet boundary conditions and P is the corresponding eigenfunction.

We observe that the function A\; = \; () is bounded above by AP. Indeed,
let us assume that there is a pg > 0 such that Al(uo):Af’ . By the uniqueness
result for the positive normalized eigenfunction of the homogeneous Dirichlet
problem, 1 (p) is its principal eigenfunction which belongs to Wpl(Q) It then
follows from Lemma 5.4 that %(,uo) = 0. Since A\ = A;(p) is concave and
non decreasing function, we actually have %(u) =0, i.e., \i(p) = AP for all
> o, see Figure 1.

Let the boundary of €2 be regular at a point xy € 92 and the Hopf Maximum
Principle applies at zy. For example, this is the case, when 0f) satisfies the
interior sphere condition at xy. Then ¢ (py) would violate the Robin boundary
condition at x¢ and the equality A\;(uo)=AP never holds with a finite . Due
to the continuity of function A\; = A;(u), we thus have A\ (u) < AP for all u €
[0, 00).

To summarize above discussion, we present the following

Theorem 5.5. . The function A\; = A\i(u) is concave, increasing, continuously
differentiable and bounded above. The function @1 = v1(1) (as a function from
R into V},) is continuous. Moreover, if the Hopf mazimum principle holds at
some point xoy € 0N, the following asymptotic properties as p — oo hold true
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(see Figure 2):

)‘1<:U') < )‘?7 H< [07OO>7 lim )‘1(”) = /\1D7

p—00

and
Jlim flon (1) = @rlly, = 0.

D
Al e — ——— ———— e — e

H

Figure 2. Graph of u — A\ ().

Proof of Theorem 5.5. It remains to prove the asymptotic properties of A\;(u)
and ¢1(p). By Lemma 5.3, (¢1()) is bounded in Vj, as 1 — oo. Then there
exists oo € V), such that, ¢1(u) = @oo weakly in V,, as u — oo and 1 (1) — oo
strongly in L,(2) as u — oo, i.e.,

J(poe) =1, and ¢s >0 inQ.

The weak lower semicontinuity of the norm in V,, yields

A < leoollip
< Z(poo)

:/|V<poo|pd$+/ P dH N
Q o0

< liminf / Ve ()P do + / o ()P dH
H—00 Q o0

~ i Z(1 1)
< lim nf Z, (1 (1)
= hl;rigolf A1)

< litn sup Ay ()

p—00
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< \P.
Le., lim, oo A1 (1) = AP, and o = @P. Moreover, it follows from the above
inequalities that [|1(p)|lv, — [|¢]|lv, as i — oo. The uniform convexity of V,
then implies the strong convergence @1 (u) — ¥ in V, as p — oo. [

Remark 5.6. Our results could be formulated and proved for the nonlinear
eigenvalue problem of the form

—Apu = Aa(z)|uf?u in Q

|Vu|p_2% + pb(z) [ufP~2u = 0 on 9.

Here b(z) € Lo(092) and there exists a constant by > 0 such that b(z) > by;
a(z) € Lﬁ(Q) with some ¢ satisfying p < ¢ < +& or a(z) € Lo(), and
moreover, |[{z € Q: a(x) > 0}| > 0. Then all our proofs can be recovered using

multiple use of Holder’s inequality.
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