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Abstract. We present conditions which are necessary and sufficient for compact
embeddings of Bessel potential spaces H? X (R"™), modelled upon a rearrangement-
-invariant Banach function spaces X (R™), into generalized Hélder spaces involving
k-modulus of smoothness. To this end, we derive a characterization of compact
subsets of generalized Holder spaces. We apply our results to the case when X (R"™)
is a Lorentz-Karamata space L, ,,(R™). Applications cover both superlimiting and
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1. Introduction and main results

The paper is a continuation of [16], where optimal embeddings of Bessel-poten-
tial-type spaces H? X (R™) with order of smoothness o € (0,n), modelled upon
rearrangement-invariant Banach function spaces (r.i.BFS) X (R"), into general-
ized Holder spaces Aﬁgﬂg')(@), 0 <r < +4o0, u € LF, involving the k-modulus of
smoothness, were investigated. (The class £¥ consists of all continuous functions

w:(0,1) — (0,400) that satisfy (2.5) and (2.6) bellow. We refer to Section 2
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2 A. Gogatishvili et al.

for definitions of the spaces in question). To this end, in [16] we have used
a sharp estimate of the k-modulus of smoothness of the convolution of a func-
tion f from an r.i.BFS X(R™) with the Bessel potential kernel g,, o € (0,n).
Such an estimate states that if g, belongs to the associate space of X (R"), then

tn
we(f*go,t) ;j/ sn1f*(s)ds for allt € (0,1) and every f € X(R"), (1.1)
0

provided that k& > [o] + 1 (f* denotes the non-increasing rearrangement of f).
Estimate (1.1) and its reverse form (cf. Theorem 3.8 below) have enabled us to
characterize the continuous embeddings of spaces in question. Namely, we have
proved the following theorem.

Theorem 1.1 (cf. [16, Theorem 1.1]). Let o € (0,n) and let X = X(R") =
X(R™, p1,,) be an r.1.BFS such that ||g,||x» < +00. Put k := [o]|+1, assume that
r € (0,+oc] and p € LF. Then

H°X(R") — A';;fﬁ(@) (1.2)

if and only iof

S fllx  forall f € X. (1.3)

r;(0,1)

et wten [ an

Note that the implication (1.2) == (1.3) in Theorem 1.1 remains true
if k € N. Theorem 1.1 has the following corollary.

Corollary 1.2 (cf. [16, Corollary 1.2]). Let o € (0,n) and let X = X(R") be
an 1.0.BFS. Put k := [o] + 1, assume that r € (0,+00] and p € LF. Then
embedding (1.2) holds if and only if ||g.||x < +o0 and (1.3) is satisfied.

Moreover, in [16] we have applied Theorem 1.1 to the case when X (R")
is a Lorentz-Karamata space L, ,,(R") and we have considered both the su-
perlimiting case when p > 2 and the limiting case when p = 2. For example,
choosing in the superlimiting case c = k+ 1, p=¢q= 7, withk e N, k <n—1,
and b(t) = (1+|logt|)*, ¢t > 0, a < 1—%, we have obtained that (cf. [16, (5.16)])

WAL (log L) (R) — AZN), (RW), (1.4)
where A(t) := t(1+ |logt|)~®, t > 0. Embedding (1.4) is the continuous em-
bedding of the Sobolev-Orlicz space W*+! L"/*(log L)*(R™) (the Sobolev space
modelled upon the Orlicz space L™*(log L)*(R") = Lg(R"), where the Young
function @ satisfies ®(t) ~ [t(1 + |logt|)*]¥, t > 0) into the Zygmund-type
space AioAfl/)k(W) (Note that in the notation Azo’\fl}k(W) the upper index 2
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indicates that the second order modulus of smoothness is used to define this
space.) This means that there exists a constant C' > 0 such that

1 n k
wo(u,t) Eodt\"
]| oo @y + (/0 (t(1+|logt|)—a) 7 = Cllullyyr+1 Lok log £)o (R7)

for all u € Wk+t "k (log L)*(R™). Such embedding is optimal and it does not
follow from known results on embeddings of Sobolev-Orlicz spaces. In particu-
lar, if @ = 0, we have arrived to the continuous embedding of the Sobolev space
Whtln/k(Rr) = Wkt [n/k(R™) with k € N, k < n — 1, into the Zygmund-type
space Ai;]i(/',)c (R™) (Id stands for the identity map on (0, +oc)). The last men-
tioned en{bedding shows that the Brézis—Wainger result* on “almost” Lipschitz
continuity of functions from the Sobolev space W*+1n/¥(R") is a consequence
of a better embedding whose target is a Zygmund-type space. Similarly, choos-
ingo =k, p=gq=7%, withk € N, k <n, and b(t) = (1 + |logt|)*, t > 0,
a>1-— % in the limiting case, we have obtained optimal continuous embed-
dings of the Sobolev-Orlicz space W*L"/*(log L)*(R") into Hélder-type spaces.
Namely (cf. [16, (7.9)]),

WELM* (log L)*(R") — AL, (R), (1.5)

where A(t) = (14 [logt])' ™, t € (0,1).
The aim of this paper is the characterization of compact embeddings of
the Bessel potential space H? X (R™) with the order of smoothness o € (0,n),

modelled upon r.i.BFS X (R™), into generalized Hélder spaces AL 7S')(ﬁ), where
0 <7r <400 and 2 is a bounded domain in R™. To this end, it is essential to
characterize totally bounded subsets of the space Aﬁo“ ) (©), Q having minimally
smooth boundary. The result is given in the following theorem.

Theorem 1.3. Let k € N, r € (0,+00), u € L¥ and let Q be a bounded domain
in R™ with minimally smooth boundary. Then S C AISO“T()(Q) 15 totally bounded
if and only if S is bounded in Aléo“r()(ﬁ) and

sup |17 (1)) e, 1)

—0 asé& — 0. 1.6
00 £ — 04 (1.6)

Our main result (which is an analogue of Theorem 1.1) reads as follows.

Theorem 1.4. Let o € (0,n) and let X = X(R") = X(R™, u,,) be an r.i.BFS
such that ||g,||x: < co. Put k := [o] + 1, assume that r € (0,400), u € L¥ and
that € is a bounded domain in R™. Then

Ho X (R") s A’ggfg'>(§) f (1.7)

*Note that the Brézis—-Wainger embedding has the target space A},g,f,‘o) (R™) with u(t) =
t(1+ |logt|)'=", t € (0,1), cf. [5, Corollary 5].
"This means that the mapping u + u|g from H X (R™) into A’ég,,(')(ﬁ) is compact.
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if and only iof

sup
Ifllx<1

—0 as&— 0. (1.8)
73(0,€)

o)y [ e ar

Note that the implication (1.7) = (1.8) in Theorem 1.4 remains true if
k € N (cf. Remark 5.1 below). The counterpart of Corollary 1.2 reads as follows.

Corollary 1.5. Let 0 € (0,n) and let X = X(R") be an r.i. BFS. Put k :=
o] + 1, assume that r € (0,400), u € L¥ and that Q is a bounded domain
in R™. Then (1.7) holds if and only if ||gs||x» < +o0 and (1.8) is satisfied.

As in [16], we apply our main result (Theorem 1.4) to the case when X (R")
is a Lorentz-Karamata space L, ,,(R"). The corresponding compact embed-
dings are characterized in Theorems 1.6 and 1.8 (and Corollaries 1.7 and 1.9)
below. The former theorem concerns the superlimiting case p > 2 while the
latter one is devoted to the limiting case p = .

Theorem 1.6. Let 0 € (0,n), p € (2,+00), ¢ € [1,+00], b € SV(0,+00),
r € (0,+0), k = [o] +1 and u € LF. Assume that Q2 is a bounded domain
in R". Let X\ : (0,1) — (0,4+00) be defined by

Az):=a""r (b(m”))_l for all x € (0,1). (1.9)

(Note that X\ € LF for any r € (0, +00]; recall that b is continuous (cf. (2.1)).)
(i) If 1 <q<r<+oo, then

HT Ly g (R") s AE2O(0) (1.10)
if and only iof

Hm |67 ()" Az) = 0. (1.11)
=0+ i)
(i) If 0<r<q<+o0 and q > 1, then
H Ly ¢p(R") —— A};oﬂvg)<§) (1.12)
if and only iof
! 1 u dx
tr (u(t) ™ A — 1.1
[ (rrwon] | y@) Fess
where + =1 -1,
u r q

Corollary 1.7. Assume that all the assumptions of Theorem 1.6 are satisfied.
Let p € LETPH If1 < g <r < +o0, then

H Ly g (R™) e Al /L0 () (1.14)
if and only if (1.11) is satisfied.
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Theorem 1.8. Let o € (0,n), p= 2, q € (1,+0o0], r € (0,4+00), k = [0] + 1,
w e LFandletb € SV(0,400) be such that Ht_i(b(t))_1
that Q is a bounded domain in R". Let Ay, be defined by

< +o00. Assume

q’5(0,1)

-

n

(") (/0 b‘*”(t)%)ql/ﬂ, z€(0,1). (1.15)

(Note that Ay € L%, recall that b is continuous (cf. (2.1)).)
(i) If 1 < g <r < +oo, then

RS

Agr(z) =D

H° Ly, 4(R") = ABO(Q) (1.16)

P,q;b

if and only if )
Hti;(u(t))_lur;(x,l)

lim — —0. (1.17)
T Ht 70(Aq""@(:))_lHT;(ac,l)
(ii) If0<r < q<+o0 and q > 1, then
HO Ly g (R™) s AB1O(Q) (1.18)

if and only if
-1

O ) o ) " e
I — @) dt ) b (2") — < +oo, (1.19
/0<Htr<xqr<t>>1uw (/t Q ) (z") — <00, (1.19)

1.1

a '

where

1

5

Corollary 1.9. Assume that all the assumptions of Theorem 1.8 are satisfied.
Let pe L. If 1 < ¢ <r < +oo, then

H7 Ly gp(R") —>— A})o“p(§> (1.20)
if and only if (1.17) is satisfied.

When (2 is a bounded domain in R", Theorem 1.6 and Corollary 1.7 yield
the compactness result corresponding to (1.4): If £ € N, £ < n — 1 and
a<1l-— %, then

WAL (log L) (R") = A2 (),
where p(t) := t(1+]logt|)™", t > 0, 8 € R, holds if and only if 3 < . Similarly,
Theorem 1.8 and Corollary 1.9 provide the compactness result corresponding

to (1.5): If ke N, k <nand a >1— £ then

WELM*(log L)*(R") —— AL, (Q),
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where pu(t) = (1+|logt)'™, t € (0,1), § € R, holds if and only if
ge(l-E5a).

The paper is organized as follows. Section 2 contains notation, definitions
and basic properties. In Section 3 we summarize some results, which we shall
need in subsequent sections. This section also involves key estimate (1.1) and its
reverse form proved in [14]. In Section 4 we prove Theorem 1.3, while Section 5
is devoted to the proofs of Theorem 1.4 and Corollary 1.5. Finally, in Section 6
we present, proofs of Theorems 1.6, 1.8 and Corollaries 1.7, 1.9. Note that any
of Sections 4-6 contains some important remarks and comments on the results
proved there.

2. Notation, definitions and basic properties

As usual, R" denotes the Euclidean n-dimensional space. Throughout the pa-
per i, is the n-dimensional Lebesgue measure in R™ and ) is a p,,-measurable
subset of R". We denote by xq the characteristic function of 2 and put
12, = pn(Q). The family of all extended scalar-valued (real or complex)
pn-measurable functions on € is denoted by M(§2) while M™(Q) stands for
the subset of M(2) consisting of all functions which are non-negative p,-a.e.
on Q. When © is an interval (a,b) C R, we denote these sets by M(a,b) and
M (a,b), respectively. By M™(a,b;|) we mean the subset of M™(a,b) con-
taining all non-increasing functions on the interval (a,b). The symbol W(a, b)
stands for the class of weight functions on (a,b) C R consisting of all p,-
measurable functions which are positive and finite p,-a.e. on (a,b). The
non-increasing rearrangement of f € M(Q) is the function f* defined by
) == inf{A>0: {x e Q:|f(x)|>A}n <t} for all t > 0. By f** we de-
note the maximal function of f* given by f**(¢) :=¢! f(f fr(r)dr, t > 0.

Given a rearrangement-invariant Banach function space (r.i.BFS) X its as-
sociate space is denoted by X'. For general facts about rearrangement-invariant
Banach function spaces we refer to [3].

Let X and Y be two (quasi-)Banach spaces. We say that X coincides with
Y (and write X = Y) if X and Y are equal in the algebraic and topological
sense (their (quasi-)norms are equivalent). The symbol X < Y means that
X C Y and the natural embedding of X in Y is continuous.

By ¢, C, ¢, C1, o, Cy, etc. we denote positive constants independent
of appropriate quantities. For two non-negative expressions (i.e., functions or
functionals) A, B, the symbol A X B (or A 77 B) means that A < ¢B (or
cA>B). If A2 Band Az B, we write A ~ B and say that A and B are
equivalent. Throughout the paper we use the abbreviation LHS(x) (RHS(x))
for the left- (right-) hand side of the relation (x). We adopt the convention that
-4~ =0and § = +oo for all a > 0. If p € (0, +o0], the conjugate number p’

+oo
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is given by % + ]% = 1. Note that p’ is negative, if p € (0,1). In the whole
paper ||.|/p(c.a), p € (0,+00], denotes the usual LP-(quasi-)norm on the interval
(c,d) CR.

For p € (0,400) and x € R", B(x, p) = B,(x, p) stands for the open ball in
R" of radius p and centre z. By 3, we denote the volume of the unit ball in R™.

Let either a = 1 or a = +00. We say that a positive and p,,-measurable
function b is slowly varying on (0,a), and write b € SV(0, a), if, for each £ > 0,
t°b(t) is equivalent to a non-decreasing function on (0,a) and ¢~°b(t) is equiv-
alent to a non-increasing function on (0,a). Here we follow the definition of
SV (0, +00) given in [17]; for other definitions see, for example, [4,8,11,21]. The
family SV (0, +00) includes not only powers of iterated logarithms and the bro-
ken logarithmic functions of [12] but also such functions as ¢ — exp (|log|”),
a € (0,1). (The last mentioned function has the interesting property that it
tends to infinity more quickly than any positive power of the logarithmic func-
tion).

We can see from Lemma 3.1 (i) below that any b € SV(0, +00) is equivalent
to a b € SV(0,400) which is continuous on (0, +00). Consequently, without
loss of generality, we shall assume that

all slowly varying functions in question are continuous on (0,400).  (2.1)

More properties and examples of slowly varying functions can be found in [25,
Chapter V, p. 186] and [4,11,17,21].

Let p,q € (0,+c¢], b € SV(0,400) and let Q be a u,-measurable subset
of R*. The Lorentz—Karamata (LK) space L, ;,(€2) is defined to be the set of
all functions f € M(Q) such that

11 .
[ fllpgses == ||t? " b(t) f*(1) < o0. (2.2)
Q§(07+Oo)
If Q =R", we simply write || - ||, 45 instead of || - ||, gp:rn-

Particular choices of b give well-known spaces. If m € N, ae= (a1, ..., ap,) €

R™ and .

b(t) = £X(t) = [ [ (1) forallt >0
i=1

(where £(t) = (4(t) == 1+ |logt|, €i(t) := €1(l;—1(t)) if ¢ > 1), then the LK-
space Ly ,5(92) is the generalized Lorentz—Zygmund space L, ,q introduced
in [10] and endowed with the (quasi-)norm || f||, 4.0, which in turn becomes
the Lorentz—Zygmund space LP9(log L)**(Q2) of Bennett and Rudnick [2] when
m=1. If a=(0,...,0), we obtain the Lorentz space L»4(2) endowed with the
(quasi-) norm || - ||, 40, which is just the Lebesgue space LP(2) equipped with
the (quasi-)norm ||-||.o when p = ¢; if p = ¢ and m = 1, we obtain the Zygmund
space LP(log L)* (€2) endowed with the (quasi-)norm || - ||p.a,:0-
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The Bessel kernel g,, o > 0, is defined as that function on R"™ whose
Fourier transform is g,(&) = (2m)72(1 + |¢]*)72, ¢ € R, where the Fourier
transform f of a function f is given by f(£) = (27)2 Jgn €747 f(z) dz. Some
basic properties of the Bessel kernel g, can be found, e.g., in [24].

Let 0 > 0 and let X = X(R") = X(R"™, u,) be an r. i. Banach function
space endowed with the norm || - ||x. The Bessel potential space H? X (R") is
defined by

H°X(R") :={u:u=f*g,, f€XR"} (2.3)

and is equipped with the norm

[ullex = 11l x- (2.4)

Note that, given f € X, the convolution u = f * g, is well defined and finite
fp-a.e. on R™ since the measure space (R", p,) is resonant and so (cf. [3,
Theorem 11.6.6]) X — L'(R") + L>*(R").

If p e (1,400}, ¢ € [1,4+00] and b € SV(0,+00), then the space L, ,,(R")
coincides with an r. i. Banach function space X(R"™) (the (quasi-)norm (2.2)
is equivalent to the norm ||t%7% b(t) f**(t)|lg;0,400), Which follows from the
estimate f* < f** and Lemma 3.2 (i) with r = ¢, w(t) = t%ﬁ*lb(t), v(t) =
t%_%b(t) and a = +00). Consequently, if o > 0, p € (1,400], ¢ € [1,400] and
be SV(0,400), HL, ,»(R™) := H°X(R") is the usual Bessel potential space
modelled upon the Lorentz-Karamata space L, ,,(IR"), which is equipped with
the (quasi-)norm

ullopgp = [1fllpas-

When m € N, a = (ay,...,a,) € R” and b = £%, we obtain the loga-
rithmic Bessel potential space H?L, ., (R™), endowed with the (quasi-)norm
||t]|osp,qp and considered in [10]. Note that if e = (0,...,0), H°L, ,,«(R") is
simply the (fractional) Sobolev space H?P(R") of order o.

When k € N, p,q € (1,+00) and b € SV (0, +00), then

H¥L, 3 (R") = {u: D*u € L, 4(R") if |a| < k}

and
[ullksp.gp = Z [ D%ul|p,qp  for all u € HkLp,q;b(Rn)
oo <k
according to [13, Lemma 4.5] and [22, Theorem 5.3].

Let © be a domain in R". We denote by B(f2) the set of all scalar-valued
functions (real or complex) which are bounded on 2 and we equip this set with
the norm

£l 5 = sup{|f(2)] : = € Q}.
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The subspace of B(f2) of all continuous functions on (2 is denoted by C5(£2) and
it is equipped with the B(Q)-norm. By C(Q) we mean the subspace of C(f)
of all uniformly continuous functions on ).

Let © be a domain in R" and let £ € N. For each h € R", put Q(kh) :=
{reQ:z+theQ,0<t<k} The first difference operator A, is defined on
scalar functions f € B(Q2) by Apf(x) = f(x + h) — f(x) for all x € Q(h), and

higher order differences are defined inductively by
AT f(x) = A(ARf)(2), =€ Q(k + 1h).
The k-modulus of smoothness of a function f in Cg(£2) is given by

weo(f,t) == sup HAif]B(Q(k‘h))H for all ¢ > 0.
Ih|<t

If k=1, we write wq(f,t) instead of wy o(f,1).

It is clear that the k-modulus of smoothness depends on a given domain (2.
In what follows we shall sometimes omit the subscript €2 at the k-modulus of
smoothness since it will be always clear from the context which k-modulus of
smoothness we have in mind.

Let k € N, r € (0, +00] and let £F be the class of all continuous functions
p:(0,1) — (0,400) such that

i = +00 (2.5)
pu(t) 73(0,1)
and
a1 tF
H ult) r(0,1) s 20

When r = 400, we simply write £* instead of LF.

Let k € N, r € (0,+00], p € LF and let Q be a domain in R". The
generalized Holder space A% (Q0) consists of all functions f € Cp(€2) for which
the quasi-norm

HE) (O] -— 7%wk<f’t)
IFIASE @) = 11 £1BQ)] + Ht p(t)

is finite. Standard arguments show that the space AL T()(ﬁ) is complete (cf. |20,
Theorem 3.1.4]).

Conditions (2.5) and (2.6) are natural (see [16]) and, if » = 400, we can
assume without loss of generality in the definition of A, ,g)(ﬁ) that all the
elements p of £F are continuous non-decreasing functions on the interval (0,1)
satisfying lim; .o, p(t) = 0 (see again [16]).

If u(t) =t,t e (0,1), then AR (Q) coincides with the space Lip(§2) of the
Lipschitz functions. If z(t) = t*, a € (0,1), then the space AL ,E)(ﬁ) coincides
with the space C%*"(Q) considered in [1, p. 232].

(2.7)

r;(0,1)
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3. Auxiliary results and key estimate

In this section we summarize results, which we shall need in subsequent sec-
tions. Theorem 3.8 mentioned below gives sharp estimates for the k-modulus of
smoothness of the convolution of a function f from an r.i.BFS X (R") with the
Bessel potential kernel g,, 0 < o < n, with & > [o] + 1. Such estimates are
essential in what follows. The case 0 < ¢ < 1 and k = 1 has been considered
in [15, Theorem 1].

Some properties of slowly varying functions are given in the next lemma.

Lemma 3.1 (cf. [16, Lemma 3.1]). Let b € SV(0, +00).
(i) If a>0 and q € (0,+0o0], then for allt > 0,

77 ab(T)

~1°b(t)  and HT—Q—%b(T)

~tOb(t).

4;(0,t) q;(t,00)

(ii) If a >0, then

lim t*b(t) =0 and lim t~°b(t) = +oo.

t—04 t—04

We shall need the following weighted Hardy inequalities, for which we refer
to [23, Theorems 5.9, 5.10 and 9.3]. The case r € (0,1) and ¢ = +oo can be
proved as the case 1 <r < 400 and ¢ = +oo in [19, Theorem 1.3.1/2].

Lemma 3.2. Let g € [1,+00], 7 € (0,400], a € (0,400] and v,w € W(0,a).
(i) If 1 < g <r < +oc0, then

< C o h®)llyom  for all h € MF(0,0) (3.1)
r;(0,a)

Juto [ nis)as

if and only if

A= sup w®)],pa [|@E)™

z€(0,a)

¢+(0.2) < +00.

Moreover, the best possible constant C'in (3.1) satisfies the estimate C'~ A
and the constants involved in this equivalence are independent of a.
(i) If0 <r < q < +o0 and q > 1, then (3.1) holds if and only if

B ( I [nw(t)nm(x,a) o)

where % = % — L. Moreover, the best possible constant C in (3.1) satisfies
q

C =~ B and the constants involved in this equivalence are independent of a.

(1/ u

"'(va)] v 1 (a:)dm) < 400,

q;
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Now, we recall some more properties of moduli of smoothness. For each
fixed f in Cp(Q), wk(f,-) is a non-negative non-decreasing function on [0, 4+00).
Putting @i (f,t) := wi(f,t) for all ¢ > 0, one can prove that @y(f,-) is equiv-
alent to a non-increasing function on (0,4o00). If f € Cz(), then

we(ft) <28 FIBQ)I, t>0. (3.2)

We refer to [3, pp. 331-333, 431], [6, pp. 40-50] and [7, 18] for more details
about k-modulus of smoothness.

Let 7 € Nand let f € Cp(£2). One can estimate w,(f, -) by means of moduli
of smoothness of lower order:

we(f) <277 FwR(f,), 1<k<r (3.3)

Marchaud has shown that (3.3) has a weak inverse (when 2 = R"). Namely,
one can dominate wi(f,-) by means of an integral of w,(f,-), k < r. See, for
example, [3, Theorem V.4.4] or [6, Theorem I1.8.1]. If a domain €2 has minimally
smooth boundary (see [3, p. 430] or [24, p. 189]), then the Marchaud inequality
still holds. We refer to [7,18] for more details.

Theorem 3.3 (Marchaud). Let Q2 be a domain in R™ with minimally smooth
boundary. Let k,r € N, k < r. Then there is a positive constant ¢ such that
W (f, ) ds)

N (3.4)

wrl(f,) < ct’“(llle(Q)ll -

for allt >0 and all f in Cp(12).

When = R™, the term || f|B(€2)|| can be dropped (see [3]).
One can easily see from (3.4) that

" 1
wi(f,t) <c (% + 1) 1 f1 B + ct* / wr(J;, s) ds

¢ s S

for all t € (0,1) and all f in Cp(Q).
The next lemma is a straightforward extension of [14, Lemma 4.2].

Lemma 3.4. Let €2 be a domain in R™ with minimally smooth boundary. Let
keNand let S be a bounded subset of Cp(2) such that lim, g+ sup,,cs wi(u, t) =0.
Then lim; g+ sup,esw(u,t) = 0. In particular, if v € Cg(Q)) satisfies
limy _g+wi(u, t) = 0, then lim, o+ w(u,t) = 0, which means that u € C(Q).

Proof. Suppose that k > 2, otherwise the result is trivial. Since § is a bounded
subset of Cp(2), there is K > 0 such that sup,cg [|[u|B(2)| < K. Let u € S.
By Marchaud’s inequality (3.4), there exists ¢ > 0 such that

wlut) < et (Hu]B(Q)H + /tm we(, 5) @> . t>0. (3.5)

S S
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Let ¢ > 0. Since limy; g+ sup,cswi(u,t) = 0, there is §; > 0 such that
sup,,cs wr(u, t) < o for all t € (0,6;). Hence, by (3.5) and (3.2),

91

2 oo
w(ut) < ct/ wi(u, s) ds —|—ctﬁ e, 8) ds |l B©)
t

S S 71 S ?
01 g 2
< cwk(u, 5) +ct <2 5 + 1> [ul B(Q)]|
1

€ 2 01
c 9k 2 1>K for all ( —).
<2—|—ct< 51—1— or all t € O,2

Thus, taking § := min{%, m}, we obtain sup,csw(u,t) < ¢ for all

t € (0,9), and the result follows. O

The next lemma shows that if we define the generalized Holder space
Aléo“,f)(ﬁ) as a subspace of C(f2) rather than a subspace of Cz(Q2), then both
definitions coincide provided that €2 is a domain in R™ with minimally smooth
boundary.

Lemma 3.5. Let €2 be a domain in R™ with minimally smooth boundary. Let
keN, re(0,+o00] and let u € LE. Then

A’;g;EO(Q) — C(Q).

Proof. Let f € A%")(Q). Then there is M € (0, +00) such that

1 t
Ht_T wk(f) ) < M'
,u(t) r;(0,1)
Since also, for all ¢t € (0,1),
e ] ,
wUT) e AT ey
we obtain that
1 -1
wr(fot) S ||7 " for all ¢t € (0,1).
,LL(T) r;(t,l)

Together with (2.5), this implies that wi(f,t) — 0 as t — 0,. Now, Lemma 3.4
implies that f is uniformly continuous on ). m

We shall need the following result.



Compact Embeddings 13

Lemma 3.6. Let k € N, r € (0,4+00] and A\, pu € L¥. Let Q be a domain in R™
and let & € (0,3]. If

subace [ O]
A= — — < 400, (3.6)
W)

r;(x,1)

then

Moreover, if C is the best constant in (3.7), then C' < A.

1 wk’g (f, Zf)

<C Ht_r D) forall f € Cp(2). (3.7)

r;(0,1)

73(0,6)

Proof. When r € (0,+00), the result follows from [17, Lemma 2.6]) because
(w,a(f,-))" is a non-decreasing function.

If r = 400, we can assume without loss of generality that A and p are
continuous and non-decreasing functions on the interval (0, 1) (cf. [16, the end
of Section 2]). Then (3.6) implies that (u(x))™' < A(X(z))~! for z € (0,€) and
(3.7) is clear. O

We continue with some important results from [14,16] which are fundamen-
tal for what follows.

Remark 3.7 ( [14, Remark 3.2]). Let ¢ € (0,n) and let X = X(R") be an
r.i.BFS such that ||g,||x < +o0. Then

1
/ snlf*(s)ds < 400 forall f e X
0

(which implies that a function f € X (R") belongs to the Lorentz space L"'(B)
for any ball B C R™).

The next theorem gives sharp estimates for the k-modulus of smoothness of
the convolution of a function f from an r.i.BF'S X (R"™) with the Bessel potential
kernel g,, 0 < o < n, when k > [o] + 1. The case 0 < o < 1 and k =1 has
been considered in [15, Theorem 1].

Theorem 3.8 ( [14, Theorem 3.1)). Let 0 € (0,n) and let X = X(R") be an

r.1.BES such that ||g,||x < +00. Then [ g, € C(R") for all f € X and
t”’L
w(f * go, t) j/ snlf*(s)ds  forallt € (0,1) and every f € X, (3.8)
0

where k > [o] + 1.
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Moreover, estimate (3.8) is sharp in the sense that given k € N, there are
(small enough) § € (0,1) and (big enough) oo > 0 such that

tTL
wr(f * g0, t) / snlf*(s)ds for allt € (0,1) and every f € X, (3.9)
0

where -
f<I> = f*(ﬁn|x’n)XCa(0,6)($)7 T = (Ila cee 7xn) S Rna
Ca(0,8) :=Co N B(0,0) with Co :={y € R™: y1 >0, yi >ad> i,y }.

Remark 3.9. We shall investigate the compactness of the embedding
HoX(R") — ALO(Q), (3.10)

where €2 will be a bounded domain in R™. Note that, by (3.10), the restriction

to  of a function u € H7 X (R™) belongs to the space Aléo”,g)(ﬁ)i Note also that
u = f * g, for some f € X(R™). Under the assumptions of Theorem 3.8, u €
C(R"), which implies that u € C(2). To calculate Hu|A]§O“T()(§)H, we need the
k-modulus of smoothness wy(u,t) = wio(u,t), t > 0, of the function u. Recall
also that the k-modulus of smoothness w( f*g,, -) involved in Theorem 3.8 is the
k-modulus of smoothness with respect to the whole R”, that is, wggn(f * go, *)-

To characterize the compactness of the embedding (3.10), we shall need
analogues of estimates (3.8) and (3.9) with wy, replaced by wy . Since

wk,ﬂ(f * gaat) S wk,lR"(f * gaat)7 t Z 07

estimate (3.8) implies that
o
weo(f * 9o, ) 3 / sﬁ_lf*(s) ds forallt e (0,1) and every f € X, (3.11)
0

where k > [o] + 1. To get an analogue of (3.9), take xy = (xp1,...,Zon) €
and 0, € (0,1] so that B(zg,d;) C €. Then, for given k € N,

~

tn
wra(f * go,t) 22 / st tf*(s)ds for allt € (0,1) and every f € X, (3.12)
0

where

flx) = f*(Balz — To|")XCu(wodo) (X)), @ = (z1,...,2,) € R", (3.13)

Co(z0,02) = (20+Co)NB(xg, 02) with C, :={y € R" : 4y > 0,97 > a >, y2},
§ :=min{d,d;} and § € (0,1) is given by Theorem 3.8. Indeed, take t € (0, %)

In the whole paper we use the symbol u both for the function v and its restriction to €.
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and put £ = (—t,0,...,0) € R” and @ = f * g,. Then, instead of [14, (4.12)],
we now have

wkﬂ(ﬂ, t) Z ’( ﬂ )|

( ) u(xo + it)

>
L sl (Z() kg, (o + i — >) dy
.

=0

)
fr(Balyl™) (Z (l;)(—l)’“‘iga(y - ﬁ)) dy|,

1=0

@ 0752)

with C,(0,02) = —x¢ + Co(x0,92), and the same arguments as those used in
part (ii) of the proof of Theorem 3.8 yield (3.12).

In what follows we shall omit again the subscript 2 at k-modulus of smooth-
ness (since it will be always clear from the context which k-modulus of smooth-
ness we have in mind).

The next lemma is a consequence of Theorem 3.8 and [15, Lemma 6].

Lemma 3.10. Let X = X(R") be an r.1. BFS, let 2 be a domain in R" and let
o >0. Then H° X (R™) — C(Q) if and only if ||go||x < +00.

4. Proof of Theorem 1.3

Sufficiency. Since S is bounded in Aléo”,g)(ﬁ), Lemma 3.5 implies that S is
also bounded in C(9Q).

Let £ € (0,1). By (1.6), there is § € (0,1) such that

<

15
—. 4.1
7;(0,0) 4 ( )

sup | () w1

Now, by (3.2) and (2.7), for this §, there is a positive constant ¢(d) such that,
for all u € S,

Jal A5 @) < (o) lul BE@N + [[#77 (u(t)) e, )

. 4.2
r;(0,0) ( )

By (4.1), for all £ with [£] < 4,

1 > sup Ht_%(,u(t))_lwk(u, t)

ueS

> sup wy(u Ht " -t
T;(gv(s) ueS g ))

ri(€8)
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Hence,

sup wi(u, &) < Ht (1) if €| <&

ueS 73(&,0)

and (2.5) implies that sup,cswg(u,&) — 0 as & — 04. Thus, by Lemma 3.4,
Sup,es w(u,§) — 0 as & — 04, which means that S is equicontinuous. There-
fore, the Ascoli-Arzela theorem implies that S is totally bounded in C(€2).

Consequently, there exists a finite 5 ( 5-net {uy,...,un} C S such that

me?ii..r.l,zv} |l — uy|B(Q)]] < %@ for all u € S. (4.3)

Using estimates (4.2), (4.3) and (4.1), we obtain for any v € S that

min _||lu — um|A’§O“,§)(ﬁ)H < ¢(0) minN} llu — un|B(Q)||

me{l,...,N} e{1,...,
+osup [ () (e = )
mE{l ..... N} 73(0,0)
<c(0) min _flu— un|B(Q)]
e(1,..,
+osup || () ()
me{l,..,N} 73(0,0)
_1 _
+sup | ) e )
me{l,..,N} 73(0,6)
< : + c + - €
2 4 4 7

which proves that & is totally bounded in AR ().

Necessity. Suppose that S is totally bounded in Aog,r(')(ﬁ). Then & is bounded
in AL T()(ﬁ) On the other hand, given £ > 0, there exists a finite 5-net
{uy,...,ux} C S such that

. ku() o 19
IIllIlN} HU - Um|AOO“7§)(Q)|| < 3 forallu € S. (4.4)
Because r € (0,400), for each m € {1,..., N} there is ,, > 0 such that

_ €
r(06m) 2

7 () e, 1) (45)
Let ¢ := miny,ecqi,. v} Om. Since, for all w € S, any m € {1,..., N} and all
€(0,1), we(u,t) < wp(u — U, t) + wi(tm, t), (4.4) and (4.5) imply that
1 _
|7 () et )

< min
r3(0,6) me{l,...,.N}

£ sup | () ol )
me{l,...,N}

() (= )

r;(0,1)

r;(0,0)

<g+§:€ for all u € S.
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Therefore, sup,cg Ht’%(,u(t))_lwk(u,t)HT;(Q(;) < e and (1.6) follows. O
Remark 4.1. (i) In Theorem 1.3 the implication

S ¢ AB0(Q) is bounded and (1.6) holds

) (4.6)
— & is totally bounded in A(X’ffﬁ')(Q)

remains true even if r = +o00. (This can be seen from the proof of Theorem 1.3.)

(ii) If » = 400 in Theorem 1.3, then the reverse implication to (4.6) holds
provided that we assume S C A% O(;,)’O(ﬁ). Here ALY 2(Q) is a subspace of

AL éo)(Q) consisting of those functions u which satisfy

lim H(u(t))’l wk(u,t)Hoo;(O’é) = 0.

0—04

(This follows from the necessity part of the proof of Theorem 1.3.)
(ili) Summarizing what we have said, we arrive at the following result:

Let € LF and let Q be a bounded domain in R™ with minimally smooth bound-
ary. Then S C A&%&)’O(Q) is totally bounded in A’;O"éo)(Q) if and only if S is
bounded in A% (Q) and

)" t 0 0,4
ilég H(:u( )" wr(u, )“oo;(o,g) - as & — 04

5. Proofs of Theorem 1.4 and Corollary 1.5

Proof of Theorem 1.4.
Sufficiency. Since (2 is bounded, there is a ball B; such that Q C B;. By
(1.8), there is 0 € (0,1) such that

sup
I fllx<1

<1 (5.1)

r;(0,0)

o)y [ e ar

As g2(t) ~ 755 for all £ € (0,1) (cf. [9)), Ji 75 f(r)dr = gollx I ]x for all
f € X. This estimate and (2.6) imply that, for all f € X,

Je-tuen [ 5y ar

1 —
e el 11 3 171
rio) iy

Together with estimate (5.1), this yields

1

CHue) [

< 1.

~

7;(0,1)

sup
[Fllx<1
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Therefore, by Theorem 1.1, H? X (R") — AX“)(R"). Consequently, the unit
ball of H?X is bounded in AR (By).
Let f € X be such that || f||x < 1. Then, by (3.11) of Remark 3.9,

sup || (u(t) " wrm (f * 0.1

Ifllx<1 73(0,€)

tTL
< sup || (u(t) ! / |
Ifllx<1 0 r;(0,£)

which, together with (1.8), gives

1

" (u(t) " wr s, (f * 9o, 1)

sup ‘t_

IFlx<1

)—>O as & — 04.

With respect to (2.3) and (2.4), this and Theorem 1.3 imply that the unit ball of
the space H? X is totally bounded in A];o’ﬁg)(E) Since A’;o“,g)(E) — Aﬁo“,g)(ﬁ),
the result follows.

Necessity. Suppose that (1.7) holds. Since € is open, there is a ball By such
that By C €. Then (1.7) also holds with Q replaced by By. Let f € X,
I fllx <1, and define f by (3.13). Since (f)* < f*, we have that ||f|x < 1.
Moreover, by (3.12), for all £ € (0, 1),

_1 _ _1 _ —
sup 177 (u(0) (o g8 | (00) e (F 5 90,1
||h||X§1 T;(O,f) 7'3(075)
tn
- Ht—i<u<t>>-1/ |
0 T‘;(O,ﬁ)
Hence,
1
sup [ (1)) " wrpy (B * G 1)
[Ih]]x <1 73(0,€)
tTL
= sup tiw))l/ P (]|
Ifllx<1 0 73(0,€)

This, (1.7) with Q replaced by By, (2.3), (2.4) and Theorem 1.3, imply (1.8). [

Remark 5.1. The implication (1.7) = (1.8) in Theorem 1.4 remains true
if £ € N (cf. Theorem 3.8, Remark 3.9 and the necessity part in the proof of
Theorem 1.4).

Proof of Corollary 1.5.
Using Theorem 1.4 and Lemma 3.10, we obtain the result. O]
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Remark 5.2. (i) In Theorem 1.4 the implication (1.8) = (1.7) remains true
even if r = +oo. (This can be seen from Remark 4.1 (i) and the proof of
Theorem 1.4.)

(ii) We see from Remark 4.1 (iii) that if we assume additionally in Theo-
rem 1.4 that r = +o00 and the space X (R") and p € L* are such that

H?X(R") — ALD0(Q), (5:2)

then (1.7) is equivalent to (1.8).
(iii) For example, (5.2) is satisfied provided that

the Schwartz space .’(R") is dense in H? X (R") (5.3)
H°X(R") — ARO(Q) (5.4)
tk

lim — = 0. 5.5
ey 29

Indeed, given u € H°X(R") and ¢ > 0, there is v € (R") such that
| — v||gex < e. Moreover, wy(v,t) < ctk for all t € (0,1), where ¢ = c(v)
is a positive constant. Thus, using also (5.4), we obtain

()™ wi (. D)l ocso.0) < NH((8) ™ (=0, 8) oo, + 1 ((8) ™ wic (v, ) i)
tk

o)

2 u—vl|gex + ¢

‘oo;((),é)
tk

u(t)

Together with (5.5), this implies (5.2).
For instance, (5.3) holds if

the Schwartz space .#(R") is dense in X (R"). (5.6)

<e+c

for all 6 € (0,1).

‘oo;(O,é)

Indeed, this is a consequence of (2.3), (2.4), the fact that the mapping h — g,*h
maps . (R™) on . (R™), and (5.6). In particular, (5.6) is satisfied provided that
the r.i.BFS X (R™) has absolutely continuous norm (cf. [10, Remark 3.13]).

6. Proofs of Theorems 1.6, 1.8 and Corollaries 1.7, 1.9

To prove Theorems 1.6 and 1.8, we are going to apply Theorem 1.4. If the space
X is a Lorentz-Karamata space Ly, ,,(R™) with p € (1,4+00), ¢ € [1,+00] and
b e SV(0,00), then X coincides with an r. i. Banach function space and

XI - Lp/7q/;1/b(Rn)

(see [21, Theorem 3.1] and replace 7, by b and 71 by & there). To verify the
assumption ||g,||xs < +oc in Theorem 1.4, we shall use the next lemma.
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Lemma 6.1 ( [15, Lemma 7]). Let 0 € (0,n), p € (1,+00), ¢ € [1,+00] and
be SV(0,400). If X = L, 4(R™), then g, € X' if and only if either

n
P>
o
or
=2 and [ ) < +oo
=5 ¢3(0.1) ‘

To characterize (1.8) when X is the Lorentz-Karamata space Ly, ,.,(R™), we
shall need the following lemma.

Lemma 6.2. Let 0 € (0,n), p € [2,+00), ¢ € [1,400], b € SV(0,+00),
€€ (0,1), r € (0,+00] and let p € W(0,1). Then

CHuo) [ e ar

sup —0 as&— 04
”pr,q;bgl 73(0,€)
if and only if
t
sup t_i(,u(trlb))l/ h(t)dr —0 as&— 04, (6.1)
Ne(h)<1 0 73(0,6)

1

where Ne(h) := Ht%Jr?_%b(t)h(t)”q,(o o Jor all h e MT(0,€) and € € (0,1).

Proof. The proof is the same as that of [15, Lemma 9], where the case
o € (0,1) was considered. O

Proof of Theorem 1.6.
Put X = L, ,,(R"). By Lemma 6.1, ||g,||x» < +o00. Consequently, by Theo-

rem 1.4 and Lemma 6.2, H°X << A)(Q) if and only if (6.1) is satisfied.

(i) If 1 < ¢ <r < 400, then Lemma 3.2(i) states that (6.1) holds if and
only if

—0 as&—0y. (6.2)

q'5(0,z)

1 1y —1
v (u(tn
[ e

z€(0,€
Since 2 — % > 0, Lemma 3.1 (i) shows that

~ 7 7 (b(z))"! forall z > 0.

£ (b(t) !
N, 0

Thus, (6.2) is equivalent to

o i r(b(z) =0 asé—0,.  (6.3)

sup Ht’% (u(t%))_l
z€(0,)
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Now, we are going to prove that (6.3) is equivalent to (1.11). First, suppose
that (1.11) holds. Then, given € > 0, there exists § € (0, 1) such that

|7+ (e
Let £ € (0,0). Then
o7 ()

Consequently,

x%_%(b(:v))’l < e forall z € (0,0).

r;(z,1)

og_1

- an v (b(x)) "t <e forall z €(0,€).

znr(b(z)) L <e forall € € (0,0),

sup [|677 (u(t)) "
z€(0,8) ri(z,€)

which gives (6.3).

Conversely, suppose that (6.3) holds. Then, given ¢ > 0, there exists
A € (0,1) such that

o_ 1 13
P (b))t < o
oy T @) <5

sup 477 (u(tr)) ™
z€(0,A)

Since A(t) — 0 ast — 0 (cf. Lemma 3.1(ii)) and p € LF, we can find § € (0, A)
such that ) )
| (e

Therefore, since A is equivalent to a non-decreasing function, for all = € (0, 0),

|7 (e

§EE(b(6)) " < 2.
o (b(6)) < 5

and (1.11) follows.

(i) If 0 < r < ¢ < 400 and ¢ > 1, then Lemma 3.2 (ii) states that (6.1)
holds if and only if

¢ 1 1 —1
N aG)

where

u w - 1 q/d
r;@,@wu)ﬁ (xﬁ‘?(b(x))—1> ?x —0 as&— 0y, (64)

/

q

75(0,2)
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Since 2 — % > 0, Lemma 3.1(i) and (1.9) imply that

/ /
1

V() ~ (ﬁ*%(b(m))—l)q - (A(:ﬂ))q for all z € (0,1).

This and the identity ¢'(%; 4 1) = u show that condition (6.4) can be rewritten

as
1,1 Iy —1]|% 1\ v dx
|67 () (A7) =0 ase =0, (65)
0 7’;(1‘75) X
Finally, since singularities of functions in question are only at the origin, (6.5)
is equivalent to (1.13). O

Remark 6.3. Compact embeddings of spaces H?L,, ,.,(R™) with o € (0,1) into
generalized Holder spaces A& ﬁ)(ﬁ) in the superlimiting case (that is, when
p > 2) were characterized in [15, Theorem 7]. Theorem 1.6 extends this result
to the case when o € (0,n) and when AY(Q) is replaced by AZF0(Q).
Its formulation is slightly different because in [15] the definition of the class L}
was more restrictive (in particular, the function u € £! was equivalent to an
increasing function on the interval (0, 1]).

Remark 6.4. As in Remark 5.1, we see that in Theorem 1.6 the implications
(1.10) = (1.11) and (1.12) = (1.13) remain true if £ € N.

Remark 6.5 ( [16, Remark 5.5 (i)]). Let o € (0,n), p € (%,+00), ¢ € [1, +o0],
be SV(0,4+00), r € [1,4+00], k = [o] + 1, and let A be given by (1.9). Then

[o—2]+1,A()

ARORY) = Ao (R™).
Proof of Corollary 1.7. Suppose that (1.11) holds. Then, by [16, Corollary 1.4],

o n [U_%}"_lv)‘(') ™n
HL, ;5(R") <= Ao (R™). (6.6)

Since €2 is bounded, there is an open ball B; such that Q C By and (6.6) implies

that e B 1IAC) —
H L, b(R") — Aso,” 7 (B1). (6.7)

On the other hand, (1.11) is equivalent to

T (b(M) T =0 as € — 0y (6.8)

1
su tr t -1 X
p)H O

$€(0,§

(see the proof of Theorem 1.6). Moreover,

-1

Ht—%(A(t))—l ~ 275 (b(z")) ' forallz e (0, %) (6.9)

r;(x,1)
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(cf. Lemma 3.1(i) and the fact that —o + 3 < 0).
Therefore, by Lemma 3.6 with £ = = and k= [a — —} + 1, we obtain that

Htiwk<f= ) prenlft)

p(t) ) H ) o

for all fGAoor
r;(0,1)

(B1). (6.10)

r3(0,5

Making use of (3.2) and the fact that p € ELU_;]H, we arrive at

Ht_lwk(f ) _ H 1 1 wi(f,1)
/,L(t) r;(%,l) :u(t) th r;(%,l)
< o
SIABBIO | =5
ri(3,1)

S BB forall f e B(By).

Together with (6.10), this shows that
wi(f,t) _1wi(fi )
t S FIBB) + |t
H ,u(t) r3(0,1) )‘(t) 75(0,1)
for all f € AOOT Pt ()( By). Consequently,
AT By o AT By, (6.11)

Now we are going to prove that embedding (6.11) is compact. Let S be the
closed unit ball in ALZT FraA (Bl) Let £ € (0,3) and f € S. By (6.8), (6.9)

and Lemma 3.6 with k = [0 — 2] + 1, we obtain that

. t e ()7, 1 t
I e A ) R
1(t) 0 z€(0,€) Ht 7 ( )\(75 - H (D) 73(0,1)
O{) Ht v t) IHT‘(Il)
Together with (6.8) and (6.9), this implies that
t
sup t“wk(f ) —0 as&—04.

fes 1) 00
Thus, by Theorem 1.3,

AL By s A By, (6.12)

Since Q C By, (1.14) follows from (6.7) and (6.12).
Conversely, if (1.14) holds, Remark 6.4 implies that (1.11) is satisfied. [
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Proof of Theorem 1.8. Put X = L, ,,(R"). By Lemma 6.1, ||g,||x» < +o0.

Consequently, by Theorem 1.4 and Lemma 6.2, H7 X << Aéﬂg; (Q) if and only
if (6.1) is satisfied.

(i) If 1 < ¢ <r < 400, by Lemma 3.2 (i), (6.1) holds if and only if

—0 as&— 0,  (6.13)

[ )

sup [ (u(eh) ||

z€(0,6) q';(0,2)
We show that (6.13) is equivalent to
1 1y —1
lim {[¢77 (p(tn Ht 7 (b(t)"! = 0. 6.14
x—04 (,U( )) r;(x,1) )) 7';(0,2) ( )

Indeed, assume that (6.13) holds. Then, given & > 0, there is A € (0, 1) such

that )
Hf?(b(t))—l <

€
q';(0,x) 2’

sup Ht (et ))_1
z€(0,A)

ri(z,A)
As ||t (b(t))~
satisfying

< 400, ¢ < 400, and pu € LF we can find § € (0,A)

dl
q’5(0,1) r?

[ e

Therefore, for all z € (0, 6),

e

<

9
(A1) 7300 2

)

T;(mvl) q’;(O,x)

1

(b))

T;(va) ‘ q’;([)ﬂ?)

£ (b(1))

(A1) q';(0,z)

and (6.14) follows. The converse implication is a consequence of the estimate

(ACO

sup Ht G t%))fl

xe 05 T’;(ﬂ?,g) q,7(07$)
1 —1 _ 1
< su Ht " ‘t 7 (b(t))~" .
z€( Opg ” >) ri(z,1) (b{#)) a';(0,x)

-1

1
for all z € (0, 5), (6.15)

~ e o)

T;(mvl) q/;(O,I)

(6.14) is equivalent to (1.17) and the proof of part (i) is complete.
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(ii) If 0 < r < ¢ < 400 and ¢ > 1, then Lemma 3.2 (ii) shows that (6.1)
holds if and only if

¢ 1 1 —1
N aG)

where

u u o g, d
v VE@DPV (@) 20 as g~ 0, (6.16)

!

q

V(z) = Ht*i(b(t))—l (6.17)

¢5(0.2)
Using the identity ;7 = /- — 1 and (6.15), we see that (6.16) is equivalent to

e[t ()" an -
H i k() HT;E””’@ </ t—lb—Q’(t)dt) b—q/(x")d—xﬁo as & — 0. (6.18)
0 Hti;()\qr(t))ilHr;(x,l) 0 v

Finally, since singularities of functions in question are only at the origin, (6.18)
is satisfied if and only if (1.19) holds. O

Remark 6.6. As in Remark 5.1, we see that in Theorem 1.8 the implications
(1.16) = (1.17) and (1.18) = (1.19) remain true if £ € N.

Remark 6.7 ( [16, Remark 7.2 (i)]). Let 0 € (0,n), p =2, ¢ € (1,+00], r €
l

[1,+00], k = [0]+1,let b € SV(0,+00) be such that ||t~ (b(t)) ! ) < oo

and let A, be given by (1.15). Then A" (®™) = ALV (RR).

Proof of Corollary 1.9. Suppose that (1.17) holds. Then, by [16, Corollary 1.7],
we have o
H Ly gp(R") — ALY O(Rm). (6.19)

Since ) is bounded, there is an open ball By such that  C B; and (6.19)
implies that
H7 Ly ¢p(R") — Aig}gr(')(ﬁl)_ (6.20)

On the other hand (1.17) is equivalent to

||t_%<’u(t))71||r,(x,§)
sup
220.) ||t Agr ()

—0 as&— 04 (6.21)

7 )

(see the proof of Theorem 1.8 (i)). Thus, as in the proof of Corollary 1.7, we
have o o
AR O(Fy) e AL (B, (6.22)

Since Q2 C By, (1.20) follows from (6.20) and (6.22).
Conversely, if (1.20) holds, Remark 6.6 implies that (1.17) is satisfied. [
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Remark 6.8. (i) In Theorem 1.6 (i) the implication
(1.11) = HL,»(R") —— ARO(Q)

remains true even if we extend the range of ¢ and r to 1 < ¢ < r < 4o00.
(Indeed, this can be seen from the proof of Theorem 1.6 (i), where we use
Theorem 1.4 and Remark 5.2 (i) instead of Theorem 1.4.)

Theorem 1.6 (i) continues to hold if we assume that 1 < ¢ < r < +o0,
q < 400, and (5.5) is satisfied. (This follows from Remarks 5.2 (ii), (iii). Note
that the condition ¢ < 400 implies that the space L, ,,(R") has absolutely
continuous norm - cf. [22, Lemma 3.2].)

(ii) Similarly, in Theorem 1.8 (i) the implication
(1.17) = HLp4p(R") —>— Al;é’fr()(ﬁ)

remains true if we extend the range of ¢ and r to 1 < ¢ <r < +c.
Theorem 1.8 (i) continues to hold if we assume that 1 < ¢ < r < 400,
q < +oo, and (5.5) is satisfied. (This follows from Remarks 5.2 (ii), (iii).)
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