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An Example of a Functional
which is Weakly Lower Semicontinuous
on WO1 P for every p > 2 but not on Hj

Fernando Farroni, Raffaella Giova and Francois Murat

Abstract. In this note we give an example of a functional which is defined and
coercive on H¢ (), which is sequentially weakly lower semicontinuous on W& P(Q)
for every p > 2, but which is not sequentially lower semicontinuous on Hg (). This
functional is non local.
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1. Results and comments

Let © be a bounded open subset of RY, with 0 € Qif N > 2, and Q = (0, Ry) if
N = 1. In this note, we give an example of a functional defined and coercive on
Hy(€2), that has quadratic growth with respect to | Dv|[z = [[Dvl| (12~ and
which is sequentially weakly lower semicontinuous on I/VO1 P(Q) for every p > 2,
but not sequentially weakly lower semicontinuous on Hj ().

More precisely, when N > 3, we recall the Hardy—Sobolev inequality (see,

e.g., [5, Theorems 21.7, 21.8], [6, Lemma 17.1], and also 4.1 in the Appendix
below):

2
m?\,/ ﬁd:cg/ |Dv|?dz Vv € Hy(RY), (1)
RN RN
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where m3; denotes the best possible constant in the inequality, i.e.,

Dvl|2d
w2 = i M @)
vEHL(RN) fRN o d:r

It is well known that m% is given by (see the references above) m3% = W 42)

We consider a function ¢ defined and continuous on [0, oo, which is non
negative and decreasing and which satisfies

©(0) >m3 and ¢(c0) < % (3)

Finally, we define the functional J by

vl

:/Q|Dv|2dx—cp(||Dv||§) ds Yo e Hy() (4)

Our main result is the following:

Theorem 1.1. Let N > 3 and let 2 be a bounded open subset of RY, with
0 € Q. Assume that ¢ is a continuous, non negative and decreasing function on
0, 00] satisfying (3), where m% is given by (2). Then the functional J defined
by (4) satisfies:

(i) there exists a constant C > 0 such that

1
~Ct [IDePiz < g < [DoPds woemiQ: )
Q Q

(ii) the functional J is sequentially weakly lower semicontinuous on Wy ()
for every p > 2, i.e.,

J(v) < liminf J(v,) if v, = v in Wol’p(Q) weakly;

(i) the functional J is not sequentially weakly lower semicontinuous on
H3(Q2); more precisely, there exists a sequence of functions w, € H} ()
such that w, — 0 in H}(QY) weakly and

liminf J(w,) < J(0).

Theorem 1.1 is proved in Section 2 below.

On the other hand, when IV = 2 we consider a bounded open subset 2 of R2,
with 0 € © and some R, for which! Q C Bg,. We recall the Hardy—Sobolev
inequality (see, e.g., [1, Theorems 4.2, 5.4] and [6, Lemma 17.4]):

2
/| v |2|x x</]Dv]2dq; Vv € Hy (), (6)
T

2log” &

Tn this note we denote by Bg the open ball of RY of radius R and center 0.



An Example of a Functional 61

where m2 denotes the best possible constant in the inequality, i.e.,

, Jo |Dv|*dz
ve 0( )fQ |x‘2]og2m
Ro

It is well known that m3 is given by (see the references above) m3 = i.

We consider a function ¢ which is defined and continuous on [0, co], which
is non negative and decreasing and which satisfies

2
m
(0) >m3 and  p(o0) < 2, (8)

and we define the functional J by

J(v) = / |Dvfdz — (| Dol

0]

dx Vv € Hy(Q). (9)
o |z|?log

2 |z
Ro

In this case, we prove the following

Theorem 1.2. Let N = 2 and let ) be a bounded open subset of R?, with 0 €
and Q C Bpg,. Assume that ¢ is a continuous, non negative and decreasing func-
tion on [0, 00] satisfying (8), where m3 is given by (7). Then the functional J
defined by (9) satisfies the conditions (i), (ii) and (iii) of Theorem 1.1.

Theorem 1.2 is proved in Section 3 below.

Finally, in the one-dimensional case, let Q be the interval Q = (0, Ry).
We recall the Hardy—Sobolev inequality (see, e.g., [3, Theorem 327] and [5,
Lemma 1.3]):

o] 2 [e’¢)
m%/ % dr < / [v'|2dr Vv € Hy(0,00), (10)
o |zl 0
where m? denotes the best possible constant in the inequality, i.e.,
20 |?da
m} = inf IOL. (11)

o0 2
veH(0,00) [ s dir

It is well known that m? is given by (see the references above) m? = i.

We consider a function ¢ which is defined and continuous on [0, co], which
is non negative, decreasing and which satisfies
m2
(0) >mi and @(o0) < =, (12)

and we define the functional J by

fto D) 12 flo |U|2 1
J(v) = i [V [Fdz — p([|v[|2) i T dr Vv e Hy(0, R). (13)

[

In this case we prove the following
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Theorem 1.3. Let N =1 and let Q) be the interval Q = (0, Ry). Assume that ¢
is a continuous, non negative and decreasing function on [0, 00] satisfying (12),
where m? is given by (11). Then the functional J defined by (13) satisfies the
conditions (i), (ii) and (iii) of Theorem 1.1.

The proof of Theorem 1.3 follows along the lines of Theorem 1.1 and will
not be given here.

Remark 1.4. Observe that, in contrast with the case N > 2, the functions
v € H}(0, Rp) vanish in 0 in the one-dimensional case.

Remark 1.5. Consider a functional of the (integral) form
J(v) = / F(z,v,Dv)dr Vv € WP(Q), (14)
Q

where F': Q x R x RY — R is a Carathéodory function satisfying
aop(x) + coléP < Fx,s,&) < ay(x) + by|s]P + ¢1[€|P for ae. z € Q

and for all (s,§) € R x RN where p > 1, ¢g > 0, and ag,a; € L'(Q). It
is well known (see, e.g., [2, Theorems 3.1, 3.4] and [4, Theorem 2.4]) that the
functional J is sequentially weakly lower semicontinuous on W1?(9) if and only
if F(z,s,-) is a convex function for a.e. x € ) and for every s € R; moreover,
in this case, the functional J is sequentially weakly lower semicontinuous on

Wha(Q) for every ¢ > 1. Tt is therefore impossible to write the functionals
defined by (4), (9) and (13) in the integral form (14).

Remark 1.6. Using the result 4.3 of the Appendix below, we can prove an
assertion which is stronger than assertion (ii), namely: if N > 3, then J(v) <
liminf, . J(v,) if v, — vin H(Q)) weakly with | Dv,| equi-integrable in L*((2).
The same result continues to hold for N = 1 and N = 2. Assertion (ii) of
Theorems 1.1, 1.2, and 1.3 is a special case of this assertion since €2 is assumed
to be bounded.

Remark 1.7. Actually in dimension N > 3, Theorem 1.1 continues to hold
(with the same proof) if the Hardy—Sobolev inequality (1) is replaced by the
Sobolev inequality

2

2*
m2</ |U|2*dx) g/ \Do2de Vo € HA(RY), (15)
]RN ]RN

where 2* is the Sobolev’s exponent defined by 2* = % and where m? is the best
possible constant in (15), and if in the definition (4) of the functional J the inte-

gral [ % dz is replaced by (fQ |v|2*dx) 2* . More than that, Theorems 1.1, 1.2,
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and 1.3 still continue to hold (with the same proof) if the inequalities (1), (6),
(10), and (15) are replaced by an inequality of the type mxq)||v] x@) < [[Dv]|2,
where X () is a Banach space such that the embedding H} () — X () is not
compact while the embedding W, () < X () is compact for any p > 2. The
non compactness of the embedding H(Q) — L?(Q; w(z)dz) and the compact-

ness of the embedding W, #(Q) «— L? (Q;w(z)dz) for p > 2, where

# fN=1orN>3
W)=y _ 1 N =2
a2 log® 77,

(see 4.2 and 4.3 in the Appendix below), are indeed at the root of the proofs
of (iii) and (ii). This explains why Theorem 1.1 continues to hold by replacing
the Hardy—Sobolev inequality by the Sobolev inequality.

In contrast, if the embedding H}(Q2) — X () is compact (e.g., in the case
X(Q) = L?(Q) for Q bounded), it is straightforward to prove that the functional

J(v) —/QIDUIQdI—¢(||Dv\|§)|!v||§qm Yo € Hy ()

is sequentially weakly lower semicontinuous on Hj}(€2) whenever ¢ is decreasing:
just take a sequence v, such that v, — v in H}(Q) weakly, and observe that in
this framework holds:

/|DU|2dx§1iminf/ | Dv, |*dz,
[¢) n—oo [¢)
—p(IDulB) < liminf (| Do )

T o3 @) = 0l 0

Remark 1.8. Observe finally that in the proof of Theorem 1.1 below (for
N > 3) it is not necessary to know the explicit value of the best constant m3
in the inequality (1), whenever the function ¢ is chosen such that (3) holds.

In contrast, the proof of Theorem 1.2 below (where N = 2) uses the fact
that the constant m3 coincides with m?. If one does not want to use the fact
that m3 = m?, it would be sufficient to assume in (8) that ¢(0) > m? in place
of ©(0) > m3 (see also the proof of (iii) in Theorem 1.2).

Also it should be observed that the best constant myq) is attainable or
not, does not play any role in the proofs below in contrast with the fact, that
the embedding H} () — X () is not compact for Q bounded, which is crucial.
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2. Proof of Theorem 1.1

Proof of (i). By the definition of J(v) we have

J() < / Dofde,
0

since ¢ is non negative. It remains to prove the first inequality of (5). Since ¢
my

is continuous and satisfies (3), there exists £y > 0 such that p(ty) = 5.

If [|[Dv||2 > to then o(||Dv]|3) < m—?v. Therefore
m?\f |U|2 2 2 2
v) Z/ | Dv|*de— = > )l Pd >/ |Dv|*dz— /|Dv| dr > /|Dv| dr,
Q

and the first inequality of (5) holds.
On the other hand, if || Dv||% < t,, then

U)Z/Q|Dv|2dx—g0 de/ Dyl ( 97’;5()))150,

in view of (3). If we choose a constant C' such that ”(0 w2t < C, we have

J(v) > to — SD—QtO > / |Dv[2dz — C
my Q

and the first inequality of (5) is again proved. This proves (i). O

Proof of (ii). Let p > 2. Assume that v, — v in W, ?(Q) weakly. Since Q is
bounded, v, — v in HJ () weakly and there exists a > 0 such that

liminf || Dv, |3 = || Dv||3 + . (16)

Since ¢ is continuous and decreasing, there exists some 3 > 0 such that
lim inf — (| Do, ) = —¢ (|1 De]}3) + 5. (17)
Moreover, by the compactness of the embedding VVO1 P(Q) — L2 (Q; # dac) for
p > 2 (see 4.3 in the Appendix below), we get
2 2
lim % dr = % dx. (18)
n—co Jo |z| o |z]

(Note that (18) continues to hold if we assume (27) mentioned below in place
of v, — v in WP (Q) weakly. This allows one to prove the assertion of Re-
mark 1.6.) Combining (16), (17) and (18), we obtain

2
liminf J(v,) > J(v +a+ﬁ/| vl dx > J(v),

e 2f?

which proves (ii). O
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Proof of (iii). Let A be such that m% < A < ¢(0) (such a A exists in view
of (3)). Recalling the definition (2) of m3;, there exists a function ¢ € C$°(RY)

such that )
/\/ ‘wzd >/ |D¢|2dx.
RV [Z]

Since ¢ is continuous and satisfies (3), there exists t; > 0 such that p(t1) = A.
Take s such that 0 < s?||Dy||2 < ¢;. The function w = s1) belongs to C5°(RY)
and satisfies

(I Dwl3) = A, (19)

2
A/ il dx>/ \Duwdz. (20)
Ry |7| RN

Define the sequence w, by w,(z) = n"z w(nz); then Dw,(z) = n? Dw(nz).
For n sufficiently large, the function w,, belongs to H}(Q) and it holds

2 2
/|Dwn|2dx:/ |Dw|*dz  and /|wn\2 dx:/ %dx.
Q RN SEd BV |7]

Therefore, for n sufficiently large, the sequence w, is bounded in H{ () with
w, — 0 in H} () weakly, and

as well as

jw]?

w
J(wn):/ |Dw|2d:c—g0(\|DwH§)/ ol e,
RN N |z

R
Therefore J(w,) < 0 in view of (19) and (20). This proves (iii). O

3. Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to the one of Theorem 1.1, but differs by
technical aspects.

Proof of (i). Condition (5) is proved exactly as in the proof of Theorem 1.1. [

Proof of (ii). Let p > 2. Assume that v, — v in W,”(Q) weakly. Then, as in
the proof of Theorem 1.1, we have, for some o > 0 and 5 > 0,

liminf || Dv, % = || Dvl|? + o (21)
lim inf{ — o(|| Duall3)} = —¢([[Dvll3) + 5. (22)

Moreover since p > N = 2, we have that v, — v uniformly in €2, and, since
- € LY(2), we have

|z|2 log 2 II

. R v[?
lim T = ﬁdx (23)
N—00 |x|210g 112 1mg2 lz | |x|210g lz| \
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Combining (21), (22) and (23), we obtain

2
liminf J(v,) = J(v)+a+ﬁ/ U—Qlldx > J(v),
o |z]2log® =

n—oo
Ro

which proves (ii). O

Proof of (iii). Let A be such that m? < \, where m? is the best constant (defined
by (11)) in the one-dimensional Hardy—Sobolev inequality (10). Then there
exists ¢ € C§°(0, 00) such that

[ele} 2 o0
)\/0 "Z’i?' dt>/0 o/ (8) 2.

Since ¢ is continuous and satisfies (8), and since the best constant m3 (defined
by (7)) in the two-dimensional Hardy—Sobolev inequality (6) coincides with m?,
we can choose A such that m3 = m? < X\ < ¢(0) (if we do not want to use the
property m3 = m?, it would be sufficient to assume in (8) that p(0) > m? in
place of ¢©(0) > m3). Then, there exists t; > 0 such that ¢(t;) = \. Take s
such that 0 < 27s%||¢'||3 < t;. The function w = s belongs to C§°(0, c0) and

satisfies -
@(27r / |w’(t)|2dt> >\ (24)
0

A/OOO |“’g)’ dt>/ooo ! (1) dt. (25)

Define the sequence w,, by

L= 2l
w () = 7w ( nlog Ro) if |z] < Ry

as well as

then

lz[\ =
Du, () = {—\/ﬁw’ <—nlog R_()) nE A lz| < Ry

0 if |z| > Ry.
For n sufficiently large, the function w, belongs to H} () and

Ro .
/ | Dw,|*dr = 277/ w' (—nlog —)
Q 0 Ry

2
|wn|2 Ro |w (—nlog RL())’ 00 |w(t)|2
WdIIQ’ﬂ' 1 7 dT:27T t—2dt
o |z|?log” & 0 nrlog” #- 0

2

ﬁdrzzw/ ' () 2dt,
r 0

while
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Therefore, for n sufficiently large, the sequence w, is bounded in H} () with
wy, — 0 in H} () weakly, and

J(w,) = 27 /0 h |w’(t)|2dt—27rg0(27r /0 Oo|w’(t)]2dt) /0 h '“’i?'zdt.

Therefore J(w,) < 0 in view of (24) and (25). This proves (iii). O

4. Appendix

In this Appendix we recall some facts about the Hardy—Sobolev inequality in
dimension N > 3, some of them are well known.

4.1. A classical proof of (1) is to write, for every v € C5°(RY),

2 x- Dv lv]?
0< / dx = / |Dv|? + 2cv + ¢ dx.
RN RN [ [

Integrating by parts the second term, one gets

.D 2
/ 2wl 7Y gy = —(N — 2)/ de,
RN |l RN [ 2]

Dv—l—cvi
|z [?

and therefore

0]

og/RN |Dv|2dx—((N—2)c—c2)/R I

v [af?

— : N—2)?
N2 proves (1) with m3, = &2,

2

The choice ¢ =

4.2. Let us now prove by means of a counterexample that, when 0 € €2, the
embedding H}(Q) — L? (Q; # dx) is not compact. For that we consider the

functions .

up(x) = ﬁTn (Gry(2)),

where Gg, : RY — R is the function defined by

Grola) = P2 B - 26
() {0 if 2| > Ro, (26)

with Ry > 0 such that the ball B, C €2, and where 7;, : R — R is the truncation

at height n, i.e.,
t if [t| <n
Tn(t) = n .
ng AL ftf > n.
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Then

N — 2)2 3 Ro 1
/\Dun\zdx—/ | Du,, |*dx = ( )Sw 1/ ~—7 A,
Q BRO n Tn e

where Sy_; is the area of the unit sphere of RY and where 7, is defined by
4%2 — ﬁ = n. Therefore [, |Du,|*dz = (N —2)Sy_; and u, — 0 in Hj(Q)
weakly. On the other hand, one has

|t |® | |® " N-3 SN-1  N-o
o T2 dx > A dx = Sy_1n i T dr:mnrn ,

™n

and then lim, . [, |m‘22 dx > ‘S;\IIV_‘QI This proves that the embedding H} (Q) —
L? (Q; # dx) is not compact.

In dimension N = 2, this counterexample continues to hold if one replaces
the function G, defined in (26) by the function Gg,(z) = —log &2 if |z| < Ro.
In dimension N = 1, one uses the continuous piecewise affine functions u,, such
that u,(0) =0, un(&) = ﬁ and u,(Ry) = 0.

n

4.3. Let us finally prove that, when
u, —win H}(Q) weakly with |Du,| equi-integrable in L*(), (27)

then w, — wu in L2 (Q; ﬁ da:). Note that every sequence satisfying u,, — u
in W,"?(Q) weakly, with p > 2, satisfies (27) since Q is bounded; therefore
this claim implies that the embedding VVO1 P(Q) — L2 (Q; ﬁ d:p) is compact for
p > 2.

Let 0 > 0 be small. We write

_ 2 _ 2 _ 2
Jn = ul® 2“' dx:/ Jun = ul® 2“' dx+/ Jun — u 2“' dz, (28)
o |7l Q\Bj || Bs 7]

where Bj is the ball of radius §. Since # € L™ (2\ Bs) and since the embed-

ding H}(Q) — L? () is compact for Q bounded, the first term of (28) tends to
zero when n — oo.

Let 15 be the radial function defined by

1 if |z] <6
ds(z) =2 if § <|z[ <20
0 if |z| > 26.

For ¢ sufficiently small, 15 has compact support in §2, and using Hardy—Sobolev



An Example of a Functional 69

inequality (1) we have

| 2

_ _ 2
Bs |7l Q |z]

s/|D(w5 (1 — 1)) [2da

Q

< 2/ ]Dw5|2|un—u\2dx+2/ 1D (1, — ) [2[u05 2
Q Q

< 2/ |D¢5|2|un—u|2dx+2/ |D (u, — u)|*dw.
Q Bas

For § fixed, the first term tends to zero when n — oo (still because the embed-
ding H}(Q) — L?(Q) is compact), while the second term is small uniformly
in n when 0 is small in view of the equi-integrability assumption (27). This
proves the claim. This also proves the assertion of Remark 1.6.
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