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Regularity Criteria in Terms of the Pressure
for the Navier-Stokes Equations
in the Critical Morrey-Campanato Space

Yong Zhou and Sadek Gala

Abstract. In this paper, we establish a Serrin-type regularity criterion in terms of
the pressure for Leray weak solutions to the Navier-Stokes equation in R3. It is
proved that the solution is regular if the associate pressure satifies

2 . 2 )
pe L= ((0.7);: My3(R) or Vpe LT ((0,T): Mys(R))

for 0 < r < 1, where M2 3 (R3) is the critical Morrey—Campanto space. Regularity
criteria for the 3D MHD equations are also given.
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1. Introduction

Consider the Navier-Stokes equations in R3:

Ou+u-Vu—Au+Vp=0, (z,t) € R* x (0,T)
div u =0, (z,t) € R® x (0,7) (1)
U(ZL‘,O) = UO(I)7 LS R37

where u = u(z,t) € R?: the velocity field, and p = p(x,t) € R: the scalar
pressure are unknowns. For simplicity, we assume that the external force has a
scalar potential and is included into the pressure gradient.
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It is well known that for ug € L*(R?) problem (1) possesses at least one
weak solution, see [10]. Its uniqueness is an open problem. Moreover, if uy €
W12(R3), then at least on a short time interval, u € L2(0, 7% W?%(R3)) N
L>=(0,T* W2(R?)). The fundamental open question is whether T* can be
arbitrarily large or whether there is finite time blow up, i.e., whether there is
T* < oo such that limsup, ;. [|[Vu(7)||z2 = +oo. In the general situation,
to ensure the smoothness, we may consider certain minimal smoothness which
excludes the possibility of the blow up., i.e., which ensures u € C*((0, 00) x R?).
The first such a criterion is usually referred as the Prodi-Serrin condition (see
[13,15] and for s = 3 [3]) saying that if the weak solution u additionally belongs
to L'(0,T; L*(R?*)), 2 + 2 = 1, s € [3,00], then the solution is as regular
as the data allow and unique in the class of all weak solutions satisfying the
energy inequality. Further criteria, including several components of velocity
field or the gradient of velocity, pressure or other quantities can be found, e.g.,
in [1,4,12,17-19,21,25].

In L? framework, a final Serrin-type regularity criterion in terms of the
pressure was obtained by Berselli and Galdi [2] (a much simpler proof was
given by the Zhou [21] recently). In terms of the gradient of pressure, Zhou
also established a final version Serrin-type regularity criterion in [21]. For
arbitrary dimensional case, we refer to [16,22]. It is shown that if the pres-
sure p € L*((0,T); L7 (R?)) with %—i—% <2, 1<a<oo 3<y<ooor
Vp € L*((0,T); L4(R?)) with 2 + 2 < 3, then the corresponding weak solution
actually is strong. Very recently, Fan, Jiang and Ni [4] extended regularity cri-
teria in terms of the pressure to a multiplier space (see Definition 2.1) and a
homogeneous Morrey-Campanato space (see Definition 2.2).

The purpose of this work is to establish a Serrin-type regularity criterion
in terms of the pressure or gradient of the pressure in the the critical Morrey—
Campanato space by an equivalence between a multiplier space and a homoge-
neous Morrey—Campanato space.

We will prove
Theorem 1.1. Let uyg € L*(R3) N L7 (R3) for some q > 4, and V -ug = 0 in the
sense of distributions. Assume that uw € L>(0,T; L*) N L*(0,T; H') is a weak

solution of the Navier—Stokes equations (1) with an associated pressure p. If the
pressure p satisfies

p € L7 ((0,T), My (R®) withr € (0,1),
then u(t, x) is a strong solution in (0,T].

and the following regularity theorem in terms of the gradient of pressure:
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Theorem 1.2. Let uy € L*(R?)N L7 (R3) for some q > 4, and V -ug = 0 in the
sense of distributions. Suppose that u(x,t) is a Leray-Hopf solution of (1). If

Vp € L5+ ((0,T), My s(R*) for0 <r <1,

then u(t,z) is a reqular solution in the sense that u € C™ ([0,T] x R3).

Remark 1.3. By a strong solution we mean a weak solution of the Navier—
Stokes equation such that v € L™ ((0,7);H') N L*((0,T); H?). Tt is well-
known that strong solutions are regular (we say classical) and unique in the
class of weak solutions.

2. Morrey-Campanato spaces

In this section, we will recall the definition and some properties of the space we
are going to use. This kind of spaces play an important role in studying the
regularity of solutions to partial differential equations (see [9] and references
therein).

First, we give the definition of X, which was used in [4,27].

Definition 2.1. For 0 <r < %, the space X, is defined as the space of f(z) €
L? (R3) such that

loc

Ifllx, = sup [[fgllp2 < oo,
gl ;- <1

where we denote by H"(R®) the completion of the space D(R?) with respect to

the norm ||ul| 7 = || (—A)7 ul| ..

Now we recall the definition of the Morrey—Campanato spaces:

Definition 2.2. For 1 < p < ¢ < oo, the Morrey-Campanato space /\./lp,q is
defined by

M, {fELloc( 3):HfHMP —supsuqu PHf M B,r)( )HLp(dy)<oo}.

One can find that M, , (R?) is a Banach space under the norm 1+l -
Furthermore, it is easy to check the following:

1
1F ) g, = ] 1fllyg,,» A>0.

Hence, for (u,p) solves the Navier—Stokes equations, we have

[[uxl

LT (TN, g B) LT (0, 5 (R?))
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and

Hp)\HLQ 7 (0,T); ./\/l2§( HpHL2 7 ((0,T);M (Rd))

2,

‘HW

with uy (z,t) = M (Ax, A?t) and py (x,t) = X2p (Ax, A\%t) for X > 0. Here, the
point is that if (u, p) solves the MHD model, then so does (uy, py) for all A > 0.
This is so called scaling dimension zero property.

Then, we have the following comparison between the Lorentz spaces and
the Morrey—Campanato spaces: for p > 2,

L*(R%) € LT°(R®) C M,,s(R).

The relation L»(R3) C ./\/l (]R3) is shown in the following:

g SOwPIE (/ ) |pdy) (f e Lr=®)
= (s%pIEI T [E\f y |pdy)

(supRHx eR?:|f(y)|” > R} ‘Z;”r)p

R>0

[

11 g

I

=sup R|{z e R : | f(y)| > R}‘%
R>0

= £l 2.0

The following lemma [9] gives an equivalence between M2, s and a multiplier
space.

Lemma 2.3. For 0 < r < 2, the space Z. is defined as the space of f(z) €
L? (R3) such that

loc

1fl, = sap |fgllz2 < oo.
loll ;<1

Then f € M27§ if and only of f € Z, with equivalence of norms.

Additionally, for 2 < p < % and 0 <r < %, we have the following inclusion
relations ( [9]):

M, (R) C X,(R®) C M, 3(R?) = Z,(R®).

ﬁ\w

The relation X, (R3) C M27§(R3) is shown as follows. Let f € X, (R3),0< R< 1,
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zo € R* and ¢ € C°(R?), ¢ =1 on B(%¢,1). We have

Rr_g 24 )2:Rr( R 2d)2
(/mogR'f e /‘ et RO

<R ( / |f(Ry)¢(y)|2dy)2
yeR3

< R IFR) 4 16l

<Il5 16l

<Clflly .

Another easy result is a direct application of Proposition 5.1 in [28]:

Lemma 2.4. Forr € (O, g), the following embeddings hold:
-3y .
1. Bjoo (R*) C Mys (R?), provided p < 2;
2. B%z(R?’) C MZ% (RS)

Remark 2.5. Since L+ (R3)CX,(R?) C MZ;(RB), Theorem 1.1 and 1.2 are

improvements of Zhou's result [21] and those in [4, (1.9), (1.11) and (1.13) in
Theorem 1.5]. Thanks to Lemma 2.4, we also extend regularity in homogeneous
Besov spaces.

Remark 2.6. One can find that the space Mz’g is a quite large one. Moreover,
by using space M, 3, one could find or exclude some type of singularity. We
refer to [27] for detailed discussion.

3. Proof of Theorem 1.1

In order to prove Theorem 1.1, we recall the well-known pressure-velocity rela-
tion in R3, given by
3
p=Y RiR; (usuy),
ij=1
where (R,-)?Zl are the Riesz transforms in R3. Then the Calderén-Zygmund
inequality implies
2
1Pl e < llullfea, 1< <o (2)
We also recall the following result due to Giga [5] (see also [8]) that will

be used in the proof of Theorem 1.1 and 1.2. Here, BC' denotes the class of
bounded and continuous functions.
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Lemma 3.1.
(i) Suppose that ug € L* (R?), for a > 3 and V.ug = 0. Then, there exists

To > 0 and a unique solution of (1) on [0,Ty) such that

{ ue BC([0,Ty); L*(R*) N L" ([0, Tp); L*(R?)) , )

tru € BC ([0,Ty); L*(R%))

where%+§:§,s>3.
(ii) Moreover, let (0,T*) be the mazimal interval such that u solves (1) in

C ((0,T%); L*(R?)), a > 3. Then for any t € (0,T*)

[u@)l e 2 ———==,

(T —t) %

with the constant C' independent of T and «.
(iii) Let u be a strong solution satisfying

ue L*((0,T); L°(R?*))  for 2 + % =1 and 3>3.

Then u belongs to C>(R? x (0,T)).

The proof of Theorem 1.1 consists in first obtaining a continuation principle
for strong solutions and then in applying it to weak solutions. By using the
results of the previous Lemma 3.1, the weak solution u is smooth in some time
interval (0,7*), T* < T. In particular, (u,p) € C* (R3 x (0,7*)) and u is in
the class (3). Thus, for any 7" > 0 we suppose that u is a smooth solution to
(1) on R? x (0, T) and will establish a priori bounds that will allow us to extend
u for all time. Hence, it suffices to establish the following a priori estimate

t 2
4 4 —r
sup (0l < lallexo (€ [ 101 as)
0<t<T 0 2,3

where C' is independent of T'.

Multiplying both sides of (1) by 4u |u|* and integrating over (0,t) x R3, after
suitable integration by parts, we obtain (see e.g. [21])

t t
2
Ol +4 [ 11Vallul e ds +2 [ [V 1?5, ds

t
<t [ [ 1ol 1l 9 Juf| o ds + ol
0 JR3
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fort € (0,7). Let w = |u|2 Then Cauchy’s inequality implies that
4 2 2
[u(, )l s + 4 Vul |ull[722 + 2 [ Vwl]72.

t
1
s4/“/ 1pl [wl? [Vao| di ds + Juo s
0 Rd

¢ ¢
<2 {/ / (V| dz ds +/ / Ip|? |w) da:ds] + Nluol[3s -
0 JRrd 0 JRrd

Let us estimate the integral I = [} [, |p|* |w| dzds on the right hand side of (4).
By Holder’s and Young’s inequalities, we have

t
1< [ pwla ol s
0
! 2
< [ (Mol g, ) Dbt
t
1—
< C [ plli, Nl 190l ol s
t
<C [ Il , Il 19wl ds
0 '
t
2_
< [ (Wl , Il ) 17l ds
0 '
<1tV2d ct > 2, d
<5 [ IVulads+ [l Tl ds

where we used the following inequality proved in [11]:

1—
lll sy, < C llli2" Vel

: 2
and (2). Since |||Vl |u|||3, = %HV|U|2HL2 = }l||VwHiQ, then by (4) and the
above equality, we derive

2 4
|wl][ L2 ds + [Juoll - (5)

t 2
4 —
JuC, )lla < 0/0 2%,

|
2,5

Due to Gronwall’ s inequality, it follows from (5) that

T 2
sup [Ju(,0)[[5 < llall4 exp (c | sl ds) -
0 T

0<t<T

This completes the proof of Theorem 1.1. n
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4. Proof of Theorem 1.2

Taking Vdiv on both sides of the first equation in (1) for smooth (u, p), one can

obtain
3

—A(Vp) =Y 9:0; (V(uzuy)).

1,j=1

Therefore the Calderon-Zygmund inequality
VDl e < Clllul [Vull L, (6)

holds for any 1 < ¢ < co. This relation (6) between Vp and derivatives of the
velocity was derived firstly in [21] and will play a very important role in the
following proof.

Multiplying both sides of the first equation of (1) by 4u |u|2, suitable inte-
gration by parts yields

d
_||u(-,t)||i4+4/ |Vu|2|u|2d$~|—2/ ‘V|u|2|2d:v < 2/ \Vp| [ul* dz (7)
dt R3 R3 R3

for t € (0,7). Let us estimate the integral I = [, |Vp| ul’ dz on the right
hand side of (7):

2
L<|[IVp]-fulll [[lul[]
2
= [IVpl - [ulll 2 lull L4
1 1
< IVelz Vel - ful®]|7 HUHQsz

1 1
< Cllful - [Vulllz IVels, |l

2,3
r

|U||L4

< Cllul - Vlulll}. HVPIj4 , [Juf? HLz IV [f?]| 22 1ul

v

1
1 -
< Cllul - [Vulll,£ IVl , el s

3—7r

4
¢ (Il [ull:) ™ (nwns )

2 — 4
< lul - [Vulllz. + C ||Vp||f\~4 ullza
2,5

where we used (6) for ¢ = 2 and [jul|z, <C ull;=" || Vul|}2 . Then by (7) and

the above inequality, we derive

GO+ 2 [ FuP o2 [ (V1P e < CIVPIT Tl 8)
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Due to Gronwall’ s inequality, it follows from (8) that

T 2
sup ()]s < [luoll s exp (c [ i ds) .
0<t<T 0

This completes the proof of Theorem 1.2. O]

5. Regularity criteria for the MHD equations

In this paper, we will also consider the following 3D incompressible viscous
MHD equations:

atu—,uAu—i-qu—FVp—F%V|b|2—b-Vb:O
Ob—vAb+u-Vb—b-Vu=0 9)
V-u=V-b=0
u(x,0) =ug(z), b(z,0)=by(x),

where v = u(z,t) € R3 is the velocity field, b € R? is the magnetic field,
p = p(z,t) is the scalar pressure, u > 0 is the kinematic viscosity and v > 0
is the resistivity, while uy and by are given initial velocity and initial magnetic
field with V - ug = V - by = 0 in the sense of distribution. For simplicity, we
assume that the external force has a scalar potential and is included into the
pressure gradient. In what follows, we assume u = v = 1 for convenience.

It is well-known [14] that the problem (9) is local well-posed for any given
initial datum wug,by € H*(R?), s > 3. But whether this unique local solu-
tion can exist globally is an outstanding challenge problem. Some fundamental
Serrin-type regularity criteria in term of the velocity only were shown in [7,20]
independently. In [24] direction of the vorticity field w = V x u was discussed
(see also [7]).

In particular, in [23] regularity is guaranteed under Serrin-type conditions
both for the pressure and the magnetic filed. It is reasonable in the following
sense: p in the first equation of (9) can guarantee the regularity of u, but the
smoothness of b can be kept under some condition of itself due to the second
equation. Recently, Zhou and Fan [26] did a breakthrough and established
regularity criteria in L? space only in terms of the pressure.

Here, we can extend regularity criteria for the MHD equations to the critical
Morrey—Campanato space.

Theorem 5.1. Let T > 0 and (ugp,by) € H* (R®) with s > 3 and V - uy =
V by = 0. If the pressure p associated with the corresponding smooth solution
(u, b) satisfies one of the following conditions:

pe L= (0,T; Mys(R®)) or Vpe L5+ (0,T; My s (R%))
with 0 < r < 1, then (u,b) can be extended smoothly beyond t = T.
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There are two main ingredients in the proof. First, we rewrite (9) as (firstly
given in [6])
Owt +w - Vw™ = Aw™ — Vp
Ow™ +wt - Vw™ = Aw™ — Vp (10)
V-wt=V-w =0,

with w* := u+b. It is sufficient to establish regularity for w* := u=4b instead of
for u and b. Then, we can combine the arguments in [26] and that in Section 4.
For concision, we omit the detailed proof.
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