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Abstract. We give a theorem on an error estimate of approximate solutions for
functional difference equations of the Volterra type with unknown function of several
variables. We apply this general result in the investigations of the stability of quasilin-
ear implicit difference schemes generated by first order partial differential functional
equations and by parabolic problems. A comparison technique is used with nonlin-
ear estimates of the Perron type for given functions with respect to the functional
variable. Equations with deviated variables and differential integral equations can be
derived from a general model by specializing given operators.
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1. Introduction

We are interested in a numerical approximation of classical solutions to quasilin-
ear functional differential equations or systems with initial boundary conditions.
Difference schemes for evolution functional differential equations consist in re-
placing partial derivatives with difference operators. Moreover, because equa-
tions contain the functional variable, some interpolating operators are needed.
This leads to functional difference equations which satisfy consistency conditions
on classical solutions of original problems. The main task in these considera-
tions is to find difference approximations of original problems which are stable.
Comparison methods are used in the investigations of the stability of functional
difference problems.

It is not our aim to show a full review of papers concerning explicit difference
schemes for evolution functional differential equations. We shall mention only
those which contain such reviews. They are [4,15,19] and the monograph [8].
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In recent years, a number of papers concerning implicit difference methods
for functional partial differential equations have been published. Difference
approximations of classical solutions to first order partial functional differential
equations were investigated in [9,10]. Initial problems on the Haar pyramid and
initial boundary value problems were considered. Implicit difference schemes for
parabolic equations with initial boundary conditions of the Dirichlet type were
studied in [5,12]. Monotone iterative methods and implicit difference schemes
for computing approximate solutions to parabolic equations with time delays
were analyzed in [13,20]. A numerical treatment of initial boundary value
problems of the Neumann—Robin type can be found in [14].

A method of difference inequalities and theorems on recurrent inequalities
are used in the investigations of the stability of implicit difference schemes.
These considerations as a rule require a lot of calculations to reach the conver-
gence result so the main property of the corresponding operators was not easy
to be seen. The aim of the present paper is to show that results mentioned
above as well as many others are consequences of a result on abstract difference
functional equations with an unknown function of several variables.

We formulate our functional differential problems. For any metric spaces
X and Y we denote by C(X,Y) the class of all continuous functions from X
into Y. We will use vectorial inequalities with the understanding that the same
inequalities hold between their corresponding components. Let Mj.,, be the
class of all k x n matrices with real elements. For z € R", U € My, where

= (T1,...,Tp), U= [uij ]i:l,...,k et W write
n n

foll =3 ol 0T = mac{ Dl s 154 <
i=1 j=1

Suppose that a > 0, b = (by,...,b,) € R", b; > 0 for 1 <i < n, and dy € Ry,
d=(dy,...,d,) € RY, Ry =[0,+00), are given. Let ¢ = b+ d and
E =[0,a] x (=b,b), D =[—dy,0] x [-d,d], Eq=[—dy,0] X [—c¢,]

E =10,a] x ([—c,c]\ (=b,b)), Q=FEUE;UdE.
For a function z : Q — R* and for a point (¢, z) € E where F is the closure of E,
we define a function z(; 4 : D — R* by z¢,)(1,y) = 2(t + 7,2 + y), (1,5) € D.
Then z( ) is the restriction of z to the set [t — do,t] X [v — d,x + d] and this
restriction is shifted to the set D. Write 2 = E x C(D,R*) and suppose that

f tE— kana f = [fijL:l,...,k,j:l,...,n’ g: E— Rk? g= <g17 s 7gk>
©:EyUOE —RF, o= (p1,...,01)
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are given functions. Let z = (z1,. .., z) be an unknown function of the variables
(t,x). We consider the system of functional differential equations

Oyzi(t,x) = Z fij(t, 2, 200.2)) Op, 2i(E, ) + 9i(t, 2, 2000)), =1,....k, (1)

j=1
with the initial boundary condition
z(t,x) = p(t,x) on EyUOyE. (2)

Sufficient conditions for the existence and uniqueness of classical or generalized
solutions of first order partial functional functional problems can be found in
[1,6,8].

Now we formulate initial boundary value problems for parabolic functional
differential equations. Suppose that

G:Z2—R, G:Z—=R", G=(G4,...,Gy)
F:Z— My, F=][F;] ., ¢0:EyUOE —R

i,j=1,...,n

are given functions. Let z be a real unknown function of the variables (¢, ).
We consider the functional differential equation

Oz(t,x) = Z Fij(t, 7, 2(t,2)) Oy, 2 (t, T)
(3)
+ Z Gi(t, 2, 2(12)) 02, 2(, ) + G(t, 2, 21,2,

i=1

with the initial boundary condition
2(t,x) = ¢(t,x) on EyUE. (4)

Sufficient conditions for the existence and uniqueness of classical or generalized
solutions to parabolic functional differential functional problems can be found
in [2,3,7,11,16].

Let us denote by CL(D,R) the class of all linear and continuous operators
defined on C'(D,R) and taking values in R. Write ¥ = E x C(D,R) x R" and
suppose that F : ¥ — R and ¢ : Ey U gyE are given functions. Let z be an
unknown function of the variables (¢, z). We consider the functional differential
equation

Opz(t,x) = F(t,x, 240), 0p2(t, 7)) (5)

with the initial boundary condition (4) where 0,2 = (0, ..., 0,2). Existence
results and a theory of difference methods for (4), (5) are based on the following
method of quasilinearization. Suppose that the function F' of that variables
(t,z,w,q), ¢ = (q1,--.,qn), is continuous and:
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(i) the partial derivatives 0, F = (04, F, ..., 04, F) and O,F = (0,4, - .., 04, F)
exist on ¥ and 0, F, 0,F € C(X,R");
(ii) there exists the Fréchet derivative 0, F(P) and 0,F(P) € CL(D,R) for
P=(t,z,w,q) € %.
Suppose that ¢ € C(FEyU E,R) and there exists 0,¢ = (0p, @, .. ., 0r, @) and
0.0 € C(EgUOgE,R™). Let (z,u), u = (uq,...,u,), be unknown functions of
the variables (¢, z). First we introduce an additional unknown function u = 0,2
in (5). Then we consider the following linearization of (5) with respect to u:

Oz(t,x) = F(t,x, 2(t,x),u(t,x))

+ Z 0, F(t, 2, 24,2y, u(t, x)) (Oxiz(t, x) — w(t, x))

i=1

(6)

By virtue of (5) we get the functional differential equations for u:

Owu(t,x) = 0. F(t, , 2(1.2), w(t, 2)) + O F'(t, , 2(1,2), u(t, 7)) Ut )

7
+ 0, F(t, %, 2(1,2), u(t, v)) [&Eu(t,x) }T 0
where O, F(P)upz = (0wl (P)(U1)ta)s - 0wF (P)(Uun) i) and Ou =
(Oyuq, . .., Oyuy,). We consider the following initial boundary condition for the
equations (6), (7):

2(t, ) = é(t, x), u(t,z) = 0,0(t,x) on EyUyE. (8)

Under natural assumptions on given functions the above problems have the
following properties:

(i) if (z,a) : @ — R is a solution of (6)—(8), then 9,2 = @ and % is a

solution of (4), (5);

(i) if v : 2 — R™ is a solution of (4), (5), then (v, d,v) satisfies (6)—(8).
The theory of implicit difference schemes for (4), (5) is based on the above
method of quasilinearization. More exactly: difference methods for (6)—(8) are
constructed and solutions of suitable difference functional problems approxi-
mate the solution v of (5) and its partial derivatives 0, v, see [4,10].

There are the following motivations for the construction of implicit differ-
ence schemes related to (1), (2) and (3), (4). Two types of assumptions are
needed in theorems on the stability of explicit difference schemes generated by
(1), (2) and (3), (4). The first type of conditions concerns the regularity of
given functions, and they are the same for explicit and for implicit difference
methods. It is required that f, ¢ and F, G, G are continuous and that they
satisfy nonlinear estimates of the Perron type with respect to the functional
variable. The second type of conditions concern the mesh. It is required that
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explicit difference methods generated by (1), (2) satisfy the condition

n

1
1—hozh—‘f”(t,x,w>’ ZO on E, for izl,...,k, (9)

j=1"

where hg and (hy, . . ., hy,) are steps of the mesh with respect to t and (z1, ..., z,),
respectively. The above assumption is known as the Courant—Friedrichs-Levy
condition for (1), (2), see [4,8].

The following condition is needed in the analysis of the stability of explicit
difference schemes for (3), (4):

“ 1 1 —
1-— 2h,0 Z mfu(t,$,w) + ho Z h_hj‘fl](t’x’w)‘ Z 0 on =, (10)
i=1 ij=1 "
i#]

see [19]. Note that assumptions (9) and (10) require some relations between
ho and (hy, ..., h,). It is important that conditions (9) and (10) are omitted in
theorems on the stability of implicit difference schemes.

The motivations for the construction of implicit difference schemes for quasi-
linear problem (6)—(8) are the same. Numerical examples given in [4,5,9,10,12]
show that implicit difference methods are natural tools for numerical solution
of evolution functional differential equations.

We show that all known results on implicit difference methods for evolu-
tion functional differential equations can be obtained as particular cases of this
general and simple theorem. We use a comparison technique with nonlinear
estimates of the Perron type for given functions with respect to the functional
variable.

The paper is divided into two parts. In the first part (Section 2) we propose
a new method of the investigation of implicit difference schemes corresponding
to initial boundary value problems for quasilinear evolution functional differen-
tial equations or systems. We formulate a general implicit difference functional
problem with an unknown function of several variables. We give sufficient con-
ditions for the existence and uniqueness of a solution of initial boundary value
problems and we prove a theorem on error estimates of approximate solutions.
The error is estimated by a solution of an initial problem for a nonlinear dif-
ference equation with an unknown function of one variable. In the second part
of the paper we apply the above general results to quasilinear functional sys-
tems with first order partial derivatives (Section 3) and to quasilinear parabolic
problems (Section 4). In Section 5 we construct implicit difference schemes for
(6)-(8).

We use in the paper general ideas for finite difference equations which were
introduced in [8,17,18].
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2. Implicit difference functional equations

For any two sets V' and W we denote by F(V, W) the class of all functions defined
on V and taking values in W. Let N and Z be the sets of natural numbers and
integers, respectively. We define a mesh on 2 in the following way. Suppose that
(ho,h'), B = (hq, ..., hy), h; > 0 for 0 < i < n, stand for steps of the mesh. For

h = (hg,h') and (r,m) € Z*" where m = (my, ..., m,), we define nodal points
as follows: t) = rhg, 2 = (™) 2™ = (myhy,..., mphy). Let us

denote by H the set of all h such that there are Ky € Z and K = (K3,...,K,) €
7" satistying the conditions: Kohg = dp and (K1hy, ..., K,h,) =d. Let Ny € N
and N = (Ny,...,N,,) € N be defined by the relations:

Nohg < a < (N0+1)h0, N;h; < b; < (Nz—f—l)hz for 1 = 1,...,n,
and we assume that (N; + 1)h; = b; if d; = 0. Write

R = {(t(”),x(m)) : (r,m) € ZH"}

and
D,=DNR,™, E,=ENR™ Ey,=FENR™
ath - 80E N R]11+n, Qh - Eh U EO.h U ath.
Set
B, ={(t",2™)eE,: 0<r <Ny —1}
and

Qh.r:th([—do,t(”] ><]Rn)7 1§7"§N0

We consider implicit difference functional equations with unknown functions
(21,...,2,) = 2z of the variables ("), (™) € Q. The norm in the space RP is
denoted by || - ||«

For z € F(Q,,R?), w € F(Dy,, RP) we write 2™ = z(+™) 2(™) on ), and
w™™ = w(t™ x(™) on Dj,. We will need a discrete version of the operator
(t,x) = 2@q- If 2 0 Q) — RP and (t™), 2(™) € E, then the function Zpm]
Dy, — RP is defined by 2p.(1,y) = 2(t") + 7,2 + ), (1,y) € Dy. For
w € F(Dp, RP) we put

o, = max { [+ (1©,209) € Dy}, 1)

Set e; = (0,...,0,1,...,0) € R* with 1 standing on the j-th place, 1 < j < n.
Write

A:{)\:()\l,...,/\n): N € {—1,0,1} for 1 < i <nand ||\ §2}
N=A\{0}, 6=(0,...,0) e R",
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and Y = 1+ 2n2. Note that y is the number of elements of A. Let ¢ : A —
{1,...,x} be a function such that ¥»(\) # ¥()) for A # X\. We assume that <
is an order in A defined in the following way: A < X if 1)(\) < ¢(\). Elements
of the space RX will be denoted by & = {&,}rea. Write

Ay = {a:(m): m=(my,...,my,) EA}.

For ¢ : A, — R, n: Ay, — RP we put (™ = ((2™) and n™ = n(2™) on
Ap. If 20 Q — RP and (¢, 20™) € B, then the function Zrm) ¢ A — RP is
defined by 24 m (y) = z(t(r), z(m 4 Y), y € Ap.
Suppose that
Ju: By x F(Dp,R) =B, fu= (R, i)
GOy < B RY) B G = {60, 1= 1.

are given functions. For (t,z,w) € E} xF(D,,RP), ¢ € F(A,,R), n € F(A, RP),
n=(M,...,n), we put

Ggl)(tax7w)0<:ZGS))\<t7$7w)£(A)7 izl?"'uP?

AEA

and
Gr(t,z,w)on = (Gg)(t,x,w) on, ... ,Gﬁlp)(t,x,w) o np).

Set ©, = B} x F(D,,R?) x F(A,,RP). Let F, : 5, — RP, F, = (B, .. FP),
be defined by

Fi(t,x,w,m) = fu(t,z,w) + Gr(t, z,w) on. (12)
For (t0), 2™ w, n) € ¥, we write
Fylw, n](’“,m) = F, (t(r),x(m),w,n), fh[w](ﬁm) = £ (t(r), :(:(m), w)
Gplw]"™™ = Gh(t(r), m(m),w), G,(f) [w] ™™ = Gg) (t(r),x(m), w), 1<i<p.

Let 9y be the difference operator defined by

502(r,m) = (502£r7m), C.. ,5021(;’7”)) = hio [

Z(r+1,m) . Z(r,m) ] )
Given ¢y, : Eyp U OgE, — RP, we consider the functional difference equation
5OZ(r,m) = Fh[ Zlrym)s #(r4+1,m) ](r,m) (13)

with the initial boundary condition

Am) — o Bow U 9o By (14)
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Note that the vectors 2"+ where A € A appear in 2(; 1. Then (13), (14)
is an implicit functional difference problem.

There are the following motivations for investigations of problem (13), (14).
Explicit difference equations for (1), (3) or (6), (7) have the form

502 = @y (10, 2™ 2) (15)

where @), : B} x F(Q,,RP) — RP is an operator of the Volterra type and p = k
for (1), p = 1 for (3) and p = n + 1 for (6), (7). Discretization of partial
derivatives 0,2; = (0p, i, - .., 0p,2) and 0%z = [0y, Zilp,v=1,m, © = 1,...,D,
leads to the following observation: the numbers ZZ-(T’mH) where A € A, 1 <1 < p,
appear in definitions of difference operators corresponding to these derivatives.
It follows that the right hand side of the i-th equation in (15) depends on the
functional variable (2;)¢,my, 1 < ¢ < p. Since (1), (3) and (6), (7) contain the
functional variable we conclude that ®;, in (15) depends on 2. It is clear that
assumptions on 2., and z;.,, are not the same in theorems on convergence
of difference methods. Then it is convenient to consider the following explicit
difference scheme for (1) and (3):

002" = F(t7, 2, 24 ), 24rmy) 10

where F}, : ¥, — R. The initial boundary condition (14) is associated with (16).
It is important that two functional variables: 2., and z(,, appear in (16).

Systems (1) and (6), (7) and equation (3) are linear with respect to partial
derivatives. It follows that explicit difference schemes for (1), (3) and (6),
(7) are linear with respect to dz; = (612, ...,0,2) and 6@ z; = 1002 pv=1,..n5

.....

i =1,...,p. Then they have the form (16) with F}, defined by (12). The implicit
difference methods corresponding to (16) have the form (13).

We give sufficient conditions for the existence and uniqueness of a solution
to (13), (14).
Assumption H[Gj]. The functions GS) : E) x F(Dy,RP) — RX, 1 <4 <p,

satisfy the conditions:

Gih(tz,w) >0 for e A and Y GP\(tz,w)=0, i=1,...p
AEA

We beginwith a lemma on difference inequalities corresponding to (13), (14).

Lemma 2.1. Suppose that Assumption H|[G}) is satisfied and h € H, zp, : ) —
Rp, Zh = (Zh.la ey Zh‘p)-

(I) If 21, satisfies the difference inequality

Z}(ZT+1’m) S hOGh[(Zh)[r,m}](nm) <o (Zh)<7‘+1,m)7 (t(r)a x(m)) € E;u
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and z,(lr’m) < O on Eyp U Ey, where 0 = (0,...,0) € RP, then
20 < G on By (17)
(IT) If zy, satisfies the difference inequality
27 > hoGal () ] ™ © (1) rirmys (87, 2™) € B,

and z,(f’m) > 0, on Egp UOE, then z,(:"’m) > O on E,.

Proof. Consider the case (I). Suppose that 0 < r < Ny — 1 is fixed and there
exist m € Z", —N < < N, and j, 1 < j < p, such that z/ ;"™ = M where
M = maX{z}(:;rl’m), 2™ € [~¢,c]}, and

S} (18)
Then (t™), 2(™) € E . Tt follows from Assumption H[G}] that

r+1,m j rm r4+1,m+A i r "
A < ho D7 G @) i ) ALY g MG (20 |7

AEN
< Mho Y G (2) g )™ = 0
AEA

which contradicts (18). Then the proof of (17) is completed. The case (II) can
be treated in a similar way. This proves the lemma. O]

Theorem 2.2. If Assumption H|Gy] is satisfied and @y, : Eqp U OB — RP,
h € H, then there exists exactly one solution z, : Q, — RP to (13), (14).

Proof. Suppose that 0 < r < Ny — 1 is fixed and that zj, is known on the set
Q.. Consider the linear system

Z(r+1,m) _ z}(Lr,m) + hth[ (Zh)r,m} ](r,m)

() — N <m<N, (19)
+ hOGh[(Zh)[r,m]] o Z(r—l—l,m)a

and
L) = G forp (404D (M) € 9y B, (20)

with unknowns z("+5™ It follows from Lemma 2.1 that the homogeneous

system corresponding to (19), (20) has exactly one zero solution. Then system
(19), (20) has exactly one solution and z, is defined on the set €, ,41. Since
zp is given on Fjyj then the proof is completed by induction with respect to r,
0<r<N,. O
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We will consider approximate solutions to (13), (14). Let X} C F(Dp,RP)
and Y, C F(Ap, RP) be fixed subsets. Suppose that the functions vy, : €, — RP
and ag, v : H — R, satisfy the conditions:

| 501),(:”") — Fi [ () prm)> (V) r1,m) | () |, <~v(h) onE; (21)
o™ — o™ ||, < ap(h) on EopUdeEr  (22)
lim5(h) =0, lim ag(h) =0 (23)

and
((Uh)[r,m]7 (Uh)<r,m>) S Xh X Yh for (t(r), ZIZ'(m)) c Eh- (24)

The function vy, satisfying the above relations is considered as an approximate
solution to (13), (14). It is important in our considerations that we look for
approximate solutions to (13), (14) such that condition (24) is satisfied with a
fixed subspace X}, XY}, C F(Dy,, RP) xF(Ap, RP). Remark 2.4 contains additional
comments on (24).

We give a theorem on the estimate of the difference between the exact and
approximate solutions to (13), (14).
Assumption H[o]. The function o : [0,a] x R, — R, satisfies the conditions:

1) o is continuous and it is nondecreasing with respect to the both variables;
2) o(t,0) =0 for t € [0,a] and the maximal solution of the Cauchy problem

() =o(t,w(t)), w(0)=0
is w(t) =0 for t € [0, al.

We formulate a general result on error estimates of approximate solutions
to (13), (14).
Theorem 2.3. Suppose that
1) h € H, Assumption H|G}) is satisfied and zy, : Q, — RP is the solution to
(13), (14);

2) vy : Qp — RP and there are o, v : H — Ry such that conditions (21)—(24)
are satisfied;

3) there exists o : [0,a] x Ry — Ry such that Assumption H[o] is satisfied
and for each (w,n) € X, X Yy, w € F(Dp,RP) we have

[ 3 [w, n] "™ = i, n] ™|, < o (7, |w — ]|, )

where (t0), (™) € B} .
Then there is o : H — R, such that

| (21 — vh)(’"7m)H* < a(h) on E, and lima(h)=0. (25)

h—0
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Proof. Write
D™ = 60" — Ful(0n)rnls (v8) 1] ™™, D™ = (00, T).

We conclude from (12) that, fori =1,...,p,

(i = ona) " 1= o Gl () )] ™)

= (2hi — Uh.i)(r’m)

7 rm i r,m 26
+ o E (1) s (00) 41" = 2 00)gants (00) 1] 7™} (20)

1 rom r+1,m+A rm
+ ho Z ng.),\[(zh)[r,m]]( ’ )(zh.i - Uh.z')( e _ hofﬁm» )
AEN’

Write ¢! = max{||(z, — vp) "™ ||, + (t@,2(M) € Q. }, 0 < r < No. It follows
from Assumptions G[G}], H[o] and (21), (22), (26) that

e <ag(h), e < el 4 hoo (t7,0) + hoy(h), 0<r < Ny—1. (27)

Let us denote by w( -, h) the maximal solution of the Cauchy problem
W'(t) = o(t,w(t)) +7(h), w(0) =ao(h). (28)

It follows that w(-,h) is defined on [0,a] and lim,_ow(t,h) = 0 uniformly
on [0,a]. We conclude from (27) that 5271) < w(t™ h) for 0 < r < Ny. Then
condition (25) is satisfied with a(h) = w(a, h). This completes the proof. [

Remark 2.4. Let us consider the following condition:

3’) there exists o : [0,a] x Ry — R, such that Assumption H|o]| is satisfied
and for each w, w € F(Dy,RP), n € F(A,, RP), we have

|| Enfw, n) ™™ = Fylas, )™, < o (17, lw — @l|p,)

where (t™) (™) € E} .

It is clear that Theorem 2.3 remains true if assumption 3) is replaced by 3’).
There are differential functional problems such that the corresponding operators
F), satisfy 3"). We show that assumption 3) is important in our considerations.
The operators Fj, generated by (1), (3) or (6), (7) satisfy condition 3) and they
do not satisfy 37).

Now we formulate a particular case of Theorem 2.3. We assume that the
function o(t, - ) is linear.
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Remark 2.5. Suppose that all the assumptions of Theorem 2.3 holds true
and o(t,p) = Lp on [0,a] x Ry where L € R;. Then we have assumed that
the operator [}, satisfies the Lipschitz condition with respect to the functional
variable w for each fixed (w,n) € X, x Y},. Then

(2 = va) "™ ||, < @(h) on By

where
La __

a(h) = ag(h)e + ~y(h) 7 if L>0 (29)
a(h) = ap(h) +avy(h) if L=0. (30)

e

The above estimates are obtained by solving problem (28) with o(t,p) = Lp.

3. Implicit difference schemes for hyperbolic functional
differential systems

In this part of the paper we put R? = R¥. For ¢ € R*, ¢ = ((y,...,G), we
define the norm

1]l = [I¢lle = max{|G;] : 1 <@ <k}
For w € C(D,R*) we put
[wllp = max{[[w(t,z)|| : (t,x) € D}.

The norm of w € F(Dy,, R¥) is defined by (11) with the above given || - ||,.

We formulate a difference method for (1), (2). Let T), : F(Dy,RF) —
C(D,R*) be an interpolating operator. We consider the system of functional
difference equations

5ozi(r,m) — fii t(T)7x(m)7Thz[r,m} 5‘Z’§r+1,m)
;;j( )% i=1,.. .k (31)

+ Gi (t(r)a x(m)’ Thz[r,m}) )
with the initial boundary condition
2(rm) — wgr’m) on EypUE, (32)

where ¢, @ Eyp U 9yE, — RF is a given function. The difference operators
(61,...,0,) are defined in the following way. Suppose that (¢!, (™) € E} and
that the function z = (z1,..., 2x) is known on the set €,.,.. We put

1 T m-r+e; T m
it fi (t(’”),x(m),Thz[r,m]) >0, then 5jz(r+1’m) = —[z( tlmte;) zl( + )]

7 7

if f; (t(r),x(m),Thz[T,m]) <0, then 5jz(r+1’m) — [z,f”l’m) — z.(rH’m_ej)],

i

T =

J
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and we take i = 1,...,k, 7 = 1,...,n in the above definitions. We claim that
we have obtained a difference problem which is a particular case of (13), (14).

Consider the operator Fj, : ¥, — RF, F), = (F,El),...,F,Ek)), defined in the
following way. Suppose that (t0), 2™ w, n) € 3,. Write
Ji('im)[w] ={je{t,....n}: fi (¢, 2™ Thw) >0}
JE = {1\ I )
and
7 r r 0

E7 (8, qu (£, 2 Tyw) om”
1=1,...,k.
+gz(t( )Jx( )7Thw) )

The expressions ((51n§0), o ,(5n77§9)), 1 < i <k, are defined in the following way:

0 ]_ e 4] . r,Mm
= ﬁ[m( D= for j e Ju)
J

0 1 0 —e; r,m
o = [ =07 for j € ST,
J
and we put ¢ = 1,...,k, 7 = 1,...,n in the above formulas. It is clear that

system (31) is equivalent to (13) with the above defined F}, and p = k.

Lemma 3.1. Suppose that f : Z — My, g: 2 — RF, ), 1 Egp U0y B, — RF
and Ty, : F(Dy,R*) — C(D,R¥), h € H. Then there exists exactly one solution
2 1 Qi — R of system (31) with initial boundary condition (32).

Proof. We apply Theorem 2.2. Let us define
i By x (D, RN —RE = (F9 . f®)
G\ E) x F(Dy,R¥) - RX, i=1,..Fk
in the following way. Suppose that (t0), x(™) w) € E} x F(D,, RF). Write
A ) = {AeA: thereis j € J [w] such that A = e}
A = {A e A thereis j € J7™[w] such that A = —e;},
where i = 1,... k. Set

Fuw] ™ = g (1), Thw)

n

Gﬁf.é[w]<“m>:—z \fm( 2™ Tyw)|

j=1
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and

Giie

€5

1 . r,m
[w](r’m) = h_f” (t(r),x(m),Thw) for j € Ji(jr )[w]
J
) 1 . r,m
(?2lfjhﬂrnnﬂ ==“Effb(t“)#twﬂ>7kﬂﬁ for j € J™ [w
J
GiAlw]™™ =0 for A€ A\ [AT [w] UAT™ [uw] U {6}].

We take ¢ = 1,...,k in the above definitions. Then Assumption H[G}] is
satisfied and F}, is given by (12). Our theorem follows from Theorem 2.2. [

Assumption H|[T,]. The operator Ty, : F(Dy,R*) — C(D,R*) satisfies the
conditions:
1) for any w, w € F(Dy, R*) we have ||T,w — Tyw|p < [Jw — @ p,;
2) if w : D — RF is of class C!, then there is ¥ : H — R, such that
lw — Thws||p < A(h) and lim,_o5(h) = 0 where wy, is the restriction w
to the set Dy,.

Remark 3.2. The above condition 1) states that T}, satisfies the Lipschitz
condition with the constant L = 1. The meaning of condition 2) is that Tjwy, is
an approximation of w and the error of the approximation is estimated by 7(h).

An example of the operator T}, satisfying Assumption H[T}] can be found in |8,
Chapter 5].

Assumption H,[o]. The function o : [0,a] x R, — R, satisfies the conditions:

1) o is continuous and it is nondecreasing with respect to both variables;
2) o(t,0) =0 for t € [0,al, and for each ¢ > 1 the maximal solution of the
Cauchy problem

W(t) =co(t,w(t)), w(0)=0,
is w(t) =0 for t € [0,a.

Assumption H|[f,g]. The functions f : & — Myxn, g : = — R¥ are continuous
and there is 0 : [0,a] x Ry — R, such that Assumption H,[o] is satisfied and,
on =,

Hf(t’l‘7w) - f(t>$’w)||k><n;00 < O-(ta Hw - ZDHD)
lg(t,z,w) = g(t,z,0)||loc <ot [|w—blp).

Theorem 3.3. Suppose that Assumptions H[T,] and H[f,g| are satisfied and:

1) p: EgUE — R is of class C' and v : Q — R is a solution to (1), (2)
and v is of class C*;
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2) h € H and z, : Qy — R* is a solution of equation (31) with the initial
boundary condition (32) and there is ag : H — R such that

nggﬁm) _ SO(T’WL)HOO S OZO(h) on EO.h U 80Eh and lim Oz()(h) =0.

h—0

Then there is o : H — R, such that

(2 — o) ™™o < () on Ep and lim a(h) =0, (33)

h—0
where vy, is the restriction of v to the set .

Proof. We apply Theorem 2.3 to prove (33). Write X, = F(Dj,, R¥). Let ¢ € R,
be defined by the relation:

10:0(t, ) ||kxnico < € for (t,x) € E. (34)

Let us denote by Y}, the class of all n € F(Ay,R*), n = (ny,...,n,), such that

Lot
) =) <

n'fe)_nz(_n])>’§é7 izla"‘7k7j:17"'7n'

Then ((v)pm)s (Vn)my) € Xp x Yy, for (60, 20M) € Ej,. It follows from As-
sumption H|[T}] and from (34) that condition (21)—(23) are satisfied. For
w,w € F(Dy,R*) and n € Y, we have

[ Fnlw, n] ™™ = Fy[, )™ < 1+ &) o (17, [lw — @l|p,),

where (), 2(™) € E; Then all the assumptions of Theorem 2.3 are satisfied
and the assertion (33) follows. O

Remark 3.4. Suppose that the assumptions of Theorem 3.3 are satisfied and
o(t,p) = Lp on [0,a] x R, where L € R,. Then there is L € R, such that
(2 — v2) "™ |00 < @(h) on Ej, where @ is given by (29), (30).

4. Implicit difference schemes for parabolic problems

In this part of the paper we apply the results presented in Section 2 for R? = R.
We construct a class of difference schemes for (3), (4). Given ¢y, : Eo, U0 E) —
R, T}, : F(Dy,R) — C(D, R, we consider the functional difference equation

Z E] 7 Thzrm )5zgz(r+17m)
i,7=1 (35)
—i—ZG 2™ Thzr ])5Zr+1m)) —I—G( (m),ThZ[r7m])
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with the initial boundary condition
2m) = ¢\ on By U OBy (36)

The difference operators (1, ...,d,) are given by

L [Z(T—H,m—l—ei)

2h;

§;2r+tm) — — 2

r+1,m—e;) .
1}, 1=1,...,n.

Write

6;}-Z(T+l,m) _ [Z(T—&-l,m—i-ei) r+1,m)}

_

6—Z(r+1,m) _

1
}ii - e 1=1,...,n.
i E[ZT ™ grrhmeed],

In the same way we define the expressions J; 7® and 6; n® for 1 < i < n where

-----

the following way. Put

(r+1m) _ 5%5‘72(r+1,m)

0% for i=1,...,n.

The difference expressions d;;z"+5™) for 1 < i,j < n, i # j, are given in the
following way:

if 7 ;7,2 Thzpm) > 0, then ;2 m = [5?5}2(’”“’7”) +5i_5j_z(7"+1’m)}

— N =

if £t 2" Th21,m) < 0, then 820 H™ = 5 [5;’5;z(r+1’m)+5i_5;“z(r+1’m)].

We claim that difference functional equation (35) is a particular case of (13)
for K = 1. Consider the operator Fj : ¥ — R defined in the following way.
Suppose that (t0), 2™ w, n) € X,. Write

SU™Mw) = {(6,7) : 1<, 5 <n,i#j, Fy(t, 2™, Tyw) >0}
SUMw) = {(i,7) : 1 <4, j <n,i#j, Fyt", 2™ Thw) <0},

and

Fh(t(r)7 x(m)’ w, 77) = Z ‘Fij (t(r)7 x(m)) Thw)(;l]n(e)

i,j=1

+ Z G (t(’"), 2™ Thw) om® + g(t(r), 2™, Thw) .
i=1

The expressions (6,77, ..., 6,0) is given by

1
5m<9) = Ty [n(ei) — n(_ei)] for i1 =1,...,n.
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The difference operators [(5ij77(9)] i1, BT€ defined in the following way:

.....

6:n™® =60, n @ fori=1,...,n.

and
1 e . . r,m
5w77 =3 [5+5+ 0 4 0; 0; 77(9)} for (i,7) € S(+’ )[w]
61 _1 [5*5 O 467607 for (i,5) € ST ]

It is clear that equatlon (35) is equivalent to (13) with the above given Fj, and
=1.

Lemma 4.1. Suppose thath € H andF : = — M, «,, G: =2 —R", G: = — R,
on: EopnUoE, — R, T, : F(D,R) — C(D,R). Then there exists exactly one
solution zy, : Q, — R of equation (35) with initial boundary condition (36).

Proof. We apply Theorem 2.2. We define f, : E; x F(Dy,R) — R, G}, :
E, x F(Dp,R) — R*, G), = { G }ren, in the following way. Suppose that
™, 2™ w) € E, x F(Dy,R). Write

Aér’m) [w] = {\ € A : there is i, 1 <1i < n, such that A\ =¢; or A\ = —¢; }
AY’m) W] =dxen: there is (i,7) € SJ(:’m) [w] such that
A=¢ +ejorA\=—e —¢;
A?},m) fw] = {A c A there is (i,7) € gtrm) [w] such that }
=e —€;or A= —e; +e;

Alrm) [w] = A\ { Agr,m) [w] U A(Ihm) [w] U A(I;’m) [wju{6} }

and
fh[ ](r,m) _ G(t(r) (m)Thw)
"1
Gh@ - _22 h2 n r) L ™ Thw) Z hih i (t(r)ax(m)aTwH
z,j;l %y
i#j

1
h2

n 1 ) 1 T
_ ]Zl %‘Fm’(t( ),x(m)7Thw)| + 2_hz-Gi(t( )’x(m)7w)
J#

Gh.ei [w] (rm) - Ez (t(T) ) 'I(m) ) Thw)

1

Gh.fei [w](r’m) = ﬁ}?u (t(r)a x(m)a Th'lU)

_ hh Zj ’ ()Thw)|

J#
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Gh.ei—i-ej [UJ] (rm) = Gh.—Ei—ej [w](nm)

1 r m . . T,m
= mFm(t( )71['( ),Thw), (Z,j) - SS_ )[w]
Gh-ei—ej [w] (rm) = Gh-_€i+€j [w](r,m)
1 r m .. rm
= —mﬂj(t()al’( )7Thw)? (ZaJ)ES(— )[w]

thx[w] (rm) = 0 for e A[w](r’m),

and we put 7,7 = 1,...,n in the above formulas. Then F}, satisfies (12) and
Assumption H[G}] holds true. Then our theorem follows from Theorem 2.2. [

Assumption H[F,G,G|. The functions F : 2 — M,,»,, G: =2 - R", G: = —
R are continuous and there is o : [0, a] x Ry — R, such that Assumption H,|o]
is satisfied and the terms

|F(t,z,w)—F(t, z,D)||nxnoos |Gz, w)—G(t, 2z, @), |G(t,z,w)—G(t,z,D)|
are bounded from above by o(t, |[w — @||p).
Theorem 4.2. Suppose that Assumptions H[T}] and H[F, G G| are satisfied

and

1) ¢ : Eg UE — R is of class C? and v :  — R is a solution of (3), (4)
and v is of class C?,

2) h € H, there is ¢ > 0 such that hihj_1 < ¢ fori,j = 1,....n and
2+ Qp — R s a solution of (35), (36) and there is ag : H — R such

that
) — g«,m)‘ < ag(h) on EypUO0yE, and }lllil(l) ag(h) =0.
Then there is a: h — R such that
|(zn — vh)(r’m)| <a(h) and lima(h) =0, (37)

h—0

where vy, is the restriction of v to the set §y,.

Proof. We apply Theorem 2.3 to prove (37). Let ¢ € R, be defined by the
relations

|00t z)|| <& ||0pv(t, )|lnxne < € for (t,x) € E. (38)

Set X;, = F(Dy, R). Let us denote by Y}, the class of all n € F(A,, R) satisfying
the conditions:

%wjnW)+5;nw4f§E\

1
5@ 1 5757 p©@)

IN

Ey o dgj=1,....n.

IN

¢
Vs

1
+5— (0 —s+,.(0
ﬂ@%¢)+@%¢4
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Then ((vn)pm]s (V) rmy) € Xp X Y} for (™, ™) € Ej. It follows from As-
sumption H (T3] and from (38) that conditions (21)-(23) are satisfied. There is
¢ > 0 such that for w,w € F(Dp,R) and n € ¥}, we have

‘Fh[w7n](r7m) - Fh[@aﬁ](r’m)} < (1 + 6) O-(t(r)a ”w - 7“DHDh)'
where (¢t (™) € E;. Then the assumptions of Theorem 2.3 are satisfied and
the assertion (37) follows. O

Remark 4.3. If the assumptions of Theorem 4.2 are satisfied and o(t,p) = Lp
on [0,a] x Ry where L € R, then there is L € R, such that |(z; — v;,)™™)| <
a(h) on Ej, where a is given by (29), (30).

5. Generalized Euler method for nonlinear functional dif-
ferential equations

In this part of the paper we put R? = R+ For ( = (20,2) € R, 2 € R", we
define the norm ||C||, = |zo| + ||z]|. The norm in the space C'L(D,R) generated
by the maximum norm in C(D,R) will be dented by || - ||¢c.

We construct implicit difference schemes for (6), (7). Let (z,u), u =
(u1,...,u,), be unknown functions of the variables (¢!, z(™) € ©,. Given
¢h EOh U 80 h — R wh EOh U ath — Rn Th ]F(Dh,R) — C(D,R) Write

PO [z 0] = (7,20, Ty 2y gy, u™)

and Thupm = (T (1) frm)s - - - s Th(UR) frm] ) We consider the functional differ-
ence equations

Sou"™ = 8, F (P [z, U]) + (%F( ") [z, 1)) Tt (40)
+ Oy F (P ™[z, ul) [6um ™) g
with initial boundary conditions

A = gyl = ™ on By, U 0By, (41)

?

where Ju("t1m) = [5ju§7’“’m)}ij:
defined in the following way. Suppose that the functions (z,u) are known on
the set ., and (¢, 2(™) E; . We put

if 0, F(P"™[z,u]) >0,

.- The difference operators (dy,...,d,) is

-----

then 5jz(r+1’m) = (Z(T+1ym+ej) _ z(r+1,m))

(42)

and 6;ul"t™ =

=] |

1 i .
. (uz(j+ mte;) u§r+1,m))’ 1<i<n.
J
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Moreover we put

and 8yl = L retm) _ugr-i-l,m—ej))’ l<i<n
and we take j = 1,...,n in (42), (43). The difference problem consisting of
system (39), (40) and initial boundary conditions (41) is called a generalized
Euler method for (4), (5). We claim that (39), (40) is a particular case of (13).

Write k = 1 +n and ¥), = E} x F(Dy,,R'™) x F(A;,R'™). Consider the
operator [}, : ¥, — R F, = (F,EO), F,Sl), . ,F,E")), defined in the following
/

way. Suppose that (t(r)"r(m)7w7lr]> € Zh and w = (w(]»w/)v w = (wl. . 7wn)7
n= (770777/)7 77/ - (7717 ce ,nn). Write

Qw]™™ = () 2™ Tywe, w'((0,0))

and
J™ ) ={je{l,....n}: 9y F(Qw]"™) >0}
JY““[w] ={1,... ,n} \ S ).
Set
F}EO) (t(r)7 x(m)7 w, 7]) rm) Z anF )((5]77(()9) . w]((],@))
and

EE0, 2 w,) = 0, F(QUu)™) + 0, F(@QLu)™) Ty

+Z(9F )(5]772(), i=1,...,n.

The expressions 57759) = (5177-(0), o ,5nn§9)), 1 =20,1,...,n, are defined in the
following way:

0 1 ; r,m
5ﬂ7§)—ﬁ[n( DD for je gV [w]
]
0 1 0 —e; r,m
5j77§)=§[m-()—?7§ D for je JU™ .
)

We put ¢ = 0,1,...,n, 7 = 1,...,n in the above definitions. It is clear that
system (39), (40) is equivalent to (13) with the above defined Fj,.
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Assumption H,[F]. The function F': ¥ — R is continuous and:
1) the partial derivatives 0, F', 0,F exist on ¥ and 0, F, 0,F € C(X,R");
2) there exists the Fréchet derivative 0, F(P) and 0, F(P) € CL(D,R) for
Pel.

Lemma 5.1. Suppose that Assumption H,[F] is satisfied and ¢p, : EopUO0E —
R, ¥ : Egp UE — R", h € H and T}, : F(Dy,,R) — C(D,R). Then there

exists exactly one solution (zp,up) : Qp — R to problem (39)—(41).

Proof. We apply Theorem 2.2. Define

fo i By x F(Dp, R = R fy = (7 50, 1Y)
G, By x F(Dy, R =R G0 = {G ), i=0.1..n,
in the following way. Suppose that ('), 2™ w) € E} x F(Dy, R*™). Write

S ] = {A €A :thereis j € JU™ )] such that A = e}
grm) [w] = {)\ € A : thereis j € Jtrm [w] such that A = —€j}7

and

0, F(Q[u] ™) for j € JT™ul,
G [w]™™ =0 for Ae A\ [ST™[w] U ST ] U {0}].

We take 1 = 0,1,...,n in the above definitions. Set

fIEO) [w](r,m) — F(Q[w](r,m)) _ Z aqu(Q[w](r,m)) wj(p,e)
j=1
FORT™ = 0, F(QU™) + 0, F(Qlu] ) Ty, i=1,...n

Then Assumption H[G}] is satisfied and F), is given by (12). Our theorem
follows from Theorem 2.2. O

Assumption H,[o|. The function o : [0,a] x R, — R, satisfies the conditions:

1) o is continuous and it is nondecreasing with respect to the both variables;
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2) o(t,0) =0 for t € [0,a] and for each C' € R, ¢ > 1 the maximal solution
of the Cauchy problem

W(t) =Cw(t) +co(t,w(t)), w(0)=0,

isw(t) =0 for t € [0,al.

Assumption H[F]. The function F': ¥ — R satisfies Assumption H,[F] and:
1) there is L € R, such that, for P = (t,z,w,q) € &,

10 E(P)|, 0,8 (P)l, - N0wF (P)lle < L;

2) there exists o : [0,a] x Ry — R, such that Assumption H,[o] is satisfied
and the terms

|0 F(t,x,w,q) — 0. F(t,z,w,q)|, [0,F(t x,w,q)— 0,F(t,x,w,q)
|0 F(t,x,w,q) — O F(t,x,w,q)|lc

are bounded from above by o(¢, |[w — w|[p + ||g — ¢|) on 2.

Theorem 5.2. Suppose that Assumption H|F)| is satisfied and:
1) ¢ : EgUOE — R is of class C* and v : Q — R is a solution of (4), (5)

and v is of class C?;
2) ¢h : EO.h U 80Eh — R, @Zlh : EO.h U ath — Rn, h e H and (zh,uh) : Qh —
R™ is a solution of (39)-(41);
3) Ty, : F(Dp,R) — C(D,R) and Assumption H[T}] is satisfied with k = 1,
4) there is ap : H — R, such that

|¢(r,m) - ¢;Lr,m)| -+ Hal"qﬁ(r,m) . }(lr,m)H < Oéo(h) on EO.h U aOEh

and limp,_yoo(h) = 0.
Then there is o : H — R, such that

[(on = 20) ™|+ [|(8pon — wn ) ™| < ah)  on B

and limp_oa(h) = 0 where v, and O vy, are the restrictions of v and Ov th the
set .

Proof. We use Theorem 2.3. Tt follows that the functions (v, 9,v) : @ — R'"*"
satisfy (6)—(8). Let ¢, C € Ry be define by the relations ||0,v(t, )| <
|022v(t, ) || nxnioo < C on 2.

Let X; C F(Dp,R™™) be the class of all functions w = (wg,w’), w' =
(w1, ..., wy,), such that [|w'(t™, z(™)|| < ¢ for (t™) 2™ € D,. Let v}, C

el

I
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F(Ap, R™) denote the class of functions 7 : Ay — RY™ 0 = (no,m1,..., M),
satisfying the conditions:

1. . 1 . -
‘ﬁ[m“)—m@}‘, ';[nfe)—m”]‘ < max{¢, C}
]

J

where i =0,1,...,n, j =1,...,n. Write V}, = (vp,, 9,vp,). Then we have
((Vh)[r,m]7 (Vh)<7a7m>) € X, xY, for (t(r),x(m)) € b.

It follows from Assumption H[F] that there are C' € Ry, ¢ > 1 such that for
w € F(Dy, R™™) (w, n) € X, x Y, we have

[ Falw, n] ™™ — [, n)"™||, < Cllw —@llp, + o (t", [lw — 3| p,)

where || - || p, is defined by (11) and (¢"), ™)) € E}. Tt is easily seen that that
conditions (21)—(23) holds true. Then all the assumptions of Theorem 2.3 are
satisfied and our assertion follows. O

Remark 5.3. Suppose that the assumptions of Theorem 5.2 are satisfied and
o(t,p) = Lp on [0,a] x Ry where L € Ry. Then there is L € R, such that

!v(’"’m) — z}(f’m)} + H@cv(r’m) - ug’m)H <a(h) on Ej
where @ is given by (29), (30).

Remark 5.4. It is easily seen that the results on parabolic functional dif-
ferential equations and on nonlinear first order partial functional differential
problems can be extended on weakly coupled functional differential systems.
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