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Singular Perturbations
of Curved Boundaries in Three Dimensions.
The Spectrum of the Neumann Laplacian

Antoine Laurain, Sergey Nazarov and Jan Sokolowsk:

Abstract. We calculate the main asymptotic terms for eigenvalues, both simple and
multiple, and eigenfunctions of the Neumann Laplacian in a three-dimensional domain
Q(h) perturbed by a small (with diameter O(h)) Lipschitz cavern @y, in a smooth
boundary 02 = 9€(0). The case of the hole @y, inside the domain but very close to
the boundary 92 is under consideration as well. It is proven that the main correction
term in the asymptotics of eigenvalues does not depend on the curvature of 92 while
terms in the asymptotics of eigenfunctions do. The influence of the shape of the
cavern to the eigenvalue asymptotics relies mainly upon a certain matrix integral
characteristics like the tensor of virtual masses. Asymptotically exact estimates of
the remainders are derived in weighted norms.
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1. Introduction

1.1. Preamble. In the seventies and eighties of the last century two asymp-
totic methods, namely the method of matched [9] and compound [20] expan-
sions, were successfully developed to construct asymptotic expansions of solu-
tions to elliptic boundary value problems in domains with singularly perturbed
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boundaries as well as intrinsic functionals calculated for these solutions. In
this context the singular perturbation of the boundary means the creation of
a small hole (opening) inside the domain, smoothing corner and conical points
or edges on the boundary and so on. Among the above-mentionned functionals
one finds the energy functional [15,21,24,25], eigenvalues [10,18,19,28, 29], the
capacity [17] and others. The theory of elliptic problems in singularly perturbed
domains is presented in [16,20] in much generality: systems of partial differential
equations, elliptic in the Agmon-Douglis-Nirenberg sense, multi-dimensional do-
mains, two-scaled coefficients, miscellaneous perturbation types, and, besides,
the procedures to construct and justify asymptotics of solutions, a qualitative
analysis of the problems is performed, that is “almost inverse” operators (para-
matrices) are constructed, asymptotically sharp estimates in weighted norms
are derived and formulas for the index are obtained.

The asymptotic analysis of the Neumann Laplacian in a three-dimensional
domain with a small cavern (Figure 1 with the spatial domain and its two-
dimensional dummy) follows the general scheme in [16,20] because a point on
a smooth surface can be readily regarded as the top of the cone R%, i.e., the
half-space. However, the most interesting and important question cannot be
answered by the general procedure which only gives a structure of the asymp-
totic ansétze, identifies problems to be solved, proves the existence of solutions
and provides the principal asymptotic forms. At the same time, the procedure
leaves open the appearance of logarithmic terms in the decomposition of the
auxiliary solutions, the detection of shape and integral characteristics of the
perturbed domain that appear in the asymptotic expansions, and annulling of
certain asymptotic terms. These particularities are to be specified by a direct
calculation which, quite often becomes a very complicated task.

In this paper we compute the main asymptotic terms of eigenvalues, simple
and multiple, and eigenfunctions of the Neumann problem for the Laplace op-
erator in a three-dimensional domain Q(h) with the small cavity @y, (Figure 1);
notice that the case of a small hole at the distance O(h) from the boundary 052
(cf. the two-dimensional image in Figure 2) is also under consideration.

Figure 1: The domains Q(h) and wy,

The unperturbed boundary 02 = 9€(0) must be smooth but both dwy, and
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OQ(h) can be Lipschitz. We prove that the main correction term O(h3) in the
asymptotics for eigenvalues is independent of the curvature of the surface 052
at the point O to which the cavity @, shrinks as h — +0. Nevertheless, some
asymptotic terms in the decomposition of eigenfunctions depend directly on the
curvatures. The shape of the cavity influences the eigenvalue correction term
by a special integral characteristics, like the virtual mass tensor [30]. The major
difficulty in the treatment of perturbations of curved boundaries performed in
this paper resides in the use of an appropriate system of curvilinear coordinates
to derive the asymptotic expansions.

Figure 2: Small hole at the distance O(h) from the boundary

Similar results on the boundary perturbations of spectral problems for the
Laplace operator in two variables were recently obtained in [26,27]. We also
mention publications on the perturbation of eigenvalues by smooth perturba-
tions of the boundary [2,7,8,32|, by a small hole inside a domain [10,18,19,28,29],
[20, Chapter 9], or by changing the type of boundary conditions in a small part
of 09 [4-6]. We especially emphasize that the case of a small cavern in the flat
boundary is not interesting. Indeed, by the mirror reflection of the domain and
the even extension of the eigenfunctions (Figure 3), one arrives at a domain
with the interior being a small hole, and such class of perturbation problems
has been investigated more than 25 years ago (see citations above).

X -

Figure 3: Mirror reflection of a domain with flat boundary

1.2. Problem formulation. Let  C R? be a domain with a smooth bound-
ary I'. We assume that the origin O of the Cartesian coordinates x = (z1, xg, 3)
belongs to I'. Since I is smooth, we can find a neighbourhood U of the point O
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such that there exists a conformal application which maps ¢/ onto a neigh-
bourhood of the origin in R?, and thus there exists an orthonormal curvilinear
coordinate system (n, s,v) in U (see Figure 4), where (s,v) are the parameters
associated with the local surface parameterization of the origin O, and n stands
for the oriented distance to I', with n > 0 in Q¢ = R3\ Q.

Figure 4: Orthonormal curvilinear coordinate system (n,s,v) in U

We denote (ey, €s, €,) the basis corresponding to the curvilinear coordinate
system (n, s,v). By w C R® = (—00,0) x R? (see Figure 5), we understand an
open set (not necessarily connected) with the compact closure @ = w U dw and
such that Ow is Lipschitz. The boundary 9= of the infinite domain = = R \ &
is also assumed to be Lipschitz.

T ™
/ >
f — /
\\\ __________ - )

Figure 5: The domain w

Introduce a family of domains depending on the small parameter h > 0 (see
Figure 1),

wp = {(n,s,v) | € = (&1,&,&) == (hIn,h s, hty) € w} (1.1)
Q(h) =Q\ wp. (1.2)

Let us consider the spectral Neumann problem

—Agul(z) = Mul(z), =€ Q(h)
O (z) = 0, z € I'(h) := 0Q(h), (1.4)
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with the Laplace operator A,, and where d,» = n" - V, denotes the normal
derivative along the outer normal n”. Problem (1.3)—(1.4) admits the sequence

of eigenvalues
D=\ <A <M< <N < oo, (1.5)

where the multiplicity is explicitely indicated. The corresponding eigenfunc-

tions ul, ul ul ... ul ... are subject to the orthogonality and normalization
conditions
(uz,ufn)g(h) =0pm, P,m € Ny, (1.6)

where (+,-)p is the natural scalar product in the Lebesgue space Lo(D), and
dp.m the Kronecker symbol.

Our aim is to derive asymptotic formulas for the solution of the spectral
problem (1.3)—(1.4) as h — 0. We will intermediately conclude that for a fixed
index m and with h — 0, the entry A" of (1.5) converges to the element \° in
the sequence

0= <A <A< <N <ooi 5 4o (1.7)

of eigenvalues for the limit spectral Neumann problem

—A00(x) = A (2), 2€Q (1.8)
0,0°(z) =0, zel. (1.9)

Therefore we will use an eigenfunction v° as our first approximation of u”. The

eigenfunctions of (1.8)-(1.9) are smooth in  and admit the orthogonality and
normalization conditions

(vg,vgn)g = 0pm, D, m € Ny. (1.10)
1.3. Preliminary description of the asymptotic procedure. We use the
following asymptotic ansitze for A and u” .

A= A0 BRI 4 (1.11)
U (2) = 15 (%) + hx(2)wy, (€) + Bx(2)wy, (€) + PPy, (2) + - - (1.12)

Here v, and v3, are terms of regular type, and w},, w2, are terms of the bound-
ary layer type, which depend on the rapid variables £ = (&1,&2,&3). Finally
x € C*(Q) is a cut-off function equal to one in a fixed neighbourhood, inde-
pendent of h, of the point O, and null outside of a bigger neighbourhood . We
emphasize that the coefficients of h' and h? vanish in (1.11) and the same hap-
pens for regular terms in (1.12). This simplification of the asymptotic ansitze
is not predicted by the general procedure in [20] but is a result of our further
calculations, and we now accept it as granted and verify this assumption in the
sequel.
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Inserting v2, and A into the singularly perturbed problem (1.3)-(1.4) brings
a discrepancy into the boundary condition on the surface 92(h) N dwy, of the
cavern wy. This discrepancy cannot be compensated by a function depending on
the variables n, s, v smoothly and, using the stretched curvilinear coordinates &
from (1.1), we come across the boundary layer phenomenon so that the first
correction term becomes of the boundary layer type and must be found out
while solving the Neumann problem in the infinite domain = (Figure 5). The
corresponding solution decays at infinity as a linear combination of derivatives
of the fundamental solution for the Laplacian,

h (01851 + 02852) (113)

1
Ar(g]’
and after the multiplication with an appropriate cut-off function the main
asymptotic term (1.13) of the boundary layer produces lower order discrep-
ancies in the differential equation (1.3) and the Neumann conditions (1.4) on
0Q(h) \ Owy,. The expression (1.13) can be rewritten in the original coordinates
n, s, and becomes

-1

h? (10, + 20,) (47r (n® + s+ V2)%> . (1.14)
We emphasize that there appears an additional small factor and that the func-
tion (1.14) is not singular at a distance from the point O where the discrepancies
are mainly located due to the cut-off function. The latter allows to compensate
for them by means of the lower-order term of regular type (in the variable x)
while the compatibility condition in the problem for this function gives the main
asymptotic correction of the eigenvalue )\2.

The above is a very simplified description of the asymptotic procedure to
construct the compound expansion of the solution to the spectral problem (1.3)—
(1.4). Much complication arises from the fact that coefficients of differential
operators written in the curvilinear coordinates are no longer constant. The
latter crucially influences both, the procedure to construct asymptotics and the
derivation of estimates for the asymptotic remainders. For example, the dis-
crepancies of the expression (1.13) appear in the problem in = for the next term
of the boundary layer type as well as in the problem for the above-mentionned
next element of regular type. The correct statement of these problems is made
by means of the procedure to rearrange discrepancies |20] which is silently used
many times in our paper.

The most complicated task is to examine the behaviour of regular and
boundary layer solutions for x — O and £ — o0, respectively. The general
structure is predicted by the Kondratiev theory [11] (see, e.g., monographs [12,
23|]) but exact formulas for the decompositions of the solutions need scrupulous
and cumbersome calculations.

1.4. The asymptotic ansitze and the structure of the paper. In the
paper, the method of compound asymptotic expansions [20] is applied to identify
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different terms of ansétze (1.11)-(1.12). In Section 2.1 and 2.2 the first and
second boundary layers w}, and w?, in (1.11), respectively, are found out. Both
the functions w?, and w?, enjoy, unlike in dimension two, the canonic property
of boundary layers, i.e., they decay for |£| — oo, with order [£|72 and |¢]7!,
respectively. The correction function of regular type v, in (1.12) is determined
in section 2.3. From this correction we deduce X/, of ansatz (1.11), given by
(2.46) in the case of a simple eigenvalue A2, and by (2.53) in the case of multiple
eigenvalues in section 2.4.

The justification of asymptotics is based on the weighted Poincaré inequal-
ity (Lemma 3.1). We then reduce the problem to an abstract equation in a
convenient Hilbert space and use the lemma on “almost eigenvalues and eigen-
functions” (Lemma 3.4) which allows to give estimates for the remainders in
ansétze (1.11)—(1.12), for simple or multiple eigenvalues. The justification of
the asymptotics consists of many steps: We need to estimate a remainder which
is a combination of the terms appearing in anséitze (1.11)—(1.12). The remain-
der is then divided into several terms which, when combined in an appropriate
fashion, provide an estimate of order hz. The estimates of different terms rely
mainly on the analysis of the behaviour of the boundary layers as x — O and
el = oo.

Finally, in Theorem 3.6 we derive the estimates for the remainders corre-
sponding to ansétze (1.11)—(1.12), i.e., for the eigenvalues and the eigenfunc-
tions, respectively. In the proof of Theorem 3.6, we use Lemma 3.4 to obtain
the existence of a certain number of eigenvalues close to the eigenvalue A%, with
the multiplicity s, in the sense of the desired estimate, and the main task
of the proof is then to show that these eigenvalues exactly coincide with the
eigenvalues corresponding to a small perturbation of the eigenvalue \? with
the multiplicity s,.

2. Constructing the asymptotics

2.1. First term of the boundary layer type. Let P be a point in a neigh-
bourhood U of O, and Pr its projection onto I'. Then we have P=ne,+ Pr(s, v).
Thus, the components of the metric tensor are given by (see [3, pp. 83])
o = 0P = [eal? = 1
Gss = |0sP|? = [ndseq + 0, Pr(s,v)|?
= |ns,(s, v)es + nrs(s,v)e, + eg
= (14 ns(s,v))* + (ns(s,v))?
Guw = |0, P|* = [vO,en + 0,Pr(s,v)|?
= |vs,(s,v)e, + n1,(s,v)es + e,

= (1 4+ n,(s,v))* + (n1,(s,v))?,

| 2
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where 7, and s, stand for the two curvatures corresponding to the curves
v = const and s = const containing the surface point (s, ), respectively, while
7s and 7, are the torsions of these curves, respectively. Since the coordinates
system corresponding to (n,s,v) is orthogonal, we have ¢,s = gn, = gs = 0.
We can always assume, shrinking the neighbourhood U, that 1 4+ nsz; > 0 and
1+ ns, > 0in U. The Jacobian is thus equal to

[NIES
N[

J(n,s,v) = [(1 + ) + (nTS)Q] [(1 + nseg) + (m’,,)z}

The Laplace operator A, in the curvilinear coordinates (n,s,v) admits the
representation

A, =J7! {(‘%(J@n) + Os (gias) + 0, (giay)]

= 07 + 95,02 + 9, 0% + T 10,70, (2.1)
OsJ  JOgss o,J  JO,qu,
(O (il O Pt ol B
gss gss gI/l/ gyy

Under the transformation to the rapid variable £ = (&1, &s,&3) introduced in
(1.1), the elements depending on the torsion in J(n,s,v) are of order h* and
thus the Laplace operator is independent of the torsions at orders h=2 and h™*,
ie.,

A, = W20 + 17" (55,(0) (0, — 26102) + 2, (0) (D, — 26102)) +--- . (2.2)

In the coordinates (n, s, ) the gradient takes the form
V. = (gnn_%am gss_%asa gw/_%au) = (am (1 + n%s)_lasu (1 + n%I/>_181/) .

The decomposition of the unit normal vector n” to Q(h) in the basis (ey, e, e,)
is as follows

nh=d 2 [N1Jen + No(1 + ns,)es + N3(1 + nseg)e,] (2.3)
with d = [N1J]? + [No(1 + n3¢,)]? + [N3(1 + ns¢,)]?> and N = (N1, Ny, N3) is the
outward unit normal vector on the boundary 0= C R3. Therefore, denoting
by Oy the directional derivative along N, we obtain in the rapid coordinates
the formula

(9nh = Vx-nh

1 1 v 1 S
—d b (NJO, 4 Ny— Py 4 Ny
14+ nase, 14+ ns,

= h'On + & (N3 3,(0) + N3 »,(0)) O
— 251 <N2%5(0)8£2 + Ng%V(O)a&)) 4+

(2.4)



Singular Perturbations of Curved Boundaries 153

In view of the homogeneous Neumann condition (1.9), the function v° in the
Ch-neighbourhood of the point O has the expansion

v(z) = v°(0) + 50,0°(0) + v9,1°(0)
1
+ 3 (n*020°(0) + s*°020°(0) + *020°(0) + 25002,0°(0))
+0((n? + 8% +12)2)
= UO(O) + h(fg@SUO(O) + SS&/UO(O))
1
+ 5 (E020(0) + G0 (0) + GFP(0) + 26s6s02,,1(0)
+ O(R?).
Under the coordinate dilation by factor h~! and setting A = 0, the domain Q(h)
becomes = = R?\ @, thus the boundary layer w' is defined in Z. After replacing
u" and A, 9,n by their respective expansions (1.12) and (2.2), (2.4) one may
collect terms of order A=! in the equation, and of order A° in the boundary
conditions. Then, setting formally h = 0, we arrive at the problem
—Agw'(§) =0, (€=
Ovw' (§) = —N2(€)0,0°(0) — N3(€)9,0°(0), € € O=.

For 5,k = 1,2,3 we have the evident formulas

[ NM@dse=0. [ gN(ds = ~Gumes).  (@27)
O=ZNOw OZNow

The first formula in (2.7) shows that the right-hand side of the boundary con-
dition in (2.6) has null integral over the surface 0=; note that Ny = N3 = 0
on the plane surface 0= \ Ow of the boundary, and, therefore, the right-hand
side is compactly supported. Thus, there exists a unique generalized solution
w! € H} (Z) of problem (2.5)—(2.6), decaying at infinity. The solution is rep-
resented in the form

w'(€) = 0.0°(O)W5(€) + 8,0°(O)Ws (), (2.8)
where W5 and W3 are canonical solutions of the Neumann problem

—AeWi(€) = 0, ces (2.9)
&J/Vk(i) = —Nk(g), ¢ € 0= (2.10)

They admit the representation

3

my; &5 _
W) == > 525 1 0(¢ ). el 2 R (211)
j=2

where the coefficients my; have been introduced in Note G on virtual mass
tensor in the classical monograph [30].
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Remark 2.1. The approach we discussed in Section 1, with even extension
of a harmonic function over the boundary with the homogeneous Neumann
condition (see Figures 3 and 6), is applicable to the function .

Figure 6: Even extension of the domain =

As a result, problem (2.9)—(2.10) can be transformed to the exterior Neumann
problem in the domain Z%° = {£ = (£,&,&) € R 1 (—|§],&,&) ¢ w}. In
this way, the extended functions W5, W3 become solutions to exactly the same
problems as introduced in monograph [30, p. 239| for the description of the
virtual mass tensor. Hence, the first term on the right-hand side of (2.11) is
half the corresponding term of the virtual mass matrix (see [30, Note GJ).

In the spherical coordinate system (p, 6, ¢) we have (£1,&2,&3) = (pcos ¢,
pcos fsin ¢, psinfsin ¢) and

23

Wsh(€) = —%p_Q cosf sin ¢ — T;L—Wp_2 sin@sin¢ 4+ O(p™?)

2

W3(&) = —%p” sin 0 sin ¢ — T;L—;p_z sinfsin ¢ + O(p~°).

In order to observe general properties of my;, we apply Green’s formula on the
set Zp = {€ € Z: p < R} with the functions W}, and Yy, = & + Wy, k = 2,3,

/ YéaNWQ ng = / (WgapYé — YgapWQ) ng
0= {¢eR3: p=R}
2m pm
S / / (@Rz cos? 0 sin? ¢) R?sin ¢ dopdd
0 % 2

21 pm
_/ / (3?23 R™? cos 0 sin f sin? ¢) R*sin¢dodf + O(R™)
0o J3 T

3m22

27 pmw
=— / / cos? 0 sin® ¢ dpdf + O(R™)

= —M9yo + O(Ril)
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On the other hand, applying Green’s formula in w and changing the direction
of the normal, we have

/ Y;@NWk ng = WjaNWk dSé‘ — / éij ng
o= 0=

= / VW - VW d€ + Oy mesg(w).

o= (2.12)

Therefore, as R — oo, and in a similar way for mss and mo3 = mgs we get
My = — / VW - VW, d€ — 0p; mesg(w),  k,j=1,2. (2.13)

In other words, the 2 x 2-matrix

m(Z) = ( Mz T ) (2.14)

M3z 133
is symmetric and negative definite as it is the sum of two Gram matrices.

Example 2.2. For a semi-ball of radius R, m(Z) is a multiple of the identity
matrix with the coefficient —7R3.

Example 2.3. If @ is a plain crack then mes3(@) = 0 and the matrix (2.14)
becomes singular. For example, if @ belongs to the plane {&{&; = 0}, then mg3 =
mag = 0 while obviously W3 = 0. However, for a curved or broken crack (cf.
Figure 7b) the solutions W5 and Wj are linear independent and m(Z) is non-
degenerate although mes3(w) = 0.

o — S —
e . - .
g . e .
- -

Figure 7: Straight a) and broken b) cracks

2.2. Second term of the boundary layer type. The right-hand sides in
the problem

—Agu?(€) = F*(€), €€E (2.15)
ovw?(€) = G*(£), € € 0= (2.16)
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are to be determined using (1.12), (2.2) and (2.4), and collecting terms of or-
der h° in the equation, and of order h' in the boundary conditions. As a result,
we arrive at the following functions written in rapid variables

F2(€) = [5:(0)(0g, — 2610Z,) + 54,(0) (0, — 26:0Z,)] w' () (2.17)
G2(€) = G1(§) + G3(&) + G3(6) + Gi(€) + G3(€)
GL(&) = —N1&92°(0) — No&020°(0) — N3&s020°(0)

— (Na&s + N3&2)02,0°(0),

G3(€) == —&1 (N33¢,(0) + N3 3,(0)) (N200°(0) + N39,0°(0)),  (2.18)
G5(8) == +2N2£155,(0)9,0°(0) + 2N38156,(0)9,0°(0),
Gi(8)

= —& (N35,(0) + Nis4,(0)) Onw' (),
Gg(f) = +2N2£1%5((’))6§2w1(£) +2N3§1%V(O)6§3 ( )

We immediately notice that G3(¢) + G3(£) = 0 according to the boundary
conditions (2.6). In view of formulas (2.17) and (2.11), the following expansion
holds true:

F2(&) = [5(0) (0, — 260¢,) + #,(0) (0, — 2€0¢,)]
x [0:0°(O) W5 () + 0,0 (O)W3(8)]

= 5,(0)0.0°(0) 2 (15@ — 30§1§2>
T P
o (0)O0(0)™ (15% _ 30“3) (2.19)
m p° P’
23 + §1§3>

5153 L 30

p° P
5152 2+ 5152)
p° i

+ 4 (0)0.7(0) 2 (~1

+ 36, (0)0,0°(0) 2 - ( + 30 +O0(p~?),

as p — 0o. The function

U2<€) = [%S(O) (851 - 258522) + %V(O) (851 - 258523)}
x [0°(O)Wa (&) + 9,0°(O)Ws(€)]
_ 0 5152 £36 + 1856 + 6.8
= ,(0)0sv ((9) - ( 6 - 30 200 )
5153 _ 30 2 + &858 + 5153)
603 20p°
5153 3035?53 + 26,6385 + 3§1§§>
6p° 20p°

SISl 303§§§2 + 26,8362 + 35153)
6p° 20p°

+2,0)0,°(0)™ (13

+(0)0°(0)2 (=1

e
¥ 30, (0)9,0°(0) 12 (-27
s
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has the homogeneity order —1 (the same as for the fundamental solutions) and
compensates for the leading term of F?(£). Therefore, the expansion of w?(§)
at infinity can be written as follows :

w*(€) = ap™t +U*(€) +O0(p™?). (220)
Remark 2.4. The formula 2(£§) = zy(§) + O(p™P) used in (2.11) and (2.19),
(2.20) means that

2(§) = 20(§) + 2(8),  [VEZ(O < cop™ ™ ¢=0,1,..., p=1[¢ = Ro, (2.21)

where Vg'zv is the collection of all order ¢ derivatives of the function z, and the
radius Ry is selected such that w C {€ : p < Ry}. For a solution w' of problem
(2.5)-(2.6) the estimate of form (2.21) for the remainder w' is straightforward,
since the remainder verifies the Laplace equation in the set {£ € R*: p > Ro}.
For such an equation, e.g., the Fourier method can be used in order to provide
a solution representation in the form of a convergent series, with harmonic
functions decaying at infinity. The pointwise estimates of the remainder in the
representation (2.20) are justified again by the general theory (see [14] and,
e.g., [23, Chapter 3] ).

To evaluate the coefficient a, we compute the following integrals on the
semi-sphere of radius R taking the expansion (2.20) into account :

/ER F2(€) d§+/ GP(&)dse = — | Oyw(€) d55+/ G2 (€) dse

OwNO= 0ZR OwNI=E

= —/ apr(f) dse,
{¢ER3 :p=R}

where we have used the fact that G*(¢) = 0 on 9Zg \ Ow due to the evident
relations & = 0 and Ny = N3 = 0 on 0=g \ Ow. In view of expansion (2.20) we
obtain

pw(€) = —ap 2+ U (&) + O(p™®) = —ap™ — p~'U*(€) + O(p™?)

and thus

—/ D,w?(€)dse = a/ p 2 dse
{¢€R3 :p=R} {¢€R3 :p=R}
- / 9,U%(€) ds¢ + O(R™1).
{¢€R? :p=R}

=2ma+ O(R™).

(2.22)

Note that all terms in U?(£) are odd in either &, or &3, thus it is also true for
9,U?(€) so that f{geRi:p:R} 2,U?(&) = 0. Using (2.18) we now study the integral
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Jouroz G*(€) dse . If we denote by w* the domain obtained by adding to w its
mirror image with respect to the plane £ = 0 we, in view of (2.7), can write

1
| ceas—5 [ Gt

3
1
=Y 021°0) Nip& ds
2;:1 L0 ( i dse

(2.23)
- %aﬁyv“(O) /aw+(N2£3 + N3&o) ds;
= —%/\O’UO(O) mesz(w™)
= —\%"(O) mes3(w).

According to (2.7), we also have [, .- G3(£)dse = 0. Now we process the
integral fER F?(¢) d¢. Owing to (2.17), we first compute

G(dse= [ N©u©dser [ pan©dse @220
ZRr OwNO= {¢€R3 :p=R}

The last integral on the right-hand side of (2.24) is of order R™'. Indeed, the
main terms of w!'(¢) are of order R~2, however, according to (2.11), they are
odd functions in either the variable &, or ;. Therefore, the terms O(1) vanish
in the last integral on the right-hand side of (2.24) due to the full symmetry of
the semi-sphere {£ € R : p = R}. The first integral on the right-hand side of
(2.24) is equal to

[ M@t ©ds= [ wleove ds,
OwNO=

OwNO=

= / &Onw' (€) ds
OwNO=
n / (€0,0(6) — wH(€),61) dse.
{¢€R3 : p=R}

The integral f{geRi:p:R} (&10,w (&) — w'(£)0,&1) dse is also of order R™" by the
same argument as above, since 9,w*(§) has the same symmetry in & and & as
w'(§). We also have [, .- &dnvw'(€) dse = 0 due to the boundary conditions
(2.10) and the second equality in (2.7).

We compute now

~24(0) [ QORul(€de = -24(0) [ G0t (€)ds,

(2.25)
— 2%3(0)/ : P 61&20gw' (€) dse.
{¢€R? :p=R}
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The latter integral is of order R~!, hence the leading asymptotic term of order
p~2 coming from the expression &0, is still odd with respect to the variable &,
or &3, therefore it is annihilated by integration. The first integrand on the
right-hand side in (2.25) is the opposite of the first term in G%(¢), and, hence,
they cancel each other. Finally, recalling that G3(&) + G%(€) = 0, collecting
the aforementionned integrals and taking (2.23) into account, we pass to the
limit R — oo and get the equality a = —3=A""(O)mess(w). Note that the
coefficient @ does not depend on the curvatures s(QO) or »,(0O), although the
original expressions (2.18) and (2.19) do.

2.3. The correction term of regular type. We start by writing the bound-
ary layers in the following condensed form

wi(€) = #1(6) + O(p*™*), as p— 00, ¢ = 1,2, (2.26)

where t! and t? denote the sum of functions of the homogeneity orders —2 and
—11in (2.8), (2.11) and (2.20), respectively. In other words, t*(£) = h?t!(n, s,v)
and t2(£) = ht*(n, s,v). Outside a small neighbourhood of the point O we have,

hw' (&) +h*w?(€) = h*(t'(n, s,v)+t(n, s,v))+O(h*) = B3T(z)+O(h*). (2.27)

In view of the multiplier A3, the expression for T' should be present in the
following problem for the function v® of regular type in the asymptotic ansatz
(1.12)

—A03(x) = A% () + Vo (2) + (), x€Q (2.28)
0,0 (1) = ¢* (1), rxel. (2.29)

The first two terms on the right-hand side of (2.28) are obtained if we replace
the eigenvalues and eigenfunctions in (1.3) by the ansétze (1.11)-(1.12) and
collect terms of order h? written in the slow variables 2. The right-hand side ¢*
of the boundary condition (2.29) is the discrepancy which results from the
multiplication of the boundary layers with the cut-off function y. If we assume
that in the vicinity of the boundary the cut-off function y depends only on the
tangential variables s and v, and it is independent of the normal variable n, then
g® = 0, since the boundary conditions (2.6), (2.16) on 0=\ dw are homogeneous.
It is clear that such a requirement can be readily satisfied, and thus we further
assume g° = 0. The correction f2 in (2.28) is given by

F(@) = Xx(@)T () + As(x(2)T (). (2.30)

We will verify that the function f3, smooth outside a neighbourhood of the
origin O, is of the growth O(|z|™2) as  — O which means that f? belongs
to H~1(€2), since a function of order |z|~2% is in H~1(Q) for all § > 0. This
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ensures that f? is admissible for the right-hand side of equation (2.28). The
observation is obvious for the first term of f2, since t!'(n,s) = O(|z|7?) and
t2(n,s) = O(|z|™!). Let us consider the second term A, (x(z)T(z)). According
to (2.1), the representation of the Laplacian in curvilinear coordinates can be
rewritten in the form

Ay = L0, 00,0,) + LM(1, 0,04, 0,) + L2(n, 5,0, 00, 05,0,),  (2.31)
with the ingredients

L%(8,,0,,0,) = (02 + 9% + 9?2) (2.32)
LY(n,0,,0s,0,) = 2,(0)(0,, — 2n0?) + 3,(0)(0, — 2nd?) (2.33)
L2<TL, S, UV, 8n, 65, 8V> == an@% + aggag + CL3383 + alc’?n + agas + agay, (234)

while the functions a;; and a; are smooth in a neighbourhood of O, in variable n
and s, and in addition they have the property

a;;(0,0) =0, 9a;;(0,0) =0, a;(0,0)=0, j=1,2,3 (2.35)
Therefore, we can write
AT = Lo + (L' + L't") + L' + L*(t' + 7). (2.36)

We readily check that L' = 0 and L% + L't! = 0 due to the definition
of w! and w?, see (2.5) and (2.15). Function #? is of order |z|~! thus L'? is of
order |z|72, and L?(t' 4 ¢?) is also of order |z|™? due to (2.35). Thus, we have
concluded that g = 0 and f3 € H~1(Q).

According to the Fredholm alternative, and under the assumption that \°
is a simple eigenvalue, the problem (2.28)—(2.29) with the described right-hand

sides admits a solution v® in the Sobolev space H'(2) if and only if the following
orthogonality condition is satisfied by the right-hand side of (2.28)-(2.29) :

N0 0v0q + (2, 0")a + (¢°,0%) a0 = 0. (2.37)
Owing to the normalization condition and since g = 0, relation (2.37) becomes
N = —(f3,v%)q. Integral of the product f3v° is convergent, which means that
(f*, ") = lim (AXT + A, (xT))° du, (2.38)
6—+0 Q5

where Qs = Q\ {z : n® + s* + v?> < §?}. The surface patch S5 = 95 \ 00
turns out to be a semi-sphere in the curvilinear coordinate system. We imi-
tate the spherical coordinate system in the curvilinear coordinates by setting
n=rsinfcosp, s = rsinfsiny and v = rcosf while denoting (r, ¢, 8) the
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spherical coordinate system, with r = hp > 0, ¢ € (=5, %), 0 € (0,7). Using

Green’s formula for the smooth functions 7" and v° in the domain Qs yields
/ Pl dr = / (V" ONT — TONV") ds,. (2.39)
Qs Ss

Let us observe that ds, = d(n,s)2.J(n,s)r2sin0dfde on Ss, and according to
formulas (2.3) the derivative dy, along the normal to the patch Sy satisfies the
relation Oy, 1" = d%(NnanT + N,0sT + N,0,T), where

N, = Jsinfcosp, Ng=(1+mnsx,)sinfsing, N, =cosf(l+ nsx,) (2.40)
d = J?sin* 0 cos® o + (1 + ns,)?sin® O sin®  + (1 + nse,) cos? .
We can split the integral (2.39) into several pieces

fBUOdZL‘ = Il +]2+13+I4+0(1) (241)
Qs
with

02 (0)In TS sin 0 dOdg

Wl

e
I

™

v (0)dnsTn (525(O)(1 + sin® f cos® p + cos® 6)

ISIERCTEY

hen
Il
—
S—, S—

Wl

(O)(1 + sin®§)) 6% sin 6 dfd¢

(050°(0)s0n T + 0,0°(O)vdn,T) 6 sin 6 dfd¢p

_I_

&

I3

Il
S~

vl

I = — / i / Ty 0°d3 J 62 sin 6 dfdg .
-z Jo

In view of formulas (2.40), we get the following expansion for On 71"
OngT = 0, T +n[0,T (56,(0) cos® § + 5,(O)(sin’ 6 sin )) sin § cos ¢
+ 0,T (56,(O) cos® 0 + 3,(O)(sin* @sin® p — 1)) sinfsin ¢
+ 0,T (—2,(0) cos® § + 5,(O)(sin” O sin” )) cos 0] + o().

The asymptotic expansions of integrands in /; and I, already derived, lead to

L+ = 00(0)52/2 / 0, T sin 0 dfd¢
-z Jo

+0°(0)é /_j /07r n[nd,T (3,(0) cos® § + s,(O)(sin” #sin” ¢))

+ 50,T (56,(O) cos® 0 + 3,(O)(sin” @ sin® p — 1))
+v0,T (—34,(0) cos® 0 + »,(O)(sin* O sin® p)) | dfde + o(1).
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After simplification of the expression in brackets we get

L+ 1= U0(0)52/2 / 0,T sin 0 dodo
—= Jo

+v0(0)%5<0)5/2

/ n(2n0, T + s0sT + 2v0,T) dfd¢
0

SERVE]

+0°(0)54,(0) 5/ / (200,T + 250,T + v0,T) dbde + o(1)

:v°(0)52/2/ 0,T sin 0 dode + o(1).
-z Jo

In the calculation above, we have taken into account the fact that the expres-
sions 2n0,T + sO0,T + 2v0,T and 2n0,T + 2s0,T + v0, T are odd in either s,
or v, therefore, the corresponding integrals over the patch Ss vanish.

For integrals I3 and I, we have

Is+ 1, = / / (sOngT — TOngs) sinf dfd¢
3

+ 9,0°( (52/

52 / / (50,t* — t'0,5)|r—s sin O dOd¢p
-z Jo

o

Wl

/ (vONT — TOngv)sin @ dfdg + o(1)

+ 0,00(0)5 / : / (WO — £10,0) |,y sin 0.0 + o 1).
_= Jo

Gathering all the integrals in (2.41), we obtain
5 T
/ 2 dr = vo((’))62/ / O, T|=5 sin 0 dOd ¢ (2.42)
Qs

+ 0,0°(0 / / (50, — t10,.8)|,—s sin 0 dOd¢ (2.43)

—l—av 52/

The first integral in (2.42) is equal to

/ ’ / B,T),—s sin 0 dfde = / ’ / 1Y), —s sin O dOde + / i / O,12), s sin O dOdo,
-zJo -2Jo —-5J0

(VB m\:

/ (WOt — £10,0)|,—s sin 0.d0de + o(1). (2.44)
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and according to (2.7) we get ffg Jo Opt|,=ssin 0 dfd¢ = 0. In view of (2.22)

we also obtain .
/2 / O,42],_s sin 0 dfd¢ = —27(;12.
_= Jo
2

The two integrals in (2.43) and (2.44) are calculated with the help of (2.12) and
(2.13), and we obtain in a similar way that

T

0,0°(0)6? / (50,t* — t'0,5)|p—s sin O dOd¢p

0

Wl

+ 9,0(0)5 / : / (Ot — £10,0) |, sin 0 d0d
-z Jo
= VSWUO(O)m(E)V&VUO(O),

where m(Z) is the virtual mass matrix of the cavity w in the half-space which
depends on the shape of = and is given by

m(=) = <m22 m23> . (2.45)

msa 133

Furthermore, V, ,0°(0) = (9,0°(0), 8,0°(0))T. The previous results show that
(12,00 = V' (O)m(Z)Ve®(O) — 27a, and finally the perturbation term in
the asymptotic ansatz (1.11) of the simple eigenvalue \Y takes the form

M= (V02 (0)Tm(Z)V, ,2° (0) + A0 |02 (0)]? mess(w). (2.46)
Remark 2.5. The max-min principle (see, e.g., [1]) reads:

[V ul; L2(Q(h)) |2

7 s;lcr}{lfa(}é(h)) uhelsrj%‘\{O} [|u; L2(Q2(R))||? (247)
- .L2 0 2
/\? = max inf [Vav; L) (2.48)

€0CHI () veed\{0}  |lv; LA(Q)[|2
where é’f and 5]0 stand for any subspaces of codimension j — 1, i.e.,
dim(H'(Q(h) 6 &) =j—1, dm(H'(Q) 6&))=j— 1.

For the cavity w, of a general shape, there is no obvious relation between
H'(Q(h)) and H'(Q) so that (2.48) and (2.47) do not allow to directly es-
tablish a link between )\? and /\9. Notice that in case mesgw > 0, (2.46) can
be made both, negative or positive. Indeed, assume that the eigenfunction v,
changes sign on the boundary I' and put the coordinate origin O at a point
where v, vanishes. Then the last term in (2.46) becomes null and X/, < 0 due
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to the above-mentionned properties of the matrix m(=). On the contrary, if
the point O constitutes an extremum of the function I' 5 = +— vy, (), then
Vs m(O) =0 and X, > 0 provided v,,(O) # 0 and meszw > 0.

In the limiting case of a crack w, i.e., a domain flattens into a two-dimensio-
nal surface (see Figure 7), one easily observes that H'(Q) C H'(Q(h)) since a
function in H*(€2(h)) can have a nontrivial jump over @, but v € H(§2) cannot.
As a consequence of (2.48), (2.47), we conclude the general relationship A < A9.
This formula is in agreement with (2.46) for the correction term in (1.11) because
mesgw = 0 for a crack and, therefore,

>\/m = (Vsﬂ,vgn(O))Tm(E)VS,VU?n(O) <0

since the matrix m(Z) in the case of a crack is negative or negative definite (see
Example 2.3).

2.4. Multiple eigenvalues. Assume now, that \? is an eigenvalue of the
multiplicity s, > 1, i.e.,

A g <A == A <A (2.49)
In such a case ansétze (1.11) and (1.12) are valid for p = m, ..., m+,—1, how-
ever, the principal terms in the expansions of the eigenfunctions u” , ... u® e —1

of problem (1.3)—(1.4) are predicted in the form of linear combinations

O =afod + - +a’ o) (2.50)

P
v m M+, —1

of eigenfunctions of problem (1.8)-(1.9) corresponding to the eigenvalue \? |
and subject to the orthogonality and normalization conditions (1.10). The

coefficients of the columns a” = (af,...,a” ) in (2.50) are to be determined. If
the columns a™,...,a™ " =1 are unit vectors and

a’-al=19,, p,g=m,...,m+ s, —1, (2.51)
then the linear combinations (2.50) with p = m, ..., m + 34, — 1, are simply a

new orthonormal basis in the eigenspace of the eigenvalue \,,.

The construction of boundary layers is performed in the same way as in the
previous section. When solving problem (2.28)-(2.29) for the regular term v?3,
there appear s, compatibility conditions

)\p,<vp07 U?nJrk)Q + (fp?)’ U?nJrk)Q = 07 k= 07 ceey Am 17 (252>
which can be written in the form of the linear system of s, algebraic equations

Ma? = N'a? (2.53)
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with the matrix M = (Mzk);{’,:;ol of the size s, X #,,,

"m(2)V,, 00, (0) 42000 (O, (O) mesy(w). (2.54)

m-+j

M, = (VSJ’Ugl-Fk(O))

Formula (2.54) is derived in exactly the same way as it is for formula (2.46). The
matrix M is symmetric, and its real eigenvalues \", ..., X"~ correspond
to eigenvectors a™, ..., a™ =1 which satisfy conditions (2.51). Actually, just
these attributes of the matrix M with elements (2.54) are included in ansétze
(1.11) and (1.12), (2.50) for eigenvalues A! and eigenfunctions u) of problem
(1.3)-(1.4) for p=m,...,m+ 3, — 1 in the case (2.49).

3. Justification of asymptotics

3.1. The weighted Poincaré inequality. Let H'(Q(h)), denote a subspace
of the Sobolev space H!(Q(h)) which contains functions of zero mean over the
set Q(h).

Lemma 3.1. The following inequality is valid
lus Lo (M)l < ellry s La(Q(R)) || < C|[Vau; Lo(Q(R)) ), (3.1)

where rp, =+ h and r(x) = dist(x, O) = |z|, and the constants ¢ and C' are
independent of the parameter h € (0, ho] and function uw € H*(Q(h)) .

Proof. We use the representation u(x) = u.(x) + b, where the constant b, is
chosen such that

In (3.2), the domain €, C Q2 satisfies Q. # @ and Q.Nw;, = & for h € (0, ho|. Let
us construct an extension 1, of u, in the class H', from the set Qg := \ Brp
onto €2, in such a way that the following estimate is valid

[Vath; Lo ()| < €| Vit Lo (Qrn) | = €l Vit Lo () [| < €| Vot Lo (R (3.3)

Here Bg, is the ball of radius Rh and center O, with R a constant chosen such
that w;, C Bgy.

The reason for such procedure is that a direct extension form Q(h) onto
may not exist in the class H!, for example in the case of a crack (cf. Remark 2.5).
Stretching coordinates @ — 1 = h™ 'z transforms the set Yp, = {z € Q: Rh >
r > R} into the three-dimensional half-annulus Y (h) with fixed radii and
gently sloped ends, due to the smoothness of the boundary 0€). In stretched
coordinates, we write U,(n) = u.(x). Then, we proceed to the decomposition

U.n)=UL(n) + by (3.4)
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where the constant b, is chosen such that
| w0 b =ues(t) [ v.mdn (35)
T (h) T (h)

The extension ought to be made in the stretched variables. Due to the orthog-
onality condition in (3.5), the Poincaré inequality holds true for U, in Y(h)

1UL; La(Y (W) || < el VaULs La(T(R))|| = ¢l VyUss Lo(T(R)) |

where the constant ¢ does not depend on h because Y (h) has gently sloped ends.
Therefore, there exists an extension U, of U, from Y(h) onto Y(h) ={n:x €
0, r < Rh}, such that

IO H (Y (W) < e|Uss HH X (R))]| < e VaUs La(T(R)]

where ¢ is independent of h € (0, hg| and U, .
Choosing €2, = Q\ Bgy, the required extension , is thus defined as follows:

. (), r € Q\ Bgy
U*(flf)— { UJ_(T/)‘I‘Z)J_, ZL‘EQDBRh. (36)
Now we give estimates for the extension 1,
IV otin; La(Q)| = [|Vati; La(2\ Bra)l| + [ VaUL; La(2 N By,
and further, using the previous estimates, we obtain
IV.U L5 La(2 N Bra)|| = h2 ||V, U s Lo(T(h))|

< h2||Uy; HY(T(h))|
< ch3 ||V, UL; Lo(Y(h))]|
< ch? ||V, U Lo(Y(h)]
= ||Vt La(Xgn) |-

Gathering the two previous estimates for V, u, we obtain due to the definition
of X Rh that

IVait: Lo(@Q)| € e Vot L@\ Banpo)l| < ellVous (@) (3.7)

The last inequality is true if Q\ Bpgyj2 C Q(h), which is certainly verified for
an appropriate choice of R and h small enough. The constant ¢ in the previous
inequality is independent of h.

We show, using the Poincaré inequality, that

[ La(Q)| < €| Vati; La(Q)]] < ¢ Vau; La(2(R)) ] (3-8)

Precisely, we use the following auxiliary assertion,
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Lemma 3.2. Let Q; C Qy be two smooth domains, with mes3(€) # 0, then
for any w € HY(Qy) we have

[[w; La(Qa)[| < ¢ ([[Vaw; La(Qa)] + [lw; La(Q)]]) (3.9)
where the constant ¢ depends on 1 and €)s.

Proof. Assume that (3.9) is not true and take a sequence w, such that
|wn; L2(22)]] = 1 and the right-hand side of (3.9) tends to zero. From the
boundedness of w and V,w in Ly(;) we get the boundedness of w in H'(€y).
Thus, up to a subsequence, w, converges to some w € H'(€);) and since
|V ows; La(2)]|| — 0 we get V,w = 0 and w is constant. Since ||we; L2(21)|| — 0,
this constant is zero and thus @ = 0. This implies ||wy,; L2(£22)|| — 0, in con-
tradiction with ||wy,; Ly(€2s)]] = 1. Thus, (3.9) holds true. O

Applying Lemma 3.2 to our situation, we get
3 Lo(Q)]] < eI Vatin; La(Q)]| + [t; L2(€2)]])

)
< ([ Vatin; Lo()] + [[Vatis; La(2.)]])
< || Vaii; Lo(Q)]);

where we have also used the Poincaré inequality in 2., since 4, coincides with wu,
and has zero mean value on this set. Then, with (3.7) and the previous inequal-
ity, we obtain the desired estimate (3.8).

Next we invoke the one-dimensional Hardy inequality

1
0

1
/ |z(r)|*dr < 4/ r20,2(r)|>dr, z € CX([0,1)), (3.10)
0
which, after the integration in the angular variables 6 and ¢, leads to
Ir; La(Q)| < Vs La(Q)]] < el Vo (@R (311)

For the constant b, in decomposition (3.4) we now obtain
bL] = ‘(meS(T(h)))_l/ U.(n) d??‘ < || Ui La(P ()| < e 2[|r s Lo (S|
T (h)

since [|U.; Lo(Y(h)| = [|Us; La(Y ()| = B~ 2[bs; Lo(Sn) -

Further, the image %, (h) of the set Q(h) N Bg, under stretching of coor-
dinates, possesses a gently sloped boundary. Hence, applying Lemma 3.2 we
obtain

1Us; Lo (X0 (W) | < c(IVqUs; La(E0(h))[| + [|Us; Lo(T (R))]])-
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Recall that r, = r + h > h. In this way we have

175 ;Lo (QR) N Bra) || < W La(Q(R) N Ba) |
= B3 (|U; Lo(S ()]

< el (|[V,Us; La(Su ()] + [T La(T(R))])

< ch3 (|VUs; La(Su (M) + U La(T ()| + [b])-

Using the Poincaré inequality for U, in Y(h) and the estimate for b, , we get

from the previous inequality

7, s La(Q(R) OV BRa) || < ¢ (Al Vot La(Q(R) N Bra)|

L (3.12)
+ |7 i La(Sma) ) -

We can now, applying (3.11) and (3.12), write
Iy, s La(QA)) | = llry, 1w La(Q\ Bra)ll + Iy s La(Q(h) N Bra) |
< cllry s La(Q)]
+ ¢ (Aot La(QR) N Bra)l| + (I~ s Lo (Sra) )
< || Vau; La(Q(R))][-

We give an estimate for the constant b, = (mes(Q(h))) fQ(h)(u(x) —uy(z))dr =
Jon) s (2) dz as follows:

[bu] < ellus; Lo(QR))I < ellr™ s La(QM)) || < €| Vaus La(Q(R))|-
Finally we have

Iy, s La(QR) < e(llry, Maass La(QUAD| + [l "o La(Q(R))I)
< || Vou; Lo(Q(R)) |,

which proves Lemma 3.1. O

In the sequel we write [||u;Q(h)|]| = |}, 'u; L2(Q(h))]|. In the proof of
Lemma 3.1, an extension @ := 4, + b, of the function u € H*(Q(h)), onto the
domain 2 is constructed such that

s QCA) NIl +[IVati; Lo(Q)]| < €l Vau; La(Q(R))][- (3.13)

Assume that m > 1 and 4 is the extension described above of the eigenfunc-
tion v’ ; then, in view of (1.6) and the integral identity [13], namely

(V u V Z)Q(h = )\ ( )Q(h), zZ € HI(Q(h»L, (314)
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which serves for the problem (1.3)—(1.4), the following relation is valid:
s HHN(? < €| Vorug,; La(QUR))I* = X, (3.15)

The max-min principle (see, e.g., [31]), where the test functions can be taken
from the space C°(€2,), show that for an arbitrary m there exist positive num-
bers h,, and c¢,,, such that

M < e, for h € (0,h,,). (3.16)
therefore the norms || ; H1(Q)|| are uniformly bounded With respect to the
parameter h € (0, h,,] for a fixed m, i.e., the pairs {\" 4"} admit the weak

limit {\%, 4t} € R x HY(Q) for h — +0 and the strong limit in R x L(£2).

In the integral identity (3.14) we choose a test function z € C®(Q\ O)
with null mean value. For sufficiently small h, @ = u" on the support of the
function z, thus passing to the limit in (3.14) leads to the inequality

(V402 Va2)g = A2 (02, 2)q. (3.17)

Since C(2\ O) is dense in H'(£2) (elements of the Sobolev space H*(Q) have
no traces at a single point), by a density argument, we can assume that in
(3.17), the test function z belongs to H'(2), .

In view of (3.13)-(3.15), it follows that

/ﬂﬁldx—/ ul da| < / \ﬂ%dw—/ lul | da
Q Q(h) QNBgrh Q(h)NBgp

5 ~
< ch® ([l I+ 11 s QR

5

< ch?

< ch?.

and

e — [ e
(h)

Since [|alk; La(Q)[] = [|,; L2(Q)|| and [|@l,; Lo(€2)[] = 1, the previous inequality
provides 9, € H'(Q) and ||0%; Lo(Q)|| = 1, i.e., in view of (3.17), A is an
eigenvalue and 92, is a normalized eigenfunction of problem (1.8)-(1.9).

Proposition 3.3. Entries of sequences (1.5) are related to (1.7) by passing to
the limit
Mo X\ as h— +0. (3.18)

The proof is completed at the end of this section. We only observe that it
has been already shown that \* — >\g, thus it suffices to prove that p = m.
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From Lemma 3.1 it follows that the left-hand side of identity (3.14) can be
chosen as the scalar product (u”z) in the space H'(2(h)).. We define the
operator K" in the space H(Q(h)), by the formula

(K"u,2) = (u, 2)amy, u,z€ H (Qh)),. (3.19)

It is easy to check that K" is symmetric, positive and compact, therefore, self-
adjoint. For m > 1 we set u® = (M\)~L. The positive eigenvalues and the
corresponding eigenfunction of problem (1.3)—(1.4) can be considered in an ab-
stract framework, so we deal with the spectral equation in the Hilbert space
H=HYQ(h)),:

KM = phuh. (3.20)
The norm, defined by the scalar product (-,-)y = (-,-) is denoted by || - || &.
The following statement [33| is known as lemma on almost eigenvalues and
etgenvectors.

Lemma 3.4. Let p and U € H be such that | K"U —pU||g = a and |U ||z = 1.
Then there exists an eigenvalue u” of the operator K", which satisfies the in-
equality

1= g | < e
Moreover, for any ae > o the inequality [|U — Us|lg < 22 holds where U, is a
linear combination of eigenfunctions of the operator K", corresponding to the
eigenvalues from the segment [ — e, 1 + ] and ||Us||g = 1.

The asymptotic approximations p and U of a solution to equation (3.19)
are defined by the number (A2 + A3\ )~ and by the function ||V"|;'V;2, re-
spectively, where m > 1 and X/ with V" are, respectively, the correction given
by (2.46) and the sum of the first four terms in the ansatz (1.12). In the case
of multiple eigenvalue )\8, we consider the specification provided at the end of
section 2.4.

We estimate the quantity o from Lemma 3.4. Since |[V"||g > [0 || — emh
and A0 + W3\ > N0 — ¢, h3, for h sufficiently small it follows that

a=||K"U - uUllu
= (Ao 2N TVl IO, + RPN (K = 1)Vl
= (Ao + R2AL) TVl sup [((N, + RPX) (K" — 1)V, 2)
< ¢, SUp {(/\2I + B3N ) (VI 2)a(h) — (vh, Z>Q(h){ ,

(3.21)

where the supremum is taken over the set {z € H*(Q(h)), : ||z|lg = 1} and,
hence, the Ly-norms of the test function z indicated in inequality (3.1), both
standard and weighted, are bounded by a constant A/. Besides that, the stan-
dard proof of the trace theorem [13, p. 30| implies

B%|25 Lo(@wn NT(R)| < e(ll2: QR) (| +1V2 L)) < eV (3.22)
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The expression in the sup in (3.21) can be processed as follows:

L= (N, + 1PN )V 2)am — (Vik 2)am
=T' 4+ WP -+ 11— R3Ie
= (vafn, sz)g(h) — /\?n(vfn, Z)Q(h)
+ 07 (Vatp, Vaz)am) — (A, + Aoy, 2)am))
— BON, (v, 2)am) + (Vax(hw,, + h*w} ,sz)g(h)

-\ (X(hwrln + h*w?), Z)Q(h) — B3N (X hw! + h*w?), Z)

(3.23)

—~~

Q(h)”
The estimates of I? and I® are straightforward, that is
1P| < emllvg; QN < enV (3.24)

1w [l + ) ) da
Q(h)

1
2

<enll =0l ([ Gontho,+ 1) o)
Q(h)

< cNh? ( / h*(1 + p)?(hw,, + h*w?))? d¢ (3.25)
ENBRr

2

+ / XR*(1+ p)?(hp™ + h2p™h)? d&)
2\Br
< cm./\fhg.

Here, expressions (2.8) and (2.20) of the boundary layers are taken into account.
The remaining integrals require additional work. In view of relations (1.8)—(1.9)
and (2.27)—(2.30) we have

I' = (anhvgn’ Z)awhml‘(h) (3'26)
P=L+L+1I3

= (anhv,?;l, Z)awhmr(h) + (fga Z)Q(h)

= (0103, 2)owprr(n) + (Dax(t, +12,), Z)Q(h) + A (Xt + 1), z)Q(h)'

To get the estimate for I2, we, first of all, need to prove the following inequality:
77225 Lo(T(R) || + (7" 25 La(Q(M) | < |z HY(Q(R))- (3.27)

By (3.22) and (3.1), we may write the inequality

I 25 La(D (W) + Il 2 Lo W) < ez H' Q)] (3.28)
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Thus, we only need to verify that (3.27) is true in a h-neighbourhood of O.
Using the dilation by h=!, we are left to verify inequality

_1 —_ _ —_ —_
073 2; Lo(0Z )| + o™ Z: Lo(En) | < el|Z: H' ), (3.29)

in the parameter-independent case, where = := Z N Bg, Bg is the ball of
radius R centered at O = {p = 0} and R > 0 is chosen so that =z D @. Three
situations may then occur:

(i) If O lies outside Z, then p > ¢ > 0 and (3.29) is trivially satisfied.

(ii) If O is inside Zg, then p > ¢ > 0 on O= and thus the first norm on the
left-hand side of (3.29) is bounded by c||Z; H(Zr)|| due to the standard
trace inequality. The estimation of ||p™Z; Ly(Zg)|| in (3.29) derives from
Hardy’s inequality (3.10).

(iii) If O is on 0=, then we need to rectify the boundary 0Z.

Note that the boundary 0= is Lipschitz. Without loss of generality, let us
assume that there exists a neighbourhood V of O such that 0= NV is the
graph of a Lipschitz function . We rectify the boundary 0=z NV using the
transformation

T: (&,&,8) — (51,52,53) = (&1,&,8 — (&, &)

The image of =g NV by T is a piece of plane. Let (p, 0, gz~5) be the spherical
coordinate system associated with (&, &, &). Using the Lipschitz property of v,
one readily checks that there exist constants ¢; > 0 and ¢y > 0, dependent on 1,
such that c;p < p < ¢op. Using Hardy’s inequality (3.10) and the equivalence
of p and p, we have

lp™Z; LyEr V)| < cllp™' Z; Lo(T(Er N V)|
< cl|Z; H(T(ERNV))|
<c|Z; H' (ErNV)].

For the trace inequality, we separate the radial and angular variables and use
the two-dimensional trace inequality in the angular variables:

o2 25 La(0Zr N V)| < cl|p2 Z; Lo(T(0ZR 1 V)|

R ror B 5
—c [ [ 5 1zPodiap
0 0

R pm p2n N 5 _ o
— c/ / / (|Z|2 + |05Z)? + |6¢;Z|2> dfdpdp
0o Jo JO
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for some R > 0. Then we may use Friedrich’s inequality to obtain
R pm pom _ 5 5 o 5
L[ (22« 102 + 19,2¢) dédiap < e 2: (T (Er 0 W)
0o Jo Jo
<c||Z; H'(Zr N V).

Therefore, we have proved (3.29) and in view of the previous comments, (3.27)
follows. Using (3.27), we get the estimate for I?

7] < enllr20m5s La(@wn NT ()|l 77225 La(@wn N T (R)))|

< enNRE||r2Vod s HH(Q(R))|| (3.30)
< epmh?,
where we have also used the estimates |V203 (z)| < ¢,r?, p = 1,2,..., for

the solution of (2.28)—(2.29) which follow from the theory of elliptic boundary
problems in domains with corners or conical points (see, e.g., [23]|) and from the
analysis (2.36) of the right-hand side of equation (2.28).

By Remark 2.4 and (2.26), the following estimates are valid for p > Rq

[t ()] = w3 () — 15, (E)] < p™? (3.31)
[@7,(6)] = w () — £,(8)] < ep?, (3.32)

which means that

2

|17 = hPI5] < [z, Q(R) | (/Q (rx (@) (hiy, + 1*@,))” di’f)

(h)

<N ( [ rexing) (v, + 1) e df) 5

; h=1d
< Nh2 / p~tptdp
R

< Nhz,

(3.33)

[SIE

where d is the diameter of the support of x. We denote

I'= I} + Iy i= (Va(hwy, + h*w?,), Vexz)ggy — ([Be, X](hwy, + h2w?,), 2)ga,
=1+ I3 = (XAu(ty, +12), 2) gy + ([Aay X (G +82), 2) oy -

Here [A;, x] = 2V x- V24 (A, X) is the commutator of the Laplace operator with
the cut-off function y. The supports of the coefficients of first order differential
operator [A,, x| are contained in the set supp|V,x| which is located at the
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distance d, from the origin. Thus, taking into account relation, Remark 2.4
and (2.26), we find

I — P12 = ([Ag, X](hw,, + BPW5,), 2)am)

d
S Cm(/ <h2p6 + h4p4>
dx

< emh®N.

r dr) ’ |z; Lo (Q2(R))]|  (3.34)

p=h—1r

Moreover,

LRI =I5+ 1)

= — (Do (R, 12T, X2)g it (O (P, +hPw},), 2) (3.35)

BwpNQ(h)’

Remark 3.5. The presence of corners on the boundary of domain = may result
in the singularities of derivatives of the boundary layers, therefore the inclusions
XA wl € Ly(2(h)) and xOnwd, € Lo(I'(h)), in general are not valid. However,
the terms in (3.35) may be well defined in the sense of duality obtained by the
extension of scalar products (-, -)qp) and (-, -)p) in the Lebesgue spaces to the
appropriate weighted Kondratiev classes (see [11] and, e.g., [23, Chapter 2|).
Additional weighted factors are local, i.e., the factors are written in fast vari-
ables. That is why the norms of test functions z can be bounded as before by
the constant N

By definition, the function w) remains harmonic, and according to (2.15)—
(2.16) and (2.33), w?, verifies the equation

—Aet,(€) = L'(&1, V)W, (6), €€E (3.36)
Therefore,
A (hw)l + h*w2) = hW*LYw2, + L*(hay, + h*w2). (3.37)

In (3.37) the operators L? are written in the slow variables and the func-
tion w? in fast variables (in contrast to (3.36)) where A = h?L%(8,,ds,0,)
and L'(&,Ve) = hLY(n,0,, 0s,0,). Owing to (3.37), (2.26) and applying Re-
mark 3.5, we have L?(hw},) = hO(p~3), LY(w?) = h™'O(p~3) and L?(h?w?2,) =
h?0(p~2).
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Thus, it follows that

2

EI <200 1 ([ re(@andt, +12)° ds )

1
2

<N ( /ﬁ W22 (h€)? (A, (hh, + h2@2,))” hP dg)

< Nh? ( / pPx(h€)? (hp™® + h2p~2 + hp™?)” df) ’ (8:38)
E\Br

] h=1d 2
< Nhz / p~tp?dp
do

< Nhs.

For the two last terms it suffices to process the difference of integrals from (3.26)
and (3.35): I' + Ij = — (Opn (hwy, + R*wi, +7,), 2) g, v - Note that, due to
the very construction of w! and w?, we have d,n(hw? + h?w?, + %) = O(h?),
see (2.15)—(2.18) for instance. Thus, we get the estimate

II' + I} < cml|2; Lo(8wp N T(R))||R2 (mesy (Dwp))? < cmhi N, (3.39)

where mes; denotes the two-dimensional Hausdorff measure. Collecting esti-
mates (3.24)—(3.25), (3.30), (3.33)—(3.34), (3.38)—(3.39) of the terms in (3.23),

we arrive at the following estimate of « in (3.21):
a < eph?. (3.40)

We are ready now to verify the theorem on the asymptotics, which implies
the main result of the paper.

Theorem 3.6. For any positive eigenvalue X of multiplicity s, in problem
(1.8)—(1.9), see (2.49), there exist numbers c,, > 0 and h,, > 0 such that for
h € (0, hy| the eigenvalues A, ... A\ of problem (1.3)~(1.4) and except
for all other eigenvalues in sequence (1.5) satisfy the following inequalities

NE X0 — B3N < cphE,  g=my. o sy — L (3.41)

Moreover, there is a constant C,,, and columns a™™, ... a" =1 which define
an unitary matriz of the size s, X »,, such that

m+sem—1
v 4 x(hw 4+ PPw®) + WP — Y " aliugs HY(Q(h))

p=m

< Cph (3.42)
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with ¢ = m,...,m + », — 1. Here v?° denotes the linear combination (2.50)
of eigenfunctions in problem (1.8)—(1.9), constructed in the end of Section 2.4,
and w?, w*? and v are given functions which are determined for fixred v4° in
the way described in Section 2, finally A is an eigenvalue of the matriz M with
entries (2.54). In the case of a simple eigenvalue \°, (i.e., 3¢, = 1), we have
m0

v =0 the corresponding eigenfunction, and X" = X, is given by (2.46).

Proof. Given eigenvectors a™, ... ,a™ =1 of the matrix M, we construct lin-

ear combinations (2.50) and the associated appropriate terms in asymptotic

ansatz (1.12). As a result, approximation solutions {(A)+ R*X?)~ U} for

q=m,...,m+ »x, — 1 are obtained for the abstract spectral problem (3.19).
Let A7 be an eigenvalue of the matrix M of multiplicity r,, i.e.,

U U P ) (3.43)

We choose the factor ¢, in the value o, = c,h? in Lemma 3.4 so small that the
segment

[0, + B3N — b, (AL, + BEAT) ) 4 ] (344)

does not contain the approximation eigenvalues (A2, + 23\ )~ when p & {q, ¢+
kg—1} . Then Lemma 3.4 and (3.40) delivers the eigenvalues ,u?(q), e ,,u?(q%q_l)

of the operator K" such that
}/L?(p)—<)\?n+h3/\p,)_l‘ SO&Sth%, pZQ7“'7q+I€q_1' (345>

We here emphasize that, at the time being, we cannot infer that these eigen-
values are different. At the same moment, the second part of Lemma 3.4 gives

the normed columns b = (bllzg U Zi o+ Nomg—1) verifying the inequalities
krnq“l’]\f'mq*1
o 1
Uv — brPults HY(QU(R))|| < e— < che. 4
D0 W HN Q)| < e < ch? (3.46)
k=kmq
Here {4} ... 0 1 n,.,—1} implies the list of all eigenvalues of the operator K™

in segment (3.44). Note that the numbers k,,, and N,,, can depend on the
parameter h but this fact is not reflected in the notation. Since

|hxw's HY(Q(R))|| < ch?
Ihxw?; HY((R))|| < ch’ (3.47)
[p?v?; HH Q)| < ch?,

the normalization condition (1.10) for the eigenfunctions of problem (1.8)—(1.9)
and similar conditions for eigenvectors of the matrix M ensure that

‘(Up,Ut)L2(Q(h))_5p,t| Schg, p,t=4q,...,q+ K, + 1. (3.48)
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In a similar way, inequalities (3.46) and the orthogonality and normalization
conditions (1.6) for eigenfunctions u} of problem (1.3)—(1.4) lead to the relation

kmq+qu_1

(U, U)oy = D B'B| < ch. (3.49)

k:kmq
Formulas (3.48) and (3.49) are true simultaneously if and only if

Ny > Ky, (3.50)

otherwise we arrive at a contradiction where at least one of the coefficients pr
has to be close to zero and to one simultaneously. To actually prove that the
equality occurs in (3.50), we first of all, notice that, for a sufficiently small
h > 0, the relations of type (3.50) are valid for all eigenvalues A{,... A of
problem (1.8)—(1.9) and all eigenvalues A? of the associated matrices M.

We have verified above Proposition 3.3 that each eigenvalue )\Z and the cor-
responding eigenfunction uz of singularly perturbed problem (1.3)—(1.4) con-
verge to an eigenvalue and an eigenfunction of the limit problem (1.8)—(1.9), re-
spectively. This observation ensures that the number of entries of the eigenvalue
sequence (1.5), which live on the interval (0,\?), does not exceed m + s, — 1
for a small A > 0. Summing up the inequalities (3.50) over all A},... \) and
A?, we conclude that the equalities N,,, = k, are necessary. Moreover, we now
are able to confirm that the eigenvalues /L?( YRR ,,u?( 1) CAN be chosen dif-
ferent one from another. Indeed, take a, = C*h% in Lemma 3.4 and fix C, so
large that the inequality (3.46) with the new bound - still guarantees that the
segment

Ay(h) = [(A?n FRIAT) L = OLhE, (A0 4+ BT 4 (J*h%] (3.51)

contains exactly k, eigenvalues of the operator K". It suffices to mention two
facts. First, for a small A > 0, the intervals A,(h) and A,(h) with A? # A" do
not intersect. Second, any eigenvalue pf = (AF)~! in the interval (3.51) meets
the inequality (3.41). O

Remark 3.7. Estimates (3.47) show that the bound in (3.42) is larger than
the norms of the functions w?', w9 and v% included into the approximation
solution and, therefore, estimate (3.42) remains valid for the function v? alone,
without three correcting terms. This is the usual situation in the asymptotic
analysis of singular spectral problems: One needs to construct additional asymp-
totic terms of eigenfunctions in order to prove that the correcting term in the
asymptotics of an eigenvalue is found properly. In theory, one can employ the
general procedure [20] and construct higher order asymptotic terms of eigen-
values and eigenfunctions. We keep the boundary layer and regular corrections
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in the estimate (3.42) because they form a so-called asymptotic conglomerate
which is replicated in the asymptotic series (see [20,22]; actually the notion of
asymptotic conglomerates was introduced in [22]).
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