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The Riesz Potential Operator
in Optimal Couples
of Rearrangement Invariant Spaces
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Abstract. We prove continuity of the Riesz potential operator in optimal couples of
rearrangement invariant function spaces defined in R™ with the Lebesgue measure.
An application is given to the Hardy-Littlewood maximal operator.
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1. Introduction

Let L;,. be the space of all locally integrable functions f on R™ with the
Lebesgue measure. Analogously, let L be the space of all locally integrable

functions ¢ > 0 on (0, c0) with the Lebesgue measure that are in L' + L>°. The
Riesz potential operator R*, 0 < s < n, n > 1 is defined formally by

R f(x) = - fWle —yl* "dy, f € Lige

We shall consider rearrangement invariant quasi-Banach spaces E, contin-
uously embedded in L'(R") + L>*(R"), such that the quasi-norm | f||g in E
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is generated by a quasi-norm pg, defined on L with values in [0, 0], in the
sense that || f||g = pr(f*). In this way equivalent quasi-norms pg give the same
space E. We suppose that E is nontrivial. Here f* is the decreasing rearrange-
ment of f, given by

7)) =inf{A>0:p;\) <t}, t>0,
where pi; is the distribution function of f, defined by

pyA) = Hz e R" - |f(z)] > A}, ,

denoting the Lebesgue n—measure.

There is an equivalent quasi-norm p, that satisfies the triangle inequality
(g + 92) < Ph(g1) + ph(gz) for some p € (0,1) that depends only on the
space E (see [20]). We say that the quasi-norm pg is K-monotone (cf. [6, p. 84]
and also [5, p. 305]) if

|

t t
/ g;(s)ds S/ g5(s)ds implies pg(97) < pp(93), €L, g€ L. (1)
0 0

Then pg is monotone, i.e., g3 < go implies pg(g1) < pe(ge)-

We use the notations a; < ap or as 2 a; for nonnegative functions or
functionals to mean that the quotient a;/ay is bounded; also, a; ~ as means
that a; < ag and a; 2 as. We say that a; is equivalent to ay if a1 &~ as.

Recall that the relation ¢i* < ¢3*, g1,92 € L is equivalent to g; = Clgs,
where C'is a positive contraction in the couple (L', L) (see [21, Theorem 3.4,
p. 89)).

We say that the quasi-norm pp satisfies Minkovski inequality if for the
equivalent quasi-norm p,,

(Do) S Ale). giel. 2)

For example, if E is a rearrangement invariant Banach function space as in
[5], then by the Luxemburg representation theorem ||f||g = pr(f*) for some
norm pg satisfying (1) and (2). More general example is given by the Riesz-
Fischer monotone spaces as in [5, p. 305].

Recall the definition of the lower and upper Boyd indices ap and Bg. Let

hp(u) = sup {pE(g:) g€ L} o gult) =g (t)

pE(g*) u

be the dilation function generated by pr. Then

—IOghE(t) and (g := inf —IOghE(t).

ap =
E o<t<1 logt I<t<co  logt
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If pg is monotone, then the function hg is submultiplicative, increasing,
he(1) =1, hg(u)hg(s) > 1, hence 0 < ap < Bg. If pg is K-monotone, then by
interpolation, (analogously to [5, p. 148]) we see that hg(s) < max(1,s). Hence
in this case we have also g < 1.

Using the Minkovski inequality for the equivalent quasi-norm p, and mono-
tonicity of f*, we see that

pe(f*) = pe(f™) if Bp <1, (3)

where f*(t) =1 [ f*(s) ds.

Consider the Gamma spaces ['"(w), 0 < ¢ < oo, w - positive weight, i.e.,
positive function from L (see also [15] for a class of generalized Gamma spaces),
with a quasi-norm || f|ra(w) := pPuw,qr(f*), where

earte) = ([Tt )"

The condition (f;° min(1,¢™9)w?(t) %)% < oo should be satisfied (otherwise
the space will be trivial). Then this space is continuously embedded in the
sum L' + L*. Using this embedding, the completeness of the space can be
established in a standard way. The space £ = ['"(w) with pg = pu, 4 satisfies
the conditions (1), (2).

Consider the classical Lorentz spaces A%(w), 0 < g < oo; f € A(w) if

||f||Aqw — qu(f*), pwﬂ(g) — (/Ooo[g*(t)w(t)]q %)q < 0.

This is a quasi-normed space if w(2t) ~ w(t). If w(t) = ¢+, 1 < r < oo, the
usual notation L™? is used. Then ap = B = % In some cases the Lorentz space
E = A(w), 1 < g < oo also satisfies the conditions (1), (2). For example, if
%(t) is not increasing, then (see [5, p. 218]), the functional p,, , is a K-monotone
norm. It is easy to check that this space is continuously embedded in L + L.

We have the equivalence

fllraqew) 2 [1.f 1| aaqw) (4)

in the following cases.
If 1 < g < oo then (4) is satisfied if and only if w is such that (see [2])

o [T 5 [ wer . 5

S S

If ¢ = oo then (4) is valid if and only if (see [9])

11 1 !
—/ ds < ——, where w(t):= / v(s) ds for some v.
tJo w(s) w(t) 0
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For weights satisfying fotw(s) & < w(t), the condition (5) with ¢ = 1 is

equivalent to .
[Tu i o) "

S t
Indeed, the condition (6) implies (5) with ¢ = 1 by integration and Fubini’s
theorem . Conversely, (6) follows from (5) with ¢ = 1 if fot w(s) % < w(t). Note
that (4) is equivalent to Sg < 1 (see [5, p. 150]).
The main goal of this paper is to prove continuity of the Riesz potential
operator R® : £ — G in optimal couples of rearrangement invariant function
spaces E' and G, where || f|l¢ := pe(f*). It is convenient to introduce the fol-
lowing classes of quasi-norms:
— Ny consists of all quasi-norms pg that are monotone, rearrangement in-
variant, and such that ap > 2, Bg < 1;

— Ny consists of all quasi-norms pg that are monotone rearrangement
invariant, satisfy Minkovski inequality and ap > >, g < 1;

— Ngo consists of all quasi-norms pg that are monotone, rearrangement
invariant, satisfy Minkovski inequality and ag > 2, g < 1;

— Ng3 consists of all quasi-norms pp that are K-monotone, rearrangement
invariant, satisfy Minkovski inequality, and ag > 2;

— N; consists of all quasi-norms pg that are monotone and g <1 — 2;

— N;, consists of all quasi-norms pg that are monotone, satisfy Minkovski
inequality and B¢ <1 — 2;

— N;2 consists of all quasi-norms ,OG that are monotone, satisfy Minkovski
inequality and ag > 0, B <1 -2

Definition 1.1 (admissible couple). We say that the couple pg € Ny, pg € Ny
is admissible for the Riesz potential if the following estimate is valid:

pa(R°f)™) S pe(f"). (7)

Moreover, pg (respectively FE) is called domain quasi-norm (domain space), and
pc (respectively () is called target quasi-norm (target space).

For example, by Theorem 2.2 below (the sufficient part), the couple
E = A1 (tﬁw), G = Av), 1 < g < o0, is admissible if g < 1 and v is
related to w by the Muckenhoupt condition [27]:

</ot[v(s>]q %); (/too[w(8>]’“ %)i <1, $+ Loy

Definition 1.2 (optimal target quasi-norm). Given the domain quasi-norm
pe € Ny, the optimal target quasi-norm, denoted by pg(g), is the strongest
target quasi-norm, i.e.,

pc(9") S pary(9), g€ L,
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for any target quasi-norm pg € N, such that the couple pg, pg is admissible.

Definition 1.3 (optimal domain quasi-norm). Given the target quasi-norm
pa € Ny, the optimal domain quasi-norm, denoted by pg(q), is the weakest
domain quasi-norm, i.e.,

pe@)(9°) S pe(d"), g€ L,
for any domain quasi-norm pg € Ny such that the couple pg, pg is admissible.

Definition 1.4 (optimal couple). The admissible couple pg, pe is said to be
optimal if pr = pg@) and pg = pa(k)-

We prove that optimal quasi-norms are uniquely determined up to equiv-
alence, while the corresponding optimal quasi-Banach spaces are unique. We
give a characterization of all admissible couples, optimal target quasi-norms,
optimal domain quasi-norms, and optimal couples. It is convenient to consider
two cases: subcritical and critical.

Definition 1.5 (subcritical case). The subcritical case is defined by the condi-
tion

Ly du : s
/ u—pgh%(u) ” < 00, or equivalently, o < ag. (8)
0

The equivalence in (8) can be established as in [5, p. 147]. For example, if
E=1L",1<r < oo, then the condition (8) means that s < 2.

In the subcritical case and if g < 1 we prove that the optimal target quasi-
norm satisfies pc(g)(9*) = pE (t_%g* (t)), g € L. Moreover, the couple pg, pa(r)
is optimal.

Definition 1.6 (critical case). The critical case is defined by the condition

[
n_aE'

In the critical case we use real interpolation similarly to [11], but in a
simpler way [1] and consider domain quasi-norms pg(g) := pH((t% b(t)g*(t))jj),
where py is K-monotone quasi-norm on (0, 00), satisfying fy < 1, and h}, means
the rearrangement of h with respect to the Haar measure on (0, 00), du := %,

he(t) == 1 fot hY (u) du. In this case the optimal target quasi-norm pg(p) is

pa)(9) = pu ((cg)}) - (9)

Here b and ¢ belong to a large class of Muckenhoupt slowly varying weights (see
Theorem 4.1 below).

Recall that w is slowly varying on (1,00) (in the sense of Karamata), if for
all € > 0 the function tw(t) is equivalent to a non-decreasing function, and the
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function t~°w(t) is equivalent to a non-increasing function. By symmetry, we
say that w is slowly varying on (0, 1) if the function ¢ — w (1) is slowly varying
on (1, 00). Finally, w is slowly varying if it is slowly varying on (0, 1) and (1, 00).
1
For example, if py(g) = ([, lg(t)]?dt)?, 1 < g < oo, then fy = % < 1,
and

pu(g*) ~ (/OOO [(tib(t)g*(t)):(w}qdu)é = (/Ooo [Eeb(t)g" (1)) %)é.

Hence E = A? (t=b(t)) and G(E) = A%(c).

The problem of the optimal target space for potential type operators de-
fined on L” is considered in [17] by different methods. The case s = 2 is treated
in [10]. Since f = cR*(V*f), f € C5°, where V¥ is the kth order gradient (see
for example [13]), the results about the optimal couples for the Riesz poten-
tial imply optimal embeddings for the homogeneous Sobolev space w*E with a
quasi-norm || f|lk g = [|V¥fllE, f € C°. A direct approach to the same prob-
lem for the homogeneous Sobolev space with a norm -, _, [[D*f| £ is used
in [1] and similar results are proved. The problem of optimal embeddings of
inhomogeneous Sobolev spaces, defined on a bounded domain in R" | is treated
by somewhat different methods in [13,14,16,18,20, 22-26].

In this paper we will use the standard notation for the Hardy operators

Py(t) = © / g(u)du, Qglt) = / " )

t

du
o

2. Admissible couples

Here we give a characterization of all admissible couples pg, pg. It is convenient
to define the case g = 1 as limiting and the case fp < 1 as sublimiting.

Theorem 2.1 (general case g < 1). The couple pp € Ny, pc € N, is admis-
sible if and only if

pc(Sg) S pely), g€L, (10)

where

S

o d
S=T+T, Tgt) ::/ uﬁg(u)—u, t>0,0<s<n, n>1, (11)
t u

and T'g(t) = tn* f(f g(u) du is the operator adjoint to T.

Proof. First we prove

(R°f)™ S Sf° (12)
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We are going to use real interpolation for quasi-Banach spaces. First we
recall some basic definitions. Let (Ag, A1) be a couple of two quasi-Banach
spaces (see [6,7]) and let

K<t7f) = K(t7f7A0aA1> - lefI;f_fl{”fO”Ao +t||f1||A1}7 f S A0+A17

be the K-functional of Peetre (see [6]). By definition, the K-interpolation space
Ag = (Ao, A1)e has a quasi-norm || f|la, = ||[K (¢, f)||s, where ® is a quasi-
normed function space with a monotone quasi-norm on (0, co) with the Lebesgue
measure and such that min{1,¢} € ®. Then (see [7])

A()ﬂAl‘—)Aq)‘HAO—FAl.

where by X — Y we mean that X is continuously embedded in Y. If
lglle = (f;5t"7g%(t) %) 7,0 < 6 < 1,0 < g < oo, we write (Ag, A1) in-
stead of (A, A1)e (see [6]).

Using the Hardy-Littlewood inequality [g, |f(z)g(z)|dz < [J° f*(t)g*(t)dt,
we get the well known mapping property R*: A! (tﬁ) — L*. and by the
Minkovski inequality for the norm f** we get R*: L' — A™ (tl’%). Hence

S

R (REf)™ () S K (87w, f; LY, A (tn)) , therefore (see [6, Section 5.7])

(Rf)7(t) S S ().

It is clear that (7) follows from (12) and (10).

Now we prove that (7) implies (10). To this end we choose the test function
in the form f(z) = g(c|z|™), g € L, so that f*(t) = ¢g*(¢t) for some positive
constant ¢ (cf. [10]). Then

Ref) = [ gtelle ol dy+ [ glelyie -yt dy,
lyl<lz| lyl>lz|

whence
clz|™ 9)
B 2N [ gwdus [ i g du 2 (Seil)
0 clx|™
Note that S = -“-QT", hence Sg is decreasing, therefore
[RfI"(t) 2 Sg(t), S=T+T" (13)
Thus, if (7) is given, then (13) implies (10). O

In the sublimiting case fg < 1 we can simplify the condition (10), replac-
ing S by T.
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Theorem 2.2 (Sublimiting case Sg < 1). The couple pg € Ng1, pc € Ny is
admissible if and only if

pa(Tg) < pe(g), g€ M, (14)

where M = {g € L : t"g(t) is increasing for some m > 0}.

Proof. We need to prove sufficiency only. But from (12) it follows that
(Re )= < T f**, therefore (7) follows from (14) and (3) since g < 1. O

In the case ap > * we have another simplification of (10).

Theorem 2.3 (case ap > %) The couple pp € Ny, pc € N2 is admissible if
and only if

pa(T'g) < pe(g), g€ My :={g € L:gis decreasing}. (15)

Proof. 1t is enough to check that (15) implies (10). First we prove the estimate
for pg € Ny:

pE<tian(t)) Sx pE(tiag(t))v 0<a< 17 g€ M7 ap > a, (16>

where Qg(t) = [ g(u) 2. The proof is standard, we just have to use the

Minkovski inequality for the equivalent quasi-norm p, and that ag > a is equiv-
alent to fol u=Phl(u) 2 < co. (cf. [5])

On the other hand, it is Tg < 1" (t =Tg(t)), hence by (15), pc

PE

Ty
pe (t7=Tg), g € M, therefore if ap > £, then (16) implies pg(Tg) < :

(
(9)

For example, the couple E = T(tw), G = A1 (t'"wv), 1 < ¢ < o0, i
admissible if ag > 0 and v is related to w by [27]

(oo ) ([ ) g1 telen

2.1. Optimal quasi-norms. Here we give a characterization of the optimal
domain and optimal target quasi-norms. Let

) S
O

wn

Q=
S =

E— L'+ A! (tg) and G — A™ (tk%) + L™,
We can define an optimal target quasi-norm by using Theorem 2.1.

Definition 2.4 (construction of the optimal target quasi-norm). For a given
domain quasi-norm pp € Ny we set

pc)(9) = inf{pgp(h) : g < Sh, h € L}. (17)
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Note that agp) > ap — 2, Bar) < B — £. In particular, if ag = Bp then

ag) = Bar) = ap — 2.

Proposition 2.5. The couple pp € Ng, pa(g) € Ny is admissible and the target
quasi-norm is optimal. Also,

G(E) — A®(t=») + L™. (18)

Proof. Since pg is a monotone quasi-norm it follows that pg(g) is also monotone
quasi-norm. The couple is admissible due to pgg)(Sh) < pr(h), h € L and
Theorem 2.1. Suppose that the couple pg € Ny, pe € N; is admissible. Then
by Theorem 2.1, ps(Sg) < pr(g), g € L. Therefore if g* < Sh, h € L, then

pa(9”) < pa(Sh) S pe(h), whence pa(9”) S pae)(97)-
It remains to check (18). Note that (see [6])

s e & sup tTn f() + sup f*.
Hf“A ('~ 7)+L 0<t£1 f () t>11)f

Let f* < Sh, h € L. Then f* < Sh* and

1 oo
sup t'nSh*(t) < / h*(u) du +/ wn ' h (u) du.
0 1

0<t<1

Since (see [6]) HfHL1+A1(t%) ~ [} fr(u)du + [ uri f*(u)du, we obtain
SUpg,<; 11 nSh(t) < pr(h). Analogously, sup,., Sh(t) < pg(h). Therefore,
”f“/\oo(tl—%)JrLoo < pe(h). Taking the infimum, we get (18). O

In the sublimiting case g < 1 we can simplify the optimal target quasi-
norm.

Proposition 2.6. Let pp € Ng1. Then

pam)(97) = p(g"), plg) =inf{pp(h): g <Th, he M}. (19)

Proof. If g* < Th, h € M, then g* < Sh, therefore p(¢g*) > par)(g*). For
the reverse, if g* < Sh, h € L, then ¢* < Sh* and using T'h < t=h**, we get
g* < Th*. Hence p(g*) < pr(h*™) and because g < 1, we derive p(¢*) < pr(h).
Taking the infimum, we get p(g*) < pae)(9*)- O

A simplification of the optimal target quasi-norm is possible also in the
subcritical case ap > 2.

Proposition 2.7. Let pp € Ngo. Then

paey)(97) = pi(g"), pi(g) ==inf{pp(h) : g <T'h, he M}.  (20)
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Proof. If g* < T'h, h € My, then g* < Sh, therefore pi(g*) > pair)(9*).
For the reverse, if g* < Sh, h € L, then using Th(t) < 1" (t~ nTh) we get
g < T'(h* + t-#Th). Hence py(g) < p(h) + p (77Th) S pu(h) using
ap > 2 and (16). Taking the infimum, we get p1(9*) < par)(9*). O

We can construct an optimal domain quasi-norm pgg) by Theorem 2.1 as
follows.

Definition 2.8 (construction of an optimal domain quasi-norm). For a given
target quasi-norm pg € N;, we construct an optimal domain quasi-norm
PE@G) € Na by

pE@) (9) :=sup{pa(Sh) : h"* < g™, he L}, ge L.
Note that agg) > 2 + ag and S < 2 + Gg.

Theorem 2.9. Let pg € N;. Then pga) € Naga, the couple pg), pa is admis-
sible and the domain quasi-norm pg(q) s optimal. Also

B(G) — L'+ A'(tn). (21)

Proof. First we prove a few properties of the functional pgg). We suppose
that pc € N;. To prove that pg) satisfies the triangle inequality for quasi-
norms, let h** < (g1 + ¢g2)™. Then there is ( [5,21]) a positive contraction C' in
the couple (L', L>) such that h = C(g1 + go). If h; := Cyg; then h; € L and
h = hi + hy. Since pg(Sh) S pc(Shi) + pa(She) S pe@)(91) + PE@)(92), we
have ppc) (91 + 92) S Pe©)(91) + PE(G) (92). Evidently, the quasi-norm pg(q) is
rearrangement invariant. It is K-monotone, because if gi* < g3* and h** < gi*
then pp(q)(92) = pa(Sh), whence ppe)(91) < peG)(92)-

Further, the couple pg(q), pe is admissible since pg)(9) > pa(Sg). More-
over, pg(c) is optimal, since for any admissible couple pg, pe we have pg(Sh) S
pe(h) = pe(h*), where h € L. Therefore,

pe@) (g) <sup{pp(h) : B < g™, he L} S pelg)

by K-monotonicity of pg. To prove the property (21), we notice that

1 o)
pra (1) 2 065V 2 [ FOdt+ [ w1l ey O

Remark 2.10. If pg satisfies Minkovski inequality then pg(q) also satisfies
Minkovski inequality. Indeed, let ¢ = > g;, g,9; € L. If h** < g**, then
h = Cg. Define h; := Cg;. Then h = ) h; and Sh =) Sh;, therefore (for the

equivalent quasi-norms)
pe(Sh) < Z pe(Shj) S Z p%(G)(QJ)



Riesz Potential Operator 229

In the case ag > 0 we can simplify the formula for the optimal domain
quasi-norm.

Proposition 2.11. Let pg € Ny 3. Then ppa) € Na2 N Nas and

pr@)(9) = pe (tr g™ (t)) ~ pa(Tg™).

Proof. We have pg)(g*) > pa(Sg*) > pa(T'g*) = pc (tng™) . On the other
hand, the quasi-norm pi(g) := pg (t%g**(t)) is in the class Ng2 N Ng3 and
the couple p1, pg is admissible since pg(T"h) < pa(T'h*) = p1(h). Therefore,
PE(G) S i L

A simplification is possible also in the case B¢ <1 — 2.

Theorem 2.12. Let pg € Nyi. Then ppe) € Nagi N Ngz and PE(G)(g) ~
p2(9) = pa(Tg™). Moreover, the couple pp(cy, pa is optimal.
Also, if a > 0, then prgey(9) =~ p (1™ (1)).

Proof. We have pgc)(9*) > pa(Sg*) > pa(Tg*) = p2(g*), since the upper Boyd
index for ps is < 2 + g < 1. On the other hand the couple ps, pg is admissible
since for g € M, pa(Tg) S pa(Tg™) = p2(g). Therefore, pgcy < po.

Now we check that the couple pg(q), pc is optimal. We need only to prove
that p¢ is an optimal target quasi-norm, i.e., p(g*) < pa(g*), where p = paie))
is defined by (19) since @) < 1. We have g** = Th, h(t) =t n[g**(t) — g*(t)]
€ M, therefore

p(9") < pu)(h) = pa(Th™),
Since h* < Qh, we have h** = Ph* < QPh, therefore Th** < TQ(Ph) <
T(Ph). Also T(Ph) ~ Th + t= Ph and Ph < h**. Therefore,

pg") < po(Th) + pe (t7h™) .
Since h(t) < t~wg™(t) we have h*(t) < t~ng™, thus we have pg (tnh**(t)) <
Jo wwhe (£) du < pa(g™). Therefore p(g*) < palg™) ~ palg”). O
Now we give some examples.

Example 2.13. Consider the space G = A'(v) and let fz < 1— 2. This is true
in the particular case when v is slowly varying. Using Theorem 2.12, we can
construct the optimal couple E, G, where

p5(9) = po(Tg™) = / " (g ()

and w(t) = [} v(u) 2, w(oco) = co. Hence E = I'(tnw). Also ap = B = 2

u? n

if v is slowly varying.
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Example 2.14. If G = C(Cj consists of all bounded functions such that
f*(00) =0 and pg(g) = g*(0) = g™ (0), then ag = e = 0 and pg@e)(9) =

s

Jo tng % ie., E=T"(¢tn) and the couple E, G is optimal.
Example 2.15. Let G = A*(v) with v(c0) = 00, B¢ < 1— > and let
du

o

ps(g) = supo(t) / T utg ()

Then by Theorem 2.12, the couple F, G is optimal and Sz < 1. In particular,
this is true if v is slowly varying since then ag = g =0 and ap = g = 2 < 1.

Example 2.16. Let £ = A (t%w(t)) , where w is slowly varying. If

1 “ 1 du
ot) /t w(u) u’
then G = A>(v) is optimal target space. Indeed, B = > < 1, and pg(Tg) S
pr(g), which means that the couple is admissible. In order to prove that pg is
optimal, take any g € L, and define h from t~w(t)h(t) = supg.,«, v(u)g*(u).
Then h € M, trw(t)h(t) < pa(g*), therefore txw(t)h*(t) < palg*), whence
pe(h) < pa(g*). On the other hand

Thit) = / ) Ogguvu)g*(x)w(lu) o Oggtmu)g*(mﬁ > g°(0).

Hence pge)(9*) < pe(h) S pa(g*), therefore pg is optimal.

Example 2.17. Let pg(9) = pr (tw(t)g™(t)), pal9) = pr (' 7w (t)g(t)),
where w is slowly varying and pg is a monotone quasi-norm with ap = g = 0.
Then agp = B = 1, ag = Bg = 1 — 2, the couple pg, pg is admissible since
pc(T"g) < pr(g) and according to Proposition 2.11 the domain quasi-norm is
optimal. For example we can take pp(g) = (f;°¢7(t) %)?, 0 < ¢ < co. But
this couple is not optimal. If wx:) € F and f*(t) = ta~! then f € G
and pep) (f*) = inf pp(h), where infimum is taken with respect to all h € M,
such that 1 < [ h(u)du. Hence [ h(u)du = co. Since we have pp(h) >

pr(WwX(0,1)) fot h(u) du for t > 1, it follows pg(h) = oo, therefore f ¢ G(E).

3. Subcritical case

Here we suppose that > < ag.

Theorem 3.1 (sublimiting case). Let Bg < 1 and pg € Ng3. Then the optimal

target quasi-norm pg(p) s equivalent to pi(g) = pg (t*%g) , pae)(g%) = pi(g®).
Moreover, the couple pg, pa(g) ts optimal.
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Proof. Let g < T'h, h € My. Then t~ng(t) < Ph(t) :=t~* fot h(u) du, whence
p1(9) S pe(h), since fp < 1. Taking the infimum, we get pi1(9) < par)(9)-
On the other hand, g* < T” (t7=g*(t)) , therefore po(r)(97) < pe (t77g* (1)) =
p1(g*). Finally, the couple pg, pa(r) is optimal, since

prGmE) (%) > pam)(Tg") = pp (t+Tg") = pr(g?). O

Example 3.2. Let E = A (t%w) (A" (tﬁwg) ,r<a<fB<1,0<qr< oo,
where wy, wq are slowly varying. Then G(E) = A? (to‘_ﬁ 1) A" (tﬁ_iwg) and
this couple is optimal. In particular, we can take £ = LP, 1 < p < 2. Then
G(E) = L, - =+ — = This is a classical result, see [17]. Now we know that

p
the domain space LP is also optimal.

In the limiting case g = 1 we do not know how to simplify the formula (20)
for the optimal target quasi-norm. In the next example we provide a construc-
tion of an optimal target quasi-norm.

Example 3.3. Let F = A®(tw), w is slowly varying and ﬁ = fotﬁ du,
Then g =1.If G = A*® (tlfiv) then ag > 0 and the couple F, G is admissible
since pa(T"g9) < pe(g), g € My. Moreover, the target space is optimal. Indeed,
choose h so that tw(t)h(t) = sup,-, u'"nv(u)g*(u). Then tw(t)h(t) < palg),

hence tw(t)h*(t) < pa(g*) and pe(h) < pe(g*). On the other hand,

s 1 du s
T’ht>tn1/—— =5 “(w) > g* ().
(t) > o) w S v(u)g™(u) > g*(t)

Therefore pa)(g7) S pela”).

4. Critical case

Here we are going to use real interpolation for quasi-normed spaces, similarly
to [11,12].

First we construct the needed couples of Muckenhoupt weights. Let the
function b satisfy the following properties:

It is non-decreasing, slowly varying on (0, 00), b(t?) = b(t), (22)
for some ¢ > 0 the function (14 In#)"'"°b(¢) is increasing for ¢t > 1.  (23)

Let

e /mid—“<i £>0 (25)
¢ blu) u ()
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Indeed, if 0 < t < 1 we can write:

/°° 1 du /1 1 du N /°° (1+Inu)"'"°  du
. blu) u J, bu) u 1 b(w)(1+Inu)-1== o’
Using monotonicity properties (22), (23) and ¢(t) < 1for 0 < ¢ < 1, we get (25).
The case t > 1 is analogous, but simpler.
We denote by L7 (v), 1 < r < 0o, v - positive weight, the weighted Lebesgue
dt

space on (0,00) with the Haar measure du = ¢ and norm

o= ([t )’

We write L] when v = 1. Let L be the weighted Lebesgue space on (0, 00)
with the Lebesgue measure and a norm ||g||z = sup|g(t)v(t)|.

Theorem 4.1. Let pg be a K-monotone quasi-norm on L and let H be the
corresponding quasi-Banach space with By < 1. Let b, ¢ be given by (22), (24).
Let pg be defined by

pe9) = pr (t7b(t)g* (1)), (26)
Fri= (L L) (1) (27)

and H (}) has a quasi-norm ||g||H( ) = pH(@). Then the optimal target
quasi-norm is gien by par)(g9) = pr(gc).

Proof. The operator T, defined by (11) is bounded in the following couple of

spaces:
T: Li(teb(t)) — L and T : LP(twb(t)) — L,

where b, ¢ are given by (22), (24). Define F' by (27). It is well known [6] that
pr(9) = pu(9,") = pu(g,), (28)

where g¥*(t) = Ot gy (s)ds. The equivalence in (28) is true because fy < 1.
By interpolation, T : F; — G4, where

By == (LL(tnb(t)), L (t%b(t)))H(%), Gri= (L3 L) (1) -
Denote the quasi-norm in E) by p; and let pgp(g) = p1(g*). We have
p(g) = pr (E70(1)g" () = pu ((EF0()g" (1)) ) = pur ((#16(0)g" (1))

Hence pg is a K-monotone quasi-norm with both Boyd indices equal to 2 <1
(here we are using the fact that b is slowly varying).
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Now we characterize the space G;. Since (see [6])
K (t,9; Ly°, L) = tK (3,9; L, Li°) = tsup|g(s)| min (C(S), M) :
we get the formula
per(9) = pa(hy). hy(u) = sup lg(s) min (e(s), ") (29)

Also, since Li® — L it follows hy(u) ~ sup|g(s)|c(s) if 0 < u < 1. Let

Hy(t) := hy(1 + |Int]), 0<t< oo.
Then (H,)r(t) < hy (%), hence, by (28) and (29), pr(H,) < pe, (g)- Note that
H, Z gc, hence, if we define the quasi-norm pe(g) := pr(gc), we get the relation

pca(Tg) < pa(Tg) S pelg), g€ M.

Since fg < 1 Theorem 2.2 shows that the couple pg, pe is admissible.

Now we want to prove that pg is an optimal target quasi-norm. It is suffi-
cient to see that pa(9) = par)(9), 9 € L, g decreasing, where pg(p) is defined
by (17). And since the quasi-norm pg (g is optimal, we need only to prove that
pam)(9) S palg), g € L, g decreasing . To this end first for any such g we con-
struct a decreasing h such that ¢ < Th and pg(h) < pa(g). Let tnb(t)h,(t) =
g1(t), where ¢1(t) = g(é—z)c(tQ) for 0 <t < 1and gi(t) = g(\%)c(\/%) ift > 1.
Note that hy & hj. Then pg(hi) ~ pr (t=b(t)hi(t)) =~ pr(gc) = pc(g). On the
other hand, for 0 <t < 1,

Vie 702\ c(u?) du
)= [0 (%) o 2 9040 2 a0

since

A(t)_/ﬂc(uz)d_uw/ﬂ;d_u>1
)y bw) uw J, 1+|nul u ™

Similarly, for ¢ > 1 we obtain
“ /Ju 1 du
Thy(t) 2 — — 2 g(t).
1()N/t g(ﬁ)lﬂnuuNg()

Therefore we can find h & h; such that pg(h) = pe(g) and Th > g. This means
that pr) S pa- O

The above result suggests the following construction. Let

pe(9) = pr (2b(t)g" (1)), pclg) = pr(cg),
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(g(t)) with ap =
c(t) and

where pr is a monotone quasi-norm satisfying pr(g(t?))
t2

Br = 0 and b, ¢ are slowly varying weights such that ¢(

/ mS W > = { X M7<1 (30)
0 b(u) Uu X(t,etQ) if ¢ > 1.

Then if pr(cQg) < pr(bg) the couple pg, pe is admissible and the same argu-
ment as above shows that the target quasi-norm is optimal.

S pr
)z

Example 4.2. Let G = A(¢), 1 < ¢ < 0, F = Aq(t%b(t)), where b, ¢ are
slowly varying on (0, 00), satisfying (30), ¢(t?) = ¢(t) and

([« >d) ([ b d—) s bl

Then the couple F, G is admissible and G is an optimal target space. In partic-
ular, if b(t) =1, 0 <t < 1and b(t) = (1+1nt)? ¢t > 1, then ¢(t) = (1 —Int)~",
0<t<1landc(t)=1+1Int, ¢t> 1. Therefore E = A% (t=b(t)), G(E) = A% (c),
the result that corresponds to the optimal embedding proved in [17] in the
critical case.

5. An application to the maximal operator

The Hardy-Littlewood maximal operator M (see, e.g., [5, p. 117]) is defined by

where the supremum extends over all balls B containing x € R"™. The methods
from the previous sections can be applied to the problem of optimal couples of
rearrangement invariant spaces for M. More precisely, we consider optimality
in the following classes:

— N consists of all quasi-norms pg that are monotone, rearrangement in-
variant, and such that 0 < ag < g < 1;

— Na1 consists of all quasi-norms pg € Ny such that fr < 1;

— N, consists of all quasi-norms p¢ that are monotone and 0 < ag < B¢ < 1.
We say that the couple pp € Ny, pg € N, is admissible for M if pg((M f)*) <
pe(f*) Since (M f)* ~ f** (see, e.g., [0, Theorem 3.8 p. 122]), admissibility is
equivalent to pa (™) < pr(g), g € L. Using the same arguments as in Section 3,
we can prove the following results. Let [ g(t)dt < pp(g), g € L, 0 < a < co.
Given the domain quasi-norm pgp € Ny, the optlmal target quasi-norm pg(g)
satisfies (cf. Proposition 2.5)

pap)(9) = inf{pp(h) : g <h™, h € L}.
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Evidently, E — G(FE). If pg € N; is given, then the optimal domain quasi-
norm pp(c) satisfies ppe)(9) = pa(9™) and E(G) — G. Moreover, if pp € Ny,
then G(F) = E and the couple (E, E) is optimal in the class AV ;. In the limiting
case B = 1 we have the following example, that corresponds to Example 3.3.
If £ = A®(tw), w is slowly varying and ﬁ = fot ﬁ 4 then G(E) = A>(tv)
and G(F) D E.
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