Zeitschrift fiir Analysis und ihre Anwendungen (© European Mathematical Society
Journal for Analysis and its Applications

Volume 30 (2011), 421-433

DOTI: 10.4171/ZAA /1442

Removable Sets for A-Harmonic Functions
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Abstract. We establish in this paper that sets of m-Hausdorff measure zero are
removable for C%® A-harmonic functions with m depending only on n, a and A.
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1. Introduction

Let €2 be an open bounded domain of R, n > 2, and x4 a nonnegative Radon
measure in {2. We consider the equation

—Aju = —div (%Vu) =u inD'(Q), (1.1)
where A(t) = fot a(s)ds, and a is an increasing C'' function from [0, +00) into
[0, +00) satisfying a(0) = 0 and

<a; Vt>0, ag,a; positive constants. (1.2)

A first class of functions a(t) is given by

Cl(t) = CltaX[07t0) —+ (Cgtﬁ + C3)X[to,oo)7

where ty, a and 3 are positive numbers, and ¢, ¢ and c3 are real numbers such
that a(t) is a C* function. For this class (1.2) is satisfied with ag = min(a, 8) and
a; = max(q, 5). A second class of functions a(t) is given by a(t) = t* In(5t+),
with «, 3,7 > 0. In this case, we have ay = a and a; = 14+«. In fact there exists
a large class of functions a included in this work, since linear combinations with
positive constants, products and compositions of C' functions satisfying (1.2)
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also satisfy this condition, with different positive constants ag and a;. Note
that we have ayp = a; = p — 1 if and only if a(t) = t%. In this case, we have
At) = % and A4 is the classical p-Laplace operator A,,.

Under assumption (1.2), A is an increasing C? convex function, which is an
N-function satisfying the so called Ay-condition. We recall the definition of the
Orlicz class K4(Q) associated with the function A

KAQ) = {u . ) — R measurable - /QA(|u(x)|)dx < oo } |

We refer to [9,13] for definitions.

The Orlicz space LA(2) is defined as the linear hull of the class K4((Q).
Thanks to the assumption (1.2), L4(Q) coincides with K“(€) and is a reflexive
and separable Banach space under the Luxembourg norm (see [1,9,13])

\uILAm):inf{k>o : /A('u(kxﬂ)d:cél}.
Q

Since 2 is bounded, we have the imbeddings L>(Q2) c LA(Q2) C LY(Q). The
latter one is due to the generalized Holder inequality (1.4) in Orlicz spaces .
The dual of the space LA(Q) is L‘K(Q), where A is the conjugate of the
function A given by A(t) = f(f a~(s)ds, where a™! is the inverse function of a
which also satisfies the condition (1.2) with different constants. Indeed, since

we have for t > 0

1 tlaV)(t) 1
— < — L — . .
=T vt >0 (1.3)

It follows from (1.3) that A is also an N-function satisfying the Ay-condition.
Moreover, we have the Hélder inequality (see [9,13])

/uv dx
0

Another consequence of (1.2) is the following monotonicity inequality [4]

a€) . a(lc)
( I

which implies the weak maximum principle and, in particular, the uniqueness
of the solution of (1.1) for Dirichlet boundary data.

< 2lulpa@)vlpag,  Yu € LAQ), Yo e LYQ). (1.4)

<)-<§—<>>o VECERN (0}, ££C,  (15)
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We also recall the following inequalities that can be deduced easily from
(1.2) (see [11, Lemma 1.1] and [12, Lemma 2.1, Remark 2.1])

ta(t)
<A(t) <talt vVt >0, 1.6
2 < age) <tatt) (16)
A
min (s, SHal)H—ﬂ <A(st)(14ay) max(s' T s ) A(t) Vs, t>0. (1.7)
ai

The Orlicz-Sobolev space and its norm (see [1]) are defined as follows
WA Q) = {ue LYQ) : |[Vu| € LYQ) },
ulwra@) = |ulpa) + [Vulpag).

Under the assumption (1.2), W14(Q) is a reflexive and separable Banach space
(see [1]).
We shall call a solution of (1.1) any function u € W,2*(Q) that satisfies

loc

/ a(|Vu|)vu -Veodr = / edp Yo € D).
o [Vul Q
If £ =0 in a domain D C €2, we say that u is A-harmonic in D.

In [7], Kilpelédinen studied equation (1.1) for the p-Laplacian, where p is a
constant number greater than 1. He proved that if u is Holder continuous with
exponent «, then p satisfies the growth condition u(B,(z)) < Crrrta®e-1)
for any open ball B,.(z) with Bs.(x) C Q. Conversely, he proved that if u
satisfies this growth condition, then w is Holder continuous with exponent /3
for all § € (0,a). This result was improved later on in [8] for more general
operators of p-Laplacian type, by showing that under the growth condition of
1, u is in fact Holder continuous with exponent ae. Moreover, the authors proved
that a compact set is removable for C%* p-harmonic functions if and only if its
(n — p + a(p — 1))-Hausdorff measure is zero. A similar result was obtained
by Trudinger and Wang [14]. For harmonic functions, this result is due to
Carleson [3].

In this paper, we address the question of removability of closed sets for
an A-harmonic function. We also investigate the relationship between Holder
continuity of the solutions of (1.1) and the growth of the measure pu. We first
establish that bounded solutions of (1.1) belong to Cp:7 () for all y € (0,v*),
where v* = W provided that p(B(z,r)) < Cr™ for any open ball
B(z,r) cC Q2 and m > n — 1 —qy. This extends our previous work in [4] when
m = n — 1. Our second main result shows that a function u is A-harmonic in 2
provided that it is continuous and A-harmonic in Q\ E, where the closed set E
is of zero m-Hausdorff measure, and where

ap Qo 1
= (v —1 1 -1
mn (OZ )&0+1( +a1)+(a0+1+a1+1)n ’
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and « is such that
lu(z) —u(y)| < clz —y|* Vee EVye.

Our work extends results in [7,8,14] established in the p-Laplacian framework.

We shall denote by Bgr(xy) the open ball of center zy and radius R > 0.
By osc(u, Br(zo)), we denote the oscillation Mg — mpg of u over Bgr(xy), where
Mg = supg, (4, v and mg = infg, (z,) u.

2. Holder continuity

In this section, we improve the local Holder continuity established in [4] and
generalize some of the results in [7,8] for p-Laplacian type operators. First,
we show that the measure p satisfies a growth condition if there is a Holder
continuous solution to (1.1).

Theorem 2.1. Suppose that u € Wb (Q) N C0(Q) for some a € (0,1). Then
there ezist two positive constants C' = C(n,a, ag,a1) and Ry = Ro(n, o, ag, ay)
such that for each R € (0, Ry), and each ball Br(xg) such that Bsr(xy) CC €,
we have

p(Br(ro)) < CR™,

where m s given by

ag ag 1
— (@) = (a— 1 | 1.
m=71(a)=(« )a0+1( +a )+(a0+1+a1—|—1)n

Proof. Let xg € Q, R > 0 such that Bsg(xo) CC Q, and let n € D(Byg(xg)) be
the usual cut-off function with 7 =1 in Bg(zo) and [Vn| < 2. We have

A(L)u( Brlzo)) < / A(n) dp

Bar(z0)

[ a(vu) )
B /BQR(SCO) |Vu| v V" V(A( >> !
_ am Vel o o
B /BzR(fCo) DI [Vl Vv

<a(1)/B el ol

Using Holder’s inequality (1.4) and (1.6), we deduce that

p(Br(o)) < 2(1 + an)la([Vul)| 1z g, o) V1] 24 Bo R (20))- (2.1)
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First we estimate |a(|Vul)| 1
(see [12, Lemmas 2.2, 2.3])

[v]pa) < C(ao,al)max{(/QAﬂdex)Hlao, (/ﬂA(|v|)da¢)l+lal},

Ala(t)) < a1 A(t).

Ban(xo)) - We recall the following inequalities

Then, we obtain by taking into account (1.3),

’a<|vu|> |LA(BzR($0))

< Cmax{( /B 2R(§)(a(|Vu|))dx)l+lalo, ( /B 2R(§)(a(|Vu|))dm)l+lall} 2.9

ag a ay a
< C'max {a11+a° (/ A(|Vul) dx)aog“l,afl“ (/ A(|Vul) d;p)aﬁ-l}
Bar(zo) Bap(zo)

To estimate the integral | Bar(z0) A(|Vul) dz, we will apply the Cacciopoli in-

equality for A-subharmonic functions (see [12, Lemma 2.6]) to the function
Msg—u in Bsg(zg). Indeed, since V(Msr—u) = —Vu, we have A (Msgp—u) =
—Aju = p > 0in D'(Bsg(xg)). Consequently, we have

A(|Vul)dz = A(|V(Mzp — u)|) dx
[ AQvedr= [ QY )

Bag(o)

Map —
< C(n, ao,al)/ A (M> dx
Bsr(zo) R

< C(n, ao7a1)/ A (OSC(U’B3R(xO))> dw.
Bsr(2o) R

Now, since 0scp,, (20t < CR*, we deduce, by using (1.7) and assuming R < 1,
that

/ A(Vu]) dz < C(n, ag, ay ) REO-D+en+n (2.3)
Bag(zo0)

C(n,a0,a1)

JBop ey AUVu[) dz < 1.1t follows from (2.2), (2.3) that we have for R < Ry

1
Choosing R < Ry with Ry = min (1,( L )<“*1>“+a1)+">, we ensure that

agQ
_a1 _a0 ag+1
a(|Vul)l, i < C'max a“1+1,a“°+1> (/ A(|Vu dx)
| (| |)|LA(B2R(:BO)) ( ! ! Bar(zo) (| |) (24)

< O(na ap, Gl)R%((O‘_l)(l‘Fm)ﬂ-n)'
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Neat, we estimate ||V1|[1a(Byg(zo)) © By definition of the Luxembourg
norm |.|p4, we have

an”LA(BZR(xO)) = inf {k >0 : / A (WTnl) dx < 1 }
Bar(z0)

2
<inf{k‘>0:/ A(—)dwél} 25
Bag(zo0) Rk ()

B 2
RA-L (—‘B;'RJ
Taking ¢ = 1 and s > 1 in (1.7), we obtain A(s) < A(1)(1 + a;)s*™ or
equivalently s < A7 (A(1)(1+aqr)s' ). Setting z = A(1)(14a1)s' ™™, we get

z

§= (m)ﬁ Hence we obtain

1

AN2) > (M)Hal, for z > A(1)(1 + ay).

3=

For 0 < R < (m) , we have m > A(1)(1 + ay). We deduce that

1 1
1 1 1t+aq 1 1+aq C
Afl 2 - e . 26
(IleR”) (rBszn) <A<1><1+a1>) el

We deduce from (2.5), (2.6) that

2 2 _n _n__
||V77||LA(BQR(ZO)) < < —Ra+t L C(n,(lo,al)R‘HJrl 1
()

| B2 | R™

Finally, we conclude that we have for R € (0, Ry)
w(Bgr(zo)) < C(n, aop, al)R%(nHa_l)(alH))R#_l = C(n,ap,a;)R™. O
In the next theorem, we establish a partial converse of Theorem 2.1.
Theorem 2.2. Assume that p satisfies for each ball Br(xg) CC €,
w(Br(xg)) < CR™  with m = 7(«) as in Theorem 2.1.

If u € W) is a solution of —Au = p in D'(), then we have u € C7 ()
for all v € (0,7,), with

1 ( 14 ) 1+CL1 ( ag ayp — Qo < n 4 ))
« — — \Mm—n ag) = (07 — a .
7 ai 0 ay 1+a0 (1+CL0)(1+G1) 1—|—a1 0
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Proof. Arguing as in the proof of [4, Theorem 3.1], we obtain u € C7°(Q) with

Yo = %;;““0 Now, using this result and arguing again as in [4], we obtain
u€ CYHQ)  with vy, = mT %1__:1;; L+a0 _ %o+ 7 _7_0&1.
Repeating this process, we get u € C’IOOZ’“(Q) with
m+ye-1—n+1+ag V-1
e 1+ a et T
It follows that we have v, = Z?:o m, which leads to limy ..V =
I_Z‘ilal =Y 12‘1 = 7, and the result follows. O

Remark 2.3. We have v, < a. Indeed
3]
1+ aq

Qo a1 — Qg n
Ve < O & Q -
1+(11

+ay | <«
T+ag (14 ap)(l+ay) 0)

o ay — ag _ ay — ag ( n N )
—« ag | -
1+a)(I+a)  (+a)l+a)\1+a
In [7], Kilpeldinen established in the p-Laplacian framework that u is Holder
continuous with exponent ( for all 8 € (0, ). In [8], this result was improved

by showing that wu is in fact Hélder continuous with exponent . In the present
situation, we remark that v, — «, as a; —ag — 0.

3. Removable sets for A-harmonic functions

In this section, we give a sufficient condition for a closed set in order to be
removable for A-harmonic functions. This extends [8, Theorem 1.6] in the p-
Laplacian framework.

Theorem 3.1. Let E C ) be a closed set and s > 0. Assume that u is
a continuous function in 2, A-harmonic in Q\ E, and such that for some
ae(0,1)

lu(z) —u(y)| < Lz —y|* VyeQ, Ve e E.
If E is of m-Hausdorff measure zero, with m = 7(a), then u is A-harmonic

mn €.

First, we introduce the following obstacle problem, where D is a smooth
subdomain of Q and ¢ € WHA(D) :

Find v € F = {g EWA(D): (> ¢inQand ¢ — ¢ € Wol’A(D)}
P(¢, D) / a(|Vo))
p |Vl

Vu-V((—v)dr >0 forall( €F.

Then we have :
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Theorem 3.2. There exists a unique solution v to the obstacle problem P(¢, D).
If ¢ is continuous in D, then v is continuous in D. Moreover —A v is a non-
negative measure and v is A-harmonic in [v > ¢@].

Proof. For the existence of a solution to P(¢, D), we refer to [2,6,10] for a
more general operator with A satisfying the As-condition. Moreover, using the
monotonicity property (1.5), it is easy to see that the solution is unique. The
proof of the continuity of v follows as for the one of Theorem 3.67 p. 78 in [5]
in the p-Laplacian case. Indeed it is essentially based on Harnack’s inequalities
which are also available in the A-Laplacian framework: [11, Theorems 1.2, 1.3].
The last property in the theorem also follows as in the p-Laplacian situation
(see the proof of [5, Theorem 3.67]). O

Next, we establish the following lemma :

Lemma 3.3. Let Q) be an open subset of Q, and K C € be a compact. Suppose
that ¢ € W) is a continuous function such that

loc

VyecQVr e K: |o(x) —oly)| < Lz —y|*, with L >0 and o =7 (m).

Let v be the solution of the obstacle problem P(¢p,$)) and let jp = —Aav. Then p
satisfies

VR < Ry Vx € K : u(Bg(r)) < cR™

for a constant ¢ = ¢(n, ag, a1, , L) > 0 and Ry = min (RO, % dist(K, 89))

Proof. Let xg € K and 0 < R < R;. We distinguish two cases:

Case 1: v(xg) = ¢(xp)
Let n € D(Bagr(zg)) be a smooth cut-off function with n = 1 in Bg(z,) and
V| < Z. We obtain as in the proof of Theorem 2.1

1(Br(zo)) < 2(1 + a1) |a(|vv|)|LA(BzR(x0)) IVl L4 (B3 (0))

THo  w 3.1
< C(n,ap,ay) (/ A(OSC(U’B?’R(IO))d:I:) o Rar ! (3.1)
Bsgr(zo) R

Without loss of generality, we can assume that v(zg) =
wo = osc(¢, Br(p)). Then v 4+ wp is a nonnegative and
function in Bgg(zo). Indeed Ap(v + wp) = Aqv = —p <
v+ Mgp — mer = Mer > v(z0) = 0.

Moreover (v—wp)™ is a nonnegative and A-subharmonic function in Bgg(zo).
Indeed let ¢ € D(Bsgr(zo)), ¢ >0, and let € > 0. Using v + min ((, M) as

A-superharmonic

¢(ro) = 0. Let
0, and v + wog =
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a test function for the problem P(¢,)), we get

N Gl G i
), 0 (i (¢ L)) gy O

Bgr(zo)N[v>wo] ‘V,U|

0

since Bgr(zo) N [v > wo] C Ber(zo) N[v > ¢] and Agqv = 0 in [v > ¢]. We
deduce from (3.2) that

/ a(|V(v —wo) ™)
Begr(zo)N[e¢<(v—wo)T] |V(U - W0)+|

! V(0 — wo) ||V (v — wo) ) da

€ /BGR($O)m[€<>(U_WO)+}

V(v —wy)" - V(dx

<0.

Letting € — 0, we get fBeR(ro) %MV(U —wp)T - V{dzr <0 which means
that Aa(v —wo)™ = 0 in Bggr(x).

We are able now to use the inequalities of [11, Theorems 1.2, 1.3]. We
obtain for some C' > 0 and py > 0

sup (v —wo)” < C (; ((v —wp) ™) dm) "

B3 g (o) |BﬁR($0)| Bgr(xo)

1
1 Po
<C (— (v 4 wp)P° dw)
|BﬁR(I0)’ BGR<$0)
<C inf (4w
B92R($0)( 0)
< Cwy

since infp,, (20) v < v(29) = 0. We deduce that
2

sup v<wp+ sup (v—wp) Swo+ sup (v—wp)’ < (14 C)wp.
Bsp(wo) Bsr(xo) Bspg(wo)

Since Mgr = v(xo) = 0, we have

— inf v<— inf ¢=—mgr < Msr — msr = wo.
Bsg(zo) Bgr(o)

It follows by the assumption of the lemma, since xy € K, that

osc(v, Bsr(zo)) = sup v— inf v < (24 C)wy <2L(2+ C)(6R)*.

Bsr(zo) Bsr(z0)
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Using (3.1), we conclude as in the proof of Theorem 2.1, that
p(Bgr(xo)) < C(n, ag, a1, a, L)R™.

Case 2: v(xg) > ¢(x0)
If Br(zo) N[v = @] = 0, then pu(Br(zo)) = 0. If there exists yy € Bgr(xy) N
[v = ¢], then we have as in Case 1,

p(Br(zo)) < p(Bar(yo)) < C(n,ag,a1,a, L)R™. O

Proof of Theorem 3.1. Let E be a closed subset of 2. Assume that E has m-
Hausdorff measure zero, i.e., H™(E) = 0, and let u be a continuous function in
2, that is A-harmonic in Q \ F, and such that for all y € Q and z € E

lu(z) — u(y)| < Llz —y|* with a =77 (m).

We would like to prove that u is A-harmonic in €. Consider a smooth domain
D cc Q and let v be the solution of the Obstacle problem P(u,D). Then
i = —A,v is a nonnegative Radon measure. Let K be a compact subset of
E N D. From Lemma 3.1, we have for a positive constant ¢ = ¢(n, ag, a1, «, L)

1
w(Br(z)) < cR™ Vze K, VR < Ry = min (RD, §dist(K, 8&2)) :

Let us recall the definition of m-Hausdorfl measure of a set F'

H™(F) = (lsimngn(F) = sup H{"(F), where for 6 > 0,
- >0

" , > diam(C;)\ ™ - ,
Hj (F):mf{Za(m) (TJ> : F C UCj, diam(C}) gd},
Jj=1 j=1
a(m) = F(”m—%l) and I'(m) = [;° e~ "t™!dt is the usual Gamma function.
2
Let € > 0. Since ’Hm( ) =0and K C E, we have H™(K) = 0. So there
exists dp > 0 such that for all § € (0,0p), 0 < HJ"(K) < e. We deduce that

for each 6 € (0,4p), there exists a family of sets (C?) such that K C Ui, G,
diam(C?) < § and

oo d m

<3 a(m (m_<0>) <e

j=1

We assume naturally that for each 7, 05 N K # (. So for each j, there exists
z; € CYN K. This leads to C? C Bp, (ZL‘]) with R; = diam(C9). It follows that
1(C9) < pu(Br, (x5)) < C’(dlam(C";)) and hence,

J

e}

s 2m & diam(C;)\"™ 2m )
K) <> p(C)) < ;a (—> gca(m).

J=1
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Letting € — 0, we get u(K) = 0. This leads to u(E N D) = 0.

Next, we prove that u(D\ F) =0. Let € D(D\ E), ¢ >0, € > 0, and set
(. = min (C, %) Note that we have p = —A v =0in [v > u] and {, = 0 in
[v = u|. We deduce that

a(|Vv) / a(|Vv|)
—=Vv - V(. dxr = —=Vv - V(. dxr=0. 3.3
/D\E [Vl (D\B)[ws>y |V (3:3)

Since Ajqu =01in D \ E, we have

a(|Vul)
/D\E v Ve -V dz = 0. (3.4)

Subtracting (3.4) from (3.3), we get fD\E (aﬁ‘vV:ll)Vv Hgiﬂ)V@ - V(. dx = 0.

Then, by taking into account the monotonicity inequality (1.5), we deduce

/ (a<|w>w ) a<|w|>w> veds
(D\E)N[e¢ <v—] [Vl [Vl

_ _1/ (G(WUDW B CL('VUDVU) (Vo — V) da (3.5)
(D\E)Afecsv—u] \ |V |Vul

< 0.

Writing

/ (MV?} — MVU) -V(dr = fedx (3.6)
(D\E)N[e¢<v—1] V| [Vl D\E

with f. = X[ecgv—u]< ||VV:‘| Vv — |‘vv“‘| Vu) - V(, and remarking that Vv = Vu

a.e. in [v = u|, we obtain

£=0 a.e. in [v = u]
£ < (Vo)) 7, a(\wl)W) V(¢ ase—0, ae. in[v>u

(3.7)

[V [Vu|

Letting € — 0 in (3.5) and using (3.6), (3.7), we get by the Lebesgue theorem

(Vo) a(|Vul) ) ]
/D\E( wol V0T e V) VeSO

Since Aju = 0 in D \ E, we obtain fD\E ‘WUDVU V({dzr <0, which means

that p = —A, v < 0in D\ E. Since p is nonnegative, we obtain u(D \ E) = 0.
We conclude that p(D) = 0 and therefore Ajqv =0 in D.
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Similarly, we consider the solution w of the obstacle problem P(—u, D). In
the same way, we prove that A w =0 in D. Now we have

{AAU = Ay(—w) =0, inD

v =—w, on 0D.

By the maximum principle, thanks to the inequality (1.5), we deduce that
v=—w in D. Since we have —w < u < v in D, we obtain u = v = —w in D
and Ajqu=01in D. O

As an immediate consequence of Theorem 3.1, we obtain the following corol-
lary.
Corollary 3.4. Suppose that u € WA (Q) N CO(Q) for some a € (0,1) is
A-harmonic in Q \ E, where E is a closed subset of Q. If m = 7(a) and
H™(E) =0, then u is A-harmonic in Q.

Remark 3.5. Corollary 3.1 was proved by Carleson for the Laplacian [3]. For
p-Laplacian like operators, it was proved by Kilpeldinen and Zhong [8], and by
Trudinger and Wang [14].
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