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Abstract. In this paper, we give an approximation result in some anisotropic Sobolev
space. We also describe the action of some distributions in the dual and we men-
tion two applications to some strongly nonlinear anisotropic elliptic boundary value
problems.
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1. Introduction
In this paper, we use Hedberg-type’s approximation to prove existence of dis-

tributional solutions in an appropriate function space for some nonlinear aniso-
tropic elliptic equations. A prototype example is

N0 /| ou
_; ox; <‘8$1

where € is an open subset of RV and the exponents p; > 1fori =0,..., N. The
nonlinear function ¢ : 2 x R — R is assumed to be Carathéodory, measurable
in x € Q for all o € R and continuous in o € R for a.e. x € ). Furthermore,

—2
Pim= Ou
al’i

)+g(eu) = f inQ,

g(z,0)0 >0, foralloc €R anda.e. z € RY,
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Let pg > 1, we will use the following anisotropic Sobolev space

W (Q) = {u € L™(Q), gs cLP(Q), i=1,2,.. .,N} .
Later to prove existence results, we use Hedberg-type’s approximation in aniso-
tropic spaces W1P(Q) and another of type WhP£(Q) with 0 < & < 1 small
enough (see the definition of W17¢(Q) introduced in Subsection 5.2). We ap-
proximate our function u € W5?(Q) by a sequence of functions u,, which belong
to W1P(Q) N L>®(Q) with compact support in €, dominated by u and has the
same sign as u almost everywhere in 2 (see, e.g., [3,5,8,9] for more details). This
approximation was used before for nonlinear elliptic equations (see, e.g., [5,16]).
It characterizes also the action of some distributions in the dual (see, e.g., [5]).

Hedberg-type’s approximation was introduced first by Brézis and Brow-
der [5] in the context of classical isotropic Sobolev space (in W1P(Q)). Next it
was used by Benkirane and Gossez [2] in Orlicz-Sobolev space with the help of
the Riesz potential theory (see [13] for more details).

In our case, without referring to this theory, we simply construct this ap-
proximation in the generalized space W'?((Q).

The remaining part of this paper is organized as follows: In Section 2,
we introduce some notations, functional spaces and a technical lemma. We
construct in Section 3 Hedberg-type’s approximation in the anisotropic space
WLP(Q). Section 4 is devoted to the description of the action of some distri-
butions in the dual, with a regularity condition on €2, namely, we impose the
segment property on the domain. The results in Sections 3 and 4 generalize
the work of H. Brézis and F. Browder [5] to the anisotropic space W1P(Q).
As application, we use Hedberg-type’s approximation to prove the existence of
solutions for some strongly nonlinear boundary value problems of the form:

Au+g(x,u)=f inQ,

where the operator A is strongly nonlinear satisfying appropriate growth, coer-
civeness and monotonicity conditions. The nonlinear term g is of Carathéodory
and has to fulfil essentially the sign condition g(z,0)c > 0, but we do not
assume any growth conditions with respect to |ul.

2. Anisotropic Sobolev spaces and a technical lemma

We start by recalling the notion of anisotropic Sobolev spaces. These spaces
were introduced and studied by Nikolskii [11], Slobodeckii [12], and Troisi [14],
and later by Trudinger [15] in the framework of Orlicz spaces.
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Let © be an open domain in RY with boundary 9. Let pg,p1,...,pn be
N + 1 real numbers with p; > 1,7 =0,1,..., N. We denote

p=A{pi, 1=0,1,2,..., N}, D% =u

) ou
= min{p;, i=0,1,2,...,N}, Diu=
p in{p;, i } U o

(i=1,...,N).

With a slight abuse of the notation, we introduce the anisotropic Sobolev space
WY (Q) = {u € L™(Q), D'u € LF(Q), i=1,2,...,N},

under the norm

N
lullig =D I1D"ul|ro)- (1)
i=0

We define also Wy7(Q) as the closure of C°(Q) in W'#(Q) with respect to
the norm (1). The dual of W;7(Q) is denoted by W~1#(Q), where p = {p/,
izO,l,Z,...,N},péz}% and p; > 1.

Remark 2.1. Arguing as Adams [1], it can be easily seen that W17(Q) is a
separable Banach space and reflexive if 1 < p; < oo for all: =0,1,2,..., N.

We will use later the following Sobolev embedding.

Lemma 2.2. Let Q be a bounded open set in RY. Then the following embeddings
are compact:

if p < N then Wol’ﬁ(Q) — LY(Q), Vq € [p,p*[, where % = ]—1)
ifp=N then WyP(Q) — LI(Q), Vg € [p, +0o];
ifp > N then WP(Q) — L(Q) N CH(@), where k= E (1 %),

1.
N

Herein, E(z) = n for x € [n,n+1), n € N. The proof of this lemma follows
from the fact that WP(Q) C W2(2) and the classical embedding theorems of
Sobolev spaces.

3. Approximation theorem

In this section, we construct Hedberg-type’s approximation in the anisotropic
Sobolev space W1HP(RY).

Definition 3.1. The vector p' = {p;, i = 0,1,2..., N} is admissible if the
following condition is satisfied:

po =sup{p;, i =0,1,...,N}.
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Theorem 3.2. If j is an admissible vector and u € WHP(RN), then there exists
a sequence u, such that
i) u, € WHRN) N L®(RY) has a compact support in RN for all n
i) |u, ()| < |u(z)| and u,(x)u(z) >0 for almost every x € RN
i) wu, — u strongly in WHP(RY) as n — +o0.

Proof. Case p > N. Let &,&, € D(RY) such that 0 < &£ < 1, £ = 1 in the
neighbourhood of 0 with supp(¢) C B(0,1), and &,(z) = £(£). Herein, B(0, p)
is the ball with centre 0 and radius p. Observe that from the definition of £ we
deduce that supp(&,) € B(0,n). Next, we let u, = &, u. It is easy to see that

lu,(z)] < |u(z)] and  w,(z)u(x) >0 for almost every x € RV,

From Lemma 2.2, we deduce that u, € WYP(B,) C L*(B,), where B, =
supp(u) N B(0,n). By Leibniz formula, we get

Diug(2) = D€ () u(e) + &(2) Diu(r) = = D'E(E) ula) + £ () Diu(z)

n
This implies that as n — —+o0

D'uy(z) — D'u(x) ae. in By, |Du,(z)| < c(|lu(z)| + |Du(x)]),

for some constant ¢ > 0. From the definition of p (recall that p'is an admissible
vector), we obtain v € LP(B,) C LP{(B,) and D'u € LPi(B,). Finally, using
the Lebesgue dominated convergence theorem, we deduce u, — wu strongly in
WLP(RN) as n — +oo.

Case p < N. Let u, = &, u as in the case p>N. We will use the following

function
F € D(R) , F' =1 in the neighbourhood of 0
with supp(F) C] —1,1[and 0 < F < 1.

We define the function u,; by u,; = F (“7") up. Observe that |u, | < k and
U x € L®(RY). Moreover, |u, x| < |u] and u, zu > 0 almost everywhere in RY,

and supp(uy 1) is bounded in RY. Applying Leibniz formula, we get
Dityy, = D’F(—") . F(-”) Diu, = —F’(—"
Uk R T ) P T G

Un,

Diu, u, F(
>uu+ 2

) Diu,,
It follows that
D'ty — D', ae.in B, as k — 400, |D'uyi| < c|D'uy,|,

for some constant ¢ > 0. This implies that u, , — w, strongly in WLP(RY) as
k — +oo. Using this and since u,, — u strongly in W?(RY) as n — +oo0, then
there exists a subsequence of wu,; that converges to u strongly in W1P(RY),
This concludes the proof of theorem. [l

Remark 3.3. Note that in the isotropic case (p; = p for i = 0,1,...,N), we
find the result obtained by Brézis and Browder [5] in the classical Sobolev space
Whe(RY).
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4. Action of some distributions in the dual

In this section we assume that  is an open set of RY. We let the function
J € C>(RY) that satisfies

i) J>0,J=0if |z >1

(ii) fpn J(2)dz = 1.
For ¢ > 0, define the mollifier J. (see, e.g., [1]) by J.(z) = e NJ (£) . Clearly,
we have

(i) Jo.>0,and J.=01if |z| > ¢

(ii) fan Je(z)de = [pn J(x)dz = 1.
So J. approximates the Dirac mass 5. We therefore expect the convolution

(exu)(@) = [ Jo(z —y)uly)dy
RN
to approximate functions v € WHP(Q). We start with the following classical

result, we refer to [1] for the proof in the isotropic case.

Lemma 4.1. Let u € WY?(Q) and Q' an open set such that ' CC Q. Then
lim._o+ Jo xu = u in WH(Q).

We have the following theorem.

Theorem 4.2. Let p’ an admissible vector, T € W‘lvl;’(RN) N L (RY) and

u € WIP(RN). Assume there exists h € L*(RY) such that T'(x) u(z) > h(z) for
almost every x € RYN. Then

Tue LYRY) and (T,u)= /RN T(x)u(zx)de.

Proof. From Theorem 3.2 we know that there exists a sequence u,, such that

u, € WH(RN) N L>®°(RY) has a compact support in RY for all n,
[u, ()| < |u(z)] and u,(z) u(x) > 0 for almost every z € RY,
u, — u strongly in WP(RY) as n — +4o0.

Observe that from the definition of J., we obtain fRN T Jesxuyde = (T, J.xuy)
and
(T, J. % up) — (T, u,) ase— 0. (2)
Moreover
T J. xu, — Tu, ae. in RY,
{ T J. * u,| < |Tu,| € LYRY).

By Lebesgue theorem, we get

/ T J. % u, dz — Tu,dr ase— 0. (3)
RN

RN
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From (2) and (3), we deduce

(T u,) = /R Tu,dr (4)

Using Tu, — Tu a.e. in RY and Tu, > —|h|, then from Fatou’s lemma, we
deduce that

/ Tudr < lim Tu,de = lim (T,u,) = (T,u) < +oc. (5)
RN

n—+oo [pN n—-+00

This proves that Tu € L'(RY). Observe that
(T u,) — (T,u) asmn — +oo, (6)
and by the construction of u,,, we have

T u, — T u almost everywhere in R,
T up,| < |Tu| € LYRY).

By Lebesgue theorem, it follows
/ Tu, dr — Tudxr asn— +oo.
RN RN

Finally, in view of (4), (5) and (6), we obtain (T, u) = [,n T udz. O

Remark 4.3. Note that in the isotropic case (p; = p for i = 0,1,...,N), we
find the result obtained by Brézis and Browder [5] in the classical Sobolev space
Whr(RY),

To extend our result in Theorem 4.2 to an open subset Q of RY, we need
to assume an additional condition about the regularity on 2 (see, e.g., [2,3,5]).
Recall that an open subset Q of RY is said to have the segment property if,
given any x € 9, there exists an open set G, in RY with z € G, and ¥, of
RM\{0} such that, if z € QN G, and t €]0, 1], then z + ty, € Q. This property
allows us by a translation to push the support of a function u in €.

We have the following lemma.

Lemma 4.4. Let S be an open subset of RY satisfying the segment property, p
be an admissible vector and u € WyP(Q). Then, there exists a sequence uy, of

D(Q) such that:
— uy, — u strongly in WyP(€).
— There exists a compact Z of Q such that supp(ug) C Z for all k.
— Ifu € L™(Q), there exists a constant C' > 0 such that |uy| < C for all k.
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Proof. Using the admissibility condition of the vector p, we can prove this
lemma by adapting the same technique in the proof of [1, Theorem 3.18], see
also [2,3] in the setting of Sobolev-Orlicz spaces.

Indeed, by Theorem 3.1, we can suppose that u has a bounded support, it
follows that the set K = {z € Q : u(z) # 0} is bounded, and K is a compact
subset of Q.

Observe that F' = K \ (UyeanUs,) is a compact subset of Q, where U,cpaU,
are open sets determined by the segment property. Moreover, there exists an
open set Uy of RY such that F CcC U, CC €. Since K is compact, and using the
fact that () satisfies the segment property, there exists a finite number of open
sets U, denoted by Uy, Us, ..., Uy such that K C UyU U; U --- U U,. Note that
there exist also open sets U, Us, ..., Uy such that U~j ccUjforj=0,1,... k,
with K c UyUU, U---UUy. Let ¢ = (1j)o<j<k & partition of the unity which

correspond to (Uj)o<j<k (supp(y;) C U; CC Q). Next, set
uj=vju forj=1,... k. (7)

Clearly u; € W1?(Q). Now, let 1 < i < N, then there exist constants C,C' > 0
such that

D'uj(x) = Z CI"D™);(z) D' ™u(w),

0<m<i
[ 1pus()
Q

with r = (pi — pi )_1. This implies that u; € W?(Q) since ' is an admissible
vector.
In the last step we let ¢ > 0 and we propose to find ¢; € C°(RY) such that

and

pi
Pi—m’

D ™y

Pidr < C Y ||D™y

0<m<s

pi
r

(8)

€
e = 5l < =7
Therefore, by setting v = ;i’g ¢;, we deduce ||lu —v|; 7 < € from (7) and (8).
Indeed, since supp(ug) € Uy CC €, then in view of Lemma 4.1, we deduce
the function ¢g. For 1 < j < k, we extend u; by zero out of 2, then u; €
WLP(RN\T), with T = U; N 9Q.

Now let y be the associated vector to U; (segment property), and for ¢ small
enough put Ty = T + ty and wu;, () = u;(x — ty). We then have T, C U; and
[, N Q = (. Moreover, we easily have u;; — u; strongly in WHP(Q) as t — 0.
Finally, from Lemma 4.1 and the fact that Q N U; CC RY — T, we may define
for 6 small enough: ¢; = J5 * u;,. [

The next theorem is an extension of Theorem 4.2 to an open subset € of RY.
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Theorem 4.5. Let 2 be an open subset of RN satisfying the segment property, p
be an admissible vector, T € W (Q) N LL,(Q) and u € Wy P(Q). Assume

loc

there exists a function h € LY(Q) such that T'(x)u(x) > h(z) almost everywhere
in Q2. Then

TueL'(Q) and (T, u) :/QT(x) u(z) dz.

Proof. From Theorem 3.2 (in the cases p < N and p = N), there exists a
sequence u, with bounded support (not necessary compact) such that

u, € WHP(Q) N L>() with bounded support for all n,
|tun(z)| < |u(z)| and u,(x) u(z) > 0 for almost every x € ),
u, — u strongly in W'?(Q) as n — +oc.

We deduce from Lemma 4.4 that for u, there exists a sequence (uy, )i of
C(Q) such that

Uk — Uy, Strongly in Wol’ﬁ(Q),
there exists a compact Z of {2 such that supp(u, ) C Z for all ,
there exists a constant C' > 0 such that |u, ;| < C for all k.

Now we can write (T, u,) = fQTun dx. Proceeding as the proof of Theo-
rem 4.2, we conclude that (T, u) = [, T udxz. This completes the proof of the
theorem. O]

5. Applications

This section is devoted to the application of Theorem 4.5 to the study of two
anisotropic elliptic equations.

5.1. Nonlinear anisotropic elliptic equation with the data in the dual.
Let A be a nonlinear operator from Wy? () into the dual W‘l”;'(Q). For the
study of the problem

Au+g(x,u) = f, x e, 9)

we will impose the following conditions:

A is bounded, pseudo-monotone and coercive, i.e.,
(Au, u)

lully y—+oo ||u|1p

(10)

= 400, with p; >1foralle=0,1,..., N.

The nonlinear function g : 2 xR — R is assumed to be a Carathéodory function
satisfying:
There exists hs € L'(2) such that
S|y <s |9(7, u)| < he() for all s > 0 and for a.e. z € €, (11)
g(x,0)0 >0 for all o € R and for a.e. x € Q.
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We have the following result.

Theorem 5.1. Let Q be an open subset of RY satisfying the segment property.
Assume that the conditions (10) and (11) hold and p is an admissible vector.

Then, for all f € W=7 (Q) there exists u € Wy (Q) such that
g(x,u) € LY(Q) and g(z,u)u € L'(Q),

(Au,v) + / glz,wyvde = (f,v) Yo e WiP(Q)NL(Q) and v = u.
0

Proof. The proof of Theorem 5.1 is based on approximation problem. We prove
first existence of solutions to the approximate problem of (9), deriving a pri-
ori estimates, and then passing to the limit in the approximate solutions us-
ing monotonicity and compactness arguments. Having proved existence to the
approximate problem of (9), the goal is to send the regularization parameter
to 400 in sequences of such solutions and use Theorem 4.2 to fabricate weak
solutions of the original equation (9). We proceed by steps:

Existence of the approximate problem. For a.e. x € () set
ge(z,u) = Trg(x,u), brlu,v) = / ge(z,uw)vdx  for all u,v € Wol’ﬁ(Q),
Q

where T} is the usual truncation given by

M:{g if ¢ <k

B itle > k.

Define the following operator

Geu: WeP(Q) - R, v / gr(z,u)v dx.
Q

It is easy to see that Gy : W) P(Q) — W*L’?(Q) is well defined. Next, we show
that A + Gy is pseudo-monotone. Indeed, let u; — u weakly in W, 7(Q) such
that

(A+ Gj)u; — y weakly in W_I’H(Q) and lim ((A+ Gy)uj,uj —u)y <O0.

j—too

Then, there exists a subsequence still denoted by u; such that u; — w a.e. in €.
Hence :
{gk(x,uj) — gr(x,u) a.e. in Q,
|9k (2, u;)] < k.
By dominated convergence Lebesgue theorem, we get gi(z,u;) — gr(z,u) in
LP0(Q). Since u; — u weakly in LP0(Q), it follows that

/ng(x,uj)(uj —u)dr — 0.
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Therefore, we obtain

Auj — y — Gru weakly in W_I’H(Q) and ‘ligrn (Auj,u; —u) <0.
j—+o0

Since A is pseudo-monotone, we deduce y = Au + Gju, which implies that
A + Gy is pseudo-monotone. On the other hand, from (10) and (11), we easily
deduce that A+ G}, is bounded and coercive. The operator A+ G, satisfies then
Lerray-Lions classical conditions [10], so there exists u; € Wy(Q) solution of
the problem Auy + gx(x,ug) = f, or variationally

(Aug, v) + / gi(x, up)vde = (f,v)  for all v € WJP(Q). (12)
0

Ezistence of solution to the original problem. Proceeding as in the proof of
[4, Theorem 3.2], one obtains

up — u weakly in Wo?(Q),  Auy, — x weakly in W_I’I;/(Q).
Moreover, we have
g(x,u)u € L*(Q) and  gi(z,ur) — g(x,u) strongly in L'(£2),

as k — +o0. By passing to limit in (12), we obtain
(x,v) + / g(z, wyvde = (f,v) for all v € WJP(Q) N L=(Q).
0

It remains to prove that y = Au. Indeed, on one hand, letting v = uy in
(12). In view of Fatou’s lemma, we deduce that

imsup(Aus, w) < (f,0) ~ [ gl uuda,
k—+o0 Q

On the other hand, we have T' = g(z,u) = f — x € W_LI;'(Q) N L ().

Now, by applying Hedberg-type’s approximation as in Theorem 4.2, we obtain

Jo9(x, u)udr = (f — x,u). Therefore limsup,_, . (Aug, up) < (x,u). Since A

is pseudo-monotone, then y = Au. O

5.2. Nonlinear anisotropic elliptic equation with data close to L'(Q).
In this subsection, we will use the following anisotropic space

WLEE(Q) = {U c W171+%(Q)7 gu € Lpi’ L= ]-7 s 7N} )
Z;

under the norm

N
lull e = Nullavs ) + 3 1Dl e,
=1
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The space Wy (Q) is defined as the closure of C%°(Q) in W #¢(Q) with respect
_ —_wpe _

to its norm, i.e., Wy (Q) = C’go(Q)W ) The dual of Wy P#(Q) is denoted

by W‘l”;’ve(Q), where p' = {p}, i = 0,1,...,N}, p\ = P po =1+ 1, and

p; > 1fori=1,..., N. Herein, ¢ is a positive number satisfying 0 < ¢ < 1.

Remark 5.2. By taking pp =1+ %, note that for 0 < € < 1 small enough, p'is
an admissible vector.

We prove existence and regularity of distributional solutions in an appro-
priate function space for the nonlinear elliptic equation

{ u e WiPE(Q),

Au+ g(z,u) = f in Q, (13)

where f € L'™(Q). Herein, the operator A and the function g satisfy (10) and
(11) respectively.

Theorem 5.3. Let Q) be an open subset of RY satisfying the segment property.
Assume (10) and (11) hold. Then for all f € L'™(Q2), the problem (13) has at

least one solution, i.e., there exists u € Wy (Q) such that
g(x,u) € LYQ) and g(z,u)u € L'(),

(Au,v) + / g(z,w)vde = (f,v) Yo e WiP(Q)NL¥(Q) and v = u.
0

Remark 5.4. Note that the term (f,v) is well defined since v is in W, 7(Q)
and f € L™¢(Q).

Proof. Proceeding exactly as the proof of the first step of Theorem 5.1, we
obtain for all f, € L>(Q), there exists u, € W,"°(Q) such that

9w, un) € LNQ) and  g(w,ua)u, € LM(Q),

. 14
(Aun,v)—l—/g(x,un)v dr = (fo,v) YoeWP(Q)NLXQ) and v = u,, (14)
Q

where |f,| < |f] a.e. in Q, f,, € L>®(Q) and f,, — f strongly in L'™(Q2) and
a.e. in ).

Observe that W, 7<(Q) is reflexive (recall that p; > 1 for alli =0,1,...,N)
and repeating the same steps in the proof of [4, Theorem 3.2], we have

Up — U weakly in W, (Q)
Au, — x weakly in W_l’ﬁ’E(Q)
g(z,u,) — g(x,u) strongly in L'(Q)
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as n — +o00. Therefore, we obtain
(o + [ glauuds = (f0) Vo WEF@) L)
Q

Moreover, we have T' = g(x,u) = f — x € W‘l’ﬁva(ﬂ) N LL.(Q). Hence, us-
ing Hedberg-type’s approximation (Theorem 4.2), we have [,g(z,u)udr =

(f — x,u). Now, substituting v = u, in (14), we get from Fatou’s lemma
limsup,,_ ;oo (Atp, un) < (x,u). Consequently x = Au since A is pseudo-
monotone operator. This completes the proof of Theorem 5.2. O]

Remark 5.5. Note that (LH%(Q))/ = L'¢(Q). So that, f is considered in a
dual space close to L'(€2).

Observe also that when ¢ — 0, we deal with a problem with L!-data and u
will belong to L>(£2) which is true by regarding the definition of our aniso-
tropic space. Note that in this direction, the classical anisotropic case requires
the condition p > NV in order to get u € L>(Q).

Remark 5.6. Remark that in the case where p > N, the existence results
stated in Theorem 5.1 and 5.2 can be proved without assuming the segment
property of Q nor the admissibility condition of the vector p. Let us point out
that a work in this direction can be found in [4], where the authors have studied
the existence of solutions for a general class of nonlinear elliptic equations of
order m with mp > N.

Acknowledgement. The research of M. Bendahmane is supported by FONDE-
CYT projects 1070682 and the research of S. El Manouni is supported by Al-
Imam University project No. 281206, Riyadh, KSA.
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