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Abstract. The Hardy averaging operator Af(z) := 1 fo t)dt is known to map
boundedly the ‘source’ space SP of functions on ( () 1) w1th ﬁmte integral

/ess sup — /|f|pda§
te(z,1)

into the ‘target’ space T? of functions on (0,1) with finite integral

1
/ ess sup | f(t)|[Pdx
0

te(x,1)

whenever 1 < p < co. Moreover, the spaces SP and T? are optimal within the fairly
general context of all Banach lattices. We prove a duality relation between such
spaces. We in fact work with certain (more general) weighted modifications of these
spaces. We prove optimality results for the action of A on such spaces and point out
some applications to the variable-exponent spaces. Our method of proof of the main
duality result is based on certain discretization technique which leads to a discretized
characterization of the optimal spaces.

Keywords. Hardy averaging operator, optimal target and domain spaces, associate
spaces, discretization, Banach lattice, weights, weighted spaces, variable-exponent
spaces

Mathematics Subject Classification (2000). 47G100

A. Nekvinda: Faculty of Civil Engineering, Czech Technical University, Thakurova 7,
166 29 Praha 6, Czech Republic; nekvinda@Qfsv.cvut.cz

L. Pick: Department of Mathematical Analysis, Faculty of Mathematics and Physics,
Charles University, Sokolovskd 83, 186 75 Praha 8, Czech Republic;
pick@karlin.mff.cuni.cz



436 A. Nekvinda and L. Pick
1. Introduction

We consider the Hardy averaging operator A given at a function f € L{ (0,1)
and x € (0,1) by

and the one-dimensional Hardy-Littlewood maximal operator

1 b
MfG) = sw = [ |7(0)at

a<z<b U — a
The operators M and A are bounded on LP(0, 1) whenever 1 < p < oo, and this
result cannot be essentially improved within the context of Lebesgue spaces.
However, an improvement is possible if we are willing to settle for other, more

general function spaces and classes. In [9], the spaces SP and T? were con-
structed for 1 < p < oo, as the collections of all functions on (0, 1) having finite

norms 1
! 1 [t P »
1flls, = / ess sup (;/ |f(s)|ds> dx
0 te(z,1) 0

17l = ([ ess swplsopa)’,

te(x,1)

and

respectively. These spaces satisfy T? < L — SP and A : S? — T? (here,
as usual, < denotes a continuous embedding and — a boundedness of an op-
erator). Moreover, SP and T? are optimal in the following sense; if X,Y are
Banach function spaces such that X & 7% and S? & YV then A is no longer
bounded from S? to X of from Y to T?.

Thus, the spaces of type SP or TP have interesting applications, while, at
the same time, they are relatively new (although it should be noted that spaces
similar to TP were considered in connection with different matters by Grosse-
Erdmann in [6], where, among other results, also their discrete versions were
introduced). It is therefore desired to study their intrinsic properties.

In this paper, we focus, among other things, on the duality relationship
between spaces of type SP and TP. We will in fact work in a more gen-
eral context, studying certain weighted versions of these spaces and also their
variable-exponent likes. In our main result we characterize associate spaces of
the weighted versions of the optimal target and source spaces for the operator A.
Interestingly, we shall see that the two types of spaces are linked together by
a certain duality relation. The proof is based on an elementary discretization
method which leads to several other characterizations of the spaces in ques-
tion. We also consider applications to variable-exponent spaces which have
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been recently extensively studied because of the wide range of their application
in mathematical physics.

We also note that the duality relation can be used in quite an obvious way
to obtain corresponding optimality results for the associate operator A'g(t) :=
ftl @ ds. We omit the details.

The paper is organized as follows. Section 2 contains background material.
In Section 3 we introduce weighted and variable-exponent versions of the spaces
SP and TP; we also study the action of the operator A on these spaces and show
their optimality. In Section 4 we carry out a discretization procedure that will
be needed later in the proof of the main duality results. By doing that, we obtain
an alternative characterization of the optimal spaces. Finally, in Section 5, we
characterize the associate spaces of the optimal spaces and point out the link
between them.

2. Preliminaries

Let M(0,1) denote the class of all Lebesgue-measurable functions on (0, 1).
Denote by |F| the Lebesgue measure of any measurable subset £ of (0,1) and
by xg the characteristic function of E.

We recall the definition of Banach function spaces from [1]. We note that
the terminology is not unique in the literature. In particular, we shall assume
the so-called Fatou property, given below as the axiom (P3).

Definition 2.1. We say that a normed linear space (X, || - |x) is a Banach
function space (BFS for short) if the following five conditions are satisfied:
(P1) the norm | f||x is defined for all f € M(0,1) and f € X if and only if

1fllx < o0

) Ifllx =[] [f] [|x for every f e M(0,1)

P3) it 0 < fu /' f ae in (0,1), then || fullx /7 [|f]lx
P4) x01) € X
P5) for every set E C (0,1), there exists a positive constant Cg such that

Je lf(@)ldz < Ce| flx.
Note that the condition (P3) immediately yields the following property:

(P6) if 0 < f < g, then || f[lx < [lgllx-

P2

N N /N /N

If(X,||.||x) is a BFS, then its associate space X' is defined as the collection
of all functions in M(0, 1) having finite the norm

I =sw{ [ r@atonss ol <1}
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Then X” = X, and the Holder inequality

/O F@)g(@)] dz < [[llx gl

holds.

Let X,Y be two Banach spaces (not necessarily Banach function spaces).
We say that X is (continuously) embedded into Y, written X — Y, if there
is a positive constant C' > 0 such that ||f|ly < C|f]|lx for all f € X. It is
known ( [1, Theorem 1.8]) that, for a pair of if Banach function spaces X and
Y, the set-inclusion X C Y already implies (and therefore is equivalent to) the
embedding X — Y.

We denote by B the set of all functions p(-) € M(0, 1) defined on (0, 1) such

that 1 < ess inf p(z) < ess sup p(z) < oco. For p(-) € B, we define its conjugate

function p'(-) by p'(z) = pét()x—l'

Definition 2.2. Given a function p(-) € B and a € R, we define the functional
1
myralf) = [ 1f@)P s,
0

the corresponding Luxemburg norm

. x
1/ > = inf {A > 05 Myp(.a (Q) < 1} . feM0,1),
and the corresponding weighted variable-exponent Lebesgue space

LA = {f € M0, 1); || £ o0 < o0}

Under our assumptions on p(-), my.) is a convex modular, and Lﬂ(') is
a Banach space under the Luxemburg norm. We write LP(®) instead of L5,
By a standard technique, one can show that, for a given p(-) € B, one has

1
0 <00 = [ 1@ atds <o
0

We also recall that the Hélder inequality for LP() spaces reads as follows
(see [8, Theorem 2.1]). Let p(-) € B, then there exists a positive constant ry.
such that

1
/0 [F(@)g(@)ldz < rpel[ fll oo 191l oo
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3. The action of the operator A on function spaces

In the theory of variable-exponent Lebesgue spaces, the following notion is of
great importance.

Definition 3.1. Let p(:) : [0,1] — R. We say that p(-) is weak-Lipschitz if
there is a C' > 0 such that

p(z) — p(y)| < ¢ (3.1)

a 1Og (|3:e—2y\ )

forall z,y € [0,1],0 < |z —y| < 1.
We say that p(-) is weak-Lipschitz at zero if there exist constants ¢ € (0,1)
and C' > 0 such that o

log (%)

Ip(z) — p(0)] < (3.2)

for all z € (0,0).

It has been known for several years that the condition (3.1) plays a crucial
role in connection with the action of integral operators on LP() (see [10] for ex-
ample). In this paper we introduce a weighted version of the maximal operator,
defined for g € R at a function f € M(0,1) by

1 B
MPf(z) == 2" sup — y P f(y)|dy, =€ (0,1).
r>0 2T (z—r,xz+7r)N(0,1)

We have the following result due to Kokilashvili and Samko ( [7, Theorem A]):
whenever p(-) € B is weak-Lipschitz and § € R, then

1
P (0)

1
MPLP@ — [P@ fand only if — — <3<

2(0) (3.3)

We write M f instead of Mf.

Our aim is to to characterize those spaces L{.’f””’ on which the maximal
operator is bounded. To this end, we shall first prove a key lemma of a technical
nature.

Lemma 3.2. Let p(z),q(z) € B. Assume that there exist constants 0 < § < 1
and C > 0 such that for all x € (0,9)

Ip(z) — q(x)] < (3.4)

C
log ()
Then there is a positive constant D such that, for every x € (0,1),

1 1 1
D™ 'zi@ < xp@ < Dya,
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Proof. By symmetry, it suffices to prove just ] < Dz . Since p(+),q(+) € B,
1 1
there is a B > 1 such that B™! < (e?)#@ «@ < B, z € [0, 1]. Writing

1 1 =
;];P(%_ﬁ = (62)%1)_ﬁ (E) pl@) alo) < Be(ﬁ_ﬁ)bg(ﬁ)

and denoting

Y

L(z) = (e(q(m)—p(x))(_log(ej») PEa®

we get L(z) < B when ¢(z)—p(z) > 0 (since then (¢(z)—p(z))(—log (<)) < 0),
while, when ¢(x) — p(z) < 0, by (3.4) we have

2

1
L(z) =B (éﬂx%q(ﬂﬂog (Z)) " < B(e) T < Bl = D,

proving the claim. O

Theorem 3.3. Let p(-) € B be weak-Lipschitz. Then M : LA — L) if and
only if —1 < a < p(0) — 1.

Proof. Let f € Lﬁ(‘r)(O,l). Since

ap(z)
it follows from Lemma 3.2 that z® is comparable to z »O) , whence

1
ap(x)
/ (@) PP dr < oo,
0

in other words, fol 270 f(z)[P@)dz < co. Denoting g(z) = z7® f(z), we have
g € LP®)(0,1). Our assumption —1 < a < p(0) — 1 is equivalent to ——1 <

o p(0)
as < which, by (3.3), in turn implies M7»® g € LP(®)(0, 1), or

a1
p(0) p’(0)°

1
/ Mf(x)p(“’)x%dx < 00.
0

By the above observation, this is equivalent to fol M f(yc)p(z)xada: < 00, as
desired. This establishes the “if” part of the theorem. The “only if” part can
be proved along the same line of argument (in the opposite direction). ]

We will now introduce a new function space which will turn out to be
the optimal range for the average operator. Given a function f(x) on (0,1), set

f(@) = ess sup | f(1)].

te(x,1)



Duals of Optimal Spaces 441

Definition 3.4. Let f € M(0,1), p(:) € Band a € R. We define the functional

1 1 p(z
(P = [ (Flay@ardn = [ (ess supl0)))" o,

te(x,1)

g = int {3 > 0 (1) <1}

and the corresponding space

T2 = {f € M(0,1); ]| fll > < 00}

the norm

In cases when p(-) = p for some constant p € (1,00), we write 7? instead
of T2V,

By a routine technique one proves that the functional m, ».) is a convex

)

modular and T2 is a Banach space with respect to the norm |l e

Lemma 3.5. Let p(-) € B be weak-Lipschitz at zero. Assume o < p(0) — 1.
Then LY — L.

Proof. Let f € Lﬁ('). Using the Holder inequality, we obtain
1 1 . .
| 5@l = [ |t

0 0

Since [ | ()77 [ de = [{|f(x)P?a"dr < 00, we have | f (x)z7
Furthermore, thanks to our assumption a < p(0) — 1,

dx < rp(_)Hf(x)xﬁ Lr() Hx_ﬁHm’(-)'

1
/ 2701 dy < o0. (3.5)
0

As p(+) is weak-Lipschitz at zero, one has

o _ Q o |p(a:)—p(0)\ c
‘pm -1 p(0) - 1< () — D) — 1)~ log (2)

Now, Lemma 3.2 and (3.5) yield fol (x_ﬁ)p/(x)dx = fol 2 7@ -1dx < oo, hence
also

‘xiW HLP'(‘) < 00, and the assertion follows. O

Remark 3.6. When p(-) € B is weak-Lipschitz at zero and —1 < a < p(0) — 1,
then, actually, 720 is a BFS.

Indeed, we already noticed that 72" always satisfies the conditions (P1) and
(P2). By a standard technique, one can prove (P3), which in turn implies (P6).
Since fol 2%dz < oo, (P4) holds. Finally, since |f| < f, we get T2 — L2,
hence (P5) follows from Lemma 3.5.
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Theorem 3.7. Let p(-),q(-) € B be weak-Lipschitz at zero, p(0) = ¢q(0) := p.
Assume —1 < a < p— 1. Then the norms in Tfy’(') and Tg(') are equivalent.

Proof. Assurne that f > 0 and f 7))P@redr < co. By Lemma 3.5, we
know that fo z)dx < oo. Since f is non-increasing on (0, 1), we have zf(z) <
fo r)dx =: K < oo, which gives

o <Z 2e) (3.6)

x’

Set Ay = {z € [0,1];q(x) < p(x)}, Ay = {x € [0,1];¢(z) > p(x)}, then

1 ~ ~ ~
/ f(@) @ zode = [ f2)@ade + | f(z)1@ade = Ay + Ay,
0 Aq

Ao

say. Clearly, 41 < [, (1 + Fla)) 1 @zeds < Jp, 1+ Fl@))P@zeds < oo. Tt
remains to estimate As. By (3.6), we have

Fl)P @ fa) @) dy
Ao

N o\ @) -p(@)
f(z)P@ g (—> dx
x

e (1)

Since p(0) = ¢(0), we have |p(z) — q(z)| < |p(x) — p(0)] + [¢(z) — ¢(0)|. This,
together with the weak-Lipschitz property at zero of p and ¢, yields (3.4) for x
sufficiently close to zero. This enables us to use Lemma 3.2, and we arrive at

<l>q(:p)p(x) _ xp(w)—q(x) _ (xq(lac)_p(lx)>p(x)q(x) < Dp(x)q(x) < 5

Ao

— Y

x
in other Words A2 < CD f Ay Y@ redr < oo. Complemented with the fact
that Tp and Ty 10) are Banach function spaces by Remark 3.6, this finishes the
proof. n

An important consequence of the preceding theorem is the relation between
spaces of type T" and L.

Corollary 3.8. Let p(-) be weak-Lipschitz at zero. Set p = p(0) and assume
—l<a<p-—1. Then TP — 2.

Proof. The assertion is readily seen from TP — T2 s PO in which the
former embedding follows from Theorem 3.7 while the latter and the latter was
observed in Remark 3.6. O
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We shall now investigate the role of T ¢

operator.

as the target space for the averaging

Lemma 3.9. Assume that p(-) € B is weak-Lipschitz and that —1 < o <
p(0) — 1. Then A : L2 — TEV).

Proof. Let f be defined on (0,1). When appropriate, we consider its extension
by zero outside (0, 1). Set g(z) = A|f|(x). In [9, (5.1)], the inequality

g(x) < AM(A|f])(x)

was noted. By Theorem 3.3, M is bounded on L4, and, since |Af| < Alf| <
Mf, sois A. Let f € LR, Then A|f| € L& and, by continuity of M
on L2 also M(A|f]) € LRV, Altogether, g € LA, as desired. (We have
shown of course only that f € A implies Af € T(f('), but one can obtain the
corresponding boundedness of A just the same way as it is done for the identity
operator, e.g., in [1, Theorem 1.8]). [

Theorem 3.10. Let p(-) € B be weak-Lipschitz at zero and set p := p(0).
Assume —1 < o< p—1. Then A: LX) — TP

Proof. Let C' and 0 be the constants from (3.2). Set d := ess infp(z), D :=
(d —p)log % and

D
q(r) = max (d,p - %612))
log (<)
Since p(-) € B, we have d > 1, and so q(-) € B.
We claim that ¢(z) < p(z). Assume first D > C. Then

q(z) = max (d,p - @) (3.7)

and ¢(6) = d. Since the function z — p— ﬁ is nonincreasing in x, we have
log

e~
x

where we used the estimate p — : (C ) < p(zx), x € (0,0), which follows from
og

the weak-Lipschitz property at zero.
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Now assume 0 < D < C (note that then d > p). Denote \ := ¢? e%, then
p— ( )~ = d. Thus, ¢(\) = d. Since § = ¢? e%, we have A < ¢, whence
og ~

C
q(x) = (p—m) XN (T)+d xo)(7) < p(@)x o (@) +p(T) X (T) = p(T),

proving our claim. Therefore, LE —s L10),

The case D = 0 or, equivalently, d = p, is analogous. Thus, assuming
f >0 and fol f(z)P@rdr < oo, we also have fol f(2)1®z%dz < oo. Observe
that, by [9, Lemmas 5.4 and 5.3], () is Weak Lipschitz. This fact enables us
to apply Lemma 3.9, and we get f Af f @ x*dr < oo. Finally, we obtain,
by Theorem 3.7, applied to p(x) = p, fo Af )Pz®dx < oo, which finishes the
proof. [l

We shall now introduce another new space, Sg('), and study its basic func-
tional properties. This space is in a counterpart of the space Sg(') in the sense
that it serves as an optimal source space for the average operator A.

Definition 3.11. Let f € M(0,1), p(-) € B and a € R. We define the

functional
L p(
mgo(£) = [ Ay tde = / ess sup - / 7)) 2,
@ 0 te(x,1)

the norm
1l geer = IIALF] o

and the corresponding space
F={f € M(0,1); | fllgper < 00}

Then, again, mg() is a convex modular and S is a Banach space with
@
respect to the norm || - || o) -
[e3

Theorem 3.12. Let p(-) € B be weak-Lipschitz at zero. Set p = p(0) and
assume —1 < a <p—1. Then LAY ey 520 1

Proof. Let us first show that LAY s 52O Let 0 < fe LY. By Theorems
3.10 and 3.7, we have Af € Tp(  i.e. fo Af )P22da < oo, whence f € SE

Now, we will prove Sg — L'. Assume that f > 0 and f ¢ L' i
fol f(t)dt = oco. Then, for every 0 < z < 1,

Zlvf( ) = ess sup — /f dt>hm yf(t)dt:oo,

ye(z,1) Y

whence f ¢ 520 and the assertion follows. O
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Lemma 3.13. Let p(-) be weak-Lipschitz at zero. Set p = p(0) and assume
—1l<a<p—1. Then SPY s a Banach function space.

Proof. Tt is not difficult to see that S5 satisfies the conditions (P1) and (P2).
(P3), and so, (P6). Since [, a®dx < oo, (P4) holds. Finally, Theorem 3.12
yields (P5). O

We shall now concentrate on the sharpness of the embeddings L2 — S20)
and T? — LY. Indeed, given p(-), take ¢(-) from (3.7). Then q(-) is weak-
Lipschitz at zero and ¢(x) < p(z), just as in the proof of Theorem 3.10. Set

C :
r(z) = max <q(9c) — og (ﬁ) ,exses(&rll)f q(:zc))

Clearly, r(z) < q(x). Moreover, r(z) < g(x) on an interval (0, a) for some a > 0.
Hence,
LZ(-) SN Lg(-) 7 Lg(-) SN 53(-).

The sharpness of the embedding 7?7 — LY can be shown in an analogous
manner.

Remark 3.14. For every 1 < pand —1 < a < p—1, we have T? — S?. Indeed,
by Corollary 3.8 and Theorem 3.12 (applied to the constant function p(-) = p),
we have TP — LP — SP.

So far we only know that the operator A is bounded on L2 as long as
p € (1,00) and —1 < o < p — 1. We shall now obtain a tighter result.

Theorem 3.15. Leta € R and 1 < p < 0.
(i) We have A: S — TP.
(i) If r(-),s(:) € B are weak-Lipschitz at zero, r(0) = s(0) =: p and —1 <
a<p—1, then A: L\ — L0,
(ili) If -1 <a <p—1, then
A:SP— 5P (3.8)
A:TP — TP, (3.9)
Proof. The assertion (i) is an immediate consequence of the definitions of the

spaces SP and TP, (ii) follows from (i), Corollary 3.8 and Theorem 3.12, and,
finally, (iii) is an easy consequence of Remark 3.14 and (i). O

We shall now prove that the spaces S? and TP? that appear in the embeddings
(3.8) and (3.9) are sharp in a fairly general sense.

Theorem 3.16. Let 1 <p and —1 < a <p—1. Assume that Z is a BFS and
Z G TP Then A:TE —» Z.
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Proof. Take 0 < g € TP\ Z and set h(z) = ¢g(t). Then h is non-increasing,
h > g and h € TP. Since Z is a BFS, we have h ¢ Z. So, h € T? \ Z. The
monotonicity of h implies Ah > h, whence Ah ¢ Z. By Theorem 3.15 (ii), we
obtain Ah € TP and, consequently, A : T? /4 Z. n

Now we turn our attention to the optimality of S? in (3.8).

Theorem 3.17. Let 1 <p and —1 < a < p—1. Assume that Z be a BFS such
that St & Z. Then A : Z /» SP.

Proof. Take 0 < f € Z\ SP. Since Z is a BFS, we have f € L'. Then

1 z p 1 p
K :=ess sup (—/ f) < (e/ f) < 00.
ze(L,1) \* Jo 0

By the Fubini theorem,

1
e
= ep/ ess sup (—
0 y€e(zx,1) Yy
1
1

= e_p/ ess sup (—
0 ze(z,l) \7

Fix z € (0,1). Denote a := ess sup,¢ = 1y (£ f; f(s )ds)’. As a > max(a, K)— K,
we have o

1 z p 1 z p
ess sup( /f s) >max | ess Sup( / f(s)ds> ess sup (—/ f) —-K
ze(2, 1 ze(2,1) ze(L,1) \*Jo
= ess sup <—/ )
z€(%,1 <
(2 o) -
> esssup | —
z€(x,1) <
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Finally, since f ¢ S?

LZep/ esssup( /f > de — e PK = 0.
z€(x,1

This gives Af ¢ S? which finishes the proof. O

4. Equivalent norms in 7?2 and S?

We introduce in this section a family of norms equivalent either to the norm
in TP or to the norm in S?. We shall now summarize definitions of all spaces
considered in what follows.

Definition 4.1. Let p > 1, a € R. We define the space X? by

1Flxz :—(22 Mo+ g sup |f(t)|p> |

n—0 2—n—1<¢<2—n

RSB

and the space (Y)? by

~ - N
IFllve = (ZW ([ o) ) |
n=0 2—nt

Next, consider an f € M(0,1), extended by zero elsewhere on R if necessary.
We define the norm

1 p :
P 1= -1 d “d
Wlew= () (o) avas)”

and the corresponding space SP. Finally, we define the norm

it = ([ ([ s >rdt)pwadx)é

and denote by 55 the corresponding space.

We are going to use discretization and anti-discretization methods in the
spirit of [4,6]. We will need three auxiliary lemmas, the first of which is just
a special case of [4, Lemma 3.1 (i)], apparently first proved in [5].

Lemma 4.2. Leta > 1, 1 < p < co. Then there is a C > 0 such that the

mequality
S (Zbk) <oy aw

n=0 n=0
holds for any sequence by > 0.
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Using the duality between 7 and ¢ spaces we obtain a dual version of this
inequality.

Lemma 4.3. Leta > 1, 1 < p < oo. Then there is a D > 0 such that the

inequality
p (o)
Su(Ya) <00
k=0 n=0
holds for any sequence ¢, > 0.

The following assertion is a particular case of [4, Lemma 3.2 (ii)]. It also

follows from Lemma 4.3 with D = ﬁ
Lemma 4.4. Let 0 < 3 <1 and a,, > 0, n € N. Then
< - n
2" pmax o Zﬁ e
Observe that, denoting, for a > 0, B, %, we have

2771
gn(atl) / z%dx = B,,.
2

—n—1
Proposition 4.5. Let —1 < a <p—1. Then X2 = TP with equivalent norms.

Proof. We will first establish the inequality |[/f|lzz < C|f|lxe.  Set
Qp i= €88 SUPg-n—1<4<o-n | f(t)]. By Lemma 4.4,

HfHTp—/( (:c))p “dx /O(ess sup | f(¢) o= Z/Q ess sup | f(t)[Px“dx

r<t<1 n—1 z<t<1

and hence
2—”

1117 < Z ess sup |f(t)[" zdx

2 n— 1<t<1 9—n—1

o0

2—n
= max  ess sup |f(t)|”/ z%dx
2

o USkSng-k-1<i<o—k —n—l
= B Z? " e ok
< 1= f—a(ﬂra) ni; 27n(a+1)afz
SRR, o

— p
= Il
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The converse inequality || f||x» < C|| f]|r» follows from

1P = 22 Mt Cesssup [ f(1)P

n—=0 2—n—1gLo—n
2n1

=2vtipt Z/ ess sup | f(t)[Pxdx

n—2 2—n—1§t§2—n

9—n— 1

<20tipt Z/ ess sup | f(t)[Px“dx

r<t<1

<2vtipt / ess sup | f(t)[Px*dx
0

r<t<1

= 2" B | 1l

Lemma 4.6. Letp > 1 and —1 <a <p—1. Then S?, — L.

449

Proof. Let f > 0. Then we have, by Lemma 4.2 applied to b, = f;::,l f(x)dx

it = ([ o)

< 022 nla+1) </2n tlf(t)dt)p

n—1

20;10[ o Z /2 (o) s
30/;(/% 'ft)d ) Ao

= Cll s

Lemma 4.7. Assumep >1 and —1 <a <p—1. Then St is a BFS.

8

Proof. 1t is not difficult to verify properties (P1), (P2) and (P3) from Defini-
tion 2.1. Due to Lemma 4.6 it suffices to verify that f =1 € SE. This follows

from fol (fjx t’ldt>p$0‘dx = fol (log 4)Px%dx < oco.

[]
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Lemma 4.8. Assume 1 <p and —1 < o < p — 1. Then the spaces SE and S?
coincide and their norms are equivalent.

Proof. Let us prove first the embedding S? — SP. We have, for f > 0,
191 = [ e sup( [ r6as) wva
r<t<l
= Z/ ess sup (—/ f(s)ds> r%dx
2-n—1 i<l t 0
1 t p
< ess sup (—/ f(s ds) x%dx
Z/n12nl<t<1 t Jo (>

Denote aj, = €sS SUPy—k—1_4co—k fo s)ds. Then, by Lemma 4.4
o 2—n
p «
1915 < 3 (gmi o) |
2a+1 -1
— n(a+1)
T Z 27t max af
2a+1 -1
< 9 n(a+1
20t (a+1) 1 - 2—(a+1) ;
1 0 ( 1) 1 t p
= g—nlat ess su —/ s)ds
a+1 Z (2"1<t<13" 13 1s) )
< 2"”“1( ess sup /f )
a+1 Z 2-n-lctco—n

o0

Zse([ )
A

Denote b,, = f;::,l f(s)ds. Then, by Lemma 4.2,

)
D = n(p—a—1)
1715 < = S 2" (}jbk)

op
C QN(p—a—l)bp

—n(a+1) (/2 ' S_lf(s)ds)p

IN

IN

| N
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—n

2p+a+1 o+ 1 . N
T a+1 2a+1—12/2n1(/2n1 f(s)ds>“"dx

2p+a+1 _1+g p

e [ ([ )

<c/01( e)ds) o

= CIf 1%

We shall now prove the converse embedding S? — SP. Set ¢, =
f;::,l s~ f(s)ds. Note that, formally, c_; = 0, whence,

= [ ([

na+1
( c+1—|—cn+cn 1)?

Q:J
MS

n=0

< Bagp—l ( Z 9—n cy—l—l)cz+1 + Z 2—n(a+1)cz + Z 2—n(a+1)cﬁl)
n=0 n=0 n=0

=Cay_ 27",
n=0

where C,, := B,3771(2*" + 1+ 2771, Thus,

0 2—"n p
111, < €Yoz ([ st eas)
n=0

00 2—"m p
<C, Z g-nath) (2”“ / f(s)ds)

n=0 27t
<2°C, 2 n(a+1) (ess sup — / f(s )

i (mmmd [reme)
=2P— esssup— | f(s)ds | x%dx
B, Z 2—n—1 2—”<t<1t 0 ( )
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and

p Co = [ L ’
< opZe ess sup — s)ds | xz%dx
HfHSa - Ba ;/Qn1 ( :c<t<1p t /0 f( ) >
e ! 1 t !
ZQpC_/ <ess sup—/ f(S)dS) zdz
e<t<1 b Jo

= 2p ||f|| [

Proposition 4.9. Let —1 < a < p—1. The spaces Y? and SE coincide and the
norms are equivalent.

Proof. If x € (27"71,27") then (%£,2x) D (27"',27"). Thus, for any f,

1fllg = /01< t1|f(t)]dt)pxadw
:Z/Q (/ —1|f(t)\dt)pxadx
22/2 N (/ N tllf(t)|dt)pxad:c

B, Y 2reres 1>( d)p
> Z / (o)t
_ Bl

As for the converse inequality, we have

2z

RN

n—1

27n+1

g <> [ ([ o) e

0 2-ntl p
<2%B,» 2o < / | f(t)|dt> .
n=0 2

—n—2

2—n—1 2— n+1

Writing f;::j; R f;::,l v+ [l oo, we get

Saven( [ i)
+§2"<p—a—1>(/22:1 |dt) +Z2”P o 1>(/2 n+1| (t)\dt)p]

= 3p*122pBa |:D1 + D2 + Dg] >

Hf”p <3p 122103
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say. Now, D, is exactly || f|[{,, while

[e.e]

QZZW%%/
2

n=0

2777,71

i)

—n—2

n

-0 Zz”p . >(/ )
—(p—a-1) n(p—a—1) 2 '
;2 ([ rwlar)

_ 9ol

and one can show in an analogous manner that Dy = 2°P=*"1D,. Altogether,
this proves the claim. [l

Theorem 4.10. Let 1 < p and —1 < a < p—1. Then the spaces §g and Y?
coincide and their norms are equivalent.

Proof. Let us prove first Y? — §g. For a given function f, set ¢, = f;:nn,l f f)‘ ds.
We can easily write

i = [ ([ <5)'ds)px“dx
=3 [ ([ )
<3 /2 ( /2 - f”ds)pxadx

=0

oSS [ 10,

n—0 k=0 /275!
= B, Z 2—n(a+1) ( Z Ck)p.
n—0 k=0

By Lemma 4.3, we obtain

171, < B, 22 (Z)

k=0

< B,D Z 27n(a+1)cﬁ

n=0

—n

[ee] 2 p
<2B,DY 2ol ( / | f(s)|ds)
9—n—1

n=0
= 2"BoD| fII5
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As for the converse embedding, we have

171 = 32 (2“ / If(S)!d5>

—n—1

00 2—"n p
S Z2fn(a+1) (/ |f(8)|d5>
n=0 27t s

9o+l 00 2—n—1 2—m Lf(3)| p
= d “d
BOé nz:_o L—n—Q ( L—7l—1 S S) * :L‘

ga+1 0 g—n—1 1‘f(8)| p
< —d “d
~ lil ji:u/n ( S S) r axr

< [ ([ ) e

2a+1

B 1Mlls;

proving the claim of the theorem. m

5. Duality of the optimal spaces

We shall now characterize the associate spaces of TP and S®.

Theorem 5.1. Letp > 1 and —1 < o < p—1. Then (X2) = Yf;(p_l) with
equivalent norms.

Proof. By the Holder inequality for series, we get

/ F(2)g(a)lde

-3 / )lds
o —n(a+1) n(a+1) 2
esssup [f(z)[ )27 lg(z)|dx
n=0 2—n— 1<;E<2 n 9—n—1

1 ’
(a+1) P (SN et 2 PR\ r
0 s [ ) (302 l9(x)|dx
2— "71§JJS27" n—0 92—n—1

||Xp HgHyP , I

M

from which we get gl (xzy < [|glly» /
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For the converse inequality, take an arbitrary g, [|gl,» = 1. We set

folx) = 302 (2n(etD) f27n71 l9( )|dt) X(2-n-1,2-n)(z) and b f2 a1 |g(t)]dt.
Then

/ | fol@)g(x)|dz = / Z (2n<a+l>bn)px(2n1,2n)(x)|g(x)|da;

9—n

n(a il
—22 D50 [ ol
27n71
= Z gnletD)E I
n=0
_ - n(a+1)2 2 J P
=32 [ ol
_ 2—n—

= ||9||

704(10 —-1)

Moreover,
p
f 2"““( ess sup ft>
I foll% Z _esssup (1)
= >0 sup (2%
n=0 27n71§t§27n
— Z 2—n(a+1)2np’(a+1)bfl’
n=0
o , o—n pl
=Dy ([ i)
9—n—1
= ||9H”
—a(p -1)
1
Thus, HQH(XQ)/ = SUP|r) p<i fo |f(x)g(z)| dz > fo | fo(z)g(z)| dx = HQH "y’
« p —

and the assertion follows.

We can thus formulate the following result.

Theorem 5.2. Let —1 < a <p—1,1 < p. Then the spaces (ng)/ and Sf/a(p/,l)
coincide, and their norms are equivalent. Consequently, the spaces (SP) and
Tfa(p’—l) coincide, and their norms are equivalent.
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Remark 5.3. The statement of Theorem 5.2 is equivalent to the inequality

/01 lg(x)h(x)|dx < Cy (/01 [eiitiulp |g<x)|r$a dm>; |

L

in which Cy, & ([ (ess sup,<,<; + [ |A(y)] dy)p/x_o‘(”'_l) dz)”. This is a weigh-
ted reverse inequality for the supremum operator. We note that, for integral
operators, such inequalities are studied, e.g., in [3]. Application of ideas de-
veloped there to supremum operators would give alternative proofs of duality
results in the spirit of our Theorem 5.2.
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