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Abstract. Let 2 C R", n > 2, be a bounded domain and let & < n—1. We prove the
Concentration-Compactness Principle for the embedding of the Orlicz-Sobolev space
Wy L™log™ L(€) into the Orlicz space with the Young function exp (t7—1-=) — 1.
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1. Introduction

Throughout the paper €2 denotes a bounded domain in R™, n > 2. It is well-
known that the Sobolev space VVO1 P(Q), 1 < p < n, is continuously embedded
into L=7(2). For p > n we know that each function from W, ?(£2) is bounded,
i.e., it belongs to L>(£2), but this is not true for the limiting case p = n. For
p = n there is a famous result by Trudinger [18] (see also Yudovi¢ [21]) which
implies that the first-order Sobolev space VVO1 "™(Q) is continuously embedded
to the Orlicz space L®(2) with the Young function of the exponential type
O(t) = exp (t7-1) — 1, ¢ > 0.

It is a general fact that embeddings are usually not compact in the limiting
cases. For example embedding of the Sobolev space Wi () into Ln-7 () for
1 < p < norinto L*(Q) for p = n are not compact. However there is the
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amazing Concentration-Compactness Principle (see [19] and references given
there for history and applications) that some substitute for compactness is still
available for many embeddings. This principle is usually telling us that from
each bounded sequence we can either select a subsequence that converges in the
target space or we can select a subsequence that has very special behavior. For
example it concentrates around one point and in some sense converges to the
Dirac mass at this point or after suitable translations it concentrates around
one point. This observation is very useful and can be used in many problems
connected with the Calculus of Variations (see, e.g., [9,10,14,19]).

The aim of this paper is to prove the Concentration-Compactness Principle
for embeddings that generalize the Trudinger embedding. For o < n — 1 set

o gl
n—1—« n —

J
n

and K, = Bonw
here w,,_; denotes the surface area of the unit sphere. The space W L" log™ L(f2)
of the Sobolev type (see Preliminaries for the definition) is continuously embed-
ded into the Orlicz space with the Young function exp(t”) — 1. These results are
due to Fusco, Lions, Sbordone [11] for @ < 0 and Edmunds, Gurka, Opic [6,7]
in general. In [6] the space W L™log® L is modeled as a set of functions with
Bessel potential in the generalized Lorentz Zygmund space and the results are
much more general than those we mention here.
In this paper we consider differentiable Young functions ® such that

o(t)

i A | 1
oo 7 log® (1) (1)

with @ < n — 1. In the critical case K = K,, , we usually also require existence
of ts > 1 and a € (0, min(1, -)) such that

O(t) > 1" log® (t) (1 + log_“(t)) for ¢ > ta. 2)

The main result of this paper is the following theorem saying:

Suppose that we have a normalized sequence {uy};2, of functions from the
Orlicz-Sobolev space WoL®(Q2) := WiL®(Q2). Then we can select a weakly
convergent subsequence (satisfying (3)) so that, either this subsequence con-
centrates around one point 7y €  and we can find its subsequence {uy,}32,
such that exp(K|ux,|?") — 1 converges to a multiple of the Dirac mass at xg
(see (i)), or exp(K |ug|?) are uniformly bounded in L'*9(€2) and, by the reflex-
ivity of L1*9(£2), these exponentials converge in L'(€) (see (ii)).

Theorem 1.1. Letn > 2, a < n—1 and let ® be a Young function satisfying (1)
and (2). Let {ug}ie, C WoL®(Q) satisfy ||®(|Vug|)|| 1) < 1. Further suppose
that

up — u in WoL®(Q), up —u ae. inQ and O(|Vug|) = p in M(Q). (3)
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(i) Ifu=0 and p=0d,, for some xo €S, then the sequence {exp(K. NI,
15 relatively compact with respect to the weak* convergence in M( Q) and
the limits of convergent subsequences belong to {L,|q + ¢y, : ¢ > 0}.

(ii) Otherwise there is § > 0 such that exp(K, (1 + 0)|ug|?) is bounded in
LY(Q2) and

exp( na|uk|7) = exp(Kpalul”) in LI(Q).

Notice that this result cannot be valid with a constant K > K, , because
similarly to Moser’s result [15] the integral from exp(K|u|”) can be made arbi-
trarily large if K > K, , (see remarks after Theorem 2.3 and [13]). In the case
K < K, , the situation is much simpler and we have just the compactness as
an easy corollary of the Moser-type result.

Corollary 1.2. Letn > 2, a<n—1, K < K,,, and let ® be a Young function
satisfying (1). Let {ur}p2, C WoL®(Q) satisfy | @(|Vur|)llrre) < 1. Further
suppose that u, — u a.e. in ). Then

exp(K|uk|7) = exp(K|u|") in L'(Q).

For the proof of our main theorem we use the method inspired by Li-
ons [14] and Carleson, Chang [2] but we have to include several new ideas.
We need to use the results and techniques from [13] to show the boundedness
of exp(K,, |u|?). Moreover we extend these estimates to show that the critical
sequence of functions converges to 0 (see Lemma 3.6).

At the end let us mention some possible applications of our results and
open problems. First it was shown by Carleson and Chang [2] (see also [10])
that the extremal constant in Moser’s inequality is actually attained by some
function. Using our Concentration-Compactness result it is not difficult to prove
the following version of such a result for functional with the sub-critical growth:

Theorem 1.3. Letn > 2, a« < n—1 and let ® be a Young function satisfy-
ing (1). Suppose that the function F : R +— R is even and continuous. Further
suppose that either

F(t)

ti)rgo W =0 fOT’ some K < Kn,a (4)

or @ satisfies the additional condition (2) and

, F(t)
lim ———2  —
5 exp(Kpol )

(5)

Then the functional Ap(u f F(u(x))dx attains its mazimum on the set
{u e WoL(Q) : H(I)(lquHLl < 1}
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We would like to know if it is possible to obtain the generalization of Theo-
rem 1.3 also for functionals with the critical growth, i.e., if the limit in (5) is not
zero but one. To obtain this result it would be necessary to have a version of
some technical estimates from [2] also for the generalized Trudinger inequalities.

Another application of the Concentration-Compactness Alternative for Tru-
dinger inequalities in dimension two can be found in de Figueiredo, Miyagaki,
Ruf [9] (see also [16] for the higher dimensional version). It is shown there that
the functional T'p(u) = [,(|Vu(z)]* — F(z,u(z)))dz has a non-zero critical
point and thus there is a nontrivial solution of the equation

—Au = f(z,u) in 2, wu=0on Q.

Here F' is a primitive of f, these functions satisfy some additional technical
conditions and f(x,u) behaves like eX%” for u big. By [4] it is possible to
obtain an analogue of above result showing that there are non-zero critical
points of the functional qu, = [o(®(|Vu(z)])— F(u(z)))dz. Here ® satisfies (1)
and F(u) behaves like e®*" for u big. Let us note that the proof in [4] uses
a different version of the Concentration-Compactness Principle (see [4, proof of
Lemma 5.2]).

2. Preliminaries

The n-dimensional Lebesgue measure is denoted by L,. Further, L,|q is its
restriction to Q, i.e., L,|o(A) = L,(AN Q) for every measurable set A C R".
If u is a measurable function on €2, then by u = 0 (or u # 0) we mean that w is
equal (or not equal) to the zero function a.e. on 2. Sometimes we abbreaviate
the integral with respect to the Lebesgue measure [ f(z) dz to [ f if there is
no danger of confusion to the reader.

By M(A) we denote the set of all Radon measures on a compact set A.
We write that p; — p in M(A) if Jodp; — [,du for every ¢ € C(A).
It is well known that each sequence bounded in L'(A) contains a subsequence
converging weakly™ in M(A).

By B(zo, R) we denote an open Euclidean ball in R™ centered at zy with
the radius R > 0. If 2y = 0 we simply write B(R).

By C' we denote a generic positive constant which may depend on n, «,
L,(Q) and ®. This constant may vary from expression to expression as usual.

Young functions and Orlicz spaces. A function ® : R™ — R" is a Young
function if @ is increasing, convex, ®(0) = 0 and lim;_, y = 00.

Denote by L*(A, du) the Orlicz space corresponding to a Young function @
on a set A with a measure p. If y = £, we simply write L*(A). The space
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L®(A,dpu) is equipped with the norm

llsiaa =it {2 0: [ (L) auwy <o} @

This is slightly different from the usual Luxemburg definition where we have
qu)(lf(Tw)l) du(z) < 1. We use (6) to have the Holder’s inequality (7) with a
sharp constant.

Given a differentiable Young function ® we can define the generalized in-
verse function to ¢(u) = ®'(u) by

¥(s) = inf{u : ¢(u) > s} for s >0

and further we define the associated Young function ¥ by

= /tlp(s)ds for t > 0.
0

The dual space to L*(A, du) can be identified as the Orlicz space LY (A, du).
If we have ®(1) + ¥(1) = 1 then the following generalization of Holder’s
inequality is valid (see [17, p. 58] for the proof)

/ F@9)] dinly) < 171 a9l e - (7)

We use this inequality for a measurable set A C R and the measure du(y) =
Wn_1y™ tdy.

If our Young function ® satisfies (2), in a standard way we can prove that
there is a Young function ®; : Rt — R* such that

e ® is continuous and increasing on (0, c0),

e Oy(t) = lt" for t € [0, 1],
" (8)

e there is a G > tg such that for every t > GG we have

By (t) = %zn tog™ (1) (1 + log (1)) < %@(t).

Denote by ¥ the Young function associated to the function ®;. Clearly
U(t) = ";lt% for t € [0,1]. Hence ®1(1) + ¥(1) = 1. Therefore (1, V) is a
normalized complementary Young pair and we can use inequality (7).

We need the following estimate from [13, Lemma 4.4].

Lemma 2.1. Assume that the Young function ® satisfies (2). Then there are
to € (0,1) and b € (a, min{1, %}) such that for 0 <t <ty we have
1

< B v(—)(l—l (-)) 9
’ Yy LY ((4,R) wn—1yn—tdy) — ( B ) 8 t 8 t ( )

For an introduction to Orlicz spaces see, e.g., [17].
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As-condition. We say that the Young function ® satisfies the As-condition, if
there are tA > 0 and Cx > 1 such that ®(2t) < Co®(t) whenever ¢ > ta. It
is easy to see that if ® satisfies the As-condition for one fixed to > 0 then it
satisfies this condition with arbitrary ta > 0 with a different constant CA > 1.
From the Aj-condition it is not difficult to deduce that for any n > 0 we can
find € > 0 so that

P((14+e)t) < (1+n)P(t), t>ta. (10)

It is not difficult to check the As-condition for our Young functions satis-
fying (1). Therefore one easily proves

o <1 / B(|f) du(zr) < B(1), (11)
and
il =50 / (1)) dyu(r) "= 0. (12)

Orlicz-Sobolev spaces. Let A be a nonempty open set in R” and let ® be
a Young function. In this subsection we consider Orlicz spaces only with the
Lebesgue measure. We define the Orlicz-Sobolev space W L®(A) as the set

WLP(A) := {u: u,|Vu| € L*(A)}

equipped with the norm |||y ey := [[ul|Loa) + || Vul[ 14y, where Vu is the
gradient of v and we use its Euclidean norm in R".

We put WyL*(A) for the closure of Cg°(A) in WL®(A). For this space we
prefer to use throughout the paper the equivalent norm (see [12, Corollary 5.8])
lullworea) == [[Vul|e(a). The space WyL*(A) is a reflexive Banach space and
it is compactly embedded into L®(A) (see [8]).

We write that f, — f in WoL®(A), if

A fr of v .
A@xigdx—)/fx(()xigdx for every g € L¥(A) and i € {1,...,n}.

Non-increasing rearrangement. The non-increasing rearrangement f* of a
measurable function f on 2 is

Fi(t) = inf{s S 0: L,({zeQ: |f()] > s)) < t}, t>0.
We also define the non-increasing radially symmetric rearrangement f# by

) =

Wp—1

yx\n) for # € B(R), Ln(B(R)) = Ln().
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For an introduction to these rearrangements see , e.g., [18]. We need the fact
that for every Young function ® and for every measurable function f : 2 — R
we have

Ln(2)
/Q B(|f(2)]) dr = / L ) = / (1 (y)]) dy.

We also use the Polya-Szeg6 principle (see, e.g., Talenti [18] for the proof).

Theorem 2.2. Let Q be an open bounded set and let R > 0 be such that
L, (B(R)) = L,(). Let & be a Young function. Suppose that the function
f + Q — R is Lipschitz continuous and supported in 2. Then f* is locally
absolutely continuous and

/Q SV f(x)]) de > / BV 1*(2))) d.

B(R)

On embeddings into exponential spaces. The following theorem from [13]
generalizes the famous result of Moser [15].

Theorem 2.3. Let « < n —1 and let ® be a Young function that satisfies (1).
Suppose that f € WoL®(Q) and |@(|V f])||r1) < 1.

(i) If K < Ky 4, then || exp(K|f(x)|")| 1) < Ck.

(ii) If K = Ky o and (2) is satisfied, then || exp(K|f(x)|")|11@) < Ck.
The constant Cx always depends on n,a, L,(2), K and ® only.

Analogously to Moser’s result the norm in the exponential space can be
made arbitrary large if K > K, ,. For detailed discussion about the limiting
case K = K, , see [13].

In the proof of Theorem 1.1 we apply Theorem 2.3 to handle {ux}32, 1,
where kg € N is sufficiently large. For dealing with {uk}',zo:l we need the following
lemma from [6, Remarks 3.11(iv)].

Lemma 2.4. Let n > 2, a <n—1, K > 0 and let f € WoL*(Q). Then
exp(K|f(2)]") € L}(0).

Tools from Measure Theory. We have

Lemma 2.5. Let {ux}32, be a sequence of measurable functions and let up, — u
a.e. in §). Suppose that there are o, 3,7, C1 >0 such that ||exp(c(1+3)|u| )| 11 ()
< C} for all k € N. Let F be an even continuous function such that

[E@)|

sup ———— < oo for somety > 0.
te(to,00) exp(a|t|7)

k—o0

Then F(ug) "=3° F(u), in particular, exp(c|ug|™) *=5° exp(alu|") in the L'(Q)-
norm.
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Proof. As exp(aft|”) > 1 on R, from the assumptions on F' we obtain L > 0
such that

|F(t)] < Lexp(a|t|”) for every t € R. (13)
By Fatou’s lemma we have exp(a|u|™) € L'(2), and thus for every & > 0 there
is 6 > 0 so that

/ exp(aju|™) < % provided L,(A) < é. (14)
A
Next since u € LY(Q2) we find M; > 0 such that

L,({z € Q:|u(x)] > M}) <. (15)
Fix M > M, large enough so that W < 7. We have by (13) — (15)

[ apwlsn[ esfald <15 =
(lu|=M} (lu|=M} L

and similarly we use the integrability of exp(a(1 + 3)|ug|™)

[ =L el
{luk|=M} {lur =M}

, exp(a(1 + B)]uel")
/{|uk2M} exp(af|ug|7)

Cy
exp(afM7)
< E.
Finally, the assumption uy — wu a.e. in Q and the continuity of F imply
Gk = F(urp) X {lug|<my — F (W)X {juj<rry 2220 a.e. in Q. Moreover
|9k ()] < Lexp(orfur|™)X{jug| <y + L explafu]")xjuj<rmy < 2L exp(a MT)

where the last term is a L'(Q2)-function. Hence, for k& € N large enough, the
Lebesgue Dominated Convergence Theorem gives

Flug) — F(u)] < F(uy, F(u Kl <3
lﬂ (us) — F(u)] L@H%MJ ( N+34U>MJ <>+%Kgg|< :

and the result follows. OJ

3. Concentration-Compactness

Proof of Corollary 1.2. Since K < K,,,, we can find 6 > 0 such that K =
(14+9)K < K, . Now, assumptions of Lemma 2.5 are satisfied with o = K,
B =906, 7=rand C; = Cf, where Cz < oo comes from Theorem 2.3(i).
Therefore we can use Lemma 2.5 to conclude the proof. O]

In the proof of Theorem 1.1 we distinguish three cases. These cases are
studied separately in Propositions 3.3 — 3.5 bellow.
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Case 1. In this subsection we prove the Compactness in the case v = 0 and
:u # (5350'

Lemma 3.1. Letn > 2, a« <n—1 and let & be a Young function satisfying (1).
Let {uy}>, € WoL®*(Q) satisfy || ®(|Vug|)|| 1) < 1. Suppose that

w, — 0 in WoL®(Q) and ®(|Vug|) = p in M(Q).

Let F,N C Q be compact sets such that FN\N =0 and u(N) > 0. Then there
is 0 > 0 such that

| exp(Kp o1+ 0)|u|")|| L1y is bounded. (16)

Proof. First let us briefly outline the idea of the proof. Since p(N) > 0 we
obtain that [ ®(|Vuy|) cannot be small for &k big enough and thus we can find
§ > 0 such that ||®((1426)|Vug|)||L1(#) < 1. Then, using Theorem 2.3 for some
modification of the function (1 + 2§)uy we obtain (16).

We use ®(|Vug|) = pin M(Q) for a test function ¢ = 1 to obtain

= Uk k—_>>oo = 0 .
> / (| Vuy) = / (| Vi / bdp = (@) (17)

Set 0 = %M(N ) and recall that Ca,ta are the constants from the As-condition
(i.e. @(2t) < Ca®(t), t > ta). For 7>0 denote G, ={x € R": dist(x, F')>7}.
Clearly, we can find 0 < a < b < dist(F, N) such that

g g
< —_—.
WG\ Go) < 55 and LalGa\Go) < g (18)

Set M, = Q\Qa and M, = Q\ G,. We observe F C M; C My and MaN N = ().
If ¢ € C(Q) is such that 0 < ¢ <1, ¥ =0o0n N and ) =1 on M, then

/ (V) g/wcp(yvuk\) ’f:‘”/wdug L= p(N) = 1— 50,
Mo Q Q

Hence there is k; € N such that

/ O(|Vug|) < 1 —do for k > k. (19)
M,
Using (18) the same way as above we can find ky > k; such that
/ O(|Vy|) < 5—2 for k > ky. (20)
Mo\ My A

We claim that there is 0 € (0, 3) such that

/ O((1+20)|Vug|) <1—30 for k> k. (21)
Mo
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—(3+ 10
Indeed, we can find to > 0 so that ®(2tp) < m and set n = : 1(?302)

Then there is € € (0, 1) so that (10) holds on [ta, 00) (see Preliminaries). Thus
setting 6 = § we can use (19) to obtain

[ o@rwvud= [ eravuh [ a(aen)

N{[Vug|>ta} N{|Vug|<ta}
1 1
<1- (3+§>a+§o—
=1-30

and (21) is proved.

Now we can define v,. Take ¢ € C1() such that 0 < ¢ < 1,9 =1 on
M, and ¢ = 0 on Q \ Int(Ms). Set v, = (1 + 26)pu. Our aim is to apply
Theorem 2.3 to v, thus we need to prove that there is k3 > ko such that

L:/Emvwng11mk>k& (22)
Q
We have I = I} + I, + I3, where

L = / (Vo) / O((1+20)|Vug|) <1—30 for k >k by (21),
My

5:/‘ (Vo) /
Q\ M Q\ M2

g:/‘meU
Mo\ My
Set P = max,q |V (z)|. From § € (0,1) we have on M, \ M;

O(|Vur|) < @((1+20)0[Vuy| + (1 + 26) [uk|[V]) < ©(2[Vug| + 2P[ug]) . (23)
It is convenient for us to decompose My \ M; into three sets

A,lf ={z € My \ My : tan > |Vug(x)|,ta > Plug(x)|},
Ap ={x € My\ My : [Vug(x)] > ta, [Vup(z)| > Plu(x)]},
Ai ={x € My \ My : Plug(z)| > ta, Plug(z)| > |Vug(x)|}.

As My \ My = A} U A7 U A3, we have

g:/ wwwg/ ”+/.”+/””
Mo\ My Al A2 A3

First, by (18) and (23) we have

[ 2OV [ 901)< C0(12)£0(G\ G SCRRU8) g

k oty Y
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Second, (20) and (23) imply

/

Third, by the compact embedding of W, L () into L® () we see, that the weak
convergence uy, — 0 in WoL*®(2) implies u, — 0 in L?(Q). Then, using (12),
we find k3 > k9 such that for k > k3 we have

(Vo)) < / (V) < 3 / B Vuil) < R 5 =0 (25)

% Ak MQ\Ml A

/ (V) < / B(AP|ug) < o (26)
A A
Estimates (24), (25) and (26) imply I3 < 30 and (22) follows.

Therefore vy € WoL®(Q) and || ®(|Vur])|lz1) < 1. Thus using Theo-
rem 2.3(1) with K = (11+—+255)7Kn7a and the fact that vy = (1 + 26)uy on F we
obtain for k£ > ks

[ exp(Kna(1+0)|ur[)l L1y = [l exp(K (1 4 26) k] ")l L1 (r)
< [lexp(Kfor) 1o
< Ck.

Moreover, for every fixed k < k3 there is Cj, such that ||exp(Fp o (140)[ug| 7 )| 1cm
< C% by Lemma 2.4. Hence we obtain (16) for 6 = (1+6)” — 1 with the bound
max(C1, ..., Ck,, Ck). O

Remark 3.2. It can be easily seen that if we have u(€2) < 1, then there is a
simplified version of the above proof giving us § > 0 such that the following
norm || exp(Ky (1 4 9)|ug|")| 11 is bounded.

Proposition 3.3. Letn > 2, a <n—1 and let  be a Young function satisfy-
ing (1). Let {up}p2, C WoL®(Q) satisfy |®(|Vug|)||r1@) < 1. Further suppose
that

up — 0 in WoL*(Q), wup — 0ae. in Q and O(|Vur|) = pin M(Q),
where 1 1s not a Dirac mass at one point. Then there is d > 0 such that
exp(Kpoll + 0)|up|?) is bounded in L*(Q)

and
k—o0

exp(Kpolug|?) "= exp(Kpa|ul”) in Ll(Q).

Proof. As () <1 (see (17)), we distinguish two cases. If u(€2) < 1, then the
first assertion follows from Remark 3.2. Now, let u(£2) = 1. As p is not a Dirac
mass at one point, there is N1 C €2 compact such that u(Ny) € (0,1). We denote
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G =R"\ Ny and G, = {z € R" : dist(z, N;) > 7} for 7 > 0. Considering u
as a Radon measure on R" supported in  we obtain lim, o, u(G,) = u(G) =
1 —u(Ny) € (0,1). Therefore there is 7 > 0 such that 0 < p(Ga,) < p(G,) < 1.
Set F1 = Q \ GT, FQ = Q N GT and NQ = Q N GQT. Clearly Fl,FQ,Nl,NQ are
compact sets, Fy U Fy = . Moreover u(Ny) > p(Gay) > 0, NoN Fy = () and
Nl N F2 - @

Applying Lemma 3.1 to F' = F} and N = N, we obtain that there is §; > 0
such that || exp(Kpo(1 + 01)|ur|?)||L1(m) is bounded. If F' = F, and N = N,
then Lemma 3.1 gives us d, > 0 such that || exp(Ky (1 + 02)|ug|")| 21 (m) is
bounded. From F; U Fy, = Q we conclude that || exp(/, (1 4+ 0)|ur|?)||1(0) is
bounded for § = min(dy, d3).

Finally, we apply Lemma 2.5 to prove the last assertion. O]

Case 2. In this subsection we prove the concentration in the case © = 0 and
n= 5330'

Proposition 3.4. Letn > 2, a <n—1 and let ® be a Young function satisfy-
ing (1). Let {ugp}p2, C WoL®(Q) satisfy | ®(|Vuk|)||r1) < 1. Further suppose
that

up — 0 in WoL®(Q), wup — 0 ae inQ and O(|Vug|) = 84 in M(Q),

where xq € ).

(@) If Jo(exp(Knalus]") — 1) "= c € [0,00), then exp(Kpalug|?) —1 2 ¢y,
(ii) Moreover, if ® satisfies (2), then the sequence {exp(Ky qlug|?) — 1172, is
relatively compact with respect to the weak® convergence in M(Q)) and the

limits of convergent subsequences belong to {cd,, : ¢ € [0,Cx — L,(2)]}
(Cr > L,(2) comes from Theorem 2.3 (ii) ).

Proof. Let us prove (i). First, we claim that

n>0 = exp(Kn.olun") = 1 725° 0. (27)
\B(zo,m)

From Lemma 3.1 for N = B(x, £) we obtain that fQ\B(xO ) EXP(Fn o (146) [ug] ")
is bounded for some ¢ > 0 and thus we may use Lemma 2.5 to obtain (27).
Further we observe that (27) and assumption [, exp(K, q|ux?) —1 — ¢

imply
n>0 = / exp(Kpalug”) — 1 gy (28)
B(:BOJI)

Fix arbitrary test function ¢ € C(f2) and let ¢ > 0. Then there is n > 0 such

that
€

() = (o) <

Tmax(c. 1) whenever |z — zo| < 7. (29)
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We have
/de(céxo)—/sz(exp(f(n,amkm_g’
cvlen) = [ Dexp(alu) - 1)'

I:=

< / W’(GXP(Kn,a\Ukm — 1) + Y — ()| (eXP(Kn,a’UkP) —1)
Q\B(zo,n)

B(zo,m)

Floenlfo= [ (explfnalul) - 1)
B(zo,m)
== Il -+ [2 + 13.

By (27) and supg |¢| < oo we see that there is k; € N such that I; < e for
k > ki. Further, using (28) and (29) we obtain

I = / 1 — (o)) (exp(Enaluel?) — 1)
B(zo,n)

9 Cc

/ exp(Kpalup]”) — 1 hogo £
B(zo0,n)

~ 2max(c, 1) 2 max(c, 1)

Therefore we can find ks > k; such that I, < e for k > ko. Finally, from (28)
and |(x0)| < oo we obtain ks > ko such that I3 < e for k > k3. Hence we have
I < 3¢ for k large and the first assertion is proved.

Let us prove the second assertion. We apply Theorem 2.3 to obtain

H eXp(Kn7a|Uk|Fy) — 1||L1(Q) § CK — En(Q) (30)

Now, we use the fact that every set bounded in the L'(Q)-norm is relatively
compact in M () with respect to the weak*-convergence. Further, suppose
that {v,}5o, C {ux )32, is such that exp(K, |vi]?) —1 = v in M(£). Choosing
the test function v = 1 we obtain

/Q(exp<Kn,a\vk\”) —1) = /Qw(exp(Kn,a!ka) —1) kl”/gwdy—y(s‘z).

Thus the sequence {vy}72, satisfies the assumptions of the first part of our

proposition with ¢ = v(Q) € [0,Cx — L£,(2)] (for the upper estimate of ¢ we
use (30)), thus the first assertion concludes the proof. O

Case 3. In this subsection we prove the compactness for u # 0.

Proposition 3.5. Letn > 2, a <n—1 and let & be a Young function satisfy-
ing (1) and (2). Assume that {u}32, C WoL®(Q) are such that

12(|Vur) 2@ <1, wp — uin WoL*(Q)  and u # 0.
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Then there is § > 0 such that
| exp(Kpna(l +0)|u|")||r1) s bounded

and
exp(Kp o|ug]”) — exp(Knolu|”) in Ll(Q).

The key ingredient of the proof of Proposition 3.5 is the following lemma
telling us that if the sequence {uy}7°, satisfies condition (31) (which is what
we do not want in Proposition 3.5), then we actually have u = 0.

Lemma 3.6. Letn > 2, a« <n—1 and let ® be a Young function satisfying (1)
and (2). Let R > 0 and let {gr}32, be non-increasing locally absolutely continu-
ous functions on [0, R] satisfying gx(R) = 0. Set ux(z) = gx(|z|), for x € B(R),
k € N and assume that ||2(|Vui|)|| o1 ry) < 1. If

klirn || exp(Kpna(1 4 0)|ug|"| |1 (Br)) = 00  for every 6 > 0, (31)

then wy, "=° 0 uniformly on B(R) \ B(r) for every r € (0, R).

Proof. First let us prove
/ B(|Vu]) =0 for every r € (0, R). (32)
B(R)\B(r)

If (32) is not true then passing to a subsequence we can find 7 > 0 and ry €
(0, R) such that [ p i) P(IVux|) = 7 for all k € N and thus

/ B(|Vug|) < 1— 7 forall k€ N. (33)
B(ro)

Put du(y) = w,_1y" 'dy and let ®; be the Young function from (8). Fix
t € (0,79) and for every k € N set

Ar=A{y € (t,r0) : lgp(y)l > G}, Ax={y € (ro, R) : |gi(y)| > G}
(recall that the constant G comes from (8)). From (8) and (33) we obtain

n— wn— n—
/ D1 (g () eonry™" dy < =t / B(1g(y) )y dy
Ap Ay

n

S Wn—1

/0 " B(1gh () )y dy

:_/B( @(Vu @) i (34)

A
1
-
|
2
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Thus (11) gives 7 > 0 such that

gkl o1 (aga <127, kel (35)
The same way we obtain from ||®(|Vug|)||z1(sr) < 1 that
|5 (v e (dgaw <1, kEN (36)

Hence Holder’s inequality gives

gult) < / g ()l

N
(T() R \Ak Ap (tﬂ"())\Ak Ap

1 1

<GR+ [ gy =g duly) + Gro + 19 (Y) | ———du(y)
Ak Wp—-1Y Ay Wp—1Y
1
<C+ ; i —
- Wn—1 Hgk(y)HLq)l(Ak’d”) Y™ HHLY ((ro, R).dpr)
1
/
g LA [FERTo [ |

Therefore Lemma 2.1, (35), (36) and || == v (ro,R) ) < C ( ——+ is bounded
on [TO,R]) imply

Wn—1

(1-27 )( -

Therefore there is t; € (0, min(tg, o)) such that

1
g(t) <C+ > logW(t> for all ¢ € (0, min(¢g, o)), k € N.

Wp—1

W\, 11
gr(t) < o (1-— 7')( 5 1) logv<¥> for every t € (0,t1), k € N.  (37)
Finally pick dp > 0 small enough so that

n=1+0)1-7)7<1 (38)
and let us show that we have a contradiction with (31). Indeed, (37), (38),

N A ,
n < 1 and Knva(wn,l(%) n ) = n imply

/ exp(Kna(1+ 00)lug()]) da
B(R)
R
= wn_l/ exp(Kn,a(1 + 60)lgr(y))y" " dy
0
r n—1 i 1 n—1
< C'/ exp(Clgr(t)|")y"  dy + C exp(nn log(—))y dy
t1 0 )

t1

S C + C/ yn—l—nn dy
0

<C.
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Hence we have a contradiction with (31) and thus (32) is proved.
Now, fix r € (0, R) and let us check the uniform convergence. From (12)

and (32) we obtain ||Vug| resr)5e) — 0. Hence ||Vug| L1 (sr)\ser) — 0 and
thus the radial symmetry of uy, ux|opr) = 0 and the monotonicity with respect
to |x| imply the uniform convergence. O

Proof of Proposition 3.5. We prove Proposition 3.5 by contradiction. Suppose
that supy, || exp(Kpa(l + 0)|uk|?)|| 1) = oo for every 6 > 0. Recall that for a
fixed k € N and 6 > 0 we have || exp(/, o (1+0)|uk|")| 1) < oo by Lemma 2.4.
Thus passing to a subsequence, we can suppose that

k—o0

| exp(Kn,a(l+0)|ug|")||Lr — oo for every § > 0. (39)

By a standard symmetrization argument (use Theorem 2.2 and the density
of Cg°-functions) we may assume that €2 is a ball, uy, u are continuous, spher-
ically symmetric, non-negative, non-increasing with respect to |z| and locally
absolutely continuous. Indeed, since u, — u in WoL®(Q)) we have v, — u
in L'(Q2) and thus v — u# in L(Q). Moreover ||¢)(Vuk#|)||L1 < 1 by The-
orem 2.2. It follows that the rearranged sequence contains a Subsequence that
converges weakly in WyL®(Q) to a non-zero function. Since uk# — u? in L',
it is easy to see that this limit function must be u#. The subsequence again
satisfies (39) and hence assumptions of Lemma 3.6 are satisfied for this new
subsequence which we again denote as ux. We obtain that u; converge uni-
formly to the zero function on B(R) \ B(r) for every r € (0, R). This implies
u = 0 a.e. and we have a contradiction with u # 0.

The last assertion of the Proposition 3.5 follows from Lemma 2.5. O

Proof of Theorem 1.1. Theorem 1.1 follows from the Propositions 3.3 — 3.5. [

4. Norm attaining functionals

In this section we apply the Concentration-Compactness Principle to the func-
tionals with the sub-critical growth.

Proof of Theorem 1.3. Put
S = sup {Ar(u) : u € WoL®(),[|2(|Vul)|| 110 < 1}.

If S = E (Q)F(0), then the proof is trivial, because for u = 0 we have
Ap(u) = L,(Q)F(0). Otherwise there is a sequence {uy}2°, C {u € WoL®(Q) :
(

|®(|Vul)|| 1) < 1} such that Ap(uy) 2% §. We can further suppose that

up — win WoL®(Q), wup —wae. in Q and &(|Vug|) = g in M(Q),
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otherwise we pass to a subsequence (note that W, L® () is reflexive). Obviously
we have the estimate || ®(|Vu|)|[L1@o) < 1 and thus all we need to show is
If (4) is satisfied, then we find 6 > 0 such that K = (1 + K < K, 4.
Now, we can use Lemma 2.5 (with « = K, f =6, 7 = v and C; = Cp, where
Ci < oo comes from Theorem 2.3(i)) to conclude the proof.
The rest of the proof is devoted to the case when (5) is satisfied. By Theo-
rem 1.1 we have either

exp(Ky ol + 0)|ug|?) is bounded in L'(£2)

or

u=0 and ®O(|Vug|) >, in M(Q).

In the first case we easily conclude the proof using Lemma 2.5 as above.
Now, it is enough to prove that in the second case we have

Jim A (i) = £,()F(0). (40)

Fixe > 0. As [|®(|Vug|)||L1(@) < 1, we can use Theorem 2.3(ii) to obtain Cy > 0
such that

/ eXp(Kma\uk\”) <0y (41)
Next, by (5), there is ty > Oquch that
IF(1)] < C%exp(f(n,aw) for [¢] > t . (42)
Now, we have

Ar(iy) — Lo(QF(0)] < / F(uy) — F(0)]

< /Q‘F(uk>X{|Uk|<to} _F(O)‘ +/Q|F(uk)|x{|uk>t0}

Since F' is continuous and up — 0 a.e. in €2, by the Lebesgue Dominated
Convergence Theorem we obtain Iy — 0. By (41) and (42) we see that I < e.
We have proved (40) and we are done. O

5. Concluding remarks

(i) The original statement of the Concentration-Compactness Principle for the
space Wy (Q) (see [14, Theorem 1.6]) can be misunderstood in the sense that
it might seem that if {ug}52, C W, () satisfy

IVugl|ny <1, —win Wy™(Q), and  |Vug|™ = &, in M(Q),
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then there is just one ¢ > 0 such that exp (Kn,0|uk|ﬁ) — 15 ¢b,, in M(Q).
Our next proposition says that for a concentrating sequence the constant c is
not unique in general.

Proposition 5.1. Letn >2, a<n—1, K >0 and let ® be a Young function
satisfying (1) and let K < K,,,. Suppose that there is a sequence {uy}3>, C
WoL® () such that

1O(Vur)llie <1, wp—0in WoL®(Q), up — 0 ae inQ,
O(|Vaug|) = 84y in M(Q)  and  {exp(K|up?) — 1332, = ¢y, in M(Q)

with ¢ > 0. Then for every d € [0,c| there is a sequence {vy}32, C WoL®(Q)
such that

1e(|Vor) 2y <1, v = 0 in WoL®(Q), v, — 0 a.e. in €,
O(|Vog|) = 0py in M(Q)  and  {exp(K|vg|?) — 1352, = db,, in M(Q).

Proof. 1f d = ¢, we set v = u; and we are done. Thus suppose 0 < d < ¢. We
can also suppose that o = 0 € Q. Applying Theorem 2.2 and the density of
Cge-functions in Wy L® () we can further suppose that 2 = B(R), R > 0, uy, are
radially symmetric, continuous, non-negative, non-increasing with respect to |z|
and locally absolutely continuous. This means that for every k£ € N there is a
bounded continuous non-increasing non-negative function gy : [0, R] — [0, 00),
such that gi(R) = 0, g is differentiable a.e. in [0, R] and ux(z) = gx(|z|). Our
functions v, will be defined as a suitable modification of wy,.

k—o0

Clearly ¢, := fB(R) (exp(K|ug|") — 1) "=" ¢. We can suppose that ¢, > d,
otherwise we pass to a subsequence. Fix k € N. The function

Y(t) = /B(R) (exp(K | min(¢, uy)|") — 1)

is continuous on [0, 00) and satisfies ¥(0) = 0 and ¥ (ug(0)) = ¢, > d. Thus
there is 0 <ty < ug(0) = gx(0) such that

Y(ty) = /B(R) exp( K| min(tg, ug)|”) — 1 = d. (43)

As gy, is continuous, there is ag € (0, R] such that gx(ag) = to. Find L € N large
enough so that

gk(O) — to 1
= < —, 44
’ oL &k (44)
The continuity of g, implies that there are 0 = aop, < asp1 < -+ < a1 < ag

such that g(a;) = j7+t9, 7 =0,...,2L. Let us define

hi(t) = g(t) = 2j, t € [ag;t1, az;l, j=0,...L—1,
e 207 + 1)1 — gr(t) + 2to, t € [agjq2,a2541], j=0,...L—1.
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It is easy to check that this function is continuous and satisfies
0<hy <gr, hg=ggonlay,R], hy€ [to,to+ 7] on [0,ao] (45)
and |h}| = |g;| on [0, R] \ U?il a;. Set vi(z) = hi(|z|) for z € B(R). From the

properties of hy we obtain
0<wv, <ug, vrp— 0ae. inB(R), D(|Vu|)=P(|Vug|) a.e. in B(R),
v € WoL*(B(R)).  @(1V0ulliiaimy < L [2(1Vuil)] = 6o in M(B(R)).

Furthermore, we can suppose that vy — 0 in Wy L*(B(R)). Indeed, as the norm
|@(|Vk|)|l 21 (B(r)) is bounded, passing to a subsequence we can suppose that
v, — v in WoL®(B(R)) for some v € Wy L®?(B(R)). Hence vy — v in L'(B(R)).
Thus passing to a subsequence again we can suppose that vy — v a.e. in B(R)
and hence v = 0 (recall that u; — 0 a.e.).

Finally from (43) — (45), vg(x) = hx(|z|) and the continuity of the function
exp we see that fB(R) (exp(K|vk|") = 1) — d. Thus Proposition 3.4 concludes
the proof. O

(ii) In view of Corollary 1.2, one can ask whether there actually exist con-
centrating sequences satisfying the condition exp(K, q|ug|?) — 1 = ¢6,,, with
¢ > 0. An explicit so called Moser sequence is known for the case ro = 0, n = 2
and o = 0 and it is defined by

(1 1 1
— log2(k < < =
1 1
up(z) =4 1 oggm) 1<t
27Tlog§(k) k
0, 2] > 1

\

(iii) The technical condition (2) was used in our proofs mainly for the ap-
plication of Theorem 2.3(ii). If it is possible to prove the analogue of The-
orem 2.3(ii) under weaker assumptions then we believe that it is possible to
obtain our results under this weaker assumptions as well.

(iv) It is possible to use similar methods to obtain the Concentration-
Compactness Principle also for embedding into multiple exponential spaces (see
forthcoming paper [3]). In these results it is necessary to use [5] instead of The-
orem 2.3.

(v) Even though it was essential for us to work with the norm given by (6)
(this is the norm giving the strong Holder’s inequality), the statements of our
theorems with assumptions || ®(Vug)| 1) < 1 rather correspond to the stan-
dard Luxemburg norm (see Preliminaries) because the above assumption reads
that the Luxemburg norms of u; are bounded by 1. If the bound of the Luxem-
burg norm was not 1 but say C' > 0 then one can easily see that our assertions

would still hold but with the critical parameter K = %
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