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Abstract. We study the Hardy type two-weighted inequality for the multidimen-
sional Hardy operator in the norms of generalized Lebesgue spaces Lp(')(R”). In this
way we prove equivalent conditions for LP() — L) boundedness of Hardy operator
in the case of exponents ¢(0) > p(0), g(co) > p(c0). We also prove that the condition
for such inequality to hold coincides with condition for validity of two weighted Hardy
inequalities with constant exponents, if we require the exponents to be regular near
zero and at infinity.
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1. Introduction

In this paper, we derive the Hardy type two-weighted inequality,

|

in norms of generalized Lebesgue spaces LP¢)(R™).

We prove that the validity of inequality (1.1) coincides with the validity of
two ordinary weighted Hardy inequalities with constant exponent. In fact, we
prove equivalent conditions for the inequality (1.1) to hold when ¢(0) > p(0),
q(00) > p(00). To characterize the behavior of exponents, in our considerations
we use a modified log conditions near zero and infinity.
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With a recent introduction of the ideas and approaches of Lebesgue spaces
LP0)(R™) to the theory of integral operators and to the theory of non-Newtonian
systems (see survey, e.g. [2,3,5,9,20]) it has become possible to consider Hardy
type inequalities with a variable Lebesgue exponent. Recently there have been
quite a number of papers discussing Hardy inequality in norms of LP()(R")
spaces (see [1,4,6,7,10,12-15,19,21,22]). For constant exponents the Hardy
inequality is a classical topic (see, e.g. [11,16,23]). It follows from the classical
results that for 1 < p < ¢ < oo the case reduces to a one-parameter problem
on maximum and to the convergence of an improper integral for 0 < ¢ < p,
1 < p < oo. Note that different criteria are available for characterizing of the
same inequality (see [17,18,23]). These criterions have proved their usefulness
in our investigation.

2. Auxiliary statements, definitions and notation

Denote pt = sup,cpn p(z), p~ = inf,ern p(z) for measurable functions p :
R™ — R. Denote by xg characteristic function of set £ C R". By P we denote
the set of measurable functions p(x) defined on R"™ which satisfy the condi-
tion 0 < p~ < p(x) < pt < co. By LPO(R") we denote the Banach space of
measurable functions f : R” — R such that

: f _
11l Lo gny = inf {)\ >0:1, (X <lp, p >1,

where the modular I, (f) := [, | f(2)]P™) dz. For basic properties of the spaces
LPO)(R™) we refer to [8].

The weight functions v(x), w(z) are assumed to be measurable and having
nonnegative finite values almost everywhere in R™. For weight functions we
assume the following conditions:

o =w(z) 7@ € LY(B(0,a)), v(x) € L'(R"\B(0,a))

for any a > 0 . We use the notation

Vizr) = v(y)dy, Wi(x)= o(y)dy.
@ =] s We= [ oy

It is clear that the function V(z) and W (x) are radial, i.e., depend only
on |z|. We denote them by V(|z]) and W(!x\) correspondingly, where the upper
symbol ~ denotes a function of one variable. For these functions we suppose
the conditions

V(0) = 0o, W(o0) = cc. (2.1)
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Let 0 < m < 1 be such that W(m) <1,V(m) > 1. Let also M > 1 be such
that W(M) > 1, V(M) < 1. Denote by Ag the class of functions f : R" — R
satisfying the condition:

1

If(0) e R: f(x) = f(0)|In = < Ch, 2.2
(0) ‘:&w (x) = f(0)] T () (2.2)
and by A, - the condition:
df(c0) e R: sup ]f(:c)—f(oo)]ln~1 < Cb. (2.3)
|z|>M V(|x])

We denote by C' the positive constants C, C3, Cy, Cs, . . . which may depend

only on the constants n, m, M, pt,p7, 4", ¢, C1, Co, V(m), V(M), W(m),
We write g(x) ~ f(z) if there exist constants C3 and C} such that Cs f(z) <
g(z) < Cyf(x).
We use the following technical lemma.
Lemma 2.1. Let s € P and s € Ag. Then
e~ W(z)* O < W (2)*@ < erW(2)*®,  |z| <m. (2.4)
Let s € P and s € Ay. Then
e~V (2)*) <V (2)*®@ < eV (2)*), x| > M. (2.5)

Proof. To prove Lemma 2.1, for example (2.4), it suffice to rewrite the inequality
(2.4) in the form e~ < W (z)*@=50) < ¢ hence

—Cy < [s(x) —s(0)|InW(x) < Oy,
which coincides with the condition (2.2). O

When proving our results, we use the following known Hardy inequality
results for constant exponents [22,23].

Theorem 2.2. Let 0 <a<b<oo,1<p <q <oo andvy,w; : R* = [0,00)
be positive measurable functions so that

o1 =w e L(B(0,1): v e L'(B0,b\B(O,1))

foranya <t <b. Let fi(z) > 0 be any measurable function. Then the following
conditions are equivalent:
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(1) There is a positive constant C > 0 such that the inequality

(Lo Ly ) i)

P1

holds.
(2) The condition

1

Apn(p1,q1) = sup (/ Ul(x)d:p) 91 </ w(x)pllldx>l’ “ oo (27)
a<t<b \Jt<|z|<b a<|z|<t

holds.
(3) The condition

,_\‘H

Aps(pr,q1)
1 1
q1 a T
= sup </ v1() (/ 01(y>dy) dx) </ 01($>d$> (2.8)
a<t<b\Ja<|z|<t a<|y|<|z| a<|z|<t
< o0
holds.
(4) The condition
Amr(p1,q1)
P 4 -2
= sup (/ (/ vl(y)dy) al(x)dyc) 1(/ vl(y)dy> b(2.9)
a<t<b\Jt<|z|<b \J/ |z|<|y|<b t<|y|<b
< 00
holds.
Moreover, the best constant C > 0 in (2.6) is estimated as
C ~ Ap(pr, 1) ~ Aps(pi, 1) ~ Amr (P, 1) (2.10)

3. Main result

Main result of the paper is the following statement.

Theorem 3.1. . Let p,q € AoN Ao NP. Let f(x) > 0 be a measurable function
and suppose that

p~ >1, q(0) > p(0), q(c0) > p(c0).

Then the following conditions are equivalent:
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(1) There is a positive constant g whig@ depends only n, m, M, p*, p~,

qt, q=, Cy, Co, V(m), V(M), W(m), W(M) such that the weighted norm

inequality

vi H f ()

< C||wr £ (@)

La() (R™) L0 (R™)

holds for any f.
(2) There exist positive constants Cs and Cy such that both the weighted in-
equality

RPEVALY e
(/ (/ f(y)dy) U(SB)d:B) < (4 (/ f(x)p(o)o-l—p(O)dm)
B(0,m) \/]y|<[z| B(0m)

and

1

" ﬁ p(0)
d d C p(0) 1—p<o>d>
(/|30|>M</M<y|<lwlf(y) y) ) x) : 4(/90|>Mf($) 7 o

hold for any f.
(3) Both the condition

sup V(t)flf)) W(t)ﬁ < C5 < o0 (3.1)
0<t<m
and _ L )
sup V(t)a - W(t)7= < Ch < 0. (3.2)
t>M

hold, where the positive constants Cs and Cg do not depend on t.
(4) The condition

1 1
V(z)a@ - W(x)r@ < Cr <oo; x€R"
holds, where the positive constant C; does not depends on x.

3.1. Proof of (3) = (1). Let f(z) > 0 be an arbitrary function satisfying the
1

< 1. Then
p(*)

condition H fw;(.)

Ly (fw?) < 1. (3.3)

To prove (3) = (1) we have to establish the inequality Iy, (U%Hf> < C. Proof
of this inequality takes three steps.
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Step 1. Estimation near the origin.

Let = € B(0,m) be an arbitrary fixed point. Denote p, = Eigg)f' l)p(t). We write
te ,|T

the Hardy operator as sum of two summand with “largest” and “smallest” parts:

/ f(t)dt :/ X dt—i—/ fo(t)<1dt (3.4)
B(0,|z|) B(0,|z|) ok BOJal) W

Estimation of “largest” part. Using (3.3) and Hoélder inequality, we have

/
/ fozldt:/ (_ Xizl(j(t)dt
B(O,lz) ¢ B(0,Jz|) \T 7
p()
<L ()
B(O,Jx]) \T
f)p(t) P </ )p;
= odt odt
(/B(O,:v|) (U B(0,]])
<(fos)
B(0,]x])

Using (3.5) we have that

q(m 7? q(z)
(/ in>1dt ) Xi>10'dt
B(0,|z|) i B(0,|z]) 7T
p(t) q(z)
=W(x )(pzy W(m)m)'/ <i> Pe X1 0dt
B(0,|z) \O 7T

IN

8

_ p() 9z
Q(I):‘Z/z f Py
< W(z) @) = odt
B(0Jz)) \9

where we have used that the term in second parentheses in the right-hand side
is less then one, because we can pass to the small exponent ¢, . Hence

q(x) a(2)—a5 f % o
(/ fo>1dt) < W(x) @ / (—) " odt
B(0,|z|) 7 B(0,|z[) \7

Applying Holder inequality, we have

P dp

q(z) a(@)—ay 2 -
x+ L 1 f p Px
fxz dt) < W)™ o / (—) odt (3.6)
</B(o,|m|> 721 W () Jpoap\@
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and hence

q(=)
/ v(x) </ fo>1(t)dt) dx
B(0,z) B(0,]z]) 77

a(@)—ag Py =P — 1 f ? Pz
< W(z) w2V W(z) » / (—) odt v(z) dz.
/B<07|z=> ) ) (W(ff) BOjal) \O )

9(x)—ay

For z € B(0,m) we have W(x) » < 1. According to Lemma 2.1 and
conditions p, q € Ay,

PG ) 2(0) (p(0)—p™)

Wi(z) » < CsW(zx)  *»© ; x¢e B(0,m). (3.7)

To prove this inequality, we apply Lemma 2.1 and verify q;(p;?—,_pi) € Ao
The last belonging easily follows from the conditions p,q € Ag and the equal-

ity 2eer) — a0 = L [p(0)p; (@ — a(0)) + a(0)p™ (p; — p(0)) +

p~p(0) (¢(0) — ¢, ) } Hence, using (3.7), we conclude that
q(z)
/ v(x) (/ fo)21<t)dt> dx
B(0,m) BO,z)  °
” P ag (3.8)

< 05/ W(x)qm)(};((%);pi) / (i) " st v(x) dz.
B(0,m) B(0,J«[) \O

Note that, by Holder inequality and (3.3) we have

N3

p(t) 1

/ (i) " odt < (/ f(t)p(t)wdt) ’ W(x)TiV < W(x)ﬁ (3.9)
B(0,Jz) \7 B(0,]x)

To continue the estimate (3.8), we shall use inequality (3.9). Denote

N

p(t

g(x) = W(z) &7 /B(O I) (g);:— odt

By using of (3.9) we have 0 < g(x) < 1. Hence

q(z)
/ v(x) (/ fo>1(t)dt> dx
B(0,m) B(0,z]) 7T

a(0)(p(0)—p~) P 4z P agy 1

(3.10)
< 05/ Wi(x)  »©@ g re W(x) re @ v(z)de.
B(0,m)
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€ Ag. Then according to Lemma 2.1

Using p,q € Ay it is easy to Verlfy
(3.11)

we have
4z 1 (p~=1)q(0)
P x e B(0,m).

Wiw) = 7 < Gl ()
By (3.11) the right-hand side of (3.10) does not exceed Cq(I; + I5) where

[1 = /
{z€B(0,m):g(z)>W (z)}
P4y

[2 = /
{zeB(0,m):g(z)<W (x)}

Using (3.1) and W (m) < 1, for the integral I we have

a(0) | pag

123/ W(x)*@ " re v(x)dw
B(0,m)

< 07/ V() 4(0)
— _(;'7/ vt 1 Eﬁ)de (3.12)

7(mp+
= Cs.

2

For the integral I by partitioning of integration region, we have

'B

I = / )
{zEB(O m):g(z)>W(x), iz(ﬁ%}

" /{xeB(o,m)sg(xPW( 0. &<l

= IH + 112.

As we noted above, the exponent Z—i € Ag. For I;; we have the estimates
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Let us now apply Theorem 2.2 with condition (2.8), assuming a = 0,

_ 0)(p(0)—p—) _
b=mand g = O p = p, 0 = W)™ 70 w(x), w = ox)

fi= (f)ﬁ% 0. Then by (3.14) we obtain the estimate

a(

q(0)
p(0) q(0)
I <Gy (Aps(phfh)/ prdt) < CioAps(p1, q1)*® (3.15)
B(

0,lz|)

Let us now make sure that the value Apg(p1,q1) is finite, i.e., verify the fulfill-
ment of condition (2.8):

1
1

(/% u(y)Waly)” dy) ")

= ([ W a0
lyl<t

</|y|<t U(y)W(y)qm)dy) " W (t)_ﬂl‘”] . (3.16)

<Cpy [ sup V(t)ﬁ W@m] =

0<t<m
< 012, O<t< m,

e, Aps(p1,q1) < Ciz, where Wi(y) = f‘x|<|y| wl(;v)_ﬁdx and the last in-
equalities follow from (2.10), (3.1). Since condition (2.8) is fulfilled, the above
given passing from (3.14) to (3.15) is legitimate. According to Lemma 2.1 and
the conditions 0 < g(x) < 1, g(z) > W(x); x € B(0,m) for the second integral
term at the right-hand side of the inequality (3.13) we have the estimate

az _ a(0)

C1
glz)rs " < W(a)" W < O
By using of (3.14) and (3.15) we receive the estimates for ;5 also:

q2(0)  p~q(0)

]12 < / W(x)p’(())g p(0) U(J,‘)dl‘ < 014/ f(t)p(t)wdx < C14. (317)
B(0,m) B(0,m)

Hence
r(0)

I, < CCHY + Chy. (3.18)
Using estimates (3.12) and (3.18), we get

q(z)
/ (/ fo>ldt) v(x)dr < Cis. (3.19)
B(0,m) B(0,|z[) 7
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Estimation of “smallest” part. According to the Theorem 2.2 with condition
(2.7) assuming ¢ = ¢(0), pr = p(0), v1 = v(x), w1 = o(x)"P, fi = o (z) we

obtain
q(z)
/ (/ fo<1dt) v(x)dx
B(0,m) B(0,]z[) 7

q(x)
< / ( / adt) v(x)dx
B(0,m) \JB(0,|z|)

= / W(z)"@v(z)dx (by g € Ag)
B(0,m)

q(0)
< (]16/ (/ 0dt> v(xz)dz (by Theorem 2.1)
B(0,m) \JB(0,z|)

a(0)

p(0)
S 017 (/ de)
B(0,m)

To verify condition (2.7) of Theorem 2.2 we use (3.1). Estimates (3.19) and
(3.20) complete the estimation near zero:

(3.20)

q(x)
/ (/ fdt) U(l’)dl’ < Clg = 015 + Clg. (321)
B(0,m) B(0,|z|)

Step 2. Estimation near the infinity.
Again writing the Hardy operator as sum of two summand with “largest” and
“smallest” parts, we obtain

q(x)
/ (/ fdt) v(x)dx
R™\B(0,M) \J B(0,|z|)\B(0,M)
q(x)
< 2‘1+1/ </ fxf>1dt> v(x)dx
R™\B(0,M) \JB(0,Jz)\B(O,M) 7

q(z)
+24+1/ (/ fo<1dt> v(z)dx
R\B(0,M) \JB(0,z)\B(O,M) °
=1 20 (4 + dy).

Estimation of “largest” part. Taking assumption (3.3) into account, we find
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a(x)
1 = / (/ ( ) Xf>10'dt) v(x)dx
R™\B(0,M) \J B(0,]z[)\B(0,M) \ O e
f p(t)
< < dt d
B /R"\B(D,M) /B(O,x|)\B(O,M) <0> X9 v(z)dz (3.22)

< Oy / v(z)dx
R\ B(0,M)

that

|~

== 021.
Estimation of “smallest” part. Let us now estimate i5. We denote
F(z) = / fE)xs_,dt and G(z) =
o\ W(x)

It is clear that, F'(x <fB 0,z O'dt—W(ZL‘), hence 0<G(z)<1; zeR"\B(0, M).
We have the followmg elementary estimates, derived by partitioning of integra-
tion region:

io —/ F(z)@y(z)dz
R\ B(0,M)

_ / GO () d
R\ B(0,M)

/ GIDW ) (1) d
{lo1>M:G(2)< 5}

+/ GOy (1) dx
{lz|>M:G(z)> (@) (3.23)

W()

/ v(z)dx +/ GURIGID =AW 1)y (1) d
R™\ B(0,M) {ll>M:G(x)> wm}

< V(M) _|_/ G() Ga@) =R pra@) g (1) e
{l1>M:G(@)> gy} {z:a(2)>a(o0)}

IN

{lo1>M:G(2)> iz n{a(@)<a(o0)}

Note that for s € A according to Lemma 2.1 and (3.2) using /VIV/(M) > 1 for

Co

|z| > M, we have W3 < s s@)=s(2) < s 7 ls(@)=s(0)] < sy visy

and hence
Cop’ (00)

W) < s (&Q;)) q(c0) In V@) _ 02360?1?02) W) (3‘24)
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The same inequality for W*() gives backward inequality: W) <

Ca

Ws(x)ws(oo)—s(x) < Ws z W| —5(00)| < Ws z Wlﬂﬁ which imphes

Cap’ (00}
Cap’ ()

C oo n
() < W@ (Véj)) Yo s — Cyge 2= W) (3‘25)

Using (3.24) with exponent in the integral term over the set

{x ol > N, 6 2 ) < q(oo>}

of the last inequality (3.23), we have

<V (M)+ / G(09) Gate)=a(6) 0o 1)
{I2/>M:G(@)> i Yla@)>a(o0))

+ Oy / GIEIW )y (z)dr  (by 0 < G(z) < 1)
R\ B(

0,M)

<V(M) —i—/ GICIW @)y (z)da +/ G W)y (1) dx:
R™\B(0,M) R\ B(0,M) (3.26)

SV(M) +/ FQ(oo)WQ(x)—Q(OO)U(x)dx +/ FQ(OO)U(m)d;E
R7\ B(0,M) R\ B(0,M)

(by (3.24) with s = q)

<V(N)+ 025/ F1)y(z)da,
R™\B(0,M)

Let us apply Theorem 2.2 with condition (2 ) the last summand, as-

suming ¢; = ¢(00); p1 = p(00); vy = V; Wy = w? T fy = fxs_,- Then we
have

B

N

(oo p(oo0)—1 p(co
F1)y(z)dx < Cag fi Jw @ dy .
R7\ B(0,M) R™\B(0,M)

The condition (2.7) follows from (3.2). Hence

q(0)

p(o0)— p(o0) ~
iy < Oy (/ FP(0) p(z>11Xf<1da;) + V(M). (3.27)
R\ B(0,M) v

By virtue of (3.24) with s := p and partitioning of the integration region
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we have the estimates:
/ fPey ST 11Xf dx
Rn\ B(0,M)
p(c0)
:/ (i) OXfoqdx
R™\B(0,M) \ T o
f P(OO)
:/ 2 (‘) OX i qdx
{|x\>M:§<Wa<oo>} o o
p(oc0)
/
+/ » <—> Xt odx
{lol>ar:L>w e }\ O L
S/ W 20dx
R\ B(0,M)
p(e) ¥ p(00)—p(x)
~ o M = ox s _.dx
/{|z|>Mp ) <p(oo f>Wv«-i>}(f ) (0) X« (3.28)
+/ B (i)P(w) (i)p(w)p(r) O‘Xi<1dl'
{umewBwaguvmﬁ} o o >

p(x)
— + (i) odx
V( {|2]>M:p(z)<p(o0)} \ O

p(z)
/’ mﬂ@@%ﬂWﬁ(i) o
{Jol>Msp(e)2p(o0)} o

1
< = + Clg / ot P@) @) g 4 ]
V(M) R™\B(0,M)

1
:ng+1+~—

V(M)

<

+

- 029.

Again we use (3.24) with s = ¢ in this calculation. From estimates (3.22),
(3.26), (3.27) and the inequality (3.28) we obtain

q(x)
/ (/ f(t)dt) v(x)dx < Cy. (3.29)
R\B(0,M) \J B(0,|z|)\B(0,M)

Step 3. Estimation in the middle.
Since Ly (W™ P XBom)) = fB(O wyw Pidt =2 W(M) < Cs; by virtue of (3.3)
and Hélder inequality, for the p(-)-norms we have

1 1
/ f(t)dt < Cy wa”XB(o,M)H Hw pXB(O,M)” < Cha. (3.30)
B(0,M) () P()
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q(z)
/ (/ f(t)dt) v(x)dx
R™\B(0,M) \JB(0,M)
< (1 + (/B(OM) f(t)dt) ) /Rn\B(O’M)v(x)da:.

Using (3.30) and (3.31) we have

q(z) ~
/ ( / f(t)dt) vy < (140 ) VN) = Gy (332)
R™\B(0,M) \JB(O,N)

Further, the elementary inequality (a + b)? < 2P7! (a? + ) with a > 0, b > 0,
p > 1 and using the inequalities (3.21), (3.29), (3.32) give us following esti-
mates:

q(t)
/(/ f(t)dt) v(z)dz
R™ \JB(0,]z])
q(x) o)
d v(x)dx d () d

S/B(Om)@(%bf (t) t> (z)dz+ é (07M)\B(07m)< é (o,|x|)f(t) t) (2)

' - (3.33)

g —1 J p

i /R"\B(O,M)(é(o,M)f@ t) v(z)de

q(z)
4201 / ( / f(t)dt) v(z)dx
R"\B(0,M) \/B(0,|z|)\B(0,M)

< Csy.

Hence

(3.31)

The part (3) = (1) of Theorem 3.1 is proved.

3.2. Proof of (1) = (3). Now, we shall construct an auxiliary function. Using
it in the inequality (1.1), necessary conditions will be derived. Let ¢t € (0,m)
be fixed. We denote

1

filz) = ( /B . ads)pm) o (@)X B0y (). (3.34)

For |z| <t by using W (m) < 1, p € Ay we have

W (t)P®) = W (£)POW (¢)@)-r0)
Cq N
> W(EHPOW ()" @ (since W(z) < W(t) < 1)
o (3.35)
> W (PO ()" ve

e O W(t)p(o).
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By the same way using ¢ € Ag we have W(£)1@ = W (£)1OW (¢)1@)-a0) <
__ <

W(H)IOW (t) "W and

C1

W ()1® < W () OW ()" 76 = Ly (1)40), (3.36)
Hence, using (3.35), we have
1 o(z)dx
Ly (w2 1) = / o@dr e (3.37)
B(O.t) W (t)»©

< Csg.
(")

Let (1.1) holds for the function f;. From (3.37) we derive Hw% fi

Then (1.1) implies ‘ viH (ft) o < Cyr. Hence, 1y0),5(0,m) (v%Hft> < (55 and
al-
W (z) .
Hfi(x) < XBOm) ft(¥)dy = ———XB0.n(T) + W ()" O X 0m)\B0,1)(t)-
yl<lel W (t)7

According to Lemma 2.1, for ¢ € Ag we have W (2)?®) ~ W (z)?®. Hence using
(3.36) we have

Iy <WXB<o,m>Hft) = / ( )v(y) (Hf,)*™ dy
B(0,m

Q(i)d
> [ ) ()

a(x)

> / (@)W (1) W ()" @de (by (3.36))
B(0,t)

a(z

> 039/1/17(15)_73@ / v(z)W (2)10dz.
B(0,t)

Hence
a
( / v<x)W(x)q<°>dm) W(t) 7 < Cy, 0<t<m. (3.38)
B(0,t)
According to Theorem 2.2, conditions (3.38) and (2.8) lead to the inequality

1 1
4(0) p(0)
(/B(O )(Hf)qm)vdx) < Cpy (/B(o )f(x)p(o)al_p(o)da:) : (3.39)

Inequality (3.39) generates the condition

T
( / v(a:)da:) W70 < Cp, te(0,m).  (3.40)
B(0,m)\B(0,t)
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Now, let us show that (3.40) implies (3.1). For |z| < % we have the in-
equality

V) v
/y|<|ac|<mU<y>dyZ (1 ‘7(%)> V(Jal)- (3.41)

To prove last inequality it suffices to use the elementary inequality V(m) <

“j— (|z]) for |z| < 2 in the equality V (m —|—f <[zl <m U v(y)dy = V(|z|). Hence

using (3.41) in (3.40) for any t € (0,2) we have

~ —~ q(

VOW ()70 < Cyy (3.42)

which easily implies (3.1). The condition (3.1) has been proved.
Proof of (1) = (3.2). By duality (see, e.g. [8]) in the spaces LP(), (Lp('))* =
LP'() and

Hf(z)-g(x)de = [ H'g(x)- f(x)dr.

R™ R™

Here H*g(x) = f|y|>‘m| g(y)dy. Hence (1.1) equivalently to the inequality

We have the inequality (3.43) with any test function f(x) > 0.
Fix any t > M and put fi(z) = V(t)_mv(:p)mxbt(x) in (3.43). Using

1—q' ()

0T f(2)

O'ﬁH*f(ZL‘) S 044

3.43
(") ( )

q()

qg € A we have & € Aw. Hence using V(M) < 1 and & € Ay for any

2] > t we have V(#) 7 = V(8) 70V ()70 76 < V(1) 70 V() "V <
2

V(675 V(1) " 70 = eI ()T e,

—~

W(t) 7 < W) 70;  |a| > t. (3.44)

By the same way, using p’ € Ay and V(M) < 1 we have V(t)‘ﬁ'(x) =

Co

V()P V)PP > V)PV ()" 7@ and

Ca

V(t)—z?/(r) > v(t)—l"(oo)v(t)lnﬁ = 6_02‘7(25)_1’/(00). (3.45)

By using of (3.44) we have

—q ~ _d@
Iy (vlq’ ft> :/ V(t) ¥ vdr < ecz/ V() w(z)dr < 2. (3.46)
|z[>¢ || >t
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Testing inequality (3.43) with the function f;(z) and using (3.46) we have
Ly <0?H*(f)t> < Cy5. Then using (3.45) we have

—p'(c0)

coz[ o[ v(y)V(t)‘®dy>pl(x;$26_02f Via)" @ T(t) ¥ o (2)da.

|z|>t ly[>]z| |z|>t

By using p’ € Ay and Lemma 2.1 from here we infer

Ci > V(1) 7@ [ V(@ ®o(z)de.

|| >t

o
Hence <f|m|>tV(30)1”/(OO)(T(:zc)dac)MOO> V(t)_m < Cy6. According to Theorem
2.2 this condition implies (3.2). The implication (1) < (3) has been proved.

3.3. Completion of the proof of Theorem 3.1. Implication (3) < (2). It
follows by simple applications of Theorem 2.2 with condition (2.7).

Proof of implication (4) < (3). To prove this implication it suffices to prove
that

1 1

V(z)a@ ~ V(z)«; forxz € B(0,m) (3.47)

and
W (2)7@ ~ W ()7 for [z| > M. (3.48)

Indeed, let us demonstrate (4) = (3.1). Denote by ¢*, ¢ ,p™,p~ the rele-
vant values of exponents p, ¢ over the set B(0,m). Using V(m)>1 and W(m) <1
1 1 1 _1
we have Cy; > V(z) @ W (z)?@ > V(x)da W(z)@™ for x € B(0,m). Hence,

+

V(z) < CyW(x) @97 x € B(0,m). (3.49)

Using p, g € Ag we have %EAO. By using (3.49) and V (m)>1, éEAO we have

ooy (3.50)
1

< C49V(x)ﬁW(:v)i @Y I

atcy 1

= Cyoe @™V (x)a@ .
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The same inequality holds for the term V(x )ﬁ

B qtoy (351)

atcy 1

= Cspe ) V(x) @

Hence V(az)ﬁ ~ V(x)ﬁ for x € B(0,m) .
According to Lemma 2.1 and the conditions (2.2) for p we have W (x)7@ ~
1
W (z)# ) for v € B(0,m). Hence for x € B(0,m) we have
V(@) T W (2) 75 ~ V()T W(z)7© (3.52)
and (4) = (3.1) has been proved.

Let us prove the same equivalence at the infinity, i.e., prove that (4) (3.2).
We need to prove W (x)»@ @ ~ W (x)7' () =7 for |z| > M. Denote by ¢q*,q¢,p*,p~

the relevant values of exponents p, ¢ over the set R™\ B(0, M). Using \7(]\14) <1
— 1 1 17
and W (M) > 1 we have Cs > V(x)ﬁW(x)m > V(z)a W(z)@) for
x € B(0,m). Hence,
_e)

W(z) < CsoV(x) o 5 |x| > M. (3.53)
Now, using q € A, we have 1 ; € M. By using (3.53), W(M) > 1 and € Ao
we have for |z| > M :

W (2)7® = W (2)7@ W (2)7@ 7

CQ
< W)W (@)
e (3.54)
< CouW (2)7&V(z) © v
() Co 1
:C’é?)e a- W(;C)p’<oc)

The same inequality holds for the term W(az)ﬁ for |z| > M:

W (2)7 = = W (2)7@ W (2)7 7@
1 =
<W(z) 7@ W (z)" 7
e, (3.55)
< CsW (2)7@V(z) 7@
) Co 1
= (Csge - W(l‘)lﬂ,(I)
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According to Lemma 2.1 and the conditions (2.3) for ¢ we have the impli-
1 1
cation V(x)@ ~ V(x)a= for |x| > M. Hence for |z| > M

V(z) @ W (z) 7@ ~ V()@ W(z)7® (3.56)

and (4) = (3.2) has been proved. Hence (3.52) and (3.56) gives the implication
(4) = (3).

By the same way as (4) = (3) we can easily show that (3) = (4) and
Theorem 3.1 has been proved.

Remark 3.2. Applying Theorem 3.1 in the case of weights

o(z) = ‘x’q(x)(ﬁ(m)*%*ﬁ) L W= |x’P(r)5(I)
we can improve the condition ¢(z) > p(x) in the paper [12] to ¢(0) > p(0),
q(00) > p(o0).
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