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On Equivalent Conditions for the
General Weighted Hardy Type Inequality

in Space Lp(·)

Farman I. Mamedov and Yusuf Zeren

Abstract. We study the Hardy type two-weighted inequality for the multidimen-
sional Hardy operator in the norms of generalized Lebesgue spaces Lp(·)(Rn). In this
way we prove equivalent conditions for Lp(·) → Lq(·) boundedness of Hardy operator
in the case of exponents q(0) ≥ p(0), q(∞) ≥ p (∞). We also prove that the condition
for such inequality to hold coincides with condition for validity of two weighted Hardy
inequalities with constant exponents, if we require the exponents to be regular near
zero and at infinity.
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1. Introduction

In this paper, we derive the Hardy type two-weighted inequality,

∥∥∥v
1

q(x)Hf(x)
∥∥∥
q(·)

≤ C

∥∥∥ω
1

p(x)f(x)
∥∥∥
p(·)

, Hf(x) =

∫

{t∈Rn:|t|≤|x|}

f(t)dt. (1.1)

in norms of generalized Lebesgue spaces Lp(·)(Rn).
We prove that the validity of inequality (1.1) coincides with the validity of

two ordinary weighted Hardy inequalities with constant exponent. In fact, we
prove equivalent conditions for the inequality (1.1) to hold when q(0) ≥ p(0),
q(∞) ≥ p (∞). To characterize the behavior of exponents, in our considerations
we use a modified log conditions near zero and infinity.
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With a recent introduction of the ideas and approaches of Lebesgue spaces
Lp(·)(Rn) to the theory of integral operators and to the theory of non-Newtonian
systems (see survey, e.g. [2,3,5,9,20]) it has become possible to consider Hardy
type inequalities with a variable Lebesgue exponent. Recently there have been
quite a number of papers discussing Hardy inequality in norms of Lp(·)(Rn)
spaces (see [1, 4, 6, 7, 10, 12–15, 19, 21, 22]). For constant exponents the Hardy
inequality is a classical topic (see, e.g. [11,16,23]). It follows from the classical
results that for 1 < p ≤ q < ∞ the case reduces to a one-parameter problem
on maximum and to the convergence of an improper integral for 0 < q < p,
1 < p < ∞. Note that different criteria are available for characterizing of the
same inequality (see [17, 18, 23]). These criterions have proved their usefulness
in our investigation.

2. Auxiliary statements, definitions and notation

Denote p+ = supx∈Rn p(x), p− = infx∈Rn p(x) for measurable functions p :
R

n → R. Denote by χE characteristic function of set E ⊂ R
n. By P we denote

the set of measurable functions p(x) defined on R
n which satisfy the condi-

tion 0 < p− ≤ p(x) ≤ p+ < ∞. By Lp(·)(Rn) we denote the Banach space of
measurable functions f : Rn → R such that

‖f‖Lp(·)(Rn) = inf

{
λ > 0 : Ip

(
f

λ

)
≤ 1

}
, p− ≥ 1,

where the modular Ip (f) :=
∫
Rn |f(x)|

p(x)
dx. For basic properties of the spaces

Lp(·)(Rn) we refer to [8].
The weight functions v(x), ω(x) are assumed to be measurable and having

nonnegative finite values almost everywhere in R
n. For weight functions we

assume the following conditions:

σ = ω(x)−
1

p(x)−1 ∈ L1(B(0, a)), v(x) ∈ L1
(
R

n\B(0, a)
)

for any a > 0 . We use the notation

V (x) =

∫

|y|>|x|

v(y)dy; W (x) =

∫

|y|<|x|

σ(y)dy.

It is clear that the function V (x) and W (x) are radial, i.e., depend only

on |x|. We denote them by Ṽ (|x|) and W̃ (|x|) correspondingly, where the upper
symbol ˜ denotes a function of one variable. For these functions we suppose
the conditions

Ṽ (0) = ∞, W̃ (∞) = ∞. (2.1)
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Let 0 < m < 1 be such that W̃ (m) < 1, Ṽ (m) > 1. Let also M > 1 be such

that W̃ (M) > 1, Ṽ (M) < 1. Denote by Λ0 the class of functions f : Rn → R

satisfying the condition:

∃f(0) ∈ R : sup
|x|<m

|f(x)− f(0)| ln
1

W̃ (|x|)
≤ C1, (2.2)

and by Λ∞ - the condition:

∃f(∞) ∈ R : sup
|x|>M

|f(x)− f(∞)| ln
1

Ṽ (|x|)
≤ C2. (2.3)

We denote by C the positive constants C,C3, C4, C5, . . . which may depend
only on the constants n, m, M , p+, p−, q+, q−, C1, C2, Ṽ (m), Ṽ (M), W̃ (m),

W̃ (M).
We write g(x) ∼ f(x) if there exist constants C3 and C4 such that C3f(x) ≤

g(x) ≤ C4f(x).
We use the following technical lemma.

Lemma 2.1. Let s ∈ P and s ∈ Λ0. Then

e−c1W (x)s(0) ≤ W (x)s(x) ≤ ec1W (x)s(0), |x| ≤ m. (2.4)

Let s ∈ P and s ∈ Λ∞. Then

e−c2V (x)s(∞) ≤ V (x)s(x) ≤ ec2V (x)s(∞), |x| ≥ M . (2.5)

Proof. To prove Lemma 2.1, for example (2.4), it suffice to rewrite the inequality
(2.4) in the form e−c1 ≤ W (x)s(x)−s(0) ≤ ec1 , hence

−C1 ≤ [s(x)− s(0)] lnW (x) ≤ C1,

which coincides with the condition (2.2).

When proving our results, we use the following known Hardy inequality
results for constant exponents [22, 23].

Theorem 2.2. Let 0 ≤ a < b ≤ ∞, 1 < p1 ≤ q1 < ∞ and v1, ω1 : R
n → [0,∞)

be positive measurable functions so that

σ1 = ω
− 1

p−1

1 ∈ L1(B(0, t)); v1 ∈ L1
(
B(0, b)\B(0, t)

)

for any a < t < b. Let f1(x) ≥ 0 be any measurable function. Then the following

conditions are equivalent:
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(1) There is a positive constant C > 0 such that the inequality

(∫

a<|x|<b

(∫

a<|y|<|x|

f1(y)dy

)q1

v1(x)dx

) 1
q1

≤ C

(∫

a<|x|<b

f1(x)
p1ω1(x)dx

) 1
p1

(2.6)

holds.

(2) The condition

AM(p1, q1) = sup
a<t<b

(∫

t<|x|<b

v1(x)dx

) 1
q1

(∫

a<|x|<t

ω(x)
−1

p1−1dx

) 1
p′1
< ∞ (2.7)

holds.

(3) The condition

APS(p1, q1)

= sup
a<t<b

(∫

a<|x|<t

v1(x)

(∫

a<|y|<|x|

σ1(y)dy

)q1

dx

) 1
q1
(∫

a<|x|<t

σ1(x)dx

)− 1
p1

< ∞

(2.8)

holds.

(4) The condition

AMK(p1, q1)

= sup
a<t<b

(∫

t<|x|<b

(∫

|x|<|y|<b

v1(y)dy

)p′1

σ1(x)dx

) 1
p′1

(∫

t<|y|<b

v1(y)dy

)− 1
q′1

< ∞

(2.9)

holds.

Moreover, the best constant C > 0 in (2.6) is estimated as

C ∼ AM(p1, q1) ∼ APS(p1, q1) ∼ AMK(p1, q1). (2.10)

3. Main result

Main result of the paper is the following statement.

Theorem 3.1. . Let p, q ∈ Λ0∩ Λ∞∩P . Let f(x) ≥ 0 be a measurable function

and suppose that

p− > 1, q(0) ≥ p(0), q(∞) ≥ p(∞).

Then the following conditions are equivalent:
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(1) There is a positive constant C which depends only n, m, M, p+, p−,

q+, q−, C1, C2, Ṽ (m), Ṽ (M), W̃ (m), W̃ (M) such that the weighted norm

inequality

∥∥∥v
1

q(x)Hf(x)
∥∥∥
Lq(.)(Rn)

≤ C

∥∥∥ω
1

p(x)f(x)
∥∥∥
Lq(.)(Rn)

holds for any f .

(2) There exist positive constants C3 and C4 such that both the weighted in-

equality

(∫

B(0,m)

(∫

|y|<|x|

f(y)dy

)q(0)

v(x)dx

) 1
q(0)

≤C3

(∫

B(0,m)

f(x)p(0)σ1−p(0)dx

) 1
p(0)

and

(∫

|x|>M

(∫

M<|y|<|x|

f(y)dy

)q(0)

v(x)dx

) 1
q(0)

≤C4

(∫

|x|>M

f(x)p(0)σ1−p(0)dx

) 1
p(0)

hold for any f .

(3) Both the condition

sup
0<t<m

Ṽ (t)
1

q(0) · W̃ (t)
1

p′(0) ≤ C5 < ∞ (3.1)

and

sup
t>M

Ṽ (t)
1

q(∞) · W̃ (t)
1

p′(∞) ≤ C6 < ∞. (3.2)

hold, where the positive constants C5 and C6 do not depend on t.

(4) The condition

Ṽ (x)
1

q(x) · W̃ (x)
1

p′(x) ≤ C7 < ∞; x ∈ R
n.

holds, where the positive constant C7 does not depends on x.

3.1. Proof of (3) ⇒ (1). Let f(x) ≥ 0 be an arbitrary function satisfying the

condition
∥∥∥fω

1
p

p(·)

∥∥∥
p(·)

≤ 1. Then

Ip(·)

(
fω

1
p

)
≤ 1. (3.3)

To prove (3) ⇒ (1) we have to establish the inequality Iq(·)

(
v

1
qHf

)
≤ C. Proof

of this inequality takes three steps.
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Step 1. Estimation near the origin.

Let x ∈ B(0,m) be an arbitrary fixed point. Denote p−x = inf
t∈B(0,|x|)

p(t). We write

the Hardy operator as sum of two summand with “largest” and “smallest” parts:
∫

B(0,|x|)

f(t)dt =

∫

B(0,|x|)

fχ f(t)
σ(t)

≥1
dt+

∫

B(0,|x|)

fχ f(t)
σ(t)

<1
dt. (3.4)

Estimation of “largest” part. Using (3.3) and Hölder inequality, we have

∫

B(0,|x|)

fχ f

σ
≥1dt =

∫

B(0,|x|)

(
f

σ

)
χ f

σ
≥1σ(t)dt

≤

∫

B(0,|x|)

(
f

σ

) p(t)

p
−

x

σdt

≤

(∫

B(0,|x|)

(
f

σ

)p(t)

σdt

) 1

p
−

x
(∫

B(0,|x|)

σdt

) 1

p
−

x

≤

(∫

B(0,|x|)

σdt

) 1

p
−

x

(3.5)

Using (3.5) we have that

(∫

B(0,|x|)

fχ f

σ
≥1dt

)q(x)

≤

(∫

B(0,|x|)

(
f

σ

) p(t)

p
−

x

χ f

σ
≥1σdt

)q(x)

= W (x)
q(x)

(p−x )′

(
W (x)

−1

(p−x )′

∫

B(0,|x|)

(
f

σ

) p(t)

p
−

x

χ f

σ
≥1σdt

)q(x)

≤ W (x)
q(x)−q

−

x

(p−x )′

(∫

B(0,|x|)

(
f

σ

) p(t)

p
−

x

σdt

)q−x

where we have used that the term in second parentheses in the right-hand side
is less then one, because we can pass to the small exponent q−x . Hence

(∫

B(0,|x|)

fχ f

σ
≥1dt

)q(x)

≤ W (x)
q(x)−q

−

x

(p−x )′

(∫

B(0,|x|)

(
f

σ

) p(t)

p
−

x

σdt

)q−x

.

Applying Hölder inequality, we have

(∫

B(0,|x|)

fχ f

σ
≥1dt

)q(x)

≤ W (x)
q−x +

q(x)−q
−

x

(p−x )′

(
1

W (x)

∫

B(0,|x|)

(
f

σ

) p

p−

σdt

)p−q
−

x

p
−

x

(3.6)
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and hence

∫

B(0,|x|)

v(x)

(∫

B(0,|x|)

fχ f

σ
≥1(t)dt

)q(x)

dx

≤

∫

B(0,|x|)

W (x)
q(x)−q

−

x

(p−x )′ W (x)
p
−

x −p−

p
−

x

q−x

(
1

W (x)

∫

B(0,|x|)

(
f

σ

) p

p−

σdt

) p−q
−

x

p
−

x

v(x) dx.

For x ∈ B(0,m) we have W (x)
q(x)−q

−

x

p
−

x ≤ 1. According to Lemma 2.1 and
conditions p, q ∈ Λ0,

W (x)
q
−

x (p−x −p−)

p
−

x ≤ C5W (x)
q(0)(p(0)−p−)

p(0) ; x ∈ B(0,m). (3.7)

To prove this inequality, we apply Lemma 2.1 and verify q−x (p−x −p−)

p−x
∈ Λ0.

The last belonging easily follows from the conditions p, q ∈ Λ0 and the equal-

ity q−x (p−x −p−)

p−x
− q(0)(p(0)−p−)

p(0)
= 1

p−x p(0)

[
p(0)p−x (q−x − q(0)) + q(0)p− (p−x − p(0)) +

p−p(0) (q(0)− q−x )
]
. Hence, using (3.7), we conclude that

∫

B(0,m)

v(x)

(∫

B(0,|x|)

fχ f

σ
)≥1(t)dt

)q(x)

dx

≤ C5

∫

B(0,m)

W (x)
q(0)(p(0)−p−)

p(0)

(∫

B(0,|x|)

(
f

σ

) p(t)

p−

σdt

) p−q
−

x

p
−

x

v(x) dx.

(3.8)

Note that, by Hölder inequality and (3.3) we have

∫

B(0,|x|)

(
f

σ

) p(t)

p−

σdt ≤

(∫

B(0,|x|)

f(t)p(t)ωdt

) 1
p−

W (x)
1

(p−)′ ≤ W (x)
1

(p−)′ (3.9)

To continue the estimate (3.8), we shall use inequality (3.9). Denote

g(x) = W (x)
− 1

(p−)′

∫

B(0,|x|)

(
f

σ

) p(t)

p−

σdt

By using of (3.9) we have 0 ≤ g(x) ≤ 1. Hence

∫

B(0,m)

v(x)

(∫

B(0,|x|)

fχ f

σ
≥1(t)dt

)q(x)

dx

≤ C5

∫

B(0,m)

W (x)
q(0)(p(0)−p−)

p(0) g
p−q

−

x

p
−

x W (x)
p−q

−

x

p
−

x

1
(p−)′ v(x)dx.

(3.10)
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Using p, q ∈ Λ0 it is easy to verify q−x

p−x
∈ Λ0. Then according to Lemma 2.1

we have

W (x)
p−q

−

x

p
−

x

1
(p−)′ ≤ C6W (x)

(p−−1)q(0)
p(0) ; x ∈ B(0,m). (3.11)

By (3.11) the right-hand side of (3.10) does not exceed C6(I1 + I2) where

I1 :=

∫

{x∈B(0,m):g(x)≥W (x)}

W (x)
q(0)
p(0) g

p−q
−

x

p
−

x v(x)dx

I2 :=

∫

{x∈B(0,m):g(x)<W (x)}

W (x)
q(0)
p(0) g

p−q
−

x

p
−

x v(x)dx.

Using (3.1) and W̃ (m) < 1, for the integral I2 we have

I2 ≤

∫

B(0,m)

W (x)
q(0)
p(0)

+
p−q

−

x

p
−

x v(x)dx

≤ C7

∫

B(0,m)

V (x)
−p(0)
q(0)

(
q(0)
p(0)

+ p−q−

p+

)

v(x)dx

= −C7

∫ m

0

Ṽ (t)
−

(
1+

p(0)
q(0)

q−

p+

)

dṼ (t)

= C7

(
p(0)

q(0)

q−

p+

)−1

Ṽ (m)
−

p(0)
q(0)

q−

p+

= C8.

(3.12)

For the integral I1 by partitioning of integration region, we have

I1 =

∫
{
x∈B(0,m):g(x)≥W (x),

q
−

x

p
−

x

≥
q(0)
p(0)

} W (x)
q(0)

p′(0) g

(
q
−

x

p
−

x

−
q(0)
p(0)

)
p−

v(x)dx

+

∫
{
x∈B(0,m):g(x)≥W (x),

q
−

x

p
−

x

<
q(0)
p(0)

} W (x)
q(0)

p′(0) g

(
q
−

x

p
−

x

−
q(0)
p(0)

)
p−

v(x)dx

:= I11 + I12.

(3.13)

As we noted above, the exponent q−x

p−x
∈ Λ0. For I11 we have the estimates

I11 ≤

∫

B(0,m)

W (x)
q(0)

p′(0) g
p−q(0)
p(0)

p−
v(x)dx

≤

∫

B(0,m)

W (x)
q(0)(p(0)−p−)

p(0)

(∫

B(0,|x|)

(
f

σ

) p(t)

p−

σdt

) p−q(0)
p(0)

v(x)dx.

(3.14)
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Let us now apply Theorem 2.2 with condition (2.8), assuming a = 0,

b = m and q1 = q(0)p−

p(0)
, p1 = p−, v1 = W (x)

q(0)(p(0)−p−)
p(0) v(x), ω1 = σ(x)1−p− ,

f1 =
(
f

σ

) p

p− σ. Then by (3.14) we obtain the estimate

I11 ≤ C9

(
APS(p1, q1)

∫

B(0,|x|)

f pωdt

) q(0)
p(0)

≤ C10APS(p1, q1)
q(0)
p(0) (3.15)

Let us now make sure that the value APS(p1, q1) is finite, i.e., verify the fulfill-
ment of condition (2.8):

(∫

|y|≤t

v1(y)W1(y)
q1dy

) 1
q1

W̃1(t)
− 1

p1

=

(∫

|y|≤t

W (y)
q(0)(p(0)−p−)

p(0)
+

q(0)p−

p(0) v(y)dy

) p(0)

q(0)p−

W̃ (t)
− 1

p−

=

[(∫

|y|≤t

v(y)W (y)q(0)dy

) 1
q(0)

W̃1(t)
− 1

p(0)

] p(0)

p−

≤ C11

[
sup

0<t<m

Ṽ (t)
1

q(0) · W̃ (t)
1

q′(0)

] p(0)

p−

≤ C12, 0 < t < m,

(3.16)

i.e., APS(p1, q1) ≤ C13, where W1(y) =
∫
|x|<|y|

ω1(x)
− 1

p1−1dx and the last in-

equalities follow from (2.10), (3.1). Since condition (2.8) is fulfilled, the above
given passing from (3.14) to (3.15) is legitimate. According to Lemma 2.1 and
the conditions 0 ≤ g(x) ≤ 1, g(x) > W (x); x ∈ B(0,m) for the second integral
term at the right-hand side of the inequality (3.13) we have the estimate

g(x)
q
−

x

p
−

x

−
q(0)
p(0) ≤ W (x)

C1
ln 1

W (x) ≤ eC1 .

By using of (3.14) and (3.15) we receive the estimates for I12 also:

I12 ≤

∫

B(0,m)

W (x)
q(0)

p′(0) g
p−q(0)
p(0) v(x)dx ≤ C14

∫

B(0,m)

f(t)p(t)ωdx ≤ C14. (3.17)

Hence

I1 ≤ C10C
p(0)
σ(0)

12 + C14. (3.18)

Using estimates (3.12) and (3.18), we get

∫

B(0,m)

(∫

B(0,|x|)

fχ f

σ
≥1dt

)q(x)

v(x)dx ≤ C15. (3.19)
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Estimation of “smallest” part. According to the Theorem 2.2 with condition
(2.7) assuming q1 = q(0), p1 = p(0), v1 = v(x), ω1 = σ(x)1−p(0), f1 = σ(x) we
obtain

∫

B(0,m)

(∫

B(0,|x|)

fχ f

σ
<1dt

)q(x)

v(x)dx

≤

∫

B(0,m)

(∫

B(0,|x|)

σdt

)q(x)

v(x)dx

=

∫

B(0,m)

W (x)q(x)v(x)dx (by q ∈ Λ0)

≤ C16

∫

B(0,m)

(∫

B(0,|x|)

σdt

)q(0)

v(x)dx (by Theorem 2.1)

≤ C17

(∫

B(0,m)

σdx

) q(0)
p(0)

= C18.

(3.20)

To verify condition (2.7) of Theorem 2.2 we use (3.1). Estimates (3.19) and
(3.20) complete the estimation near zero:

∫

B(0,m)

(∫

B(0,|x|)

fdt

)q(x)

v(x)dx ≤ C19 = C15 + C18. (3.21)

Step 2. Estimation near the infinity.

Again writing the Hardy operator as sum of two summand with “largest” and
“smallest” parts, we obtain

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

fdt

)q(x)

v(x)dx

≤ 2q
+−1

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

fχ f

σ
≥1dt

)q(x)

v(x)dx

+ 2q
+−1

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

fχ f

σ
<1dt

)q(x)

v(x)dx

=: 2q
+−1(i1 + i2).

Estimation of “largest” part. Taking assumption (3.3) into account, we find
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that

i1 =

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

(
f

σ

)
χ f

σ
≥1σdt

)q(x)

v(x)dx

≤

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

(
f

σ

)p(t)

χ f

σ
≥1σdt

)q(x)

v(x)dx

≤ C20

∫

Rn\B(0,M)

v(x)dx

= C21.

(3.22)

Estimation of “smallest” part. Let us now estimate i2. We denote

F (x) =

∫

B(0,|x|)\B(0,M)

f(t)χ f

σ
<1dt and G(x) =

F (x)

W (x)
.

It is clear that, F (x)≤
∫
B(0,|x|)

σdt=W (x), hence 0≤G(x)≤1; x∈R
n\B(0,M).

We have the following elementary estimates, derived by partitioning of integra-
tion region:

i2 =

∫

Rn\B(0,M)

F (x)q(x)v(x)dx

=

∫

Rn\B(0,M)

Gq(x)W q(x)v(x)dx

=

∫

{|x|>M :G(x)< 1
W (x)}

Gq(x)W q(x)v(x)dx

+

∫

{|x|>M :G(x)≥ 1
W (x)}

Gq(x)W q(x)v(x)dx

≤

∫

Rn\B(0,M)

v(x)dx+

∫

{|x|>M :G(x)> 1
W (x)}

Gq(∞)Gq(x)−q(∞)W q(x)v(x)dx

≤ Ṽ (M) +

∫

{|x|>M :G(x)> 1
W (x)}∩{x:q(x)>q(∞)}

Gq(∞)Gq(x)−q(∞)W q(x)v(x)dx

+

∫

{|x|>M :G(x)> 1
W (x)}∩{q(x)≤q(∞)}

Gq(∞)Gq(x)−q(∞)W q(x)v(x)dx.

(3.23)

Note that for s ∈ Λ∞ according to Lemma 2.1 and (3.2) using W̃ (M) > 1 for

|x|>M, we have W s(x)≤W s(∞)W s(x)−s(∞)≤W s(∞)W |s(x)−s(∞)|≤W s(∞)W

C2
ln 1

V (x)

and hence

W s(x) ≤ W s(∞)

(
C22

V (x)

) C2p
′(∞)

q(∞) ln 1
V (x)

= C23e
C2p

′(∞)
q(∞) W s(∞). (3.24)
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The same inequality for W s(∞) gives backward inequality: W s(∞) ≤

W s(x)W s(∞)−s(x) ≤ W s(x)W |s(x)−s(∞)| ≤ W s(x)W

C2
ln 1

V (x) which implies

W s(∞) ≤ W s(x)

(
C22

V (x)

) C2p
′(∞)

q(∞) ln 1
V (x)

= C23e
C2p

′(∞)
q(∞) W s(x). (3.25)

Using (3.24) with exponent in the integral term over the set

{
x : |x| > N , G(x) ≥

1

W (x)
, q(x) ≤ q(∞)

}

of the last inequality (3.23), we have

i2≤ Ṽ (M)+

∫

{|x|>M :G(x)> 1
W (x)}∩{q(x)>q(∞)}

Gq(∞)Gq(x)−q(∞)W q(x)v(x)dx

+ C24

∫

Rn\B(0,M)

Gq(∞)W q(∞)v(x)dx (by 0 < G(x) ≤ 1)

≤ Ṽ (M)+

∫

Rn\B(0,M)

Gq(∞)W q(x)v(x)dx+

∫

Rn\B(0,M)

Gq(∞)W q(∞)v(x)dx

≤ Ṽ (M)+

∫

Rn\B(0,M)

F q(∞)W q(x)−q(∞)v(x)dx+

∫

Rn\B(0,M)

F q(∞)v(x)dx

(by (3.24) with s = q)

≤ Ṽ (N)+ C25

∫

Rn\B(0,M)

F q(∞)v(x)dx.

(3.26)

Let us apply Theorem 2.2 with condition (2.7) to the last summand, as-

suming q1 = q(∞); p1 = p(∞); v1 = v; ω1 = ω
p(∞)−1
p(x)−1 ; f1 = fχ f

σ
<1. Then we

have

∫

Rn\B(0,M)

F q(∞)v(x)dx ≤ C26

(∫

Rn\B(0,M)

f
p(∞)
1 ω

p(∞)−1
p(x)−1 dx

) q(∞)
p(∞)

.

The condition (2.7) follows from (3.2). Hence

i2 ≤ C26

(∫

Rn\B(0,M)

f p(∞)ω
p(∞)−1
p(x)−1 χ f

σ
<1dx

) q(∞)
p(∞)

+ Ṽ (M). (3.27)

By virtue of (3.24) with s := p and partitioning of the integration region
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we have the estimates:
∫

Rn\B(0,M)

f p(∞)ω
p(∞)−1
p(x)−1 χ f

σ
<1dx

=

∫

Rn\B(0,M)

(
f

σ

)p(∞)

σχ f

σ
<1dx

=

∫
{
|x|>M : f

σ
<W

−2
σ(∞)

}
(
f

σ

)p(∞)

σχ f

σ
<1dx

+

∫
{
|x|>M : f

σ
≥W

−2
σ(∞)

}
(
f

σ

)p(∞)

σχ f

σ
<1dx

≤

∫

Rn\B(0,M)

W−2σdx

+

∫
{
|x|>M :p(x)<p(∞), f

σ
>W

−2
σ(∞)

}(fσ)p(x)
(
f

σ

)p(∞)−p(x)

σχ f

σ
<1dx

+

∫
{
|x|>M :p(x)≥p(∞), f

σ
>W

−2
p(∞)
}
(
f

σ

)p(x)(
f

σ

)p(∞)−p(x)

σχ f

σ
<1dx

≤
1

Ṽ (M)
+

∫

{|x|>M :p(x)<p(∞)}

(
f

σ

)p(x)

σdx

+

∫

{|x|>M :p(x)≥p(∞)}

W 2(p(x)−p(∞))

(
f

σ

)p(x)

σdx

≤
1

Ṽ (M)
+ C28

∫

Rn\B(0,M)

σ1−p(x)f p(x)dx+ 1

= C28 + 1 +
1

Ṽ (M)

= C29.

(3.28)

Again we use (3.24) with s = q in this calculation. From estimates (3.22),
(3.26), (3.27) and the inequality (3.28) we obtain

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

f(t)dt

)q(x)

v(x)dx ≤ C30. (3.29)

Step 3. Estimation in the middle.

Since Ip′(·)
(
ω
− 1

pχB(0,M)

)
=
∫
B(0,M)

ω
− 1

p−1dt =: W̃ (M) ≤ C31 by virtue of (3.3)

and Hölder inequality, for the p(·)-norms we have
∫

B(0,M)

f(t)dt ≤ C0

∥∥∥fω
1
pχB(0,M)

∥∥∥
p(·)

∥∥∥ω− 1
pχB(0,M)

∥∥∥
p′(·)

≤ C32. (3.30)
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Hence
∫

Rn\B(0,M)

(∫

B(0,M)

f(t)dt

)q(x)

v(x)dx

≤

(
1 +

(∫

B(0,M)

f(t)dt

)q+
)∫

Rn\B(0,M)

v(x)dx.

(3.31)

Using (3.30) and (3.31) we have

∫

Rn\B(0,M)

(∫

B(0,N)

f(t)dt

)q(x)

v(x)dx ≤
(
1 + C

q+

29

)
Ṽ (N) = C30. (3.32)

Further, the elementary inequality (a + b)p ≤ 2p−1 (ap + bp) with a ≥ 0, b ≥ 0,
p ≥ 1 and using the inequalities (3.21), (3.29), (3.32) give us following esti-
mates:
∫

Rn

(∫

B(0,|x|)

f(t)dt

)q(t)

v(x)dx

≤

∫

B(0,m)

(∫

B(0,|x|)

f(t)dt

)q(x)

v(x)dx+

∫

B(0,M)\B(0,m)

(∫

B(0,|x|)

f(t)dt

)q(x)

v(x)dx

+ 2q
+−1

∫

Rn\B(0,M)

(∫

B(0,M)

f(t)dt

)q(x)

v(x)dx

+ 2q
+−1

∫

Rn\B(0,M)

(∫

B(0,|x|)\B(0,M)

f(t)dt

)q(x)

v(x)dx

≤ C34.

(3.33)

The part (3) ⇒ (1) of Theorem 3.1 is proved.

3.2. Proof of (1) ⇒ (3). Now, we shall construct an auxiliary function. Using
it in the inequality (1.1), necessary conditions will be derived. Let t ∈ (0,m)
be fixed. We denote

ft(x) =

(∫

B(0,t)

σds

)− 1
p(0)

σ(x)χB(0,t)(x). (3.34)

For |x| ≤ t by using W̃ (m) < 1, p ∈ Λ0 we have

W̃ (t)p(x) = W̃ (t)p(0)W̃ (t)p(x)−p(0)

≥ W̃ (t)p(0)W̃ (t)

C1
ln 1

W (x) (since W (x) ≤ W̃ (t) < 1)

≥ W̃ (t)p(0)W̃ (t)

C1
ln 1

W̃ (t)

= e−C1W̃ (t)p(0).

(3.35)
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By the same way using q ∈ Λ0 we have W̃ (t)q(x) = W̃ (t)q(0)W̃ (t)q(x)−q(0) ≤

W̃ (t)q(0)W̃ (t)
−

C1
ln 1

W (x) and

W̃ (t)q(x) ≤ W̃ (t)q(0)W̃ (t)

C1
ln 1

W̃ (t) = eC1
∼

W (t)q(0). (3.36)

Hence, using (3.35), we have

Ip(·)

(
ω

1
pft

)
=

∫

B(0,t)

σ(x)dx

W̃ (t)
p(x)
p(0)

≤ C35. (3.37)

Let (1.1) holds for the function ft. From (3.37) we derive
∥∥∥ω

1
pft

∥∥∥
p(·)

≤ C36.

Then (1.1) implies
∥∥∥v

1
qH (ft)

∥∥∥
q(·)

≤ C37. Hence, Iq(·);B(0,m)

(
v

1
qHft

)
≤ C38 and

Hft(x) ≤

∫

|y|≤|x|

χB(0,m)ft(y)dy =
W (x)

W̃ (t)
1

p(0)

χB(0,t)(x) + W̃ (t)
1

p′(0)χB(0,m)\B(0,t)(t).

According to Lemma 2.1, for q ∈ Λ0 we have W (x)q(x) ∼ W (x)q(0). Hence using
(3.36) we have

Iq(·)

(
v

1
qχB(0,m)Hft

)
=

∫

B(0,m)

v(y) (Hft)
q(y)

dy

≥

∫

B(0,m)

v(x) (Hft)
q(x)

dx

≥

∫

B(0,t)

v(x)W̃ (t)−
q(x)
p(0)W (x)q(x)dx (by (3.36))

≥ C39W̃ (t)−
q(x)
p(0)

∫

B(0,t)

v(x)W (x)q(0)dx.

Hence

(∫

B(0,t)

v(x)W (x)q(0)dx

) 1
q(0)

W̃ (t)−
1

p(0) ≤ C40, 0 ≤ t ≤ m. (3.38)

According to Theorem 2.2, conditions (3.38) and (2.8) lead to the inequality

(∫

B(0,m)

(Hf)q(0)vdx

) 1
q(0)

≤ C41

(∫

B(0,m)

f(x)p(0)σ1−p(0)dx

) 1
p(0)

. (3.39)

Inequality (3.39) generates the condition

(∫

B(0,m)\B(0,t)

v(x)dx

) 1
q(0)

W̃ (t)
1

p′(0) ≤ C42, t ∈ (0,m). (3.40)
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Now, let us show that (3.40) implies (3.1). For |x| < m
2
we have the in-

equality ∫

|y|≤|x|<m

v(y)dy ≥

(
1−

Ṽ (m)

Ṽ
(
m
2

)
)
Ṽ (|x|). (3.41)

To prove last inequality it suffices to use the elementary inequality Ṽ (m) ≤
Ṽ (m)

Ṽ (m
2
)
Ṽ (|x|) for |x| < m

2
in the equality Ṽ (m)+

∫
|y|≤|x|<m

v(y)dy = Ṽ (|x|). Hence

using (3.41) in (3.40) for any t ∈
(
0, m

2

)
we have

Ṽ (t)W̃ (t)
q(0)

p′(0) ≤ C43 (3.42)

which easily implies (3.1). The condition (3.1) has been proved.

Proof of (1) ⇒ (3.2). By duality (see, e.g. [8]) in the spaces Lp(·),
(
Lp(·)

)∗
=

Lp′(·) and ∫

Rn

Hf(x) · g(x)dx =

∫

Rn

H∗g(x) · f(x)dx.

Here H∗g(x) =
∫
|y|>|x|

g(y)dy. Hence (1.1) equivalently to the inequality

∥∥∥σ
1

p′(x)H∗f(x)
∥∥∥
p′(·)

≤ C44

∥∥∥∥v
1−q′(x)

q′(x) f(x)

∥∥∥∥
q′(·)

(3.43)

We have the inequality (3.43) with any test function f(x) ≥ 0.

Fix any t > M and put ft(x) = Ṽ (t)
− 1

q′(∞) v(x)χ|x|>t(x) in (3.43). Using

q ∈ Λ∞ we have 1
q′

∈ Λ∞. Hence using Ṽ (M) < 1 and 1
q′

∈ Λ∞ for any

|x| > t we have Ṽ (t)
− 1

q′(∞) = Ṽ (t)
− 1

q′(x) Ṽ (t)
1

q′(x)
− 1

q′(∞) ≤ Ṽ (t)
− 1

q′(x) Ṽ (t)
−

C2
ln 1

V (x) ≤

Ṽ (t)
− 1

q′(x) Ṽ (t)

C2
ln 1

Ṽ (t) = eC2W̃ (t)
− 1

q′(x) , i.e.,

W̃ (t)
− 1

q′(∞) ≤ eC2W̃ (t)
− 1

q′(x) ; |x| > t. (3.44)

By the same way, using p′ ∈ Λ∞ and Ṽ (M) < 1 we have Ṽ (t)−p′(x) =

Ṽ (t)−p′(∞)Ṽ (t)p
′(∞)−p′(x) ≥ Ṽ (t)−p′(∞)Ṽ (t)

C2
ln 1

V (x) and

Ṽ (t)−p′(x) ≥ Ṽ (t)−p′(∞)Ṽ (t)

C2
ln 1

Ṽ (x) = e−C2Ṽ (t)−p′(∞). (3.45)

By using of (3.44) we have

Iq′(·)

(
v

1−q′

q′ ft

)
=

∫

|x|>t

Ṽ (t)
−

q′(x)

q′(∞) vdx ≤ eC2

∫

|x|>t

Ṽ (t)−1v(x)dx ≤ eC2 . (3.46)
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Testing inequality (3.43) with the function ft(x) and using (3.46) we have

Ip′(·)

(
σ

1
p′H∗(f)t

)
≤ C45. Then using (3.45) we have

C45≥

∫

|x|>t

σ(x)

(∫

|y|>|x|

v(y)V(t)
−1

q′(∞)dy

)p′(x)

dx≥e−C2

∫

|x|>t

V(x)p
′(x)Ṽ(t)

−p′(∞)

q′(∞) σ(x)dx.

By using p′ ∈ Λ∞ and Lemma 2.1 from here we infer

C45 ≥ Ṽ (t)
−

p′(∞)

q′(∞)

∫

|x|>t

V (x)p
′(∞)σ(x)dx.

Hence
(∫

|x|>t
V (x)p

′(∞)σ(x)dx
) 1

p′(∞)
Ṽ (t)

− 1
q′(∞) ≤ C46. According to Theorem

2.2 this condition implies (3.2). The implication (1) ⇔ (3) has been proved.

3.3. Completion of the proof of Theorem 3.1. Implication (3) ⇔ (2). It
follows by simple applications of Theorem 2.2 with condition (2.7).

Proof of implication (4) ⇔ (3). To prove this implication it suffices to prove
that

V (x)
1

q(x) ∼ V (x)
1

q(0) ; for x ∈ B(0,m) (3.47)

and

W (x)
1

p′(x) ∼ W (x)
1

p′(∞) ; for |x| > M. (3.48)

Indeed, let us demonstrate (4) ⇒ (3.1). Denote by q+, q−, p+, p− the rele-

vant values of exponents p, q over the set B(0,m). Using Ṽ(m)>1 and W̃(m)<1

we have C47 ≥ V (x)
1

q(x)W (x)
1

p′(x) ≥ V (x)
1

q+W (x)
1

(p+)′ for x ∈ B(0,m). Hence,

V (x) ≤ C48W (x)
− q+

(p+)′ ; x ∈ B(0,m). (3.49)

Using p, q∈Λ0 we have 1
q
∈Λ0. By using (3.49) and Ṽ (m)>1, 1

q
∈Λ0 we have

V (x)
1

q(x) = V (x)
1

q(0)V (x)
1

q(x)
− 1

q(0)

≤ V (x)
1

q(0)V (x)

C1
ln 1

W (x)

≤ C49V (x)
1

q(0)W (x)
−

q+C1
(p+)′ ln 1

W (x)

= C49e
q+C1
(p+)′ V (x)

1
q(0) .

(3.50)
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The same inequality holds for the term V (x)
1

q(0) :

V (x)
1

q(0) = V (x)
1

q(x)V (x)
1

q(0)
− 1

q(x)

≤ V (x)
1

q(x)V (x)

C1
ln 1

W (x)

≤ C50V (x)
1

q(x)W (x)
−

q+C1

(p+)′ ln 1
W (x)

= C50e
q+C1

(p+)′ V (x)
1

q(x) .

(3.51)

Hence V (x)
1

q(x) ∼ V (x)
1

q(0) for x ∈ B(0,m) .

According to Lemma 2.1 and the conditions (2.2) for p we have W (x)
1

p′(x) ∼

W (x)
1

p′(∞) for x ∈ B(0,m). Hence for x ∈ B(0,m) we have

V (x)
1

q(x)W (x)
1

p′(x) ∼ V (x)
1

q(0) W (x)
1

p′(0) (3.52)

and (4) ⇒ (3.1) has been proved.

Let us prove the same equivalence at the infinity, i.e., prove that (4)⇒ (3.2).

We need to prove W (x)
1

p′(x) ∼ W (x)
1

p′(∞) for |x| > M . Denote by q+, q−, p+, p−

the relevant values of exponents p, q over the set Rn\B(0,M). Using Ṽ (M) < 1

and W̃ (M) > 1 we have C51 ≥ V (x)
1

q(x)W (x)
1

p′(x) ≥ V (x)
1

q−W (x)
1

(p−)′ for

x ∈ B(0,m). Hence,

W (x) ≤ C52V (x)
−

(p−)′

q− ; |x| > M . (3.53)

Now, using q ∈ Λ∞ we have 1
q
∈ Λ∞. By using (3.53), W̃ (M) > 1 and 1

p′
∈ Λ∞

we have for |x| > M :

W (x)
1

p′(x) = W (x)
1

p′(∞)W (x)
1

p′(x)
− 1

p′(∞)

≤ W (x)
1

p′(∞)W (x)

C2
ln 1

V (x)

≤ C53W (x)
1

p′(∞)V (x)
−

(p−)′C2
q− ln 1

V (x)

= C ′
53e

(p−)′C2
q− W (x)

1
p′(∞)

(3.54)

The same inequality holds for the term W (x)
1

p′(∞) for |x| > M :

W (x)
1

p′(∞) = W (x)
1

p′(x)W (x)
1

p′(∞)
− 1

p′(x)

≤ W (x)
1

p′(x)W (x)

C2
ln 1

V (x)

≤ C54W (x)
1

p′(x)V (x)
−

(p−)′C2
q− ln 1

V (x)

= C54e
(p−)′C2

q− W (x)
1

p′(x)

(3.55)
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According to Lemma 2.1 and the conditions (2.3) for q we have the impli-

cation V (x)
1

q(x) ∼ V (x)
1

q(∞) for |x| > M . Hence for |x| > M

V (x)
1

q(x)W (x)
1

p′(x) ∼ V (x)
1

q(0) W (x)
1

p′(0) (3.56)

and (4) ⇒ (3.2) has been proved. Hence (3.52) and (3.56) gives the implication
(4) ⇒ (3).

By the same way as (4) ⇒ (3) we can easily show that (3) ⇒ (4) and
Theorem 3.1 has been proved.

Remark 3.2. Applying Theorem 3.1 in the case of weights

v(x) = |x|q(x)(β(x)−
n

ṕ(x)
− n

q(x)) ; ω = |x|p(x)β(x)

we can improve the condition q(x) ≥ p(x) in the paper [12] to q(0) ≥ p(0),
q(∞) ≥ p(∞).
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[14] Mashiyev, R., Çekiç, B., Mamedov, F. I. and Ogras, S., Hardy’s inequal-
ity in power-type weighted Lp(x)(0,∞). J. Math. Anal. Appl. 334 (2007)(1),
289 – 298.

[15] Mamedov, F. I. and Harman, A., On boundedness of weighted Hardy operator
in Lp(x) and regularity condition. J. Ineq. Appl. 2010, Art. ID 837951, 14 pp.

[16] Maz’ya, V. G., Sobolev Spaces. Berlin: Springer 1985.

[17] Okpoti, C. A., Persson, L.-E. and Sinnamon, G., Equivalence theorem for
some integral conditions with general measures related to Hardy’s inequality I.
J. Math. Anal. Appl. 326 (2007), 398 – 413.

[18] Okpoti, C. A., Persson, L.-E. and Sinnamon, G., Equivalence theorem for
some integral conditions with general measures related to Hardy’s inequality II.
J. Math. Anal. Appl. 337 (2008), 219 – 230.

[19] Rafeiro, H. and Samko, S., Hardy type inequality in variable Lebesgue spaces.
Ann. Acad. Sci. Fen. Mathematica 34 (2009), 279 – 289.
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