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Abstract. In this paper we investigate the blow-up and decay phenomenon of solu-
tions for a viscoelastic equation with a nonlinear source. Even for vanishing initial
energy, we show the solution blows up in finite time. We also prove the solution
decays under suitable conditions.
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1. Introduction

In this paper, we consider the following viscoelastic equation

uy — Au +/0 g(t — 7)Au(r)dr = |u|"u, (x,t) € R" x (0,00) (1)

u(z,0) = ug(x), w(z,0)=u(zr), x=e€R",

where v > 0, ug, u; are two compactly supported functions and g is a positive
nonincreasing function defined on R*. A special case without |u|7u was consid-
ered in [4], where it is shown that the energy of the solution decays exponentially
and polynomially. There are many literatures regarding similar equations. For
example, Messaoudi [3] and Tatar [6] considered

t
uy — Au +/ g(t — 7)Au(T)dT + uelug | = [uP7?, u,x €Q, t>0
‘ w(z, t)|on =0, t>0
u(z,0) = up(x), w(x,0)=mu(x), x€f,
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where Q is a bounded domain in R™ with smooth boundary 0€). Zhou |1,
7-10] showed the blow-up, global existence and nonexistence of solutions to
related equations. Recently, the asymptotic behavior for the wave equation was
discussed in [5].

The rest of this paper is organized as follows. In Section 2, we recall some
preliminary results. Then, some blow-up criteria will be established in Section 3.
In Section 4, we discuss the polynomial decay for this equation.

In this paper, we use || - ||, to denote the LP-norm.

2. Preliminaries

First, we define the corresponding energy to problem (1) as

B0 = glulg+ (1= [ o)) 19l + 500700 - 5l @)
here
(go0) /Ogt—T lo(t) — o(r)ll3dr,
E'(t) = 5(g/ o Vu)(t) — 3(0)|Vul}i <0 3)

Hence, we can deduce that E(t) < E(0).
Then, we denote:

(H1) g : Ry — R, is a differentiable function such that

1—/ g(r)dr=1>0, t>0.
0
(H2) There exists a > 0 such that

g'(t) < —ag(t), t>0. (4)

Lemma 2.1. If we assume that v < —=;, there exists a positive constant C' > 1
(throughout this paper, C' denotes a generzc positive constant, it may be different
from line to line), such that

ull}2 < C (IIVull3 + [lull32) , (5)
with 2 < s < 42, for any u being a solution to (1) on [0,T). And consequently,
[ull342 < C (H(t) + w3 + (g0 V) (t) + [ Vull3)

with 2 < s <~y+2 on[0,T) and here H(t) :== —E(t).
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Proof. Since [Jul,42 < 1, we have [ull$,, < |lull?,, < B?||Vu|j3 is true. When

[ully2 > 1, we get [Jull5,, < ||u||§1§ (5) follows from the definition of energy

corresponding to the solution. O]

The supremum of all 7" for which the solution exists on [0,7") x R™ is called
the lifespan of the solution of (1). The lifespan is denoted by T*. If T* = oo,
we say the solution is global, while it is nonglobal if T < oo, and we say that
the solution blows up in finite time.

3. Blow-up phenomenon

Before presenting our blow-up criteria, let us recall the lemma first:

Lemma 3.1 ([2]). Suppose that (t) is a twice continuously differential function
satisfying
{w”(t) > Coptte®, t>0,Cy>0, a>0,

¥(0) > 0, ¢'(0) > 0.

Then v(t) blows up in finite time. Moreover, the blow-up time can be estimated
explicitly.

Just as in [9], the first main theorem in this section reads:

Theorem 3.2. Assume that both of (H1) and (H2) hold, 0 < v < %5, if

n—2’

n>20<~, ifn=172 Suppose fooo g(T)dr < % Then for any initial

data (ug,u1) € HY'(R™) x L*(R™) with compact support satisfying E(0) < 0,
fR" upurdx > 0, the corresponding solution blows up in finite time.

Proof. Defining ¥ (t) = % Jan |z, t)[2dz, choosing suitable 6 > 0 and differen-
tiating twice, yields

V(1) :/ upudr + |y |*d
n R

_ —/Rn ]Vu|2d:z:+/nVu(t) /Otg(t—T)Vu(T)dex

+ [ |u e+ | |ulPde (6)
Rn R

> (<15 [ twyir) 19ul - 35 ([ atrlar) (90 Ve

+ [ Jude+ | |udr.
R™ R™
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Here we use
/ V) /0 (i — 7)Vu(r)drds
—— [ 9utt) [ att=(9utt) - Vatryards + ( [ atrrar ) vl

> —519ul3 - 5 [ otrar) o v+ ( [ atrrar ) 9l

Now, we exploit (2) to substitute for |Vul|3, thus (6) takes the form

R R 1 o e YOO (LR Y e s S AT
CEE o Fernlh e 1]
L 15 )

v+2

I (1— fgg(T)dT) v+ 2
(146 fyg(n)dr) 1 ([t

" (- [y g(r)dr) 49 </0 g(T)dT)

If we choose 6 > 0 such that

(1+6— [y 1/ [ (1+6— 2
* Jo 91 —— </g(7’)d7’) >0, 1— il Jy 91 : > 0,
1—f0 dT 40 \ Jo l—fo dT 7"‘2

(g o Vu)(t).

inequality (7) becomes into ¥ (t) > )\||u||§i§

Since supp{ug(z), ui(z)} C B(L), it follows that
() Z AT (W) T (D)
where W, is the volume of the unit ball. Then by Lemma 3.1, we see that the
solution blows up in finite time. n

Theorem 3.3. Assume that both of(Hl) and (H2) hold; 0 < v < =5, ifn > 2;
(0) < 0, then the

+2
0 <, ifn=12 Suppose [ g d7<ﬁandE
Y

solution blows up in finite time.

Proof. By the definition
1 1
H(t) = =E(t) and H'(t) = =5(g'o Vu)(t) + 59(1)[[Vull3 2 0,

we have 0 < H(0) < H(t) < ﬁ”u”lig Moreover, we also define

n

L(t)=H'" () + 6/ uupde,
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for € small to be choose later and 0 < a < 2(++2)
By differentiating the above equality and applying Young and Schwarz in-

equalities, we have

L't)=(1—-a)H “t)H ) +e [ |u?do+ e/ uugde,

R

= (1= (o) (~50 o V) + go0IValR) + ¢ [ fulds

2
t
+e (— |Vul*dz + / Vu(t) / g(t — 7)Vu(r)drdr + |u|7+2dx)
t
> cful ~ e (1~ [ otrar) [Vl
0
+2 +2 t
vel e nmo + T2 g+ 52 (1 [ o ) 19
0

HT”(g o Vu)(t)} — e5(goVu)(t) — 4—65 (/Otg(r)df) IVull3

= (14152 i+ e+ 20+ € (152 -6) o VU0

te K”T” - 1) - (%2 14 4—15> </0tg(7)d7)} e

According to the hypothesis in Theorem 3.3 and choosing 0 < § < 7T+2, such
that

2 2 2 1 t
%—bo and (%—1>—(i—1+—>/g(r)dr>o,
0

we can deduce that
L'(t) > CIH(t) + w3 + [[Vull3 + (g 0 Vu)(t)].

Thanks to Holder and Young inequalities, we obtain

1

T—a _1 _1
[ wde] < 5
< Cllull 55 el
< (ulls o + luell?) (8)
< C(IVull? + 52+ fuell?)

< C(H(t) + [lull3 + (g o Vu)(t) + [|[Vul)3)
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where 2 < s = 5 <~y + 2. Hence,

Lﬁ(t) _ (Hla(t> + 6/ uutda?> o
<ora (H(t)—l— / uupdx la>

)+ llwells + (g 0 Vu) () + [[Vull3)

which implies that L'(t) > ALT-= a( ), where \ is a constant depending on C'

_l-a

and e. Therefore L(t) = (LE(O) + ;aAt) “ . So L(t) goes to infinite as t
tends to —=&—. This completes the proof. O
alL1-« (0)

Lemma 3.4. Assume that both of (H1) and (H2) hold, additionally,
=2 1 1 —2(y+2)
lualhss > do =By and BO) < Eo= (5 5 ) By 0
Then
—(+2)

Hung > X and ||Vuls> B, ” , forallt>0,

7 for llully+2 < Bl[Vull2.

l
2
Proof. From (2) and the hypothesis, we know that

1 1 t 1 1
E<t>:§uutu§+§(1— / g(r)d >HWH2 390 V(0 = 5l

1 t
> (- g<7>dr) IVl — — 5l

1
> SVl = IR > gl — — 5l

Set h(§) = 532&% — 7+2§7+2 ¢ >0 and h(§) satisfies

where By =

h(§) is strictly increasing on [0, Ag) ea

—2(y+2
h(&) takes its maximum value <% — %) B, 7 at X\ (9)
h(§) is strictly decreasing on (g, 00).

Since Ey > E(0) > E(t) > h(||u||y42) for all ¢ > 0, there is no time ¢* such that
|u(-, t*)||y+2 = Ao. By the continuity of the ||u(-,t)||,+2-norm with respect to the
-2

time variable, one has |[u(-,t)||,+2 > Ao = B,” for all t > 0, and consequently,

1 =6+2 —(+2)
(- t) ||y > l_%BO T >By "

IVu(- )]z =

0
This finishes the proof of Lemma 3.4 O]
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Theorem 3.5. Assume that both of(Hl) and (H2) hold, 0 < v < =5, ifn > 2;

27

[ ||U0||7+2 > )\0 and

E(0) < Ey. Then the solution of (1) blows up in ﬁmte tzme
Proof. We set G(t) = Ey+ H(t), then G'(t) = —1(¢' o Vu)(t) + 39(t) | Vull3 > 0,

from which we have

t2
0 <7, ifn=12. Suppose that fo T)dT < W;—l
2(v+

1 1 —2(y+2)
< (5 ) vulz+ m@)
2 g2 VR

< C(|Vull3 + H(t)).
Let

F(t)=G" ) + 6/ uugdz,

then by direct computing, one can get

F'(t)=(1-a)G )G (t) +e | |wl*dr+ 6/ uugdr,
Rn n

— (1- )G () (—§<g' o V(1) + §g<t>||w||§) be [ Julds

t
—i—e(—/ |Vu|2dx—i—/ Vu(t)/ g(t—T)Vu(T)dT—i-/ |u!7+2dx>,
t
> o~ (1~ [ atryar ) 1ulg
0

te [(7+2)H( ) + %ll w3 + ( ) IVull3
ﬂ;Q(govu)( )} — ed(go Vu)(t) - ( ) IVl
:6(1+%”> luel|3 + e(y + 2)H < ) (g0 Vu)(t)

+€[<%”—1)—(%H—1+5> ([ strar) | Ivulz

Using the hypothesis in this theorem and choosing 0 < § < 7” , such that

2 2 2 1 t
%— > 0, (%—1)—(%—1—1—45)/ g(T)dr > 0,

it follows that
F'(t) > CH(t) + llull3 + [|[Vull3 + (g 0 Vu)(t)].
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In view of (8) we obtain

Fra(t) = (Gl‘a(t) + e/n uutd$>

<21 <G(t) + / uurdx la>

< C(H(t) + [Juellz + (g Vu) (t) + [[Vul3) -

Therefore,
F'(t) > AFTa (t), (10)
where A is a constant depending on C' and €. A simple integration of (10) over
e
(0,%) yields F(t) = <Fﬁ(0) + %At) | which shows that F(t) blows up

in time 7% < —=& O
aAFT=a (0)

4. Polynomial decay

For extensive studies on decay rate for the wave equations given by Zhou [8],
we establish the decay rate for a solution with positive initial energy, let us
consider the following four lemmas first.

Lemma 4.1. Assume that both of (H1) and (H2) hold. Suppose u(x,t) is the
solution of (1) and let

Oi(t) = (1+1)7! /n/o G(t — 7)|u(t) — u(r)|*drdz,

where G(t) = e ° [* e (—g/(T))dr, then for any 6; > 0, the following in-
equality s true:

R R RN oy | E XU PTG Y I et

here G = [[° G(t)dt.

Proof. Thanks to (H2), we know that for any a < a,

OSEZ/OOOG(t)dtg (afo) /Ooog(t)dt<oo.
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By differentiating ®;(t), we have

(i[@l() (1 41)" /n/Gt—T\u ~ u(r)Pdrda
e //0 Gt = P)|ult) — u(r)|2drda

2(14¢)7* /n /0 G(t — 7)(u(t) — u(r))w(t)drdx
— (140! [-@1(@ +9 / n /0 Gt — 7)(u(t) — u(T))ut(t)dex}
#1407 [ [ =aG =)+ g =Dl u(t) — u(r)Pdrda

= —(1+t)7'y(t) — ad(t)
+ (147! {g ou) +2/ ut/ (t—7)( u(T))dex]
In view of Young and Schwarz inequalities, it follows that
/ Uy /Ot G(t —7)(u(t) — u(r))drdx
2

dx

< Sl + % || 6= —utryir

51H w3 + / dT/n/ (t — 7)(ult) — u(r))2drdz,

which implies that

S < e {fieaso (a- O] oo - wouw -z}
]

Therefore, this completes the proof of this lemma.
Lemma 4.2. Assume that both of (H1) and (H2) hold. Suppose u(x,t) is the

solution of (1) and let

Dy (t) := (1 + t)_l/ uude,

then for any do > 0,

¢ ) hall3 = (1 4+ )20 — C62) [Vl »
12

G <o (14

+ (g0 Vu)(t) + [|ul*?
46,

18 true.
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Proof. Since supp{ug(x),ui(z)} C B(L), we can get ||u]l2 < C(L + t)||Vulz,
which tells us that

/uutda:SCHquHutHQ <CA+)[Vull2|lul. <C(1+1) <§2HVUH2 Hut||2>
R’I’L

By direct computation, we have

Ci[qb( )] =(1+1t)2 /n uugde 4+ (1 +1)7! { - |ug|2da + /n uuttdx]

=(1+ t)_Q/ uuydr 4+ (1 +1)7! |us |2z

R"

(140 (— /R |Vu|2dx—|—/Rn Vu(t) /Otg(t—T)Vu(T)dex

+ / |u|7+2dx)

_ C _
<0 (1 45 )l - 0 07 - Ca) Tl

+ K@,owx )+ [lull}s

Here we use the fact that

/n Vu(t) /Otg(t — 7)Vu(r)drdx

1
< g —
<alvul+ g [
< ][ Vul} + 45 (90 Vu)(t) + 1| Vul}
Thus (12) is established and this lemma holds. O

Lemma 4.3. Assume that both of (H1) and (H2) hold, and u(x,t) is the solution
of (1). If we define

¢
D3(t) := —(1+ t)_l/ ut/ g(t — 7)(u(t) — u(r))*drdx,
n 0
then for any ds,03,04 > 0, there exists that

d
dt

2

/0 g(t — 7)(Vu(r) — Vu(t)dr| dx +3||Vul3

i< —(141) ( ot [ g(r)dr)nutn%m(l+t>-163||w||%

—(1+1)" 4}5 (g'ou)(t) + (1 +1)" <4(§2+2—§3+1) (goVu)(t) (13)

L (goue).

1 2(y+1)
+(L+¢)" dallu ||27+1 (1+0)7" 1,
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Proof. Similarly, differentiating ®5(t) as before can lead to

(jt[q)?’ 1+1)” / /tg(t — 7)(u(t) — u(r))drdx
(1+1)" {/ Ugt /tg(t —7)(u(t) — u(r))drdx (14)
+ /nUt/o gt —7)(u(t) — u(r))drdx + (/Otg(f)df) ||Ut||%}

Combining with (1), we have

/n Ugy /tg(t — 7)(u(t) — u(r))drdz

/n Vu/ (t — 7)(Vu(t) — Vu(r))drdx

+ /R UO ot — ) Vu(r )dT/O ot — ) (Vult) — Vu(r))dr | d =
+ / uu /Otg(t ~ A (ult) — u(r))drdz.
Using Young and Schwarz inequalities again, we obtain
/ u /0 (- ) (u(t) — u(r))drda
<l + g5 [ | [ ot - ntato) - utryin o)
<40 (Sluld + - oovan).
Applying the same method, it follows that
( /nVu /Otg(t ) (Vu(t) = Vu(r))drdz < 65| Vull2 + “:/; (goVu)(t):
=3 =) (0) — u(r))drde < bl (/o) 0
! - /n[/otg(t — )Vu(r)dr /Otg(t ~ ) (Vu(t) = Vu(r))dr | dz (17)

_ L _
< gl vull + 1+ 35 ) otao )0y

t —
’UWU/ g(t = 7)(u(t) — u(r))drdz < 54||U||§Evﬁ + -2 (gou)(t).
( JRe 0 K 404



262 Y. Xiong

Combining (14)—(17) and using g < 1, we get

d t
(0] <~ 07 (=t [ g(riar ) ulf + 200+ 06 Tul}
Aoyt + 1+ (S 4L 1) 590 Va)t)
— le) —_— —_— @)
45,9 21 45, 204 IO VU
1 2(v+1) 1
+ (L +8) 7 aallullyn ) + (L +1)7 454(gou)(t)
Thus Lemma 4.3 is proved. [

Now, the last lemma is presented as

Lemma 4.4. Assume that both (H1) and (H2) hold. Let

t) + 23: a;®;(t), t>0, (18)
then
GE() < F(t) < &[E(t) + O4(1)], (19)

provided any positive constants &1,& are small enough.

Proof. We can compute directly that

P = ghulg+ 5 (1= [ atr)ir ) IVull + 500 V)0

o7 2”“”113 + a1y (t) + (1 +1)7! /Rn uudx (20)
—ag(1+t)™! /n ut/o g(t — 1) (u(t) — u(r))drdz.

According to Schwartz and Young inequalities, we get

1
[ nde < Gl -+ dsud < G+ ) (190 + )

and

/ K / gt = P)(u(®) = u(r)drde < &afusl + (g 0 w)(1)
<C(+1) (§<g o Vu)(t) + uutuz) |
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Therefore, (20) becomes

) < ot + (5 + Clox )l + 5 (14957 ) 6o 70
; { e /0 o(r )+%] IVu IIQ—W—II ull 253 (21)

< &GIE(t) + Pq(t)].

On the other hand, we have

1 1 C
F) > (5 + Cloa a0l + 5 (1= 257 ) 19l

1 a;Cg i (22)
#3(1-257) o v - 5zt
> GE(1).
Combining (21) and (22), this completes the proof. O

Now, our result is

Theorem 4.5. Let both of (H1) and (H2) hold; and 0 < v < =25, if

|
‘wl

n>2;0<n,ifn=172 If the initial data satisfy ||uo||y+2 < Ao = By” and

—2(v+2)
E0) < Ey = (1 — L) B, 7 there exist two positive constants K and k

2 y+2
such that
Elt) < K(14t)™*

Proof. Direct differentiation of (18), yields

F'(t) = E'(t) + Y a,®{(1)

1
<Ly ovum +zaz (23

< - ngvu +Za(1> t).

Because of (H1), for any ¢ > t, > 0, we have

t to
/ g(T)dr > / g(T)dT = go > 0.
0 0
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Inserting (11)—(13) into (23), one gets

1

Flit)y < —(1+¢)" [1 + (1+1¢) <a — ?)] oy ®y(t)
— (14t (%5?; - a1> (g o u)(t)
—(141)"! {g —3 {f—émg (4%2+2—(153+1>]}(90Vu)(t)
— (1 + )" [as(l — C8,) — 26303) || V)2

C
—(1+0)! [043(90 — Cd) — (1 + E) - &151} e 13
2

— _ 1 &
+ (L 0) gl 33 + (1L ) agdullull ) 1) + (1+ 07! 2 (g o w)(0)
From (3), E'(t) <0, it follows that
1 1 —2(v+2)
Et)<FE Ey=\-———=|B, " . 24
0<EO<B=(5-—5) B (24)

We claim that ||ul[,42 < Ao, for all ¢ > 0.
Suppose not, thanks to the continuity of ||u(:,?)|,+2-norm, then there exists
a to such that ||u(-,tp)|[,+2 = Ao. But from (9), we have

1 1 t
Bt) = Sl )3+ 3 (1= [ gtr)ar ) 19t 1)l
2 2 ;
1 1
5(9 o Vu)(to) — VTHU('JO)ME
t
1
(1= [ otrar ) I9uC 0l - st
1
2

1 —2(v+2)
- —) By © = E,

which contradicts (24). On the other hand, for all ¢ > 0,

I
1-— f(fg(T)dT

1 2 »
<7 (280 + 5 uns)

1 2 —2(v+2) 2 —2(v+2) 1 =20+2)
(G L A A

2
Ivul3 = (250 (g0 V(o) + 5123 - ul?)
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and
2(y+1) 2 2 2(y+1) BO_Q(%LQ) o C o opt2) 2
[ullyii) < ClVull I Vull; < By ————I[IVullz = =By [Vl
( ) lry l,y
Next, we get

Flit)y<—(1+¢)" {1 (1+1) (a - g)} a1Pq ()
— 1+t

-
—(1+t)‘1{g—§[%£+a3 (%—i—%&s—i—l)}}(govw(t) (25)

C
— (1 + t) |:C(2(l — 052) — 2530&3 — Z_B (’Y+2)06354:| HVU”%

C
— (140" {043(90 — () — (1 + E) - a151:| uel3-

Now we choose suitable d,, d3, d4, such that

—2(v+2)
2+ 2526)
z ( as(gy — CG
52<mm{g00 (J} and 1= Co, <O‘2<3(iqo+—4§22)=

which implies that
C a(v+2) c
OZQ(Z—C(SQ)—Q(SgOzg—l—’YBO 043(54 > 0, 063(90—052) Q2 1_'_4(5 kl > 0.
2

Moreover, let as and a3 be small enough,

Y L B (SRS S |

2 9|49, 10, " 26, '
Then, we choose oy large enough, i.e., a; — 4%32 > (0 and a(a1 — 2‘732)
and 0; small enough so that k; — a0, > 0.

Therefore, if a in (4) is large enough so that a > a > é@, consequently (25)
becomes

454 > 0,

F'(t) < =C(1+6) ' [E() + $1(t)] < 5—0(1 +1) L F (), (26)

for all t > t,. Integrating (26) over (to,t), yields
C
F(to)(1+t9) %
(1+1t)%
Due to (19), we finish the proof. O

F(t) <
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