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Abstract. We establish an existence theorem for infinite energy solutions of degener-
ate elliptic equations whose right hand side belongs to a Orlicz-Zygmund class. The
function which measures the degree of degeneracy of the problem is assumed to be
exponentially integrable. We also study the regularity of the solution when the right
hand side belongs to a suitable Lebesgue space.
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1. Introduction

The aim of this paper is to establish the existence of infinite energy solutions
of degenerate elliptic equations. Let us consider the following equation

divA(z,Du) = divf inR", n>2 (1)

for a function u : R™ — R. We suppose that the operator A : R” x R — R" is

a Carathéodory function satisfying the following assumptions for almost every
r € R" and all £ € R”

|A(z,§) = Az, n)| < k()] =, (2)
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(A(z,€) — Az, n).€ — 1) > %)m s (3)

A(z,0) =0, (4)

with k(z) > 1. The above three conditions imply the following inequality

€17 + [A(2,§)|* < K(x)(A(2,€),6) ()

where K(z) = (k(z)? + 1)k(x) will be called the distortion function of the
operator A(z,£). When k(x) is bounded the equation is uniformly elliptic,
otherwise it is a genuine anisotropic equation. For recent developments of the
theory of uniformly elliptic equations we refer to [15,16]. In what follows, the
distortion function will belong to the exponential class EXP(R") defined via
the Orlicz function P(t) = e' — 1.

The model we have in mind is the operator A(x,&) of the form A(z,§) =
A(x)¢ where the matrix A(x) is given by

log% <e + ﬁ) 0

Ale) = <e+ L)

Wl

0 log

]
when x # 0 and by the zero matrix when x = 0.

Definition 1.1. A function  in the Sobolev class W2 (R™) such that A(z, Du)

loc

€ L} (R™R") is a solution of equation (1) if it is a distributional solution, i.e.,

if the following integral identity

| . Du). Doy do = [ (f.Dg)da, )

is verified for every ¢ € C5°(R"), whenever f € L} (R";R").

loc

Let us recall that the energy of the solution u in a measurable set w CRR" is
Elu,w] = /(A(x, Du), Du)dz. (7)

We say that a solution of equation (1) has finite energy if £[u,w]| is finite for
every compact set w C R".

The study of the regularity properties of solutions of degenerate elliptic
equations has a long history under the assumption that K(z) is a function
exponentially integrable, since such equations naturally arise in the study of
mappings with finite distortion and in non-linear elasticity phenomena. A sim-
ple use of Young’s inequality yields that the gradient of a finite energy solution
of equation (1), under the assumption that the distortion function is expo-
nentially integrable, belongs to L?log™" L(R™). Actually, as proved in many
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papers (see for example [7,11,17,18]), it gains higher integrability in the scale
of Orlicz-Zygmund classes.

A solution of equation (1) whose gradient belongs to L?log=*~! L(R"), for
some « > 0, clearly could be an infinite energy solution.

In recent papers ([4]) also the regularity of the gradient of infinite energy
solutions have been studied. More precisely, it has been shown that if the
gradient of a local solution belongs to a Orlicz-Zygmund class not too far from
the natural one, i.e., it belongs to L?log™* " Li,.(R"), for a suitable a, o = ()
positive and sufficiently small, then the solution has finite energy, provided
f € L210g™! Lipe(R").

As far as we know, no existence results are available for infinite energy
solutions of equations of this kind. Here we fill this gap showing that there
exist infinite energy solutions of equation (1) if the right hand side f belongs to
the Orlicz-Zygmund class L?log' ™ L(R"™), with o > 0 depending on the norm
of the distortion in the exponential class.

More precisely, our basic assumption is a global exponential integrability of
the distortion function K(z) appearing in (5). Namely, we shall assume that

K] = [ fesp(B(K() ~ Ko)) — 1) < o, ©

for some 5 > 0 and some function Ky € L*(R™) such that 1 < Ky(z) < K(z).
Our main result is the following

Theorem 1.2. Assume (2)—(4) and suppose that K(x) satisfies (8). There
exists a constant 0 < ag = ap(n, B, ||Kol|eo), such that if

f € L*log' ™™ L(R™) (9)

for 0 < a < min{l,ap}, then the equation (1) admits a solution u such that
Du € L?log " L(R™). Moreover the following estimate holds

1D sy < [ 17 log (62 +111) do
" (10)
+e / [esp(B(K(r) — Ko)) — 1] d,

for a constant ¢ = c(n, 5, ||KCo||)-

As far as we know, previous Theorem is new also in the linear case A(z,§) =
A(x)-&. Let us explicitly point out that we are dealing with genuine anisotropic
equations, since the ratio between the eigenvalues (given by k%(x)) is unbounded
and we search the solution on the whole R".

We will show, by mean of an example, that the regularity of the right hand
side of equation (1) doesn’t prevent us in finding infinite energy solutions. In
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fact, we shall construct an equation for which assumption (5) is satisfied for an
exponentially integrable function, whose right hand side is zero and admits an
infinite energy solution.

The main difficulty in dealing with equations with degenerate ellipticity is
that generally we cannot use test functions obtained multiplying the solution
by a smooth cut-off function. We overcome this difficulty using Lipschitz test
functions constructed as in the pioneering paper by Acerbi and Fusco ([1]) and
a method due to Lewis ([14]) in order to establish useful a priori estimates.
The desired existence result will be obtained, as usual, by an approximation
procedure, obtained suitably modifying the argument of [2], since the a priori
estimate is preserved in passing to the limit.

In both steps, i.e., the a priori estimate and the approximation procedure,
due to the nonlinearity of the operator and since the energy of the solution
could be infinite, we need suitable properties of the Hardy-Littlewood maximal
operator in Orlicz spaces as well as non trivial techniques of functional analysis.

Finally, when n > 2, we study how the summability of the right hand
side influences the summability of a finite energy solution u. We recall that,
under the stronger assumption that IC(z) satisfies (8) for any § > 0, if the
right hand side belongs to L7 (R™) with p > n then the finite energy solutions
are locally bounded (see [4]). Here, assuming (8), we study what happens when
fe Ll (R") for2 < p < n. By using a new version of a Lemma contained in [6],
we prove that also for the problems treated here the regularity of f improves the
local summability of a finite energy solution. Dealing with degenerate problems,
the solution u earns less regularity than the non degenerate case (see [3,6,19]).
In fact, we shall prove that if f € L} (R"), 2 < p < n, then u € L; (R"), for
every s < p* (see Theorem 5.2).

The paper is organized as follows: in Section 2 we recall definitions and basic
properties of Orlicz-Zygmund classes and we collect several Lemmas useful for
our needs; in Section 3 we establish the a priori estimate; Section 4 is devoted
to the existence result; in Section 5 we study the regularity of the solutions; in
Section 6 we construct an example of degenerate equation admitting an infinite
energy solution.

2. Preliminary results

In this section we recall some definitions and basic result on Orlicz spaces and
maximal operator. For more details on these subjects we refer to [13,20].
An Orlicz function P is a continuosly increasing function such that

P:[0,400) = [0,400), P(0)=0, lim P(t)= oo.

t—o00
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The Orlicz space LY (R™) consists of those Lebesgue measurable function f(x)
defined for x € R™ such that

/P(/\|f|)dx<oo, for some A = A(f) > 0.

This is a complete linear metric space with respect to the following distance

distp(f,g) = inf{% : /n PAf —g|)dx < 1}.

The non-linear Luxemburg functional

1
f11P :inf{x : /Rn POf]) dx < 1},

is homogeneous, but in general fails to satisfy the triangle inequality. In case
the Orlicz function P is convex, then || -||p is a norm and L? with this norm is
a Banach space.

We shall work with the Orlicz-Zygmund spaces L°log® L, 1 < s < o0,
a € R, which are Orlicz spaces generated by the function P(t) = ¢*log®(e +t).
Note that Orlicz functions that are equivalents at oo generate the same Orlicz
space. Let us recall that for @ > 0 the non-linear functional

= | 151708 (e 1) dxr

is comparable with the Luxemburg norm in the sense that

fllzsrg £ < [flsa < 2| f]|Ls 108 -

The following inclusions trivially hold L” log” L(R™) € LP(R™) C L? log® L(R"™),
with continuous imbeddings

HfHLplog“ L(Rn) < HfHLP(R") < HfHLplog/BL(R”)7

whenever a < 0 < . We have also the following Holder type estimates

1fgllzerog L < Cla, Bl Leroge Ll Lo 10g7 1 (11)

whenever a,b > 1 and «, f € R are coupled by the relations % = %—I—%, 1= %+§
Moreover, the Young’s inequality in Orlicz-Zygmund spaces reads as

st < sPlog®(e 4+ s) +tlog’ (e + 1), Vs, t>0, (12)

whenever p, ¢ > 1 and «, § € R are coupled by the relations 1 = %—ké, %—i—g =0.
For a > 0, the dual Orlicz space to Llog® L(R") is the Orlicz space EXP1 (R"),
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generated by the function Q(t) = exp(té) — 1.

In what follows we shall use the following elementary inequality
st < slog®(e + s) + c(a) exp(2ta), Vs, t >0, (13)
and the Hoélder’s inequality that reads as

1f9llr < el fllzroge 1llgllmxp - (14)

Here and in what follows we will not specify the constants but only their de-
pendence on relevant parameters. We shall also need the following elementary
inequalities

s+t S t
< Y t>0 15
slog®(e® + 5) < c(a, B)[e”* — 1], VYo, B, 5>0, (16)
sP < cs?log (e +5), Ya>0,Vs>1,V1<p<2 (17)

Next Lemma will be useful in what follows.

Lemma 2.1. For a function f € Llog~* " L(R"), 0 < a < 1, we have that

/] I
m) drx<c Rn|f|10g (e +|f]) dx,

for a constant ¢ independent of a.

Fllog™ (e + |]) log®™ ( i
Rn

Proof. Observe that

B N /]
Rn|f‘1og e+ 1f])log*™ (e+m) o

—2« a—1 |f| )
= 1 e 1 e+ ————— | dzx
/{f|>e}|f| o lexifos ( " log* (e + 17D (18)

—2 a—1 |f|
+/{|f|<e}|f|log (e + If]) log (e+—10ga(e+|f|>> dn
=]+11I.

In the set {|f| < e} we obviously have m > 2|f|. Since @ — 1 < 0, we
have

o £ o |/ o
log® ™" (G—Fm) <log®! (64—7) < clog 1(e+|f‘)7
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for a constant ¢ independent of o and so

I1<c / [Fllog2 (4| 1) log®™ (e ]) dr <c / Fllog=" (e ) da. (19)
{Ifl<e} R7

In the set {|f] > e} we use that log(e + | f|) < 2|f|2, thus having
. fl /] =
log®™* (e+a’— < log™™ <e+—> <clog® e+ |f
g (e + 1] e
and then

ISC/ | f[log™**(e+|f]) log® ™ (e -+ f]) daﬁé(ﬁ/ |f[log™*" (e f]) dz. (20)
{lf1>e} R%

The conclusion follows inserting (19) and (20) in (18). O

The Hardy-Littlewood maximal function of f € L}, (Q), that will be de-
noted by M f(x), is defined as

_ sup][ 1£(v)ldy,
Q>3

where the supremum is taken over all cubes () with edges parallel to the coor-
dinate axes. Recall that the maximal function acts boundedly between Orlicz-
Zygmund classes. More precisely, we have the following result.

Lemma 2.2. For a function f € LPlog® L(R"), p > 1, a € R, we have that
Mf e LPlog® L(R™) and

||Mf| |Lp log™ L(R™) < C(TL, b, O!) | |f| |L1’ log™ L(R™)-
We shall use the following extension Lemma (see [1]).

Lemma 2.3. Let A > 0, 1 < ¢ < 00, g € R" and r > 0. Suppose that
u € WH(R"), suppu C B(xg,r) and

F(\) ={z: M(|Du|)(x) < A} N B(xg,2r) # 0.

Then ujpyy has an extension denoted by v = v(-, \) such that
(i) v=mu on F(\),

(ii) suppv C B(zo, 2r),

(iii) v € WH°(R™) and ||Dvl|s < c(n)A.

We conclude this section stating an useful iteration lemma whose proof can
be found in [8, p. 161, Lemma 3.1].
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Lemma 2.4. Let f(7) be a non-negative bounded function defined for 0 < Ry <
t < Ry. Suppose that for Ry < 7 <t < Ry we have

f(r) <At—7)""+B+0f(t), (21)

where A, B, «, 0 are non-negative constants, and 6 < 1. Then there exists a
constant v, depending only on o and 0 such that for every p, R, Ry, Ry < p <
R < Ry, we have

f(p) <~A[A(R—p)"* + BJ. (22)

3. The a priori estimate

In this section we shall derive a suitable a priori estimate for infinite energy so-
lutions of equation (1). Such estimate will be applied to solutions of regularized
problems, which exist by classical results (see Section 4). We have the following
result.

Theorem 3.1. Let u be a solution of the equation (1) as in Definition (1.1). As-
sume (2)—(4) and suppose that the function K(x) appearing in (5) satisfies (8).
Then there ezists ag = ap(n, B, ||Kol|) such that if

(A(x, Du), Du) € Llog™® L(R"), (23)
and
f € L?log' ™ L(R™), (24)
for 0 < o < min{l,ap}, then the following estimate

DUl oty < [ 1F@)Plog (e + 7)) d
e (25)
+ c/n[exp(ﬁlC _K))) — 1] da

holds true for a constant ¢ = c(n, B, ||Kol|s0)-

Proof. Let Ty(u) be the truncation of the solution w at levels ¢ defined as

follows
t,if s>t

Ti(s) = min{|s|, ¢} sign(s) = s, if |s] <t (26)
—t, if s < —t.

Let us denote by B, = B(0, p) the ball of radius p centered at the origin and
let us consider a family ¢, of cut-off functions between B, and B,,, that is

p,=1on B, |Vyg,|<—-, 0<¢,<1, suppp,C By,

TIo

v, /1 and |Vy,| — 0 uniformly as p — +o0.
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Next, for any p, let us set u, = T;(u) - ¢, and observe that, for x € R"\ Bj,,

we have

c
M(|Du,|)(z) <Xy = — [ [Duy.
P JBs,

Then, let us consider the sets
E\) ={zeR": M(\Duf)])(:p) <A}, F(X) = E(X) N By,.

Since F'(A) is non empty for A > A,, for such A we consider the function v
t

PIF(X)
Lemma 2.3. Using v as test function in the equation, we have

which is the Lipschitz continuous extension of u to the whole R", given by

/ (A(x, Du), Duy) da
FO)

= —/ (A(z, Du), Dv) dz +/ (f, Duy) du +/ (f, Dv)dx (27)
R\ F(\) F(\)

R\ F(\)

< c(n))\/ |A(z, Du)|dx +/ |f||Dutp]d:U+c(n))\/ |f| dx,
Bup\F(N) F(X) B

1p\F(A)
where we used that supp v C By,. Let us introduce the function

o(\) = ﬁ [log™ 1 (e? + ) — (ar+ 1) log *"2(e? + N)] ,

where 0 < a < 1 will be determined at the end of the proof. Note that the
function ®()\) is positive for every A > 0 and o < 1. Multiplying both sides
of (27) by ®(\) and integrating with respect to A in the interval (\,, +00), we
get

/Aoo (M) /F(A)<A(:U’DU)’DUZ> dad)\

p

< ¢(n) A T o0 /B Az, Du)| dzd\ (28)

P 1p\F(A)

+/ <I>(>\)/ ]f|]Dutp|dxd/\+c(n)/ <I>(/\))\/ (| dad).
A F()‘) )‘p B4p\F()‘)

P

We rewrite estimate (28) as follows
Jo < ce(n)Jy + Jo + ¢(n)Js, (29)

and we estimate the integrals J; separately.
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Estimate of .J;. Using Fubini Theorem, we get

Jo = /)\ (I)()\) /B <A($, DU); Dutp>X{x;M(\Duzl)§/\} dvd)

P 4p

_ / B(N) / (A(x, Du), Dut) drd)
A BO\)
+ / (A(x, Du), D) dx / B(A) dA
Bi,\E(\p) "

o (30
= {_ log™*(e? + ),) — log ™~ (e? + )xp)] / (A(x, Du), Duy,) da

@ E(Xp)

1

+ — / (A(z, Du), Dutp> log™“(e* + M(|Du2|)) dx
@ JBi, \E(\p)

- / (A(x, Du), Duy) log @ '(e? + M(|Duj|)) d.
Bi,\E(\y)
Estimate of J;. Again changing the order of integration, we obtain

7 :/ <I>()\)>\/ Az, Du)| dzd\
>‘p B4p\F()\)

< ¢(n) A B /B A DY,y oy A

P 4p

M(IDug)) (31)
:c(n)/B |A(z, Du)| O(MAdNdx

4p Ap

< c(n)/B |A(x, Du)| M (| Du;, )log™* H(e? + M(|Duj|)) d.

Estimate of J3;. Arguing as in the estimate of J;, we have
Jy < C(n)/B |f ()| M(|Dug ) log™ " (e? + M(|Duy)) da. (32)
4p
Estimate of J;. Arguing as in the estimate of Jy, we get

1
5= [Hog (@40 —log 4] [ (f@Dutlas
« E(Ap)

1

;L / F@) || Daflog ™ (e + M(| D)) de
@ JBi, \E(\p)

- / F@) [ Da log™ (¢ + M(|Dud))) de
B, \E(p)
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and hence

1
bg—mg%8+m/’|ﬂMW@Mx
«Q E(X\p)
1

b [ @) Dudog e + M (D)
@ JBi,\E(\p)

Combining estimates (29)—(33) we obtain

1
{_ log (e + A,) — log (e + /\p)] / (A(x, Du), Duy) da
« E(Xp)

1
+ —/ (A(x, Du), Dutp> log~(e* + M(]Duf)\)) dx
a Jpy\EO,)

_ / (A(x, Du), Dul) log="1(¢? + M(|Dut'|)) dz
B4p\E(>\P)

< c(n)/B |A(z, Du)|M(|Du])log™ "' (e + M(|Dul))) da

4p

+¢(n) /B |f(2)|M(|Duy|) log™ " (e? + M(| Duy)) d

4p

1

+—by%é+A»/‘ f(@)||Du | da
o E(\p)
1

s [ e Du oy + M (D)
O J B, \EO)

which implies

1
[_ log~*(e? + X,) — log ™~ (e? + )\p)] / (A(x, Du), Duy,) da
o E(Xp)

+ l/ (A(z, Du), Duf,} log™“(e* + M(|Du2|)) dx
By,

«

1 / (A(x, Du), Dut) log = (¢ + M(|Dul)) dx (34)
E(Ap)

«

§c(n)/B |A(x, Du)| M (| Du,

4p

) log_o“_l(e2 + M(|Du2|)) dx

+dmayé (@) [ M(IDal]) log™(¢? + M(|Dul))) da

4p

1
+—my%é+Aa/‘ ()| D) de
o E(X\p)
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Noticing that log™7(e® + \,) < log™7(e* + M (| Du})) on the set E(),) for every
o > 0, we can rewrite estimate (34) as follows

1 —a
5/34 (A(x, Du),DuZ) log™“(e? —I—M(|Dutp|))dx

< c(n)/B |A(x, Du)|M (| Dus, )log™* (e + M(|Duyl)) da

4p

+C(n,a)/B [f (2)|M(|Dug|) log™(e* + M (| Duy|)) dv (35)

+c(n, @) /E(A )(IA(%DU)\ +[f(@))|Duy| log™ (e* + M(|Duy)) da.

In the Appendix we will prove that the integral over E(),) tends to 0 as
p — 400, ie.,

phIJP (|A(x, Du)| + \f(x)|)|Duf)] log™*(e* + M(]Dum)) dx =0. (36)
T JEM)

Hence, passing to the limit as p goes to 400 in (35), we get

1 / (A(w, Du), DTy(w)) log™ (¢? + M(|DTi(w)]) da

(%

< c(n) / A DI M(DT; (w)]) log™ (¢ + M(IDTy(u)])) do
o) [ |f@MDT) o + M(DT@)))de (37)

<c(n) | |A(z, Du)|M(|Dul)log™* ' (e* + M(|Du|)) dx

]Rn

+e(m,a) [ |f@)M(Dul)log™*(e* + M(|Du]) de,

where we have used that |DT;(u)| < |Du| for every ¢ > 0 and the monotonicity
of the functions slog™® '(e? + s) and slog™*(e? + s). The constant c(n,a)
in (37) can be explicitly expressed by c(n,a) = c(n) + £, with ¢ an absolute
constant. Note that Young’s inequality (12) and Lemma 2.1 imply

c(n,a) - |f(2)|M(|Dul) log™*(e* + M (| Dul)) dz
< | M(|Dul)’log™**(¢* + M(|Dul))

Rn
x log®~! [62 + M(|Dul) log™(e* + M(|Du|))| dx
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+¢(n, @) - [f () log"*(e* + | f]) dx

<c | M(|Du|)*log * *(e? + M(|Dul)) dx (38)

]Rn

+c(n,a) . |f(2)*log!™*(e* + | f]) du

where ¢ is a constant independent of a. Inserting (38) in (37) and using Young’s
inequality we get

é /n<A(x, Du), DT;(u)) log™*(e* + M (| DT;(u)|)) dz

<c(n) | |A(z, Du)]*log=* (e? + M(|Dul)) dx
R”L

Ve[ M(Du)log™" (e + M(|Du))) dx (39)

R”

+e(n,e) [ |f(@)Plog ™ (e® + | f]) dx
Rn
= [+ 1T+,

where ¢ is an absolute constant. In order to estimate the integral I in (39), we
use (2)—(4), (8), and the inequality at (13) as follows

I <c¢(n) /n E*(z)| Dul?log=* ' (e*+ M (| Dul)) dz

< ¢(n) /nk I<Cx> (K — Ko)|Dul*log™* (e 4+ M (| Dul)) da

+ c(n) /nk I(Cx)lC0|Du|2log_o‘_l(62+M(|Du|))dx

/[exp( (K —Kyp)) —1]dx
/ (@ )|D |*log™*~ (62+M(|Du|))log(e +k< >|D |)

n

< e(n,0)

L
B

T e(m) 1Kol e / n m,pup10g—a—1<€2+M<|Du|>> du

<c(n.a) [ lexp(3(C ~ o) - 1] da

(40)

+ c(n) (%Huconoo) /n(A(a:, Du), Du) log~*(e2+M(|Dul)) dz

where we have also used that = ) < ﬁ < 1 and |Du| < M(|Du)).
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In order to estimate I we observe that

. M(Duhr N e
m-cf (k)g; ))) log ™ (¢ + M(| Dul)) do.

(e2 + M (|Dul

for every exponent 1 < p < 2. Since the function 57 logﬁ(e2 + s) is convex for
p < 2 and large s, a simple use of the Jensen’s inequality yields

_M(Du)r M( |Dul? ) | (a)
logr (€2 + M(|Dul)) log? (€2 + | Dul)

hence

2 p

Dulr

I < c/ (Pl log~*(e2 + M(|Dul)) da.
n log? (€2 4+ |Dul)

Since log=*(e? + M(|Dul)) is an A, weight for every p > 1 (see [5]), by the
maximal Theorem in the weighted Lebesgue spaces, we obtain

/ (M( l|Du|5 >> log~*(e* + M(|Dul)) dx
A\ \logr(e2 + Dul)

c(n |Du|% : og “(e? u|)) dx (42)
<clnp) [ (bg;@uwun) log™*(¢* + M(|Du)) d

= c(n,p)/ \Du!zlogfl(e2 + |Dul) logfo‘(e2 + M(|Dul)) dz.
Rn

Arguing as we did in (40) we get

n

IT < c(n,a)/ lexp(B(K — Ky)) — 1] dx

+c(n)<%+ \|/C0Hoo>/n<A(:c,Du),Du> log™*(e? + M(|Du)) da. (43)
Inserting (40) and (43) in (39), we get
- / (A(z, Du), DT, (w) log™(¢*+ M(|DT;(w)))) s
< ¢(n) (%+||/c0||oo) / (A(w, D), D log™ (¢ M{(|Dul)) da (44)

+c(n,a)( le(x)ﬁlogl_a(eQHﬂ) dx +/ lexp(B(KL—Ky)) — 1] da:).

n
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Thanks to the assumptions (23) and (24), we can pass to the limit as ¢t — +o00
in (44) and by Fatou’s lemma we obtain

é/TSA(x,Du),Dw log ™ (¢*+ M (| Dul)) dx

< ¢(n) (%+||/C0||oo)/Rn(A(:v,Du),Du> log™*(e*+M(|Du|)) dzx (45)
+c(n, a)( Rif(:c)?logl*a(ezﬂf\) dx +/Rn[exp(ﬁ(lC—lCo)) —1] dx).

Choosing 0 < o < min{1, ap}, where o is defined by aio = c(n)(% + [|Koll)
and thank to the assumption (23), we can absorb the first integral in the right
hand side of (45) by the left hand side and we arrive at

/ (A, D), Duylog™(¢* + M(|Du])) dr
< ¢(n, B, ||/C0||oo)/ |f () log'=*(e® + | f]) dz (46)

R

4 8, [Koll) [ lexp(30C — Ka) = 1 da,

which, by virtue of the assumption (3), implies

/ ]Du\zlog *(e? + M(|Du)|)) dx
< <nm|/couoo/ (@) log! 2 (e + | 1) d ()
el BullKolle) | [exp(a0C — Ko)) 1] d

Using again Young’s inequality in Orlicz spaces we get

/R" |Dul?log ™ (e + |Dul|) log™*(e* + M(|Dul)) dz:
< / [exp(B(K — Ko)) — 1] ds (48)

1 1 27 —al, 2
+ (B‘FWCOHoo) /n%\Dm log™*(e* + M(|Dul)) dx
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From estimate (42) we deduce that

/ |Dul?log ™ (e + |Du|) log=*(e* + M(|Dul)) dz:
R

M(pa))r N\,
Zc/}Rn <1ogé ))) log (¢ + M(|Dul)) da

M(|Dul) a2
= log™® M(|Dul))d
C/Rn og(e 1 M (Dap)) 08 (¢ MDul)) d
> c/ | Du|?log™* ! (e? + |Dul) d.
Combining (47)—(49), we get
| Dul*log™ " X(e* +| Dul)dz < c(n, B, HICOHOO)/ [f (@) |*log' (e +| f|)dx
R R (50)

T e, B, 1Kol o) / Texp (30— Ko) ~ 1]

Recalling that Orlicz functions equivalent at co generate the same Orlicz space
and by the definition of the norm in Orlicz spaces we deduce the assertion. [

4. The main result

In this section we prove our main result concerning the existence of infinite en-
ergy solutions for the equation (1). The proof is achieved via an approximation
procedure and it relies on the a priori estimate proved in the previous section.

Proof of Theorem 1.2. For € a positive real number, let us define

A(w,€) + k(@)é.

Az, §) = 1
(z,¢) 1+ ek(x) (51)
Using the structure assumptions (2)—(4), one can easily check that
1+¢
|A€(x7§)_A€(xun)| S c |§_TI|7 (52>
€
AE ) - AE y ) S T > - 2' 53
(Ae(@,€) = Aclz,m), € =) 2 7 [€ =] (53)
Moreover, we have the following bounds independent of
‘A5<x7£)_‘45<x777)| §k($)‘f—77’7 (54)
1

()
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The equation
divA.(x, Du.) = divf in R", (56)

is uniformly elliptic thanks to (52) and (53). Moreover assumption (9) implies
that [0, [f|?dz < [o.|f|*log'"*(e + | f|) dz, and then by classical results for
each ¢ > 0 there exists a unique solution u. € W'*(R") N L? (R") of the
equation (56) (for the reader’s convenience we give the proof in Subsection 7.4

of the Appendix). Therefore we can apply Theorem 3.1 to find that

| |Du5| |%2 log_a_1 L(R")

21 d—ay 2 (57)
<c [ 1P 1o (e +|f|>da:+c/ lexp(B(K(z) — Ko)) — 1] d.

A standard diagonal argument gives us a subsequence, still denoted by u.,

weakly converging to a function u. By the lower semicontinuity of the norm,
the gradient of the limit map Du belongs to L?log=*"' L(R") and

1D s yany < [ 17 log (e +11) do
R" (58)
+ c/n[exp(ﬁ(lC(x) —Ky)) — 1] du.

It remains to prove that u is a solution of equation (1). To this aim, recall that
since u. solves equation (56), then [, (A-(z, Du.), D) dz = [,.(f, Dy) dz, for
every test function ¢ € C5°(R™). Hence, we have

/n(A(x, Du), Dp) dx = /n(A(m, Du) — A (x, Du), D) dx

+ /n(Aa(x,Du) — A:(z, Duc), Do) dx

(59
—i—/n(AE(x,Dus),D(p) dx
:I§+If+/n<f,Dg0>dx.
By (59) it follows
| A pde [ (. Dovas| I+ (60)

Next step is to prove that the right hand side of (60) tends to zero as € goes to
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zero. Using the definition of the operator A.(z, &) and (58) we get

1 < [ |A@, Du) = Ad(z, Du)|| D¢ do
RTL
<llellep | ekta)|Du Alz, Du)| do
suppy
<llelley | e(kta) + K(@)|Dul da
suppe

< ellglles / (K — Ko)|Dul dz: + || Kol || [0 / \Duldz  (01)
suppg

suppe
< llolles / fexp(K — o) — 1] de
suppy

[l cge

+e—
B suppyp

!DU\log(H|Du\)+€\|7CoHooH90Hcgo/ |Dul dx
suppy
< ce

since the integrals in the last line are finite. Then limsup,_,, |I}| = 0. Moreover
using (54), we have

2| < / A(e, Du.) — A(z, Du)|| D] da
suppe

<lielleg [ k@)|Du~ Dulda
suppy

=
—~

D

)
~—

< cllollcae K = Kollmxr ( [ - Dualpdw)
suppy

T ellllos 1Kol e (/ IDu—Du5|”dx) |
suppyp

for every exponent p satisfying 1 < p < 2.
Now, we remark that, since Du, — Du in L?log™* ' L(R"), then Du. — Du
in L?log™® ' L(suppy). By (17) we deduce that

/ |Du — Du|?
suppe

|Du—Du5|q—|—/ |Du — Du,|?

supppN{|Du—Du.|>1}

/suppcpﬂ{|Du—Du€|<l}
< |suppy| —|—/ |Du — Du.|*log™* (e + |Du — Du.|).

suppy

Hence we also have that Du. — Du in Li(suppy), for all 1 < ¢ < 2. In the
Appendix (Section 7.2) , arguing as in [2], we will prove that

Du. — Du in measure. (63)
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Then there exists a subsequence, still denoted by wu., such that Du. — Du
strongly in LP(suppyp), p < ¢ < 2, i.e.,

lim |Du — Du.|P = 0. (64)
e—0 Suppy
Passing to the limit in (62) as ¢ — 0 and using (64) we get lim._ |I2| = 0.
Then we conclude that

/n(A(a:, Du), Dp) dx = /n(f, Do) dzx,

i.e., u is a solution of equation (1) such that Du € L?log=* ' L(R™). O

5. The regularity

This section is devoted to the study of the regularity properties of finite energy
solutions of equation (1) when the right hand side f € L] (R"), 2 <~y < n. To
this aim, first of all, we prove a Lemma that we will use in the following and
that can be of interest by itself.

Denote by B; the ball of radius ¢ centered at xq where xy € 2 and € is a

bounded open set of R™. For A > 0 let
/1A = {1E € i’ll(ﬂ?)‘ > /X}g fiA,t = /4A N By,.

Moreover, if m < n, m* is the Sobolev embedding exponent, i.e., it results
1 1 1

m* m n’

Lemma 5.1. Let u € W'P(Q), o € L1, (Q), where 1 < p < n and r satisfies

loc loc

lar< (65)
p

Assume the following integral estimate holds

/ | Dul” dz < co [/ o+ (t—T)“/ \u|”’dl’] : (66)
AA,T A/\7t A)\,t

for every A € N and Ry < 7 <t < Ry, where ¢ is a positive constant that
depends only on n, p, v, q, Ry, Ry and ||, « is a real positive constant and
0 < q <p*. Then it follows that

ue L] (Q), s=(pr). (67)

loc
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Proof. 1f ¢ = p the proof of Lemma 5.1 can be found in [6]. Actually the proof
in [6] works also if ¢ < p. Hence it suffices to prove (67) when p < ¢ < p*. In

the appendix, by using the same argument of [3,6], we will prove that for all
Ry <t <t < Ry with Bg, C {2 the following estimate holds true

(/

<c [ (=0l + 1) + 0] (L4 T o),

r_
p*

!

|Tj+1<u>|<m“>P*dx)
(68)

where m > 0 is a positive constant to be chosen, 7} is the truncation function
at levels (7 + 1) defined in (26), ¢ is a constant depending only on the data
(see formula (102) in the appendix) and § = max{a, p}. Since it results

c(t—t')ﬁ/ (Jul? +1)de < et =) P[lul|t,. 5 1Bl ™7 +e(t =) 77| B, (69)
By
it remains to evaluate only the following term
et =) [ (ul" + DTy
By

We proceed by steps.

r

Step 1: If 1 < r < %* then it results pmpfiq < pm- and Holder’s and
Young’s inequalities give

(=) [ | ds
By

i* * l_p*
vae)” ([ 1t
By

1—-1
<cft— t,)_EC(HUH%p*(Bt)’ | By|) </B |Tj+1(u)|pm”d$> ;

<c(t—t)"* ( |u
By

where as before ¢(]|u By]) denotes a positive constant that depends only on

q
P

t)
since by assumption (65) we have 1 — % < 1%, from the previous inequality we

the quantities [lul| . B and |B;| that can vary from line to line. Moreover,

deduce

ot — 1) /B [Ty () Pl
t . (70)

P _5("—17)7“

€ -
< B < i T (w)|? rldi[;) +C(g ¢, Hu”%p*(Bt)’ IB.)(t — t') P
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for every fixed ¢ € (0, 1). Similarly we have

c(t )" ; | Ty ()" d
' " (71)

( —p)r

([ 1mtaresan)” s el - o5
By

Using (69)—(71) in (68) we deduce the following inequality

(/. |

Sﬁ/wa+mmwmm%€(|@mwm*“)
Bt Bt

p*
_ (n=p)r
+ O, ullye g |Bil) [ = )77+ (8 = #) 7555

<

N ™M

T4 (w) |(m+1)p* dx>

P
P*

for every fixed ¢ € (0,1).

We prove now that the previous inequality implies the assertion. In what
follows we denote again by ¢ a constant that depends only on the data ¢, «, p,
n and r which can vary from line to line. Let us choose m such that

pmr . .
PP (ot 1) = (r)” (72)
that is m = ?TE =) > 0 by assumption (65). Thanks to this choice we have

[ o1+ pa(wl™)da
By

1—1
U&{WN [rnmwwmﬂﬂ }'
By

We observe also that using again assumption (65), we have 1 — 1 < = and so

the righ-hand side of (73) can be controlled by

(73)

< cf[o

P

P
1 mt1)p*
CH@oHLT(Bt){!Bt!l " +1+{ T2 () |07 dw} } (74)
By

Choosing ¢ = 1 and R; < 1 such that clleollLr(Ba,) < 1 and combining the

=1
previous estimates, we deduce
t/

(L
T s (75)
| Ty de )+ ellpollis, ||BIF +1]

5
+ ( IIUH By | Be)(t =) 770D,

p_
P

Ty (u) |(m+1)p* dx)
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Let Ry < p < R < Ry be arbitrarily fixed. Thus by the previous inequality, for
every t and t' such that p <t <t < R we obtain

(.

1 .
<3 ([ matormra)
By

[ Bal)(t — 1) #0m D),

p_
¥

Ty (u)| (1 dm)

i (76)
+ cll@ol|Lr(Br) [|BR - 4 1}

2
+ O(Ca HUH%P*(BR

since the constant C' in (75) depends on ||u||7,. 5, and on |B;| in an increasing

(Bt)
way. Applying Lemma 2.4 we conclude that

p

(/ [T () [P dx)
BP

< C(e, Bm + 1) {Igoller s [|Bal* +1]

- CLe, [l 5,0 | Brl, Bm + 1) (R = p) 0 L

where C(c, B(m + 1)) = ¢y with 7 as in (22). Letting j — +o0 in (77), and
recalling (72), we obtain

|u|(”’“)*dx
Bp

from which the assertion follows.

b
3

]

< C(c, B(m+1)) {Ilwolluwm [|BR|1_% * 1} (78)

_B(n*
+ O, Nl oy 1Bl Blm + D) (R = p) 5},

Step 2: 1f %* > % there is nothing to prove. If rq = %* < % we have to

Consider* the remaining case > r > %*. Since ¢g € Lj,.(Q2) we alsg have that

p_
q

o € L,2.(Q). Thus by the result of step 1 we deduce that u € LZOZ7 (Q) and

we can replace estimate (70) by the following

T2 ()P
By

. ) N )
< ( ; \u|<p%) dx) <”%) T ()|
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We note that if r < @ then pm(%% < pmr%l. Hence we have
pT —-q
N e e
pm (Z?)* (p%) r =
T %) ar <c(s) ([ ) L s
Bt Bt

and thus proceeding as in Step 1 we deduce the assertion.
ﬁ *
Now if M > % the proof is concluded, otherwise it remains to prove

q
: (p%)*
the theorem when 2 > r > ry = —*¢

<SS |

. Under such a condition on r we can
proceed exactly as before (i.e., since ¢y € Lj .(€2) implies ¢y € L;}.(€2) and

hence u € L7 () ...) and conclude that if r < ry = % then u € L") (Q).

loc loc

Again the proof is concluded if ro > %, otherwise we need to consider the case

% > r > ro which can be treated exactly as before. Notice that the sequence

_ (rip)*

Tiy1 = , © € N is strictly increasing. As a matter of fact we have
nlg —
Tiy1 > T < 1> M, (81)
pq

where the second inequality can be easily proved by induction. We complete
the proof showing that there exists a value ¢« € N such that r, > % (and hence
the procedure ends after no more than ¢ steps). To this aim we observe that by

the monotonicity of this sequence it follows that

3 lim =1, ZG(EQ:£L+W]. (82)
1—+00 pq

The assertion follows proving that [ = +o0o. As a matter of fact, if [ € RT it

follows that

) ,_le—p)

q pq
and this contradicts (82). O

l:

Now we can prove the following regularity result.

Theorem 5.2. Assume (2) and (3) and let u be a finite energy solution of the
equation (1). Suppose that KC satisfies (8) and that

fekrLl (R"), 2<~vy<n. (83)

loc

Then we have n
ue L (R"), Vs<7*:—7. (84)

loc n—-x
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Proof. Let us fix a ball Bg, and consider Ry < 7 <t < R;. Define the function
o =1'lu—Ty(u)], A>0,

where T denotes the truncation at levels £\ defined in (26) and n € C§°(Bg,)
is a cut-off function such that supp n C B, 0 <n <1,n=11in B;, |[Vp| < ;%
Using ¢ as test function in (1), we get

/B (A(x, Du), D(u — Ty(u))n?) dz + 2/ (A(z, Du),nDn(u — T\(u))) dx

Br,

= [ (@)Dl =Tw)) de+2 [ (f)nDate = Ti) de

Bpr,

Setting Ay, = {z € B, : |u(x)| > A}, we can rewrite the previous equality as
follows

/ n*(A(z, Du), Du) do = —2/ (A(z, Du),nDn(u — T\(u))) dx

ARy ARy
[Pt Doy o (85)
2 [ (@) Dntu = Ty(w) de,

Thanks to the assumptions (2)—(4) and using the properties of 1, we obtain

1
/ —|Du|2n2dxsi/ k()| Dullnlu] de
Ax Ry t—7 Ax Ry

k()
) (56)
[ @D s+ [ (@l
ARy -7 ARy
A simple use of Young’s inequality yields
/ L|Du|2772 dx
Ax Ry k()
c 1
< — kg(x)|u|2d:1;+€/ ——|Dul?|n|? dx 87
t—) / e (51)
+ %/ lul? de +/ k()| f ()] do +/ f(2)[? da.
(t - 7_) A>\7R1 A)\yR1 A)\,Rl

Choosing ¢ sufficiently small, we get

! 2 L 355 U2 X C i i 2 T
[ o< g [ R@wP @ e [ Hoir@r . @)

A\, Rg k(x) Ry



Existence of Infinite Energy Solutions 417

where we used that k(z) > 1.

Setting @y = k(x)|f(x)|?, since k*(z) € EXP,.(R") and |f|?> € Lz, we
observe that ¢, € L2 log_% L(R™) and hence ¢y, € L"(R") for every r < 3.
Moreover, using Holder’s inequality in Orlicz spaces, from (88) we deduce that

/ [Dul’ o€ / ul log(e + u) dz -+ / dz. (39)
T =~ u e u T C (p J},
o oa(e 1 D) ST :

AN Ry

and therefore

C
| pwrars S [ e [ g
ARy AR, Ax Ry

2n
nt2

tion (83) and being p < 2, it follows that 1 <r < I < +. Hence we can apply
Lemma 5.1 and we deduce that v € L; (R"), s = (pr)*, for every p < 2 and
r < 3 and hence (84) follows. O

for every p and ¢ satisfying < p <2< q<p*. Notice that by assump-

6. An Example

In this section, we shall construct an equation for which assumption (5) is
satisfied for an exponentially integrable function, whose right hand side is zero
and admits an infinite energy solution. Hence the regularity of the right hand
side of equation (1) doesn’t reflect on the regularity of the solutions.

To be more precise, for x € B(0,e ')\ {0} C R? let us introduce the
function

I 2 ]_
u(z1,z2) = — explogs —
|z ||
Elementary calculations yield that
ou 1 x? 2 ou T1To 2
= () = s p(la) 1+ : == plz)) |1+ ——7|
ory |$| |z[? 310g%ﬁ 02 |z 310g%ﬁ
where in order to simplify the notations we set p(|x|) = exp log? ﬁ Next, let
us consider the function
2 1
vl o) = ~explogh w40
and introduce the matrix
A= i T, TR
uml}m — umvm _uxluxz - U.’Elvx2 uxl _'_ UCE1



418 G. Moscariello et al.
It is well known that (see for example [12])
divA(2)Vu = div(—vg,, vz, ) = 0.

Moreover the eigenvalues of the matrix A(z) are given by k ; and k(z )
where k(z) = 3log? L. Since (A(x)Vu,Vu) = 2%z e have that

2 3 1
3|x|? log Bl

—1

/ (A(x)Vu, Vu) de = c/ P 3 dr
B(0,e™) o 2rlo 5%

One can easily check that

/ (A(x)Vu, V) dx = 62/ pdry, Vo€ CP(R?).
B(0,e~1)Nsuppy 8B(0,e~1)Nsuppey

Hence setting

ie) = u(z) in B(0,e™ )\ {0}
| €2z, inR%\ B(0,e7Y)

i A(z) in B(0,e )\ {0}
I in R*\ B(0,e™ ")

and

P k(z) in B(0,e ")\ {0}
1 in R*\ B(0,e™")

we have that u is an infinite energy solution of the divergence type equation
div(A(z)Va) =
in R?. Note that A satisfies the assumptions (2)—(5), for K = (k2+1)k. Moreover

there exists 8 > 0 such that exp(8K) € L*(B(0,e™1)), hence also (8) is satisfied
with Ky = 2 in R2.
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7. Appendix

In Subsection 7.1 we prove the estimate (36) while in Subsection 7.2 we prove
the statement (63). Finally in Subsection 7.3 we prove the estimate (68).

7.1. Proof of estimate (36). Observe that
t
EIJP A =0, E()\,)C {a: € By, : M(lp,DTi(u)])(x) < %+)\p} = A,
p oo

and that there exists a sequence p, — oo such that x4, — 0 a.e.

Now, using the sublinearity of the maximal operator, the monotonicity of
the function m, the elementary inequality (15) the property of the function
¢, and the definition of the A,, we obtain

v )[IA(%DU)I+|f($)I]M(IDUZI) log™" (e +M(| Duy)) dx

< [ 14w Dul+15)]
( M(j9, DT, (w)]) M(T()Dg,)) )dx
log™ (e + M(j0, DT, (w)]) | Tog™(+ M(|T,(u) D))
/R Az, D)+ 1/ ()| M (T (u)]) dz

[|A(z, Du)|+|f(z)|] logaéﬁ%if%(u) )

p/ [ AGz, Du) |+ () []M (T, (w)]) dx

Mg, DTy(w)))
+ [ 1At Dwls ) g e 4 MT, DT, ()]

P +)‘p
< Al DLW e s |14 Du)l @) do

dx

+
m\

X4, dx

Thanks to the assumption (23) we have that |A(z, Du)| € L'(R™). Hence
passing to the limit as p — 400 we get the conclusion. O

7.2. Proof of the statement (63). Let us denote by w the set supp ¢. Our
aim is to prove that for every n, A > 0, there exists v = v(n, A) such that

{x € w: |Du. — Duz| > A} <, (90)

for every ¢ and €’ in (0,v). For some B > 1, let us define

Ey={r€w: |Du>B}U{x€w: |Dus| > B},
Ey={r €w: |Du.| < B, |Du-| < B, |Du. — Duz| > A}.
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First, let us observe that {xr € w : |Du. — Duo| > A} C E; U E,. Since
| D[}, < ¢, we have that |Ei| < §, for B = max{1,}, independently
of ,¢’. We may always suppose that 7 is sufficiently small to have that B = %.

Now the definition of A, at (51) and elementary calculations yield

(Ac(x, Du.) — Ao (x, Dusr), Du. — Dugr)
le — €|k

1
> —— |Du. — Duu|* —
[Due = Dual” = 5 o)

~ k(z)

|(A(x, Duo) — Dugr, Du. — Dugr)|
and then

1
——|Du. — Du.|*dx
| |

< / (A:(z, Du.) — Az (z, Du), Du. — Dugr)dx
Es

k
B, (1 +ek)(1+¢€k)

+le — €| |(A(z, Duz) — Dugr, Du. — Dug)|dz

(91)
< / (Ac(z, Du.) — Ao (x, Duy), Du. — Dug)dx
Es
—|—/ L|Du — Duu*dx
B, 2k(2) ) )
/12 k3 2
— A(x, Du.) — Du|“dx.
+ |e — €| /E2 (1+5k’)2(1+5/k)2| (x, Du) U | dx
From (91), using the definition of Es, we deduce that
1
/ — | Du.— Duy *dx S/(Ag(x,Dus)—Agf(LDuex),Due—Du€/>dac
E22k(‘r) FEs
+le—€'|*| K*(K*B*+B*)dx
" (92)
< / (Ac(z, Du.)— Ao (z, Duer), Du. — Dugs)dx
E>
e—¢'|?
(6, ) IWol e o) E25

where we used that B = %C. We can verify, as in [2], that F5 is a compact set.
In order to estimate the first integral in the right hand side of (92), let us denote
by Es;, for every t > 0, the set Ey;, = {x € E, : dist(z,0E3) > t}. Consider
the subset Ly = Ej « \ Ey; and a smooth cut-off function 1 € CG7(Ey,15[0,1])
such that 1y =1 on Ey;. As the thickness of the strip L, is of order ¢, we have

an upper bound of the form [|Vy|[o < . Using 9, (u. — ue) as test function
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in equation (56), we get

/ (Ac(z, Du.) — Ao (x, Dur), Du. — Dugr)dx
Es
= / (Ac(x, Du.) — Aer(x, Dugr ), Y (Du. — Dugr))dx
Eo ¢
+ / (Ac(x, Du.) — Aer(x, Dugr), Du. — Dur)dx
Eo\Es+

= / (Ac(z, Du.) — Ao (x, Duor), ¢ (Due — Dugr))dx

w\l*

+ / (x, Du.) — Ao (x, Dugr), Du. — Dur)dz
E2\E2 t

)

(x, Du.) — Ae(z, Duer), Yy (Due — Dugs))dx

E, %\EQ :
/ (x, Du.) — Ac(z, Duer), Vb (ue — uer))da
+ / (x, Du.) — Aer(x, Dugr), Du. — Dugr)dz
2\E2 t
— / (Ac(x, Du.) — Ao (x, Dus), ¥ (Du. — Dug))dx
E, t\E2¢
23
<f |Ac(x, Due) — Ao (z, Duer)||ue — uer|dx
tJg,
+ cB? / k(x)dz + cB? / k(x)dx
Ex\E2,¢ E, 1 \Ea
3

< Bg (/wk?’(x) dx)é(/wma — |} dx)
B’ ( /w K (x) dx)é B\ o]

B 2
< e L Kol i) ( Tl = el + 27 )

< (B, [K], [[Koll oo [w]) v — el + t%
C —_— = E—
~ ; ) 0f|oos 77t 772 )
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where, in the last lines, we used (2) and that B = %. Choosing t = n% and

inserting estimate (93) in (92), we finally obtain
/ ’2

c le —
/ Qk( )|DU,5 Du5/|2dx S ?Hue —U€/||% +CT]2 _’_CT

(94)
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The strong convergence of the sequence u. in L2 allows us to choose g,¢&’ such
that

Du, — Duu*dx < en, 95
| s | (95)

and hence the conclusion follows. O

7.3. Proof of estimate (68). Let m > 0, j > 1 and Bg, C 2 arbitrarily fixed.
Multiplying (66) by

1 if k<7,

pm—1 _

and summing on k we obtain

Z 14+k)Pms Z/ | DulPdx <Z 14+k)Pm1s Z/ ColUl‘“rCo@o)drc,
~NB(n

~NB(n)

where Cy = ¢o(t—7)"* and B(n) = {z € Q:n < |u| < n+ 1}. Using the equal-
ity

+o0 +00 +oo n
> (14 k)6 Z/ || daz = Z/ [lda )y (1 + k) o,
k=0 n=k ¥ B(n) n=0 " B(n) k=0

the previous inequality becomes

n

+o0
Z/ \Du|pda: Z(l + k)P,
L NB(n o
(96)

2 / (Colul? + copo)da S (1 + k)1
0 BtﬂB( )

n= k=0

The left-hand side of (96) can be estimated as follows

n

+oo
2 / [Dulrde 3 (1+k) 5,

B-NB(n k=0

n

—Z/ |Du\pd:c (1+k PP +Z/ \Du|pdx2(1+k)pm’16k
B-NB(n)

n=j+17 BrNB(n) k=0
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>ClZ/ ]Du\p (1+n)P"dx
B,NB(n
> / | Du|P|u|P™dx
Z B-NB(n) (97)
—c, / DTy ()" Tya (W)

O |ul<j+1}
—c; / 1D ([T () " Ty ()] P i,
B,

where ¢; = (max{1,pm})™', c; = ¢;(m+1)"? and T} is the truncation function
defined in (26). Analogously we can estimate the right-hand side of (96) as
follows

+oo .
Z/ (Colul? + copo)dx 2(1 + k)P,
B

n=0 Y B:NB(n) k=0
J n
-3 / (Colul? + copo)dz 3 (1 + kY16,
n=0 v BiNB(n) k=0
+oo n
+ Z / (Co|’u’q + Co@o)dl’ Z(l + k)pmfl(sk
n=j+1 BtNB(n) =0
J
< a 1 pm
> / (Gl o) (1 .

T Z / c3(Colul? + copo) (1 + j)"da
n=j+1 7 BtNB(n)

S/ c3(Colul” + cowpo) (1 + [u])"™ dx
B\A(j+1)
" / cs(Colul” + copo) (1 + [T (u)])"" d
BtﬂA(]+1)
: / cs(Colul” + copo) (1 + [T (w) )™ dx,
By
where c3 = (min{1, pm})~'. Using (97) and (98) in (96) we obtain

DT 2 ()" T2 (w))][" d < 04/ (Colul® + o) (1 + [Tya (w) )" de, (99)

Bt Bt

where ¢4 = ¢ ! max{1, co}cs. We estimate now the term in the left-hand side
of (99). We recall that (99) is verified for all 7 and ¢ such that Ry < 7 <t < R;.
Let " and 7 arbitrarily fixed satisfying Ry < ¢’ < 7 < t and let v be a cut-off
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function such that suppv C B;, 0 <v < 1,v =1in By, |Dv| < 2(t —t')"".
Then using the Sobolev inequality we obtain

| DI Tl do

T

> [ P IT " T () v

1 op
o
B, .

(r—t)p (100)

p_

* * p* 2p
> e, ( | T da:) - [ T
T BT

(r—t)P
> Cs (/B

where ¢5 is a constant that depends only on p and N (¢5 = 2775 where S is the
constant of Sobolev for W, ?(B,)). Using (100) in (99) and recalling the value
of Cy we have, for every Ry < t' < 7 < t < Ry, that the following estimate
holds

P
| cacolul?  2P|ulP
(/ ’Tjﬂ(u)\(m“)pda) <_/ { = + v (I+ T y1 (u) ™) d
B, B

s (t—T1)>  (T—t")P

P
pF

m * 2P m,
|y () 1P dx) Ty /B ul?| T2 () [P d,

tl

(101)
C

+ = [ o1+ Ty (u)[™P) da.
Cy B,

Choose 7 = £ that is such that  — 7 = 7 —#' = 5£. Then by equation (101),
since obviously it results |u|P < |u|? + 1, it follows that for every Ry <t <t <
Ry <1 with Bg, C (2 the following estimate holds true

(]

where

P
E3

\Tj+1<u>|<m“>p*dx> <o [ G+ 1)+ o] (14 T )
By

tl

1 1
=& ki (28 +2%)(coca +2°), Cr=——1z B=max{a,p}, (102)
: 7

that is the assertion. O
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7.4. Proof of the existence. Let us introduce the space

D*R") ={fe L*R"R") : f=Vu, ue L (R")},

loc

where, for u € L2 _(R"), we have f = Vu € L*(R™;R") if

loc

/(f,go)da::—/ udivpdr Ve e C°(R").
Rn n

Notice that L*(R™; R") and D?*(R") endowed with the L*norm are both Hilbert
space and that D*(R") C L*(R™;R"). Let A.(z,&) be the operator at (51) and
define

A0 Vu € D*(R") — (A.(x,Vu), Vv) € (D*(R™)).

The operator A, satisfies the assumptions of the Minty-Browder Theorem. In
fact, one can easily check that

A. is continuous on D*(R")

<A5(VU1> — AE(VUQ), Vu1 — VU2> >0 if Vu1 7A VUQ

(A-(Vu), Vu)
IVullz=vo0 ||Vl |2
Since D*(R") C L*(R™;R") = (L*(R™;R")) C (D*(R™))" we conclude that for
every f € L*(R";R") there exists a unique (up to a constant) u. € L _(R")
such that Vu. € L?(R";R") satisfying div A.(x, Vu.) = div f in the sense of
Definition 1.1.

:+OO
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