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A Remark on Hausdorff Measure
in Obstacle Problems

Jun Zheng and Pethao Zhao

Abstract. In this paper, we consider the identical zero obstacle problem for the
second order elliptic equation

—div a(Vu) = -1 in D'(Q),

where Q is an open bounded domain of RV, N > 2. We prove that the free boundary
has finite (N — 1)-Hausdorff measure, which extends the previous works by Caffarelli,
Lee and Shahgholian for p-Laplacian equations with p = 2,p > 2 respectively and
contains the singular case of 1 < p < 2.
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1. Introduction

In this paper, we consider the identical zero obstacle problem for the second
order elliptic equation

—div a(Vu) = -1 in Q, (1)

where € is an open bounded domain of RY, N > 2, and the function a = a(n) :
RY — R¥ is continuous differentiable in n € RY \ {0}. Moreover, assume that

N, da;
> 3 “(m&&; > olnlP €L, (2)
ij=1 M
8@1- _
2 )] < bl ®)
j
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for some positive constants vg,v; > 0, all n € RV\{0}, and all £ € RY 4,5 =
1,..., N. The structural assumptions on a can be found in [6, 14, 16] etc.
Given functions g and 1 in the Sobolev Space W'P(Q),1 < p < oo, we
define
Kyp={veW(Q); v—gecW,;?(Q), v>1, ae. in Q},
which is nonempty provided (¢ — g)* € Wy (Q).
A function u in K, is a solution to the obstacle problem

—div a(Vu) = f in D'(Q), (4)

/ a(Vu) - (Vv — Vu)dzr > / flv—u)dz, Vove Ky,
Q 0

where f = f(z) is a given function in some L%((2).

According to the known results (see [4,5,7,10,12-15]), any bounded solu-
tion u to (4) is CV7(Q) for some 7 € (0,1), when ¢ > N. But there is only
little information regarding the free boundary. In 1998, Caffarelli proved that
the free boundary has locally finite (N — 1)-dimensional Hausdorff measure
for Laplacian equation with identical zero obstacle (see [1]). In 2000, Karp
et al. obtained a porosity result of the free boundary for p-obstacle problem
(p > 2) (see [8]). According to [11], a porous set has Hausdorff dimension not
exceeding N — C6Y, where C' = C(N) > 0 is some constant, § is porosity con-
stant. Then Lee and Shahgholian obtained (N — 1)-Hausdorff measure for the
p-obstacle problem with p > 2 in 2003 (see [9]). But for p < 2, there is no any
result. We should note that an important work for A-Laplacian obstacle prob-
lem has been done by Challal and Lyaghfouri et al. in recent years. In 2009,
Challal and Lyaghfouri showed that porosity of free boundary remains valid in
A-obstacle problem(see [3]). Then they obtain a (N — 1)-Hausdorff measure
result in 2010 (see [2]). Recently, in [17], the authors also obtained the porosity
of free boundary for p-Laplacian type equations associated with the operator

Au = — div a(Vu) in D'(Q).

In this paper, using an idea of [9] (see also [2]), we establish the
(N — 1)-Hausdorff measure for the elliptic equations associated with the oper-
ator Au = —div a(Vu). Our result is a natural extension of the same property
for p-obstacle problem obtained in [1,9]. It is also an extension for the case
1<p<2

To deal with our problem, assume that

oNect, geWP(Q)NnCcH* (o) for some a, 0 < a < 1.
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We will restrict ourselves to the solution in K. According to [14], there is a
unique solution u to (1) and u € C*#(Q) for some S € (0,1).

However, we should note that for general f € L>*(Q2) and ¢ € WP(Q) N
L*>()), one can obtain the same result as in this paper.

2. Main result

Let u be the solution to (1). If 9{u > 0} NI # 0, due to the regularity of 0€,
it is trivial that the free boundary 0{u > 0}NJQ has finite (N —1)—dimensional
Hausdorff measure. So in this paper, we only consider the situation that
0{u > 0} N9 = (. In this case, there exists a ball Bg(y) C Q with u(y) = 0.
In order to describe the results obtained in this paper, we assume that ) = By,
where B; = B;(0) is the unit ball in R and without loss of generality, we
assume that 0 € 0{u > 0}.

For any x € d{u > 0} C By, since u attains its infimum , |Vu(z)| = 0 <
§7°1(5 > 0), so x € {|Vu| < 67°1}. Basing on this, we will establish the volume
of the set {|Vu| < 671} N B,(x0) N {u > 0}, for any zo on the free boundary
0{u > 0}, which, after then, will be used to estimate the (N — 1)-dimensional

Hausdorff measure for the free boundary. To do this, we use the same notations
as [2,3,9,17],

Os = {x € By;|Vu(z)| < (517%1}, and Oy, = {x € By; |ug, (x)] < (517%1}

According to [17], if xy € O{u > 0} N B;_s then there exist yo € {u > 0}
and ¢ > 0 (¢ = ¢(N, p)) such that

Bcg(yo) - Bg(%o) NOsN {u > 0} (5)
Denote by £V the N-dimensional Lebesgue measure and by H™~! the
(N — 1)-Hausdorff measure. The main result obtained in this paper is the

following theorem

Theorem 2.1. Let u be the solution to (1), then for any xog € 9{u > 0} N By,
and 0 <r < i, there holds

HN_I(a{U, > 0} N BT(ZL'())) S C()TN_I,

for a nonegative constant Coy = Co(p, N, 70,71, | Vulloo), Voo == [Vl oo 5,
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3. Main proofs

We use ideas of [2,9] to give our proofs. First of all, to prove Theorem 2.1, we
need to introduce the following approximating equation (see [14])

—div a(Vue) +Ye(ue) =0 in By, u.=g on 0B;. (6)
Here, for each € > 0, ¥, : R — [0, 1] is the nondecreasing Lipschitz function

given by

t
D) =0, t <0, 9 (t)=-, 0<t<e and U.(t)=1, t>e
€

According to [14], there exists a unique solution u. to (6) which converges to
the solution u to (1) in CY?(B)) for some 6, 0 < § < 1. Then we have

Proposition 3.1. 2«4l < 17y, P~2| D2, |)* in By.
1

Proof. Indeed, ¥.(u.) = div a(Vu,) = 222:1 al, Uegz,- The assumption (3)
gives that

N N 2
2 S <ZZ’7 |vue 2|Ue:ci:cj|> = 'Yf [|Vue|p_2|D2u€|]2. ]

=1 j=1
In the following proofs, we consider two cases, 1 < p < 2 and p > 2.

Case I. Firstly, for 1 < p <2, we claim

Proposition 3.2. There is a positive constant My = My(p, N, 50,71, ||Vt o)
such that for small €, there holds

/ [|Vue(x)|p_2|D2uE(x)|]2dac <MV VOo<r<l

r
2

Proof. Let G(t) = (e +12)"2°t, t € (—00,+00). Further ® = G(uc, )¢?, where
NS D(B%) satisfying

0<p<, mB%,
=1, in B,

4
Vo] < =, in Ba.
r 4

Now differentiating equation (6) with respect to x;, then multiplying it by ® and
taking integrating over Bar, we get [ [(—div a(Vue))s, + (Je(uc))s,] @dz = 0.
a4

Then we have

/B Ve, T = - /B (0 n)) B0 )

4
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The left hand of (7) becomes

N N
i / 3 (Zagw u“) @, de
B3 !

e =1 \ j=1
N N
_ k 2 2 24 2 22 2
- / auezjuﬁxjwi |:(p_2)uexl(€+uexl> 2 +<€+uexl) 2| Uewsxy P dz 8
k=1 BBTT j=1 ( )
N N
k 9 P2
+§ , 25 auexju€$j$i(€+uexi) 7 Ueg; PP, d
k=1 B3r j=1
S 7

By (2) and 1 < p < 2, we get

N
1{22/
k=1

N
—2
Z aﬁezj Uexjz; Ue;zy, (p - 1)(6 + foi)stozdx

By =1

> (p— 1o / VP2 Ve, (e 4+ 12, )7 .

B3y
4

By (3) and Cauchy’s inequality with €, we have

L] < / IN [Vt P [V,
BST

_2
(e + ule ) ER |Uex,

¢|Vepldx

~1 _
< olp =D / VP2 + 12, )7 [Vt PP
2 B%

2N?~7 -
+ I [ G ) Vo
(=1 /s

—1 _
<P [ e a5 (Vi P
B3’V‘

3r
4

(10)

2N2 2

' / tteny Pty P e, P VP
(p - 1)70 B3,
a

-1 -

<D0 [T+ 02, P i
B

3r
4

2g02d1‘

2N2 2
+ —71/ |Vu|*P~ V|V *dz.
(=1 Js

3r
4

The right hand of (7) becomes

I=— | (e (e +u,)" te,p?dz <0. (11)

B3r
4
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By (7)—(11) and the choice of ¢, we have

- 64N2~?
/ (E + ufx_)pT2|VuE|p_2|Vuexi ZdZL’ S 22—712/ |VU,E‘2(p_1)dZE.
Br ' Yor?(p —1)? Js,,
2 a
Since p < 2, we have
- 64N2~2
/ (e + \VUGP)L’A’Q|Vu€|p_2]Vuw\2dw < 2—%/ IVu|*P~Vdz. (12)
Br ' Yor?(p — 1) /s,
2 T
Summing up (12) from ¢ = 1 to N, we get
- 2 64N?~?
/ [(e + |Vu€|2)pTQ|D2ue|] dx“—ﬂylz/ |Vu*PVdz. (13)
B ,}/OT (p - 1) B3,

r
2

Since u, — u in CY(By), for small €, there exists a positive constant
M = M'(||Vulls) such that [Vu,| < M’ in Bs, which and (13) imply that
D?u, € L*(Bz). Furthermore, we can deduce that D*u € L*(Bx). Moreover, as
e — 0,

p—2 2
|l vy = iom) - gvapot2 s o,

[ {1vup=2 102 - (vup-2ip2u} s — o0

Br
2

Then we have

/B { [(6 + ‘V“6’2)10;2‘D2“e@2 - (!Vue\p_2\D2ue|)2} de = 0. (14)

%
So for € small enough, by (13) and (14), we can obtain the desired result. [
Now we claim

Lemma 3.3. For any ball B,(x¢) C B%, with o € 0{u > 0} N B% and r < %,
there holds

1
/ LV (050 Byy(o) N {u > 0})ds < Cror 1,
0

where 6 > 0 is arbitrary, C1 = C1(p, N, Y0, 7, ||Vu||ls) is a constant.
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Proof. Firstly define O, = {]Vu€| < 25!)%1} and O, = {|u€z| < 2510%1} . Then

we have

OaﬂB;COEﬂB;. (15)

Indeed, there exists €y such that for e € (0, €g) there holds ||VUJE—VU||Oo B, <o,
On the other hand, |Vu.| < |Vu, — Vu| + |[Vu| < 57T 671 = 2071,

Now differentiating equation (6) with respect to x; gives

N
— div <Z Qu.,, u“,> + 9 (Ue ) Uy, = 0. (16)

j=1
Let 1 2 p-2 1
271 (e +467-1)"T, > 2507,
1
F(n) = (6+n)2n | < 2671,

p—2

— 27T (e+ 457 1) T, n< —267T
1N . 2 2\ 24 2\2=2
Then F'(n) = [(p 2 (e+m7) T +(e+n7) ]X{W%ﬁ}.
by F(ue,;) and taking integrating over B,s(zg), we get

N
/ (Z auemjuwjﬂ?i) ) VF(uewi>dx+/ V() e, F(Uer, )da
B'rs(ajo)

Multiplying (16)

j=1 Brs(l“o)
N (17)
:/ Zauwumjzi F(teg, )vdS,
8B'r.s(ito) ]:1 !
where v is the unit outward normal vector.
On one hand, by (3) and Proposition 3.2, we have
/ / aum_uwﬂi F(tey, )vdSds
aBrs 2?0) =1 !
N N
/ ZZ a5 [ty F 1)
k=1 j5=1
N
< / A]V'V1|Vue|p_2 Z |u€55j55i F(uep,)|dx (18)
- (20) j=1

< / N [V P2 D || F (e
By (zo)

3
< No, ( / [Wuﬁw-?w?uer]?dx) ( [ iR
r(z0) By (z0)

S C'2(57J\771 )

);
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where Cj is a positive constant depending on p, N, Y9, 71, || V]| so-
On the other hand, by (15) and (2) we have

N
[ (D) S
s 1'0 .
N N
= Z/ a/f:l,ez uE:B]xZF/(uemi>uezizk dx
g Io)ﬂo

e k 1 Lj=1

N
T TR

rs CUO ﬁOEl k=1 j 1
p— 19
- o 1 Z/ ’70|Vu5|p_2|vuexi|2(€+U§$i)72dl’ ( )
s 1'0 ﬁOE
N 1 70 Z/ 6 + ‘VUGP)%‘VUGIZ 2(6 + ‘VUEP)%CL’L’
rs IO ﬁOe
p=2 2
> (p— 1)’70/ [(6 + ]Vue|2)7]D2u6@ dz (by O. C O,)
Brs(zo)
p=2 2
> (p— 1)70/ (e Va7 D] do.
Brs(20)N0Os
Moreover,
/ V(e ) U F(Ueg, )d > 0. (20)
Byrs(zo)

For € small enough, by (14), (17)-(20), we get
1
/ / Vu|*?~2 | D%’ dzds < CyorN L,
0 rs 370)006

where C is a constant depending on p, N, ¥y, 71, || Vu||. By Proposition 3.1,
we get fol JB,owoyno, [Pe(ue)Pdads < C,0rN~! Furthermore, we have

1 1
/ / 10, (ue)Pdads < / / 10, (ue)Pdads < CLor™N L
0 Brs(xo)NOsN{u>e} 0 Brs(20)NOs

According to [14, Theorem 2|, u. > u. By the definition of 9., we have

1
/ / dads < CyorV 1.
0 rs(20)NOsN{u>e}

Now letting € — 0 implies that fol LN (B,s(ro)NOsN{u > 0})ds < Cyor¥ 1
This completes the proof of Lemma 3.3. [
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Case II. Secondly, when p > 2, as Proposition 3.2, we can prove

435

Proposition 3.4. There is a positive constant My = M (p, N, 50,71, ||Vt o)

such that for small €, there holds

. 2
/ [|Vue(x)|?2|D2ue(x)|] de < Mi?M72 VOo<r<l.
By
2
Proof. Let ® = u,,¢?, where p € D(Bsr) satisfying
0<¢<1 inBs,
=1, in B%,

4
IVo| < -, in Ba:.
r 4

Now differentiating equation (6) with respect to x;, then multiplying it by &

and integrating over Ba:, we get Jp,, [(= div a(Vue))e, + (Ve(ue))s,] dz = 0.
So we have N
/ a(Vue)y, - Vodr = —/ (Ve(te)) s, Pda. (21)
By B,
The left hand of (21) becomes
N
/ <z:a§ﬁr _uex‘jmi> ¢, dx
By \j=1
N
W
= Ue uex]xz (Uea,ay, +2u6m19090x )d
2/, k | 22
N N
-y / Sk uezjxlummdmz / ey, 9Py
—1 =1 T
= i 1.
By (2), we have
. - 2
I = / 70|vue|p_2|vu6xi 2plde = 70/ [|vu6‘7‘vueri p| dz.  (23)
B3r B3r
By (3) and Cauchy’s inequality with €, we have
| 15| </ ZZ%!VM’ *|tea, | [ Vel | Vep|dz
3T k=1 j=1
< / 2N |V [P~2 | Ve, | [ Vue|o| Volda (24)
Bgsr
4

p—2 2 2N2 2 P 2
< l/ [qu€|T|Vum|go] dx + " / [[VUEMV@\] dx
2 By o Bs,

T
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The right hand of (21) becomes

I'= — V! (Ue ) Uy, Uz, p°dz < 0. (25)

B3r
4

By (21)-(25) and the choice of ¢, we have

p= 2 32N?~2
ol [|VUE|T2|VuE$.|} dr < 2 / |Vu|Pde. (26)
2 B% ' 70722 3

Since u, — wu in C’l’@(F%), for small e, there exists a positive constant
M' = M'(|[Vul|) such that [Vuc| < M’ in Bs. Summing up (26) from i = 1
to N, we can obtain the desired result. [l

Now we claim

Lemma 3.5. For any ball B,(xy) C By, with xo € H{u >0} N Bi andr < z,
there holds

1
/ LY (05 N Byg(z0) N {u > 0})ds < C1orN 1,
0
where 6 > 0 is arbitrary, C| = C{(p, N, Y0, 71, |Vul|so) s a constant.

Proof. Let I given by

=15, n> 2071,
F(n) =< 272y, |y <265,
—or~ls, n < 257,

For small €, as Lemma 3.3, we have

N

oo (2

Ay Yexja; 'VF(uexi)dx +/ ﬁle(u€>u€$iF(u5$i)dx
j:]_ ! B'rs(x())
N
:/ Zauex_uewi F(te, )vdS,
8Brs(z0) !

J=1

where v is the unit outward normal vector.
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On one hand, by (3) and Proposition 3.4, we have

/ /GB»,«S Z‘O) <] 1

</ Sy ak [fter,,

r(%0) k=1 j=1

N
S /B o) N71|Vue|P—2 Z |Uem]a:l||F(uExl)|dx (28)
r{Z0

J=1

a“ex]- uECEj:Ei) F(uexl )VdeS

F(tey,)|dx

< / N |Vt~ D1 || F (11, )|z
B,»(J:o)

N N ]
< 2Ny, (/ [|Vu€|TQ|D2u6|] da:) (/ |Vue|p_2d$>
By (z0) By (o)

< CyorN T

where C% is a positive constant depending on p, N, Yo, 71, || V|| so-

On the other hand, by (2), (16) and the fact that {|Vu. < 251'711} C
1
{|tlez;| < 207-1}, we have

N
Z/ (Z auezj uexjxi> : VF(“eml)dl'
s 330 -
N N
[ aj'l]i €x ; uex]le/(uﬁl‘i)UGJ?ixk] dx
7=1

/'rs IO)HOE,L k=1

N
k p—2 p=2
Uy, Uer o ez 2P72dr—1dx
Brs Io)ﬂoel k 1 ]:1 (29)

/ ’yo]Vue\p Ve, |*|Vu [P~ 2da (by O. C O,,)
Brs CUO

v

||Mz \\Mz ||

=g / Va2 D[] da
rs xO)mOe

>0 | (V72 D%, ] dz,
Byrs(20)NOs

where O, O, Os are defined as in Lemma 3.3. Moreover,

/ V(e ) U, F(Uer, )d > 0. (30)
Bre(xo)
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For e small enough, by (14), (27)-(30), we get

1
/ / IVu|**=2 | D%, *dads < Cjor™N 1,
0 rs(mo)ﬁOg

where C is a constant depending on p, N, v, 71, ||Vt||so- As in Lemma 3.3, we
can deduce that fol LN (B,s(zo) N Os N {u > 0})ds < Cior¥ =1, This completes
the proof of Lemma 3.5. O]

Due to the above lemmas, we can exactly use the technique as [9] to prove
Theorem 2.1 with 1 < p < .

Proof of Theorem 2.1. Under the conditions of Lemma 3.3 (Lemma 3.5), firstly
we can conclude there exists a positive constant C3 = C3(p, N, 50,71, || V| oo)
such that

1
LY(O0s N Bu(wg) N {u>0}) < C3 67V for all r < 1

If not, then there exists a ball B,(x¢) with center on the free boundary such
that for any k € R, LY(O5 N B,.(x9) N {u > 0}) > kérV~1. But by Lemma 3.3
(Lemma 3.5) we have

1
max{Cy, C1 }érV 1 > / LY (05 N Byys(20) N {u > 0})ds
0
1
> §£N(05 N By (zo) N {u > 0})
> %kérN_l,

which is a contradiction for large k.

Secondly, due to Besicovitch covering theorem, let {Bs(z")}ie; be finite
coverings of {u > 0} N B,.(zg) with z* € 9{u > 0}, with at most n overlapping
at each point, where n depends only on N. Then, by (5), we have

D (CH)N <> LN(0s N Bs(a') N {u > 0})

iel iel
< nCLY (05N Byu(xg) N {u > 0})
< 6N
where C, C" are positive constants. This proves Theorem 2.1. m
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