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Abstract. The present paper deals with the inverse problem for degenerate elliptic
systems of first order equations in multiple connected domains with Riemann-Hilbert
type map. Firstly the formulation and the complex form of the problem for the
degenerate elliptic systems of first order are given, and then the coefficients of the
above systems are constructed by a new complex analytic method. As an application
of the above results, we can derive the corresponding results of the inverse problem
for degenerate elliptic equations of second order in multiple connected domains from
Dirichlet to Neumann map.
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1. Formulation of the inverse problem for degenerate ellip-
tic complex equations of first order

In [1-4,6-8, 13, 14|, the authors posed and discussed the inverse problem of
second order elliptic equations without degenerate line. In this paper, by using
the complex analytic method, the existence of solutions of the inverse problem
for elliptic complex equations of first order with degenerate curve in multiple
connected domains with Riemann-Hilbert type map is discussed.

Let D be an N + 1-connected bounded domain in the complex plane C with
the boundary 0D =T' = U I'; € C} (0 < p < 1), where I'; (j = 0,1,..., N)
are inside of 'y (= ['yi1), and we can assume that the point z = 0 € D.
Consider the linear degenerate elliptic systems of first order equations

H(y)u, — v, = au + bv
{ (9) Y in D, (1.1)

H(9)vy +uy = cu+dv
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in which § = y — 2% H(§) = VIK@)I, G@) = [} Ht)dt, G'(§) = H(p),
K(§) = |§|™ is continuous in D, where m is a positive number, and a,b, ¢, d
(7 = 1,2) are functions of z+iy (€ D) satisfying the condition a, b, ¢,d € Lo (D),
which is called Condition C. The following degenerate elliptic system is a special
case of system (1.1) with H(3) = || :

J12 u, — v, = au + bv
{ 91 Y in D. (1.2)

9% vy 4 uy = cu+ dv

We can discuss equation (1.2), and equation (1.1) can be similarly discussed.
From the ellipticity condition [12, Chapter I|, we have

J=4K\ K,y — (Ko + K3)* = 4H*(§) >0 in D\y

and J =0ony=DN{y=y—a? =0}, hence system (1.1) or (1.2) is elliptic
system of first order equations in D\7 with the parabolic degenerate curve
(see [12]). Setting Y = G(9) = [ H(t)dt, Z = x +iY in D, if H(g) = |g|%,

) m+2 2
Y = 2f0y H(t)dt = mLH|g)|T+, then its inverse function is § = [(m + 2)¥] " =
JY m+2. Denote

W(Z) =u-+ i'U,
1 w1 H@) Wl = H (3 — H(§)W
Wz =S HGW: + W,y |=—= W, + Wy |=H())Weiy = H(9) W7,

then the system (1.1) can be written in the complex form

Wz = H(g)W =—-A(z)W — B(z)W in D
1 .
A:—Z[a+zc—@b+d] (1.3)

B

1
—Z—l[a—i-z’c—i-ib—d],

in which Dy is the image domain of D with respect to the mapping Z = Z(z) =
r+iY = x+iG(9) in D, and denoted by D again for simplicity. For convenience
we only discuss the complex equation (1.2) about the number Z replaced by z
later on.

Introduce the modified Riemann-Hilbert boundary condition for the equa-
tion (1.3) as follows:

ReDGIW(2)] = r(2) + f() = fi(2), €T (14)
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where
(0, z€T, it K >N
gi,z€ly,j=1,..., N- K )
<
0, 2T, j=N—K+1,. N4+1f T OSKE<N
fle)=9 g, z€T;, j=1,....N
—K-1 .
if K <0

g +Re Y (g +ign)[2(O)]™, €T
\ m=1

in which A(2) (# 0), 7(z) € Co(l), a (< ’%2) is a positive constant, g;
(j=0,1,...,N), gEt(m=1,...,—K — 1, K < 0) are unknown real constants
to be determined appropriately, and z = z(() is a conformal mapping from the
unit disk |¢| < 1 onto the bounded domain Dy bounded by I'y. In addition, for

K > 0 the solution W (z) is assumed to satisfy the point conditions

‘ 1,...2K—-N+1, ifK>N
I\ W () = jeJd= {

N—K+1,...,N+1,if 0<K <N,

inwhichz; e ' (j=1,...,N), 2z, € o (j=N+1,...,2K—N+1, K > N) are
distinct points, and ¢;(j € J) are all real constants where K = 5=Ararg A(2)
is called the index of A(z) on I'. The above boundary value problem is called
Problem RH1 for equation (1.3). Under Condition C, we can find the unique
solution W (z) of Problem RH1 for equation (1.3) in D. In fact, we can only
choose any index, for instance the index K = N — 1, in this case, f(z) = 0
on I'\T'; and f(z) = g1 on I'}, g1 is an undetermined real constant, and there
are N point conditions Im[A(z;)W (z;)] = ¢, z; €y, j=2,...,N + 1.

It is clear that the above solution W(z) satisfies the following Riemann-
Hilbert type boundary condition for the equation (1.3):

Im[A(2)W (2)] = fo(z) onT, (1.5)

and then the boundary conditions of modified Riemann-Hilbert to Riemann-
Hilbert type map can be written as follows

AW (2) = fi(2) +ifa(z) onT, ie.
_ h(E) +ifa(2)

— on I,
A(z)

which will be called Problem R1 for the complex equation (1.3) (or (1.1)), where
hi(z) € Cu(T") is a complex function, and denote by {h;(z)} the set of above
all functions.



4 Wen Guochun

For the further requirement, we give the modified Riemann-Hilbert problem
(Problem RH2) for the equation (1.3). Herein we only choose the modified
boundary conditions with the index K = N — 1, namely

Re[iA(z)W (2)] = ImA2)W (2)] = r(2) + f(2) = fi(z), zeTl (1.6)

d

g1 onl
where A\(z), r(z) on I' are the similar to before, f(z) = {

0 onI'\I'Y, a
assume that the solution W(z) satisfies the N point conditions

RG[A(Z])W(ZJ)] =45, Zj S Fj, ] = 2, .. .,N + ]_,

in which ¢; is an undetermined real constant, and ¢; (j = 2,...,N + 1) are N
real constants. Under Condition C, Problem RH2 for equation (1.3) in D has
a unique solution. It is clear that the solution W (z) satisfies

Re[A(2)W (z)] = fa(2) on T. (1.7)

YW () = ol2) +ifi(2), W) = haolz) = 2R TG

which will be called Problem R2 for the complex equation (1.3) (or (1.1)), where
hao(z) € Cu(T') is a complex function. It is not difficult to see that the function
ha(z) is also a function of the set {hi(2)}.

On the basis of the above discussion, we see that for any function fi(z) (or
fi(2)) of the set Co(T) in the modified Riemann-Hilbert boundary condition
(1.4) (or (1.6)), there is a set {fa(2)} (or fo(z)) of the functions of Riemann-
Hilbert type boundary condition (1.5) (or (1.7)), furthermore we obtain hi(z)
(or ha(2)). Denote by Rj, the set of {h(z)} including {hi(z)} and {hs(2)}, our
inverse problem is to determine the coefficient a, b, ¢ and d of equation (1.1) (or
A(z), B(z) in (1.3)) from the set Ry, which will be verified later on.

We mention that if A = B = 0, H = H(y) in the e-neighborhood D, =
D n{|y| < e} of DN {y = 0}, and the above coefficients A(z), B(z) weakly
converge to A(z), B(z) in D as € — 0, then on the basis of Lemma 4.1 below,
we see the Holder continuity of solution W (Z) and TW5 = —T [AW#] of
the complex equation (1.3) with above coefficients and TW, = —T' [AWVEEV]
(see [9,10,12]), hence from {W(z)} and TW3, we can choose the subsequences
which uniformly converges the Hélder continuous functions in D respectively.
From this, we can also obtain the corresponding Pompeiu and Plemelj-Sokhotzki
formulas about W (z) in D.
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2. Existence of solutions of the inverse problem for degen-
erate elliptic complex equations of first order

According to [9] introduce the notations

f(©)
7 el f H(@)
1= ] == [

in which [§|7f(2) € Leo(D), where 7 = max (1—2%,0). Suppose that f(z) = 0in
C\D. Then |§|7f(2) € Leo(C), from Lemma 4.1 below, it follows (T'f), = £&)

H
in C. We consider the first order complex equation with singular coefficients
A B(z)—
w. - 4Gy Blw o
H H (2.1)
A(2)9(2) = B(2)g(2) : '
g(2)z — - =0 inC,
(=) H(y)
where Z =z +iG(y fo 9)dy, g(z) = W(z). Applying the Pompeiu

formula (see |9, Chapters I I11]), the corresponding integral equation of the
complex equation (2.1) is as follows

Ag+Bgl 1 [49(Q) . .
T | ———| = — d D. 2.2
gle) + { H } QWi/l“C—ZC " (22)
For simplicity we can only consider the following integral equation

g(z)—l—T{@} =lor =i inD

later on. On the basis of Lemma 4.1 below, we know that the integral in (2.2)
is a completely continuous operator, hence by using the similar method as in
[9, Section 5, Chapter III] and the proof of [14, Lemma 2.2|, we can verify that
the above integral equation has a unique solution.

We first prove the following lemma (see [2]).

Lemma 2.1. The function g(z) = h;(2) (j = 1,2) is a solution of the integral
equation

g(z)+T(§) g+T(§>§:{ Zl nD, gz :{ Z;EZ onT, (2.3)

if and only if it is a solution of the integral equation

g6+ o [ 2= { a0 ={ e
)

hi(z 1 hi(C) B ha(z) 1 ha(C) _

respectively.

(2.4)




6 Wen Guochun

Proof. 1t is clear that we can only discuss the case of hy. If g(z) is a solution

of the first integral equation in (2.3), then ¢z = —% - %. On the basis of the
Pompeiu formula

o) =g [ 2 dc+ Tlo(@le=5 [ 201|324 5| wp (29)

(see |9, Chapters I, III]), we have

(zk:)+T{Ag}+T{Bg] 1= L[99 5 b,

H H 2mi Jrp C— 2

where ¢(¢) = h1(¢) on I'. Moreover by using the Plemelj-Sokhotzki formula for
Cauchy type integral (see [5,11])

1= o [ 204 S0, ol0) = (@) on.

this is the first formula in (2.4).
Inversely if the first integral equation in (2.4) is true, then there exists a

solution of equation ¢z = —% — %§ in D with the boundary values ¢(¢) =

hi(¢) on I, thus we have (2.5), where the integral 5= [, é%d( in D is analytic,
whose boundary value on I is

L/ 9(6) 4o 1 ()+1/ 99 4oy

2'(eD)—z(el) 2mi Jp  — 2/ 21 Jp ¢ — 2
hence 5= [, ‘Z(Cz d{ =1 in D, and the first formula in (2.3) is true. O

Lemma 2.2. Under the above conditions, the functions hi(2), ha(2) as stated
i Section 1 are the solutions of the system of integral equations

LaZish =1, Shy = /hl(g)dg,
I

2 (—z

(2.6)
1 , . ha(€)
5(1—25)}@—2, ShQ /I“g_zdc

Proof.  On the basis of the theory of integral equations (see [5,7,14]), we can
obtain the solutions hq(z) and hy(z) of (2.6). In fact, from Lemma 2.1 we can
define the functions

(L [
2mi Jp ( — 2

A B —
/(C wlég . wl(C)dUC? zeD,

—/ ha(Q) dc, z € C\D

2m1 FC—Z

//(C (C da'c, z€eD,

g, z€ C\D

1+
1
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which are analytic in C\D with the boundary values h;(2), ha(2) on I respec-
tively, and satisfy the formula (2.6). O

Theorem 2.3. For the above inverse problem of the equation (1.2) with Con-
dition C', we can reconstruct the coefficients a(z), b(z), ¢(z) and d(z).

Proof. We shall find two solutions ¢1(z) = Wi(z) and iga(z) = Wa(z) of the

complex equation

with the conditions ¢1(z) — 1 and i¢s(z) — ¢ as z — oo. In fact the above so-
lutions F'(2) = ¢1(z), G(2) = i¢s(2) are also the solutions of integral equations

AF 4 BF
H@+TP—1—J:1
H .
AG + BG in €.
m@+Ti—7r—]:¢

As stated in Lemmas 2.1, 2.2, we can require that the above solutions satisfy the
boundary conditions F'(z) = hy(z), G(z) = ha(2) on I where hy(2), hao(2) € Ry.
Note that F(z), G(z) satisty the complex equations

AF + BF
g AFSBE
7 in C. (2.7)
o _AG+BG
z H -

Moreover on the basis of Lemma 2.4 below, we have

!
X
Q
S
|
T

Im[F(2)C(2)] = FRGE) Lo b, (2.8)

Thus from (2.7), the coefficients 4 and £ can be determined as follows

A F.G—-G5F B F.G — G:F ) )
—_— =, —_ = mn D, l1.e.
H G — FG H FG - FG

4 pPG-GF . FEG-GiF

— — in D.
FG - FG FG - FG

From the above formulas, the coefficients a(z), b(z), ¢(z) and d(z) of the equa-
tion (1.1) are obtained, i.e.

a(z) +ic(z) = 2[A(z) + B(2)], d(z) —ib(z) =2[A(z) — B(z)] in D. O
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Lemma 2.4. For the solutions F(z),G(z) of equations (2.7), we can get the
inequality (2.8).
Proof. Suppose that (2.8) is not true, then there exists a point zy € D such
that Im[F(29)G(20)] = 0, i.e.

ReF(zy) ImF(z)

ReG(zp) ImG(2)
Thus we have two real constants ¢, co, which are not all equal to 0, such that
ClF(Z()) + CQG(Z()) =0.

In the following, we prove that the equality of ¢;F(z9) + c2G(20)

is not true. If W(z) = c1F(20) + caG(20) = 0, then W(z) = ®(z)e?
(2 — 20)®o(2)e?®), where ®(z), ®o(z) are analytic functions in D, and

/ (C—=20 ‘I)o OTAW () + BW(()]
(C)(C —2)

0

(Z Zo)q)o d04201+02i.

Letting z — 2y, we have —% ffD Dy(¢) e¢’(<) [ + 5%(0} do¢ = ¢ + cat, and then

c1+cai = (2—20)Po(2)

/ (C—20 ‘I’o e?O[AW (()+BW(Q)] do¢

WO —=2)
= (z— zo){@o )e??) — // 2ol W;(( )+Z§9W< )]dac}

__// 20(C A BW(C)]d

H H W(()
The above equality implies

L[ DA+ BTGy
W —2)
and the above homogeneous 1ntegral equation only have the trivial solution,
namely ®o(z) = 0 in D, thus W(z) = ®(2)e?®) = (2 — 2)®(2)e?® = 0 in D.
This is impossible. 0]

For the above discussion, we see that four real coefficients a(z), b(2), ¢(z),
d(z) of the system (1.1) or two complex coefficients A(z), B(z) of the complex
equation (1.4) can be determined by two boundary functions hy(z), hs(2) in the
set Ry,.

We have tried to prove the existence of solutions for above inverse prob-
lem by the inverse scatting method as stated in [7,8,13, 14|, but it cannot be
completed, hence the new complex method in the presented article is used. Be-
sides, the global uniqueness of solutions for the inverse problem will be further
investigated.
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3. Existence of solutions of the inverse problem for degen-
erate elliptic equations of second order

In this section, by using the similar method, the corresponding results of the
inverse problem for elliptic equations of second order with degenerate curve
from Dirichlet to Neumann map can be obtained.

Let D be an N + 1-connected bounded domain in the complex plane C with
the boundary 0D =T = UL I'; € C3(0 < p < 1), where T; (j = 0,1,..., N)
are inside of I'y and 0 € D as stated in Section 1. Consider the degenerate
elliptic equation of second order

K(§)ugy + wyy + auy +buy, =0 in D, (3.1)

in which § =y — 2%, K(9) = |9|h(9), h(9) is a continuously differentiable pos-
itive function in D, and a,b are real functions of z = x + ifj (€ D) satisfying
a,b € Lo(D). Moreover define K(j) = 1,a = b = 0 in C\D. The above
conditions will be called Condition C'. It is clear that equation (3.1) in D\~ is
elliptic with the parabolic degenerate curve v = D N {g = 0}.

If the function K(§) = |g|, H(j) = [g|2. then |G(§)| =| [ H()dt| = 3[3]>
in D, and the inverse function of Y = G(3) is

Wl

g:i|G‘1(Y)|:i(§) V|5 =+J[Y|? inD.

2
Denote
H(§)u, — i z 1 ;
W(z):U—HJV:MZUEZH@)%:H(?J)UZ
H(§)W, +1iW, . : N
W; = (%) 2—1-2 L = H(§)[W, + iWy| = H(§)W,

where § =y — 22, G(9) = |9|h(9), G'(§) = H(y), we can get K (§)uzy + uyy =
H[Hu, — tuy), + i[Hu, — iuy), — iHyu, = 2{H[U+iV],+i[U+iV],} —iHyu, =
AWz — i Hu, = 4H(§9)Wy — i Hu, = —[au, + bu,], i.e.

Wz i Hyu, — (auy + buy)

17 R V/ ()
(% - %) (W + W) — ib(W — ) @2)
Bl 4H (9)
_A(z)W + B(2)W 0D
- H(j) -
where
Al(2)] = ;1 {% . % - zb] . B[x(2)] = i {% - % + zb} ,
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and Dy is the image domain of D with respect to the mapping Z = Z(z) =
x +iG(3). Obviously the complex equation Wz = 0 in D, i.e. W5 = 0 in Dy,
is a special case of equation (3.2). For convenience we only discuss the complex
equation (3.2) about the number Z replaced by z later on.

Introduce the Dirichlet boundary condition for the equation (3.1) as follows:

u=f(z) onl, ie u= f(z) ondD, (3.3)

where f(z) € CL(T), a(0 < a < 7%2 is a positive constant, which is called
Problem D for equation (3.1). If we find the derivative of positive tangent
direction with respect to the unit arc length parameter s of the boundary I
with s(0) = arg(zy + 0) = 0, where the point 2z, € Iy, then

_0f(2)

fs= =5,

= u,zs + uzzZs = 2Re[z,u,]| = fi(z) onT.

It is clear that the equivalent boundary value problem is found a solution
[W(2),u(z)] of the complex equation (3.2) with the boundary conditions

Re[A(2)w(2)] = Re[zsw(2)] = %, zel, wu(z)= f(z),

and the relation

u(z) = 2Re /Z w(z)dz + f(z) in D, (3.4)

20

in which \(z) = Z;, z € I Taking into account the partial indexes of Ky =
Ar, arg[A(z)] = =1 and K; = Ap, arg[A(z)] = 1(j = 1,..., N), thus the index
of the above boundary value problem is K = Ko+ Ky + -+ Ky = N — 1,
obviously this is a special case of Riemann-Hilbert boundary value problem
(Problem RH) as stated in Sections 1 and 2. It is easy to see that

Sj
2Re/ W(z)dz:ZRe/ uzzsds:/ fsds=0, j=0,1,..., N,
r, I, 0

herein S; (j = 0.1..., N) is the arc length of I'; (j = 1,..., N) and applying
the Green formula, the function u(z) determined by the integral in (3.4) in D
is single-valued.

Under the above condition, the corresponding Neumann boundary condition
is
_ Ou

= Uy2p + usZ, = 2Im[zsu,] = fo(z) on T, (3.5)
n

where n is the unit outwards normal vector of I'. The boundary value problem
(3.1) (or (3.2)), (3.5) will be called Problem N. Hence the boundary conditions

Unp
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of Dirichlet and Neumann problems can be written as follows

us + iu, = 2Re[zsu,| + 2ilm|z,u,| = 2z,w(2), z € T, i.e.

w(z)=h(z) = fi(2) + ifa(2) = %z“‘" sl

which will be called Problem DN for the complex equation (3.2) (or (3.1)) with
the relation (3.4), where h(z) € C,(I') is a complex function satisfying the
condition frj Re[zs]u.ds =0, 7 = 0,1,..., N. For any function f(z) of the set
CL(T') in the Dirichlet boundary condition (3.3), there is a set {f2(z)} of the
functions of Neumann boundary condition (3.5) as stated before, which is called
the Dirichlet to Neumann map. According to the method of Section 1, we can
obtain the set of functions {h(z)}, which is denoted by Rj. Later on we will
determine the coefficients of equation (3.1) from the set R, = {h(z)}.
According to [9] introduce the notations

oy b o f(©)
16 =7 | = ] e
in which |§|"f(z) € Leo(D), 7 = max (1 — 2,0). Suppose that f(z) = 0 in

C\D. Then (Tf); = % in C. We consider the first order complex equation
with singular coefficients

HW; — A(2)W — B(z)W =0, i.e. (36)
H(9)[g(2)]z—A(2)g(2)~B(2)9(x) =0 inC, '
where Z = = + iG(y fo 9)dy, g(z) = W(z). On the basis of the

Pompeiu formula (see [9 Chapters I HI]) the corresponding integral equation
of the complex equation (3.6) is as follows

o(z) + T {@} - /F %dg in D. (3.7)

For simplicity we can only consider the following integral equation

Ag + Bg

7 ]zlor =4 inD

g(z)+T {
later on. Similarly to Section 2, we see that the above integral equation has a
unique solution.

Similarly to the proof of Lemma 2.2 as stated before, we can prove the
following lemma.
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Lemma 3.1. The function g(z) = h;(z) (j = 1,2) is a solution of the integral
equation

i 1 _ hi(z
g(z)+T {W} = { i inD, g(z)= { thz; onl,

iof and only if it is a solution of the integral equation

1 1 g€, J1 f m©
59(2)+ﬁ/r@d<—{ . g(C)—{ ho() " ¢

h(z) 1 [m(), ho(z) 1 [ ha(CQ)

Lemma 3.2. Under the above conditions, the functions hi(z), ho(2) as stated
i Section 1 are the solutions of the system of integral equations

1
(1 —iS)h, =1, Shy = /hl(odg‘,
L0 —iSyhy =i, Sh / ha(©) ¢ |
2 2 — b 2 = - C — .
Proof. From Lemma 3.1, we define the functions
1— i, hl(odg, ze C\D
21 Jp ( — 2
wi(z) = Aw +Bw —
1 + — // . 1d0<, z€ D,
27t Jr C -z 7
wa(z) = Aw, + By
1+ — // 2 2d0’4, zeD,

which are analytic in C\D with the boundary values h;(2), ha(2) on I' respec-
tively. Thus we can get the solutions hq(z) and hy(z) of (3.8) and satisfy the
complex equation (3.7). O

Theorem 3.3. For the above inverse problem of the equation (3.1) with Con-
dition C, we can reconstruct the coefficients a(z) and b(z).

Proof. We shall find two solutions ¢1(z) = Wi(z) and i¢e(z) = Wa(z) of

complex equation
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with the conditions ¢;(z) — 1 and i¢s(z) — i as z — oco. In fact the above so-
lutions F'(z) = ¢1(2), G(z) = i¢a(z) are also the solutions of integral equations

Fo-r[ATEIT] Ly
- r[ASE] L

As stated in Lemmas 3.1, 3.2, we can require that the above solutions satisfy the
boundary conditions F'(z) = hy(2), G(2) = ha(z) on I, where hy(2), ha(2) € Ry,.
Note that F(z), G(z) satisfy the complex equations

AF + BF
e L
AGHB@ D,
+

and similarly to Lemma 2.4, the inequality Im[F(2)G(2)] = F(Z)G(z);iF(z)G(Z) # 0

in D can be verified. Hence we can determine the coefficients % and % as follows
A F.G-G.F B F:G — G;F , ,
—_ =, —_ = mn D, l1.e.
H FG-FG H FG - FG
F.G —G.F G — G-
a=pgte-CGl g plGoGF
FG - FG FG - FG
From the above formulas, we can obtain the coefficients a(z) and b(z) of the
equation (3.1), i.e.

H in D.

a=1iH, —2H[A(z) + B(2)], b(z) =2iH[A(z) — B(2)] inD. O

4. The property of an integral operator

It is clear that the complex equation
wz =0 in Dy (4.1)

is a special case of equation (1.4). On the basis of Theorem 1.3, [12, Chapter
I], we can find a unique solution of Problem RH for equation (4.1) in Dy.

Now we consider the function g(Z) € Lo (Dyz), and first extend the function
g(Z) to the exterior of Dy in C, i.e. set g(Z) = 0 in C\Dz, hence we can only
discuss the domain Dy = {|z| < Ro} N{ImY # 0} D Dy, here Z = x +iY, Ry
is a positive number. In the following we shall verify that the integral

@(Z):T[%}:—%//DU %dat in Dy, Loo[g(Z), Do) <ks, (4.2)
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satisfies the estimate (4.3) below, where H(A) =97, =y — 2% m ia a pos-
itive number. It is clear that the function 2 m belongs to the space L (Do)
and in general is not belonging to the space L,(Do) (p > 2,m > 2), and the
integral W(Zy) is definite when ImZ, # 0. If Zy € Dy and ImZ, = 0, we can
define the integral W(Z,) as the limit of the corresponding integral over DyN
{|Ret — ReZy| > e} N {|Imt — ImZ,| > ¢} as ¢ — 0, where ¢ is a sufficiently
small positive number. The Holder continuity of the integral will be proved by
the following method.

Lemma 4.1. [f the function g(Z) in Dy satisfies the condition in (4.2), and
H()) = 9%, where m is a positive number, then the integral in (4.2) satisfies

the estimate o
Cs[¥(Z), Dy] < M, (4.3)

where B = —=%5 — 0,0 is a suffictently small positive constant, and M; =
My (B, ks, H, DZ) 1S a positive constant.

Proof. We first give the estimates of W(Z) of (4.2) in D N {ImY > 0}, and
verify the boundedness of the function in (4.2). As stated before, if H(j) = 4%,
then H () = J2 Y miz. For any two points Zy = o € v = DN{§ = 0} on 2-axis
and Z; = z1 +1Y1(Y7 > 0) € Dy satisfying the condition 21%1 <|Zy— Zy| <
2ImZ;, this means that the inner angle at Zy of the triangle ZyZ1 75 (Zy =

xo +1Y1 € Do) is not less than § and not greater than %, choose a sufficiently

large positive number ¢, from the Holder inequality, we have L, [W(Z), Dy] <

L,[9(Z), Do)L, [W Dy], where p = -2 (> 1) is close to 1. In fact we
can derive as follows
g(t)
Zy) doy
(%o |—‘ /DOHImt)t—ZO
1
] =
J77T tmz (t — Zp)
1
o Lylg(2), Du] J}
Jarm
where J; = / / —_—— dat
tm+2 t— Zo)

1
S // pm dO’t
Do [t|m+2 |Im(t — Zo)|PPo|Re(t — Zy)|p(1—Fo)

dO 1 d2 1
< / - dY/ Ty dT
0 YW|Y _ Yb|pﬁo 4y |q; — ;L‘O|P( —Bo)

S k47

max, g ImZ, dy = min, p5-ReZ, dy = max, g5 ReZ, 5y =
is a sufficiently small positive constant, we can choose

in which dy =
2 —ee(<

1_ L)
P m+2
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— —2(p (< =25, such that p(1 — By) < 1 and p[-2% + Bo] < 1, and ky =

(6 k3, H, Dy) is a non-negative constant.
Next we estimate the Holder continuity of the integral ¥(Z) in D, i.e.

17y — ZO

W(Z1) = ¥(Z)| <

/ g(t) do,
Do H Imt) t — Zo)(t — Zl)

‘Zg A va [

mtﬁﬁt—Z@@—Zﬁ
B
// Re(t — Zy)[P#~D[Re(t — 7;) %D do,
D

o |tz |Im(t — Zo)| = [Im(t — Z1)|""

dgt:| ’ ’

tm+2 t — Zo)(t — Zl>

dO't

1

PBo PBo

[ ”
o Ymiz|lm(Y — Zo)| "2 [Im(Y — Zy)| 2"

dy 1
X / 8o 5o dRet
a1 |Re(t — Zy)[PU=2) |Re(t — Z,) [P0 —2)

do 1
< k5 (1— 5O)dx7
di |x — xp)|P |x — :131|p

— ¢ 1s chosen as before and

where ﬂo = mi—i-Q

By pBo

do
%:IMX/ [V #5 |n(Y — Z0)| 2 [Tm(Y — 2,)|"3] .
0

Zo,Z1€Dg

Denote py = |Re(Z1 — Zy)| = |x1 — xo|, L1 = Do N {|z — x| < 2pp,Y = Yo}
and Ly = Dy N {2p0 < |z — 20| < 2p1 < 00,Y = Y5} D [dy,dso]\ L1, where p; is
a sufficiently large positive number, we can derive

1
Jo < ks [/ 7 5 d
Iy |£E _ "Eo‘p(li?)kﬂ — $1|P(1*7)

=/ ! d ]
T
Ly |z — 2P0 Pz — 2, [P0 F)

1 2p1
< ks {|x1_x0|1—2p+pﬁo/ d§+k6 ppb’o—2pde
f<2 JE[P0 g 10
< kplay — x0|1,p(2,50)
= k|1 — 550|p(’"+2 o -
in which we use |z —x¢| = &|x1—x0|, |xt—21| = |T—20—(T1—20)| = |{E£1||21— 20|

if x € Ly, |v — x| = p < 2|z — 24| if x € Lo, choose that p (> 1) is close to 1
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such that 1 —p(2—fy) <0, and k; = k;(B, ks, H, Do) (j = 6, 7) are non-negative
constants. Thus we get

(U(Z4) = W(Zy)| < kel Zy — Zol|ay — wo| 7254072 < k| 2y — 2o,

in which we use that the inner angle at Z; of the triangle Zy 7, Z; (Zs = zo+iY7,
Z2 € Dy) is not less than § and not greater than %, and choose € = 2(”;1)7 B =
m—+2 —0,0 = 3(p D ke = k’g(ﬁ, ks, H, Dy) is a non-negative constant. The above
points Zy =y, Z1 z1+1Y; can be replaced by Zy=x¢+iYy, Z1 =x1+1Y; € Dy,
0 <Yy <Yy and 2200 <7, — 7| < 2(Y; — Vo).

Finally we consider any two points Z; = x1+1Y], Zy = xo+1Y] and 21 < w9,
from the above estimates, the following estimate can be derived

W (Z1) — W(Z2)| < |W(Z1) — W (Z3)| + |W(Z3) — ¥ (Z2)]
<ks|Zy — Z3|P + kg|Zs — Zo|° (4.4)
<ko|Zy — Zo|",

where Z; = #1322 —H[Y +2 “’“} If Z) = 21 +iY1, Zy = 21+1Ys, Y7 < Ys, and we

choose Z3 = x; + YQ\/}—G + Z(YQJFYI , and can also get (4.4). If Z; = 21 +1iYy, Zy =
To 4+ 1Yo, 11 < T9,Y] < Y5, and we choose Z3 = x5 + iY7, obviously

(W(Z1) = W(Z2)| < [W(Z1) — W(Zs)| + [W(Zs) — W(Z,)],

and |V (Z,)—V(Z;)], |¥(Z5) —W(Zs)| can be estimated by the above way, hence
we can obtain the estimate of |¥(Z;) — ¥(Z3)|. For the function ¥(Z) in (4.2)
in DN {ImY < 0}, the similar estimates can be also derived. Hence we have
the estimate (4.3). O

Remark 4.2. If the condition H(§) = §2 in Lemma 4.1 is replaced by
H () = 9", herein § = y — x?, 1 is a positive constant satisfying the inequality
n < ™2 then by the same method we can prove that the integral ¥(Z) = T'(%)
satlsﬁes the estimate

Cﬁ[qj(z)aDZ] S M17

in which f =1 — W — 0, 0 is a sufficiently small positive constant, and M; =
M, (B, ks, H,Dz) is a positive constant. In particular if H(j)) = § = y — 22,
i.e. n = 1, then we can choose = — 6, 0 is a sufficiently small positive

constant.

_m_
m—+2
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