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Abstract. We consider the nonlinear Schrédinger equation
—Au+V(z)u=I'(x)u u

in R™ where the spectrum of —A + V(z) is positive. In the case n > 3 we use
variational methods to prove that for all p € (%, 5+ 5) there exist distributional
solutions with a point singularity at the origin provided ¢ > 0 is sufficiently small
and V,T' are bounded on R™\ B;(0) and satisfy suitable Holder-type conditions at
the origin. In the case n = 1,2 or n > 3,1 < p < "5, however, we show that
every distributional solution of the more general equation —Au + V(z)u = g(z,u) is
a bounded strong solution if V' is bounded and g satisfies certain growth conditions.
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1. Introduction and main result

In this paper we investigate distributional solutions of the stationary nonlinear
Schrodinger equation (NLS)

~Au+V(z)u =T(2)|uf'u in R" (1)
forneNand1<p< (n"j'22)+.
due to its applicability in different fields of mathematical physics, e.g. nonlinear

The NLS (1) has been receiving much attention

optics, mean field theory, Bose-Einstein condensates.
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Spatially localized soliton-like solutions u € H*(R™) of (1) can be expected
whenever 0 does not belong to the spectrum of —A + V' (x). Ever since pioneer-
ing work of Strauss [28], Berestycki-Lions [1,2], Stuart [30] a lot of results on
existence and non-existence of ground states/bound states, multiplicity, asymp-
totic behaviour, bifurcation phenomena etc. have been obtained. In the case
where V,I' are positive constants the results of Gidas, Ni, Nirenberg [8] and
Li [15] apply and show that all positive solutions decaying to 0 at infinity must
be radially symmetric. Recently, due to new developements in photonic crys-
tals, the case of periodic coefficients V,T" has been studied, cf. Pankov [21] and
Szulkin-Weth [31]. In all of these works the solutions were weak (or classi-
cal) solutions belonging to H'(R"). For the case where V and I' are constant
Dancer [4] and del Pino et al. [5] constructed solutions of (1) which do not
decay to zero at infinity but which concentrate near prescribed lines or curves
extending to infinity.

More recently, distributional solutions of nonlinear elliptic boundary value
problems like (1) have been studied. In the context of bounded domains var-
ious classes of very weak solutions, i.e., subclasses of distributional solutions
with prescribed Dirichlet boundary data, have been investigated, cf. Stam-
pacchia [26], Brézis et al. [3], Quittner-Souplet [23], McKenna-Reichel [16],
McKenna et al. [12], del Pino et al. [6]. In the context of the Yamabe prob-
lem, Pacard [19,20] and Mazzeo-Pacard [18] have also studied distributional
solutions of nonlinear boundary value problems similar to (1). In many of the
above mentioned results the following phenomenon occurs: for a range of expo-
nents 1 < p < p* all very weak solutions turn out to have no singularities and
are indeed bounded weak/classical solutions of the nonlinear elliptic problem,
whereas for p* < p < p*+¢ unbounded very weak solutions were shown to exist.

In the present paper we show a similar phenomenon for the NLS (1). The
singular distributional solutions that we find have some properties in common
with H'(R™)-solutions of (1), e.g. they decay exponentially fast at infinity. On
the other hand, even in cases where there are no non-trivial H'(R") solutions,
singular distributional solutions can be shown to exist, cf. Remark 1.4. Let
us point out two further interesting aspects of singular distributional solutions
of (1): First, if V,T" satisfy the conditions given below and are radially sym-
metric such that I' is positive and radially decreasing and V' is positive and
radially increasing then by Li’s result, cf. [15], all weak/classical non-negative
solutions which decay to 0 at infinity must be radially symmetric. However,
using Theorem 1.2 one can construct a distributional solution which is not ra-
dially symmetric having a single point singularity at the origin although VT’
are radially symmetric with respect to some point zo € R™ \ {0}. Second, let
us view singular distributional solutions from the point of view of numerical
approximations. From the outcome of one numerical calculation of an approxi-
mate solution to (1) it is impossible to tell if the computed result approximates
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a singular disitributional solution or a very large weak/classical solution. Mesh
refinements may help to clarify it. However, from our Theorem 1.3 it is clear
that below the exponent p* = -5 (which is smaller than the usual critical
exponent Z—J_rg) no such singular distributional solutions can exist.

Our tools range from linear Schrodinger theory, calculus of variations, Green’s
functions to the use of singular integral estimates. Results concerning expo-
nential decay of eigenfunctions are proved by an adapted version of Agmon’s
method (cf. [11,13,14]). Let us mention that in the case where V and I' are
constant (or radially symmetric) one could use ode-methods to investigate the
behaviour of radial singular solutions like in Serrin, Zou [24] or Dolbeault et
al. [7]. In the present paper we allow non-radial functions V,T.

In our first result Theorem 1.2 we follow the ideas of [12, 18] to prove the
existence of an unbounded exponentially decaying distributional solution of (1)
when n > 3 and 15 <p < 25 +¢ for € > 0 sufficiently small. We concentrate
on the construction of distributional solutions with one point singularity at the

origin. To this end we assume the following conditions on V,I" : R" — R:

(H1) V € L*=(R™\ By(0)) and there are constants C; > 0 and a > “5° such
that
|V (z)| < Cilz|* for almost all z € By(0).

(H2) ¥ :=mino(—A + V(x)) > 0 where o denotes the L?-spectrum.
(H3) T € L**(R") and there are constants Co > 0 and 8 > 52 such that

IT(z) — T(0)] < Cylz|’  for almost all 2 € By(0),

where I'(0) > 0. Rescaling (1) we can assume w.l.o.g. I'(0) = 1.

In our second result Theorem 1.3 we show that for 1 < p < ﬁ and
V € L*(R") the equation
—Au+V(z)u = g(z,u) inR" (2)

and in particular (1) does not admit positive locally unbounded distributional
solutions provided g : R" x R — R is a Carathéodory function which satisfies

lg(x,8)] < C3(1+ [s]P) (z€R" seR). (3)

where C3 > 0. We also obtain a global boundedness and a global regularity
result in the case g satisfies

l9(z, s)| < Cu(ls[ +[s[") (x € R",5s €R), (4)

where Cy > 0. In addition we find that distributional solutions of (2) decay
exponentially in the case

lim ess sup l9(z, 5) = 0. (5)
s—0 zER” |S|
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It remains open if or if not unbounded distributional solutions exists in the

borderline case p = 5.

All our results are built on the following notion of a distributional solution.

Definition 1.1. Let g : R" xR — R be a Carathéodory function with |g(z, s)| <
C(1 + [s|P) for all s € R, almost all x € R™ and some C' > 0, 1 < p < co. A
function v € L (R™) with Vu € L, .(R™) is called a distributional solution
of (2) if

/n u(—A¢p + V(z)p) dx = / g(xz,u)pdx for all p € CF(R"). (6)

n

In contrast, a function v € L} (R™) with Vu, Vu € L,.(R™) is called a weak
solution of (2) if

/n(Vqub + V(z)up)dx = / g(z,u)pdx for all ¢ € CF(R™). (7)

Q

Similarly, we say that u is a distributional/weak solution of (2) on an open
subset 2 C R™ if (6), (7), respectively, holds for all ¢ € C°(€2). A function
u e L7 (R") with —Au, Vu € L, .(R™) will be called a strong solution of (2) if

—Au + Vu = g(z,u) holds almost everywhere in R™.
Our main results are the following two theorems. Let Bs={z €R": |z|<d}.

Theorem 1.2 (Supercritical case). Let the assumptions (H1), (H2), (H3) hold
and let n > 3. Then there exists € > 0 such that for all p € (-5, "5 +¢) there
is a distributional solution U of (1) with the following properties:

(i) esssupg,U = +oo for all 6 >0 and U € LYR") for all 1 < q < @.
(i) For all § > 0 the function U € H(R"™\ Bjs) is a weak solution of (1) on
R"\ B;.
(iti) For all p € (0,V/%) there is C, > 0 s.t. |U(z)| < Che ol if |z] > 1.
(iv) If in addition I' > 0 then U can be chosen to satisfy U > 0.

Our second theorem shows regularity of distrubutional solutions in the sub-
ritical case. The local regularity result of part (1) may be well known. We have
added a proof for convenience of the reader. The global regularity result of
part (2) contains additional information on the exponential deacy of solutions.

Theorem 1.3 (Subcritical case). Let n € N, 1 < p < o V€ L>(R™),

let g : R* x R — R be a Carathéodory function and let u be a distributional
solution of (2).

(1) (Local regularity) If g satisfies (3) then u € W24(R™) for all q € [1,00).
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(2) (Global regularity) If g satisfies (4) and if u € LP(R™) then u € W4(R")
for all q € [p,00]. If in addition V satisfies (H2) and g satisfies (5) then
u € WH(R™) N W24 (R") for all ¢ € [1,00], ¢ € (1,00) and for all
0 < p < VX there is C,, > 0 such that |u(x)| < Cue I in R™.
In both cases u is a strong solution of (2).

Remark 1.4. 1. Note that for every compact set K C R" with 0 € int(K)
the potential V = 1gm x satisfies (H1),(H2) for every a > 255,

2. In the case n=3,4,5 Theorem 1.2 applies to every measurable function V'
which satisfies 0 < Vi < V(x) < Vj almost everywhere for some positive
constants Vj, Vi. For instance we find an unbounded distributional so-
lution of the equation —Au + V(x)u = |u[P~'u where V € WH>(R") is
strictly monotone in some direction v € R", e.g. V() = 7 + arctan(zv).
This is quite interesting given the fact that in this case the only H'(R")-
solution is the trivial one. Indeed, if u € H'(R™) is a solution then
u € H*R"™) (see Theorem 1.3,(2)) and testing the equation with 9,u
leads to

0= / <VUV(&)U) + Vud,u — |u|p_1uavu> dx

_ 1 2 1 p+1 1/ 2

/n(?v(2\Vu| el )dx+2 [ VOL(uf)ds
1

=5 [ @) s

by density of C§°(R") in H*(R"). Hence, u = 0 because 9,V < 0 in R™.
The above result is due to Tanaka [32], see also [17, Theorem 1.3].

3. If we add regularity assumptions on V' and ¢ in Theorem 1.3 then ellip-
tic regularity theory will give better results. If V and g are both C*°-
functions, say, then every positive distributional solution u of (2) is in
fact a classical solution. Similarly, if in Theorem 1.2 V,I" are both C°°-
functions then part (ii) of Theorem 1.2 gives U € C*°(R™ \ {0}).

In the proof of Theorem 1.2 we always require 0 < € < ﬁ so that 5 <
n+2

p < %5 and variational methods are applicable. Estimates involving p — -

n—2

will be carried out explicitly. Throughout the paper B, = {x € R" : |z| < r}
is the open ball of radius r» in R™ and ¢ is a constant which can change from

line to line but which is independent of p. We use the symbol ﬁ to denote

the value co for n = 1,2 and the value "5 in the case n > 3. Similarly the

symbols 7= etc. are used. The assumptions (H1), (H2) imply that

2n
n—1)47 (6—n)4
the bilinear form

(1, vy = / (VuVo+ V) dr (v € H(RY) (8)
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generates a norm || - ||y on H'(R™) which is equivalent to the standard H'-
norm || - ||.

Finally let us recall the definition of the Kato class K,, cf. [25]. Let
ho(z,y) = |z —y|>™ for n > 3, hy(x,y) = —log|r — y| and hy(z,y) = 1.

A measurable function W : R" — R belongs to K,,, n € N if

p—0 zeR™

s [ B )W)y =0, a2
{lz—y|<p}

sup / (W(y)|dy < oo, n=1.
{lz—y|<1}

zeR™

A norm on K, is given by (cf. [25, p. 453, (A15)])

W]

o= s [ - )W)y
veRn J{jo—y|<1)

If @ C R" is open we denote by K,(€2) the set of measurable functions W :

R™ — R such that Wlg lies in the Kato class K. The mapping ||[W ||k, @) :=

[W1lg|k, defines a seminorm on K,(£2). For every q € (%, 00] there exists a

constant ¢, > 0 such that

Wk < cqsup [WllLas, ) 9)
yeN

whenever the right hand side is finite.

2. Proof of Theorem 1.2

Our existence proof of an unbounded distributional solution U is inspired by
[12,18]. We start by constructing an approximate solution g of equation (1)
which is unbounded near 0. Then we determine a functional J : H'(R") — R
such that every critical point @ € H'(R™) of J gives rise to a distributional
solution U := up+ of (1) which has the desired properties. The main difficulty
will be to prove that J has a critical point. The proof of the parts (i) and (ii),
(iii), (iv) will be given in Section 2.4, 2.5, 2.6 respectively.

2.1. Construction of an unbounded approximate solution. For expo-
nents p > —5 let the function u; € C*°(R" \ {0}) be defined by

1
2 1
uy(z) = cn,p|a:\_% where ¢, = (—1 <n -2- —)> . (10)
p E—
Notice that c,;, — 0 as p N\ -5 and

—Auy =uf in R™\ {0}. (11)
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Replacing u; outside a suitable ball B, by an exponentially decreasing classical
solution uy of

—Aug+uy =uh inR"\ B, (12)

we define the approximate solution

{ul(x), x € B,

us(x), =€ R™\ B,. (13)

up(x) =

It turns out that such a function ug can be constructed with properties stated
next. To state the Proposition let us define

O+ uo(x) = Tim uo(z) — uo(z — tu(:c))’

t—0+

B L ug(z +tv(x)) — up(w)
A fr) = gy

for v(z) = {7 Whenever the limits exist.

Proposition 2.1 (Existence of an approximate solution). Let n € N;n > 3.
Then there exists p > 1 and a constant ¢ > 0 such that for all p € (=5, Z—j)
there is a positive radially symmetric function ug : R™ \ {0} — (0, 00) with the
following properties:

(i) uo € C*(B, \ {0}) solves (11) in B, \ {0} in the classical sense.

(ii) up € C*(R™\ B,) solves (12) in R™\ B, in the classical sense.

(ili) uo € C(R™\ {0}) and all first and second order derivatives of uy admit
continuous extensions to 0B, from either side. Moreover, for all 6 > 0
we have ug € H'(R™\ Bs).

(lV) llmw_m Uo(l’) = +00.

(v) [0 uo(z) — 0 up(x)| < ceyy for all z € OB,,.

(Vi) ug satisfies the estimate

ug (1) < { ol o et (14)
Cope” 2z forx € R™\ B,.

In particular, ug € LY(R™) for all q € [1, —n(pg_l))-

For a proof of this result we refer to Appendix A.

2.2. Variational setting. Given u, from Proposition 2.1 we prove existence
of an unbounded distributional solution U of (1) using the ansatz

U:Z’U,o—i‘fb
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where @ € H'(R") will be constructed as a local minimizer of a suitable func-
tional J : H'(R") — R. Once the existence of @ is shown we will see that
U := up + @ is a weak solution of (1) on R"\ Bj for every 6 > 0 and a dis-
tributional solution of (1) on R™. The definition of J stems from the following
motivation.

For a fixed test function ¢ € Cg°(R™\ {0}) we have by Proposition 2.1

/n(Vu0V<b + V(z)upp) de = /nuggzﬁ dr + ng(aqu — 0, up)pdo

(15)
+/BV(x)u0¢ dz +/R (V(z) — Duop dz.

P "\Bp

Since we want U to be a weak solution of (1) in R™\ By for all 6 > 0 we require

/n(VUng + V(2)U¢) dx = / D(2)|UPU¢ dx.

n

Hence, the function @ € H'(R™) that we seek must satisfy
/ (VaVe + V(z)ueg) de = /
— / V(z)ugp dax — / (V(z) = Duopdzr  (16)

By

R™\ B,

(F(x)|u0 +alP (ug + 1) — uﬁ)qbd:n

n

- § (Oru - oo do
0

By
Thus, we look for critical points of the functional J : H!(R") — R given by

Tl = llully ~ afu] = o] + Jsfu a7)

where || - ||y is defined by (8) and J; : H'(R™") — R (i = 1,2, 3) are given by
Hu = [ Rwa)ds, i=12

Js[u] = [ V(z)upudz —i—/R (V(z) — Dugu dx +j(£ (0 ug — 8, ug)y(u) do.

By "\Bp B,

Here v : H'(R") — L?*(0B,) denotes the trace operator and the functions
Fi,F5 : R x R*" — R are given by

Fi(s,z) = b1 (Is + wo(2)[P* — uo(x)P™ — (p + Dug(x)?s),

[(z) -1

(\uo(ac) + 5Pt — uo(x)p“).
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We will prove in Proposition 2.2 that J is well-defined and continuously Fréchet-
differentiable.

In order to find a positive distributional solution of (1) in the case I' > 0
we introduce the functional .J : H'(R") — R given by

Jl] = %Hu”%/ _ / Fu(u, ) do — / Buo)de+ Bl (18)
where

Fi(sy2) = = (s wf@)2" = o)™ = o+ Dug(o)'s),

s, ) = SO (o) + 27 = (o)

The results of the upcoming section will hold for both J and J due to the fact
that the inequalities (19), (20), (26), (27) and thus (21)-(24), (28) also hold for
i, Fs.

2.3. Existence of a critical point. The proof of Theorem 1.2 relies on the
following results. First we show in Proposition 2.2 that the functional J is
well-defined and continuously Fréchet-differentiable for all p € (=25, %£2). In
Proposition 2.4 we prove next J[u] > m > 0 for all w € H'(R") with ||u|| = ro
and all p € (-5, -%5 +¢) for appropriately chosen m,rg,e > 0. Using Ekeland’s
variational principle we then prove in Proposition 2.5 the existence of a critical
point @ of J. Finally, in Lemma 2.6 we show that U := uy + @ indeed defines
an unbounded distributional solution of (1).

We start by proving that J is well-defined and continuously Fréchet-differen-
tiable.

Proposition 2.2. Let the assumptions of Theorem 1.2 hold. Then the func-
tional J given by (17) is well-defined and continuously Fréchet-differentiable for
all p € (%5, 22) with Fréchet-derivative

n—2’ n—2

Tlil@) = w ol — [ (Filw.a)o + Filu,2)9) do + o]

Here ' refers to the partial derivative with respect to the first variable.

Proof. J is well-defined: First we show that Jp, Jo are well-defined. The esti-
mates

|Fi(s, )| < cug(z)P~'s* + [s[P), (19)
|Fa(s,@)| < c|T(z) — 1] (uo(x)?|s| + [s[P*") (20)
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together with (14) and (H3) imply

s[Pt 4 ek 1P ifre B
Fi(s, ) < e 4150 F e €Dy
|s[PT 4 b M s, 1f:c€]R”\Bp,

+1 B—p=1 Isl
|s|PFt+ b || = . itz eDB, (22)
|s[PTt + cﬁ,pe 3 (lel= p)]s\, if z € R"\ B,.

|Fy(s,z)| < c- {

By Hardy’s inequality we obtain from (21)

2
|J1[u]| < e / |u|p+1dx+cfl;1/ Ju |2d + ) u? dx
R" |z R"\B, (23)

< c(flul + e ull®) -

Since 3 > %52 by (H3) and p > -5 we have |H:1:']B_5i—}|\Lz(Bp) < ¢. Hence (22)
and Hardy’s inequality imply

| olu)| < e |u|Pt da + cf / |x|ﬁ_ﬁ [ d +cP / Ir_”||u| dx
R R"\BP (24)
<c(lullP* ek lul).

Therefore .J;, Jo are well-defined.

It remains to prove that J3 is Well defined. From o > =5 by assumption
(H1) and p > -%5 we infer ||[z[* = 228,y < c. Therefore (14) and Hardy’s
inequality yield

|V (x)upu| dx < ccnp/ || ; : dr < ccppllull (25)
By

so that the first integral in J; is well-defined on H'(R"). The remaining two
integrals in Js are also well-defined on H'(R™) since u decays exponentially
at infinity and since the one-sided derivatives in the boundary integral exist by
Proposition 2.1(iii). Hence, J is well-defined.

Fréchet-differentiability: Since Js is linear we only have to deal with Ji, Js.
Similar to the calculations above we get for i = 1,2, x € R", s,t € R

|Fi(s+t,x) — Fi(s,z) — tF!(s,z)|

<c|luo(w)+s+t""'= |ug(x) + 5" (p+1) luo(x) + 5"~ (uo () +5)t]
<c (uo(@)+sP 2+t

< (uo(z)P M2+ |sP 124 [t

(26)
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where for i = 2 we estimated |I'(x) — 1| < ||[I'||oc + 1. Hardy’s and Sobolev’s
inequality and the exponential decay of uy from (14) yield

/ Fi(ut by ) — Fi(u,z) — hE!u, @) de < e(JBIP + [P, &= 1,2,

for all u,h € H'(R") which shows that the functionals Jy,.J; are Fréchet-
differentiable.

Continuity of the Fréchet-derivative: Again we only need to consider J; and
J4. By the mean value theorem we get for i = 1,2

(s, 2) = Fl(t 2)] e [ls-+uo(@) [P (s +uo(2)) = [t-+uo (&) P (t-+ o ()|
=c|s—t||o+uo(x)|P"t  (for o between s,t) (27)
<cls—tl(|s 1t +al )

Hence, if u; — w in H*(R™) and if ¢ € H'(R") with ||¢|| = 1 then

[7us](6) = Tl (@)

<c [ (uP el ol )y~ ullo] da

' (28)
<l ooy 103 125 o) Nt =0l oy 61 2 ey + el =l 16
<e ([ull? ™+ P 4-1) oty =

where a triple Holder-inequality, Hardy’s inequality and Sobolev’s embedding
theorem was used. This shows J/[u;] — J/[u] which finishes the proof. O

Remark 2.3. In the case n > 3, < 250 the integral fB x)|z| - »Tudz need
not be well-defined for all w € H'(R") and all p > 5. Indeed if V(z) = |z|*
near the origin and o < 25 then we can find p > - and v € H'(R") such that
pr \V(m)Hx]_ﬁM dr = 400, e. g choose u(x) = ]m\v el e HY(R™) for

p € (G5, 3248y if — 2 < o < 258 and p € (525, 00) in the case o < —2£2,

Proposition 2.4. Let the assumptions of Theorem 1.2 hold. Then there exist
values e, m, 19 > 0 such that for all p € (%5, 5 +¢)

Ju) >m  for all u € H'(R™) with ||Ju|| = 7.
Proof. The choice of €, m,rq > 0 stems from the estimate
J[u] > A(p)||ul® = BllulP*" — C(p)[|ul (29)

where A(p) — A > 0 for some A >0, B >0 and C(p) — 0as p\ -"5. Let us
first finish the proof assuming that (29) has already been shown.



66 R. Mandel and W. Reichel.

1

Choice of e,m,ro: Let ro := min{(g5)7 7 : =% < ¢ < 2} and m := 47
We choose € > 0 so small that for all p € (-5, =" +¢) one has A(p) > 4 and
C(p) < 4ry. Then for all p € (=%, - +¢) and all u € H'(R") with ||u|| = ro
we have

A A A A
A@MMP—MWW“—C@NMHE5%—B%H—O@szﬁ( ————— )=

which gives the result.
It remains to prove (29). Let A > 0 be a constant such that |- [|Z, > 2A]| - ||?
on H'(R™). Using the estimates (23), (24) we get

[Tifu]| + | To[u]] < e ([ullP* + e ull® + e llul)-

From Proposition 2.1, (25) and the trace theorem we obtain

| J5]ul| §/ |V (x)upu| dx +/ |(V(z)—1)ugpu| dx +/ |0 ug— 0, uo||y(u)| do
B, R™\B, 8B,
< cenpllull.

This results in the estimate

T > gl ~ 1Al 1 aful] ~ sl

> (A —cep) [lull* = ellul™* = (e, + enp) llull-
hv_/ —— ——
=:A(p) =:C(p)
Clearly, A(p) —+ A and C(p) — 0 as p \, "5. This finally proves (29). O
Now we look for a critical point within {u € H'(R") : |Ju|| < ro}. We recall

Ekeland’s variational principle, cf. Struwe [29, Theorem 5.1].

Ekeland’s variational principle. Let M be a complete metric space with
metric d, and let J : M — R U{+o0} be lower semi-continuous, bounded from
below, and # oo. Then, for any n,d > 0, and u € M with

< inf
Ju] < inf J+n
there 1s an element w € M strictly minimizing the functional

Julz] = J[2] + gd(w, z).

Moreover, we have J[w] < Ju] and d(w,u) <.

Proposition 2.5. Let the assumptions of Theorem 1.2 hold and let e, m,rq > 0
be the values from Proposition 2.4. Then for all p € L +¢) the functional

n—2°n—2
J has a nontrivial critical point o € H*(R™) with ||

(753
all

2
S
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Proof. Step 1. Let us find a weakly convergent Palais-Smale sequence. Consider
the minimization problem

i]r\14fJ where M = {u € H'(R") : |Jul| < 7o}

Choose a positive sequence 7; — 0 as j — oo and let 4; € M be such that
Ju;] < infy J + 7. Using Ekeland’s variational principle with n = 77 and
0 = n; we find u; € M such that

Ju;] < J[z] +n;llz — || for all z e M.

Then (u;) is a minimizing sequence for J|p. From 0 € M and J[0] =0 < m
we get ||u;j|| < ro for large j. Hence, almost all u; are interior points of M.
Applying the estimate

Jlz] = Jlu] + J[us](z = uy) + o([[z — )
< Il + Tusl(z —wy) +nllz —will +o(llz —wsll) as 2 = ujze M

to z = u; +tv with ||v|| = 1 we find for t — 0 : || J'[uy]|| = supy = [/ [us](v)] <
n; — 0 as j — oo, ie., (u;) is a minimizing Palais-Smale sequence of J|y,.
Moreover, since (u;) is bounded in H'(R™) by 79 we may assume (up to selecting
subsequences) that u; — @ in H'(R") and u; — @ almost everywhere in R™.

Step 2. Let us show that the weak limit @ is a critical point of J. So let
¢ € C(R™) be a fixed test function, K := supp(¢). Because of u; — @ in
LPTY(K) by compact embedding we may use [34, Lemma A.1] to find a function
wy € LPTYK) and a subsequence (possibly depending on ¢) again denoted
by (u;) such that |a|, |u;| < w,. Recalling (28) we get

1
| J!ujlp — Ju)p| < c/ (wiil + —)\u] — ||| dx  fori=1,2 and j € N.

K ‘I|2

The integrand is pointwise almost everywhere bounded by 2wj|¢| + #w¢|¢|.

Since wg € LPYHK), ¢ € L™®(K) and |z| 7% € L%(K) the dominated conver-
gence theorem applies and yields J/[u;](¢) — J/[u](¢) for i = 1,2 as j — oo.
Weak convergence implies (u;, o)y — (@, ¢)y. Furthermore Jj[u;](¢) = Ji[u](¢)
= J3[¢] by linearity. In total we find J'[a](¢) = lim; - J'[u;](¢) = 0 for every
¢ € C§°(R™) which proves the result. O

2.4. The distributional solution property. In Proposition 2.5 we have
proved that under the assumptions of Theorem 1.2 a critical point u € H'(R"™)
of J exists provided £ > 0 is sufficiently small. Due to the properties of wug
(cf. Proposition 2.1) we find that U = ug+ @ lies in H'(R™\ Bs) for every § > 0

and U € L] (R") for all ¢ € [1, @) From part (iii) of Theorem 1.2 which is
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proved in the next section we get U € LI(R™) for all ¢ € [1, @) Since the
Euler-equation (16) for 4 and equation (15) hold for all ¢ € Cg°(R™ \ {0}) we
obtain that for every 6 > 0 the function U = uy + 4 is a weak solution of (1)
on R™ \ B(g.

In order to complete the proof of Theorem 1.2(i), (ii) it therefore remains
to show that U is an unbounded distributional solution of (1).

Lemma 2.6. Let the assumptions of Theorem 1.2 hold and let u € H'(R") be a
critical point of J according to Proposition 2.5. Then the function U := ug +
is a distributional solution of (1) with esssupg U = 400 for all § > 0.

Proof. According to the definition of ug for all § > 0:

., Jwlollds = 0675, [ ua)p e = o5,

$ el de=0@ N, gtu()]de =0 FH,
dBs 985

All integrals converge to 0 as 6 — 0 since p > 5 > Z—J_ri > ”T*Q Hence, for all
¢ € C§°(R™) we find from Proposition 2.1(i)

/ up(—Agp) dr = lim up(—Ag) dx
By

0—0 BP\B(S

= lim (—Aug)pdx — % (ugBf ¢ — ¢O ug) do

=0 /B \B; 9B,

— [ hods— § (w00 09 u)do
B, 0B,

and since ¢ has compact support Proposition 2.1(ii) implies

R™\ B, R\ B,

0B,

— [ b wodet § (w0, 6 00, u0)do
R™\B, 9B,

Since ¢ is smooth we have 9,¢ = 9¢ on 0B,. Using (H1) we find Vu, €
L} (R™) by direct calculation. Hence,

/ (=2 + V(2)6) dr = / todde + /Rn\BP(V(x) - o (30)

+ /B V(z)ugp dx + 7({9 (0 ug — 0, up) ¢ do.

P B,
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On the other hand w is a critical point of J and thus satisfies the Euler equa-
tion (16) for all ¢ € H'(R"). Moreover, Vi € Lj,.(R") and hence, VU =
Vug+ Va € L, (R"). Adding up (16) and (30) gives

/ U(=A¢ + V(z)p) do = / T(2)|UP"'Ugdx for all ¢ € CZ(R™).

Hence, U is a distributional solution of (1).

Now assume U < (5 < oo almost everywhere on Bs for some § > 0.
Choosing ¢’ € (0,6) such that ug(x) > 2C5 on By (see Proposition 2.1(iv)) we
get u=U —up < —% < 0 almost everywhere on By and thus

N 1
Nl 2, gy 2 S lluoll ey )= H00
which contradicts @ € H'(R"). Hence, esssupp U = +00. O

Remark 2.7. Clearly, ug ¢ H'(B;) so that U :=ug +a ¢ H'(R").

2.5. Exponential decay. Let us prove part (iii) of Theorem 1.2. For the
reader’s convenience we only present the main idea of the proof, details are
given in Appendix B.

Lemma 2.8. Let the assumptions of Theorem 1.2 hold and let u € H'(R™) be
a critical point of J according to Proposition 2.5, let U := uy + u. Then for all
0 < p < VX there is C, > 0 such that |U(z)| < C,e ™l for all x € R™ with
|z| > 1.

Proof. Applying Proposition 5.1 tou =U, Q =R"\ By,gq=pand W :=V —
L|UP~ 1gm g, we deduce that U can be assumed to be continuous and that we
have U(z) — 0 as |z| — oco. Note that W € LM(R”\Bl)%—L("—;ﬁP—U (R"\ By) C
K,(R™\ Bsy) due to (71—22)% > 7 and (9). From U(xz) — 0 as |z| — oo and
22, Theorem 8.3.1] we obtain

Oess(—A + W) = 0c5s(—A + V) C [, 00).
Then Proposition 5.2 applied to Q@ = R" \ By, s = m_%%,q = 2 gives
U(x)| < Cpe#l for all z € R” with |z| > 3. Since U € H'(R™\ B;) satisfies
a subcritical elliptic PDE in R™ \ B; for all 6 > 0 the result follows from the
DeGiorgi-Nash-Moser local boundedness principle. O

2.6. Positivity in the case I' > 0. In this section we prove part (iv) of
Theorem 1.2, so let us assume I' > 0. As pointed out before (see (18) and the
following remarks) the results of the previous Sections 2.3, 2.4, 2.5 also apply
to .J, in particular we find a critical point @ of .J. By Lemma 2.6 the function
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U = ug + 4 satisfies ess supBélA] = +oo for all 6 > 0 and is a distributional
solution of

/ U(—A¢ + V(z)p) de = / D(z)UP¢dr  for all ¢ € CZ(R™).

It remains to show that U must be positive.

To this end let ¢ € C{°(R™),¢ > 0 be arbitrary, set K := supp(¢)). Let
then w € H'(R™) be the unique Weak solution of —Aw + V(x)w = v obtained
by minimizing the functional L[z] := [;., |Vz]* + V(2)2* — 2z dz over H'(R").

Since 1) > 0 one sees that w Z 0 (if w is a minimizer then also |w| is a
minimizer and L has a unique minimizer). Then —Aw = f in the Weak sense

where f =1 — Vw. In case n = 3,4,5 we infer from (H1) that V € L6 "(R”)

loc

Since w € Lz -2 (R") we find f € LlOC(R") Then Caldéron-Zygmund estimates
(cf. [9, Chapter 9]) imply w € VVlOC (R™) and Sobolev’s imbedding theorem
implies f € L], (R") for all ¢ € [1, 2%). Hence w € chq(]R") for all ¢ € [1, %)
again by Caldéron-Zygmund estlmates In particular, usmg > g,uptoa set
of measure zero w is locally uniformly continuous and satlsﬁes —Aw +Vw=1
pointwise in R™. In case n > 6 we have V € L*(R") so that similar arguments

and a bootstrap step lead to the same conclusion on the regularity of w.
: n(p—1) 2n
Since p > -5 we can find s € ( (ppl) 55 (67H)+)
that this choice of s implies U € L1 (K). Let (¢;) be a sequence of positive
C§°(R™)-functions such that ¢, — w uniformly on K and in W?%(K). Then

UV e LY(K) and

/n U(z)y(x) de = /K U(a:)( — Aw + V(z)w) dz

A

= lim [ U(z)(— Ady+ V(z)¢i) dx

k—o00 K

= Jim [ T@O@);oa) da

= /I(F(:E)U(z)ﬁw(x) dz > 0.

Since ¢ € C3°(R™), 1 > 0 is arbitrary we obtain U > 0 almost everywhere. [

. Recall from Section 2.4

3. Proof of Theorem 1.3

Under the assumptions of Theorem 1.3 we now prove regularity properties of

distributional solutions of (2) in the case 1 < p < i For w > 0 we

n*nQ)Jr'
rewrite (2) in the following way

—Au+wu =g, where g,(x):= g(z,u(x)) + (w—V(x))u(x). (31)
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We will show that (31) can be written in form of an integral equation using the
Green function G,, of —A + w. Therefore we are lead to study the operator T,
given by

It is well-known (cf. [10,27]) that

Gul) = w'F Gr(Vior) = (2m)F || 7" Kuza (vl

Here, K n2 denotes the modified Bessel function of the second kind with pa-

rameter %2 The following expansions can be found in [10] for i =1,...,n:

O(1), n=1

Gu(z) = < O(log ﬁ), n=2 and D,G,(z)=0(z|'"") as |z| = 0
O(|z]*™), n>3

Go(z) = O(e™V¥lhy and D, G, (z) = O(e”V¥F!) as |z| = cc. (32)

The proof of Theorem 1.3 is given in three steps: In Proposition 3.1 we
study the mapping properties of T;, for fixed w > 0 in order to prove in Proposi-
tion 3.3 the representation formula u = T,,(g,,) for every distributional solution u
of (2) with u € LP(R™;wp) and wy < w. Finally we obtain the regularity result
of Theorem 1.3 by a combination of the mapping properties of T, with the
continuity /decay results of Proposition 5.1 and Proposition 5.2.

Proposition 3.1. Letw >0, k € {0,1,2} and q,r € [1,00]. Then

T, : LYR") — W*"(R™)

provided s := (1 + % — é)_l satisfies one of the following conditions:

(i) If k=0: se[l,ﬁ) orn=1s=000rn>3,q€(1,5),s="5.
(ii) If k=1: sE[l,ﬁ) orn=1s=000rn>2gq¢c(l,n),s="5.

(ili) Ifk=2: ¢=1r€ (1,00).
In each case there exists a constant ¢ = c(k,q,r,n) > 0 such that

| T fllwer@ey < cl| fllLa@ny  for all f € LY(R™).

Furthermore, in the cases k =1 or k = 2 we have fori=1,...,n

D, (T.f)(x) = / (D2 C)(@ — 4) () dy.

n
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Proof. The proof of (iii) can be found in [27, Chapter V, Theorem 3]. Let us
prove (i), i.e., k = 0. Young’s inequality gives

1T fller@ny = 1Go * fllr@m) < [1Gu

ro@m || fll Lagen)

provided ¢, r, s € [1, 00| satisfy 1 +% = % + é. In the cases n = 1,n > 2 the
asymptotic formulas (32) show that G, € L*(R") for all s € [1,00],[1, "5)
respectively and the first two subcases are proved. The case n > 3,q €
(1,%),s = -5 follows from (iii) and from the Sobolev’s imbedding theorem
W24(R") — L2 (R™).

Next we prove (ii). By (32) we have [VG,(z)| = O(]z|'™™) as 2 — 0 and
VG, (2)| = O(emV¥#l) as |2| — oo. Hence |VG,| € L¥(R") for s € [1,00],

[1,-%5) in the cases n = 1,n > 2 respectively. In these cases the dominated

1
convergence theorem and Young’s inequality apply and yield V(T f) = VG, f

as well as
V(T N @ny < [[IVGL]|

Ls(Rn)HfHLq(Rn).
The case n > 2, ¢ € (1,n), s = "5 again follows from the case k = 2 and

Sobolev’s imbedding theorem W24(R™) — W=7 (R"). O

Next we prove the representation formula u = T,(g,) for distributional
solutions u of (2) with certain integrability properties. The formulation requires
the use of weighted Lebesgue spaces

LI(R"w) = {u e L] (R") : / u(z)|%e Vel 4y < oo} :

1
with 1 < ¢ < oo and w > 0. We set |[u|za@nw) = ([gn |u(z)|7e" V¥l dz)T. We
begin with two properties of the corresponding linear problem.

Proposition 3.2. Let w > 0 and Q C R" be open. Suppose v € L}, (Q) is a

distributional solution of —Av+wv =0 in Q. Then v € C*(). If additionally
Q=R" and v € L}(R™;w) then v = 0.

Proof. Note that v(z1,...,z,) is a distributional solution of —Av+wv = 0in Q
if and only if v(zy,...,z,) cos(y/wr,y1) is distributionally harmonic in Q x R.
The claim then follows from Weyl’s lemma.

Now assume = R"” and v € L'(R";w). Let ¢ € C°(R") be arbitrary
and for R > 0 set ¢r := xrTL(v) € C(R™) where yr(z) = x(R 'z) for
a fixed function y € C§(R") with x(0) = 1. Since v € L'(R";w) we have
T, (V)| |v] + |VT,(¥)||v] € L' (R™). Hence the dominated convergence theorem
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gives

0= lim/ v(—A¢r + wor) dx

R—o00

R—o00

:/nmﬁdx.

Since ¥ € C{°(R™) was arbitrary we get v = 0. ]

= lim {/n YRV dx + /n ( — AxrT, () — QVXRVTOJ(@Z)))U dx

Proposition 3.3. Let 1 < p < oo,V € L>®(R") and let g satisfy (3). Let
u € LP(R™;wy) for some wy > 0 be a distributional solution of (2). Then for
all w > wy we have u = T,(g,) almost everywhere on R™ with g,, given by (31).

Proof. By assumption the function u € LP(R";wp) C L'(R™;w) satisfies

/ u(—A¢ + wo) dx :/ gupdx Vo € C5°(R").
On the other hand let us show that T,(g,) € L'(R"w) satisfies the same
integral relation. Indeed, we have g, = g(-,u) + (w — V)u € L*(R™;wy) so
that (32) implies

T (o)™ da
R

< / / Gl — y)lgu(y)le= da dy

= |9 (y) e Veo Il / eVl G (z — y)e Vel da dy

Rn
< [ lgu(y)leveel {c / VLYl —vEle—yl —Velal g,
R {lo—y|>1}
+ em‘mGw(yg _ y)e—\/am d:p] dy
{lz—y|<1}
< [ laatlervE e [ el vl gy
R {lo—y|>1}

+ / eVl (z — y)eVeuI=D) dx} dy
{lz—y|<1}

y)‘efx/TOIyl [/ e(Vwo—vw)lz| g, +/ Go(2) dz] dy
{lz—y[>1} {l=I<1}
)

<c / g0
]Rn

<c / g0 () Vo dy
R7l

< 0



74 R. Mandel and W. Reichel.

where we have used that G, is a locally integrable function. Furthermore,
Fubini’s theorem yields for ¢ € C§°(R")

[ Tla)-20+wé)do

= [ ([ 6uta =t} (-2660) + o)) do
— [ 0.0 ([ Guto = )=o) + ot ac) ay
= [ 0 ([ Guty =~ 2)(-80(a) + wote) o) ay
= /R 9.(y)e(y) dy.

Applying Proposition 3.2 to v = u — T,,(g,,) we conclude v = T,(g.,). O

3.1. Proof of Theorem 1.3(2). Let g satisfy (4) and let u € L?(R") be a
distributional solution of (2). Then (4) and the assumption 1 < p < ~%5 implies
that

z, u(z))

Wia) = Vi(x) - Q(UTW#O}

lies in the Kato class K, (see (9)) and thus Proposition 5.1 implies u € L>°(R")
and u(z) — 0 as |z|] — oo. Hence, v € LP(R™) N L*(R™) and thus g, €
LP(R™) N L*°(R™) where g, is defined in (31). From Proposition 3.3 we get
u = T,(g,). From Proposition 3.1 with (k,q,7) = (1,¢,9),q € [p,o0] and
(k,q,7) = (2,¢,¢),q € [p,00) we get u € W24(R") for all ¢ € [p,00). Hence,
for all ¢ € C=(R™) we get from u € W2 (R")

oc

/(—Au+Vu)¢d:U:/(—VuV¢+Vu¢) dx:/u(—A¢+V¢) dmz/ g(z,u)pde,

n n n n

i.e., u is both a weak and a strong solution of (2).
Now, in addition let us assume (H2) and (5). Then [22, Theorem 8.3.1]
implies
Oess(—A + W(x)) = 0ess(—A + V(x)) C [3, 00)
Hence, Proposition 5.2 applies to u and = R and it follows |u(z)| < C,,e#

for almost all 2 € R™. In particular u € L'(R") so that u € WH4(R")NW 24 (R")
for all ¢ € [1, 0], ¢ € (1,00) by Proposition 3.1. O
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3.2. Proof of Theorem 1.3(1). Let g satisfy (3) and let u be a distributional
solution of (2). Since W := V — T|ulP~! € L=(R") 4+ L' (R™) and >3

loc 2

we find that W lies in the local Kato class K!°¢ (see [25, p. 453]) and thus
Proposition 5.1 (applied to compact subsets of R") gives u € L2 (R™). For an

loc

arbitrary compact set K C R" let

2= u— Gu(guXk)

where yx denotes the characteristic function of K. Since v and G, (g.xk) are
both distributional solutions of (31) on int(K) the function z is a distribu-
tional solution of the homogeneous equations —Az + wz = 0 on int(K). By
Proposition 3.2, z € C*(int(K)) and hence z and all its derivatives are locally
bounded on int(K'). Since u is represented by u = z + G,(gwxK) and since
guXk € L>®(R™) we may apply Proposition 3.1 with (k,q,r) = (1,00, 00) and
get u € Wh¥(int(K)). Since K was arbitrary we obtain u € W™ (R"). In

loc
particular

n n

/n(VquzH—wwb) dx:/ u(—Agzﬁ—Hugb)dx:/ 9@ dz,

for all ¢ € C3°(R™) so that u is a weak solution of the uniformly elliptic
PDE (31). From g, € L (R") we obtain u € W2I(R") for all ¢ € [1,00)

loc

by Caldéron-Zygmund estimates (cf. Gilbarg, Trudinger [9, Chapter 9]). The
same reasoning as in part (2) shows that u is a strong solution in R". ]

4. Appendix A

In the proof of Proposition 2.1 we use the following auxiliary lemma.

Lemma 4.1. Let 0 < ¢y < 1 and p > 1 be given. Then for all p > 1 there exists
a radially symmetric positive function uy € C°(R™\ B,) such that

_AUQ + Uo = ug m R" \ Bp
uz(x) = co  for |z =p (33)
us(x) — 0 exponentially as |x| — oo.

Moreover the following inclusion holds
0 <v(|z]) <ug(x) <cpe™V L=cg ™ (1zl=r) for all |x| > p

where v(r) = HT%K%& (r). Here Kn—2 denotes the modified Bessel function

of second kind and x > 0 is chosen such that v(p) = co.
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Proof. We first use the method of sub- and supersolutions to find a solution
wsy g of the following auxiliary elliptic ODE boundary value problem

n—1
"
_w27R —

wa,r(p) = co,  wor(R) =v(R)

w;,R + Wa,r = wg,R in (p7 R)? (34)

for any given R > p. As a supersolution of (34) we may take the constant
function ¢q since ¢y > ¢ and ¢g = v(p) > v(R) using the fact that v is strictly
decreasing. Since v is positive and satisfies the boundary conditions as well as

n—1

—U”(T) —

we may choose v as a subsolution. Hence the method of sub- and supersolutions
(cf. [33, §26]) applies and produces a classical solution wq g of (34) with the
additional property

. V'(r)+o(r)=0 in (p, R)

0<v(r) <wyp(r) <c <1l forr>np. (35)

The function wy g cannot attain a local maximum at any r* € (p, R) since in
this case we would have 0 < —w 5(r*) = wa g(r*)(wa,r(r*)P~" — 1) contradict-
ing (35). This implies that ws g is decreasing since otherwise there would be
p <1y <ry < Rsuch that wy g(r1) < we r(re). Using that there is no interior
local maximum this would lead to wy g(r1) < war(r2) < war(R) = v(R) in
contradiction to wy g(r1) > v(r1) > v(R) by (35) and strict monotonicity of v.

Since wy g is decreasing we have wy p < 0 and from (34) and wy p < 1 we
get wy p > 0, hence

0> wh (r) > whplp) > 0/(p) for all 7 € [p, R, (36)

From (34)—(36) it follows that for all Ry > p the families (wy g)r>ry, (W5 g)R>Ro
are uniformly bounded with respect to R. By the Arzela-Ascoli theorem, there
is a sequence (wg, g,) with lim;_,.c R; = oo which converges uniformly along with
its first derivatives on every compact subset of [p, 00) to some @, € C*([p, 0))
which satisfies the enclosure 0 < v < s < ¢g < 1. Writing

wﬂﬂ=%+i%«®%{Q%AMﬁ[[GYAWm@—MﬂWMMS

we obtain that @y = limg_ o wo g belongs to C?([p,00)) and solves the initial
value problem

n—1_ N . -
—Ug — r uIQ + U = ug m (p7 OO), u2(p> =0Co (37>
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in the classical sense. In particular, us(x) := Uz (|z|) defines a radially symmetric
classical solution of problem (33) on R"™\ B,. It remains to show that @, decays
exponentially at infinity.

To this end we test (37) with functions ¢y (r) := ¢(r — k) for £ > 0 and
¢ € C§°(p,00) arbitrary. Since ay € C?([p,0)) is a decreasing function it has
a limit Uy o := lim, o Us(r) which satisfies 0 < @y oo < ¢g < 1. Therefore the
dominated convergence theorem implies

0= lim " in(r) (— 1(r) - 2= 1¢k< )+ ou(r) — a2<r>“¢k<”> o
— kh—>Holo h as(r + k) <—¢”(7‘) — Z;;gzﬁ'(r) + (1) — Go(r + k)p_1¢(r)) dr

Z/mﬂzm(—¢()+¢() @-16(r)) dr

~ 1
_UQOO ugoo / ¢

and thus, ¢ being an arbitrary testfunction, we see that necessarily Ug,00 = 0.

Finally we show @y < z where z(r) := cpe™V 1—cj ' (=r) | Exploiting = "(r) =
(1 -z, 2(p) = co and 0 < 11y < ¢, @ty < 0 we get

n—1

(i = 2)"(r) = = =——ih(r) + o (r) (1 = Ga(r)"~") = (1 = ¢ )z(r)
> (1—c (g — 2)(r) forallr>p

which proves that s — 2z cannot have any positive interior local maximum.
Hence, (s — 2)(r) < max{0, (u2 — 2)(p), (42 — 2)(c0)} = 0 for all » > p and the
result follows. m

Proof of Proposition 2.1. Let n > 3, choose p such that the inequalities

>1 >\/Z q%l n < <n+2
— -1 n L
P21 pzyfgmaxied i —0 <g<

hold true where ¢, ,, is given by (10). Then, given any p € (=25, “t2) the choice

n—27 n—2

co = cmpp_p%l implies 0 < ¢y < ¢, and cg < %.

Let now us be given by Lemma 4.1, uy(z) = cn,p\x|_p%1. Then the func-
tion g defined in (13) is positive radially symmetric and satisfies (i), (ii) by the
choice of uy,uy. Moreover, ug € C(R™\ {0}) implies vy € H'(R" \ B;) for all
§>0and u; € C%(B,\ {0}),us € C*(R™\ B,) gives (iii). Property (iv) follows
from the definition of u;. The explicit formula for u; and the enclosure of wus
given by Lemma 4.1 yield

|0 ug(z)] = |O,ur (2)] < cenp, 10, uo(z)] = |0,us(z)| < ceny, (z € 0B,)
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3
4

which shows (vi) and finishes the

proof of Proposition 2.1. O

and we obtain (v). By the choice of p we have ¢J™' < 3 so that Lemma 4.1

gives the upper bound for uy(z) < ¢ o~ e

5. Appendix B

The following proposition sums up two results from [25].

Proposition 5.1. Let Q = R"\ By for some R > 0 and let W_ € K, (),
W, € KP(Q). Assume —Au+ Wu = 0 in Q in the distributional sense for
u, Wu € L,.(). Then u equals almost everywhere a continuous function in 2.

If in addition uw € LI(2) for some q € [1,00) then u(z) — 0 as |z| — oc.

Proof. Continuity of u follows from [25, Theorem C.1.1]. Moreover [25, Theo-
rem C.1.2] implies that for almost all z € Q with dist(z,9Q) > 1 we have

()] dy < CIW- | (@) / fu(y)) dy. (38)

Bi(x)

()] < CUW_ k0 ne) /

Bi(x

Now if u € L4(€2) we have limj_o0 fBl(w) |u(y)|?dy = 0 and thus Hoélder’s
inequality implies limy, oo [ B (x) |u(y)| dy = 0. Hence the result. O

Proposition 5.2. Let Q = R"\ By for some R > 0 and let W_ € K,(Q),
W, € Kl°°(Q). Assume 0 < ¥ :=inf o5 (—A + W (z)). Ifu e HL.(Q)NLIQ)
for some q € |2, (nf—gh) is a weak solution of —Au+ Wu =0 in 2 then for all
1 € (0,VX) there is a constant C,, > 0 such that

lu(z)| < Cue ™ for all x € Q with dist(z, 0Q) > 1.
Proof. Step 1 (Proof of exponential integrability). Let u € (0,+/%) be arbitrary

and let x € C*(R") such that x|p, = 0 and x|ps = 1. Let x,(z) = x(s 'z) for
x € R" and s > 0. For p > r > R we define the function

Xrp = Xr * (1 - Xp)'

Notice that the support of ¥, , is contained in the annulus EQP\BT and X, ,=Xr
Ed

on B,. For 0 > 0 we define ¢ = £2u where £(z) = x,.,(z)eT 1. Since u €
HL .(Q) is a weak solution of —Au + Wu = 0 in Q and supp(x,.,) C B, \ B,

loc

we have ¢ € H}(2) and

0= /(VuV(b + Wug)dx = /(]V(fu)|2 + Wéu* — |VEP|ul?) d.
0 Q
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plz|
Now fix a 0 € (0,5(X — p?)). From |VE| < e™lT (|Vx,,o| + plxr,p|) we infer

2plz|

IVE < (1 +6)|xr p| el+a|x| + (1 + pu2s 1)|VX | eTHolel .

Hence,

0> / IV (€w)? + Wigul?) da

(39)
— (12+9) / Xepl2lue T80T o — (144%57) / VX P20 d

In view of inf oess(—A + W) = ¥ and Persson’s Theorem (cf. [11, Theorem
14.11]) we may choose r > 0 so large that for all p > r,0 > 0 the following
inequality holds

/ (V)P + WieuP) de > (5 - ) / cul’ d
Q

(40)
(= =0) [ hoolPluler™ .
From (39) and (40) we get for all p > r,0 >0
1+ p?! 2ulal
2 1 oa: e — 2 2 1+o|x
[ luet do < ST [ v Plapetan @)

We want to take the limit p — co. In the integral on the left-hand side of (41)
this can be done by the monotone convergence theorem. If ¢ = 2 then the
right-hand side of (41) can be treated by the dominated convergence theorem.
In the case 2 < g < ) ) notice that

/(’er,p‘z o ’vXT,Q)q% dr = / |VXp|q2*7q2 dx < CHVXHoopniqug =0
“ {p<|al<20}

as p — oo. Hence (41) holds with x,, replaced by x,. Taking the limit o — 0
we obtain

1
/Xz|u|262M|$ dr < EL/ IV |2 uf?e? el do < oo.
0 _

The right-hand side is finite since V', has compact support. Hence, y,uet?
lies in L2(Q) and thus uet®l € L2(Q).
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Step 2 (Pointwise exponential decay). From (38) we get

|ul| 2o By (2)) < CUW- &, ) lullL2(By(2)-

for all z € R™ with |z| > R + 2. Hence, we get

”ueM.'HL“(BI(Z)) = ||uHL°°(Bl(Z))||€#H||L°°(Bl(z))
< C||U||L2(B2(z))e“(|z‘+1)
< CO|ue || 2y e 17D er 4D

< Ce®Jue!|| 2 () =: C,

for |z| > R+2 and thus |u(z)| < C,e ™l for all z € Q with dist(z,0Q) > 1. O
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