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1. Introduction

As one can see in the books by Butzer and Berens [6], Bergh and Lofstrom [4],
Triebel [24-26], Bennett and Sharpley [3], Brudnyi and Krugljak [5], Connes [15]
or Amrein, Boutet de Monvel and Georgescu [1], the real interpolation method
is a very useful tool in many areas of mathematics, including harmonic analysis,
partial differential equations, approximation theory and operator theory.

Given any Banach couple (Ag, A;), the real interpolation spaces (Ao, A1)g4
are defined for 0 < § < 1 (we review their construction in Section 2). In the
limit cases 8 = 0 or # = 1, the definition must be modified in order to be
meaningful.

Working with ordered Banach couples, that is assuming Ay < Aj, limiting
spaces (Ag, A1)o4s based on the Peetre’s J-functional with # = 0 have been
introduced in [7] by Kiihn, Ullrich and two of the present authors. They also
showed that these limiting spaces arise interpolating by the J-method associated
to the unit square (see [13]) the diagonally equal 4-tuple (Ao, A1, A1, Ap).
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The assumption Ay <— A; was essential for the arguments in [7], and the
later papers [9] and [11] on limiting J-spaces, but for the definition of inter-
polation methods it is an unnecessary restriction. This is our motivation to
study limiting J-spaces for arbitrary (not necessarily ordered) couples. The
corresponding problem for spaces defined by using the K-functional, the dual
functional to the J-functional, has been investigated by the authors in [10].

We start by recalling some basic results on the real interpolation method
and on function spaces in Section 2. Then, in Section 3, we extend the definition
of limiting J-spaces with # = 0 to arbitrary Banach couples. We also introduce
there limiting J-spaces with # = 1, and we show their relationship with J-spaces
defined by a “broken power function” and with K-spaces defined by “broken
function parameter”.

In Section 4, we investigate the connection between the limiting J-spaces
and the J-method associated to the unit square. Given any Banach couple
(Ao, A1), we consider the 4-tuple obtained by placing Ay on the vertices (0, 0)
and (1,1), and A; on (1,0) and (0,1). We show that if we choose for interpo-
lating an interior point of the square laying on the diagonals, then the resulting
spaces are intersections of limiting J-spaces with real interpolation spaces. In
the ordered case we recover a result of [7]. In contrast to the ordered case
where the spaces are all the same along the diagonal (o, «), now there is no
segment where they are constant. Moreover, the results in the general case
show a symmetry which cannot be observed in the simpler case studied in [7].

2. Preliminaries

Let A = (Ag, A1) be a Banach couple, that is, two Banach spaces A4; (j = 0,1)
which are continuously embedded in some Hausdorff topological vector space.
Let Ag+ A; be their sum and AN A; be their intersection. These spaces become
Banach spaces under the norms

lallag+a, = inf{|lag|la, + lla1l|a, : @ = ao + a1, a; € A;}

and [lall1yna, = max{[lalLay, lall1,}, respectively.
The Peetre’s K- and J-functionals are defined by

K(t,a) = K(t,a; A)
= inf{||ao|| 4o + t]jar]|a, s @ =ao+ a1,a; € A;}, a€ Ag+ Ay,

and
J(t,a) = J(t,a; A) = max{||a|| 4., t||al|4,}, a € AgN A;.

Note that || - [|agra, = K(1,A) and || - || a4pna, = J(1, 5 A).
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Let 0<f < 1 and 1<q <oo. The real interpolation space Ag,= (Ao, A1)o.q,
view as a K-space, is formed by all elements a € Ay + A; for which the norm

o, = ( °°<t-9K<t,a>>q%)é

is finite (when ¢ = oo the integral should be replaced by the supremum). This
space coincides with the collection of all those elements a € Ag + A; for which
there is a strongly measurable function u(¢) with values in Ag N A; such that

1
o dt 00 dt\ ¢
a :/ u(t)7 (convergence in Ag+ A;) and (/ (teJ(t,u(t)))q7) <00,
0 0

Moreover,

el g, = inf { ([Tesuenr) o= | °°u<t>%}

is an equivalent norm to [| - ||z, . This is the description of Ag, by means of
the J-functional. We refer to [3-6,24] for full details on the real interpolation
method and to [27] for properties of the Bochner integral.

Let (2, ) be a o-finite measure space and let f be a measurable function
which is finite almost everywhere. The non-increasing rearrangement of f is
defined by f*(t) = inf{s > 0 : p{z € Q : |f(x)] > s} < t}. We put f*(¢t) =
% fg f*(s)ds for the average function of f*.

It turns out that

Q=

1

K(t, f; Lo, L) = f* <¥> . (2.1)

This yields that (Lo, L1)s, = Ly if }D = 0, with equivalent norms. In a more
general way, if 0 < 6 < 1,§ =6 and 1 < g < oo, we obtain the Lorentz spaces

[e¢) 1 d %
(Loos Ln)o.g = Lip.g) = {f : Hf”L(p,q) = (/0 (ﬁf**(t))q %) < oo} )

We shall also need the Lorentz-Zygmund spaces (see [2,3,16]). Let 1 < p < o0,
1<g<ooandbeR. Welet

L, ,(log L)) = {f NN atios 20y = (/0 (t%(l + \logt\)bf*(t))q %)q < oo}

and we define L, 4 (log L), similarly but replacing f* by f**.
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Clearly Lgyq = Lpg(ogL)o. We also have L, = Ly,(logL)y = L)
Moreover, if 1 <p < 00,1 < ¢ < oo and b € R, it turns out that L, ,(log L), =
Lp.q(log L), (see [16, Lemma 3.4.39]). Note that if p = ¢ then L, ,(log L), is
the Zygmund space Ly,(log L), (see [17]).

As usual, A — B means that the space A is continuously embedded in B.
Given two quantities X, Y depending on certain parameters, we write X <Y if

there is a constant ¢ > 0 independent of the parameters involved in X and Y,
such that X <¢¥V. f X <Y and Y < X weput X « Y.

3. Limiting J-spaces

In this section we study new limiting J-spaces which are defined for arbitrary
Banach couples.

Definition 3.1. Let A = (Ap, A;) be a Banach couple and let 1 < g < co. The
space Aggg = (Ao, A1)o,qs is the collection of all a € Ay + A; which can be
represented as

a= / v(t)% (convergence in Ay + Ay), (3.1)
0

where v(t) is a strongly measurable function with values in Ay N A; such that

/01 J(t,v(t))% + (/100 J(t,v(t))q%>; < o0 (3.2)

The norm in Ay .7 is given by taking the infimum in (3.2) over all representations
of the type (3.1), (3.2).

The space Ay .7 = (Ao, A1)1,4.s is formed by all those a € Ag+ A; for which
there is a representation of the type (3.1) but satisfying now

(/Ol(tlJ(t,’U(t)))q%)‘l’ + /loo tlJ(t,v(t))% < 00. (3.3)

The norm in Ay s is the infimum in (3.3) over all representations (3.1), (3.3).

Let F(A) = Apgy or Aj,y. Next we show that the functor § produces
intermediate spaces. This means that AgNA; — F(A) — Ay+ A;. Moreover, §
has the interpolation property for bounded linear operators. That is to say,
whenever T is a linear operator from Ag+ A into By+ B; such that its restriction
T : A; — By is bounded for j = 0, 1, then the restriction T : F(A) — F(B)
is also bounded.
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Proposition 3.2. Let A= (Ao, A1) be a Banach couple and 1 < q < co. The
spaces Ag .7 and Ay 4.5 are intermediate spaces between Ay and A;. Furthermore,
the functors (-,)o.q.0 and (+,-)1.4.0 have the interpolation property for bounded
linear operators.

Proof. Let a € Aggy with a = [ v(t)%. Using Holder’s inequality we get with
1,1 _
lyl=1,
> dt
follagea < [ Bo®llaea
0

t
dt

< /000 min{1,t ' }J (¢, U(ﬂ)?

g/ol J(t,v(t))%+</lwt—q’%)q (/joj(t,v(t))q%);.

This yields that ||al|ag+a, S Ha”go’qd.
Assume now that a € AgN A4;. Since a = [ axa.o %L, we derive lall 4., <

1
(fl J(t7a)q%>q S Ha“AoﬁAl'
The interpolation property for (-, -)q4.s follows from

J(t,Tw; Bo, Bl) S max{||T||AO7BO, ||T||A1731}J(t,w;A0,A1), w € AO N Al.

Indeed, if a € Ag 4./ with a= Jo v(t) %, then T'a € By 45y because Ta= [ *Tv(t)%.
The proof for A, ;.7 can be carried out in the same way:. ]

Remark 3.3. If Ay—A; and a € Ay ., then for any representation a= fooov(t) dt

t
satisfying (3.1), (3.2), we have that ag = fol v(t)4 belongs to Ag. Indeed,

/0 ||U(t)||AO% s/o J(t,v(w)% < .

Hence, writing u(t) = v(t) +aox (e (t) for 1 <t < oo, we get that a = [~ u(t)%
(convergence in A;). Moreover,

([ J(t,u@))q%)é ([ J(t,v(t))Q%y s

< (/loo J(t,v(t))q%>; +/01 J(t,v(t))%.

This yields that, in the ordered case, the space Ao,q;_] coincide with the usual
(0, q; J)-space studied in [7,9]. One can show that Ag,; — Ag, — Ay for
any 0 < 6 < 1.
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Next we introduce other kinds of related interpolation spaces.

Definition 3.4. Let A = (Ay, A;) be a Banach couple, let 0 < 6,60, < 1
and 1 < g < oco. The space fl{goﬂl},qﬂ = (Ao, A1){89,0,},47 consists of all those
a € Ay + Ay for which there is a strongly measurable function v(t) with values
in Ay N A; such that

a= / v(t)% (convergence in Ay + Ay), (3.4)
0

and the sum

(A%r%J@v@DV%)é%_(Amuﬁau@mﬂ»¢?> (3.5)

is finite. We set

udu%mmﬂ=nﬂ{(éifﬁJumu»v%);+(lwuﬁuuw@»y%>3}

where the infimum is extended over all representations v satisfying (3.4) and
(3.5).

Q=

Clearly, for 0 <6 <1, the real interpolation space Ay, realized as a J-space is
equal to Agg gy 4.7 and the norms are equivalent. Notice also that in notation of
22,23, the space A(g,g,},4; coincides with the J-space defined by the function

parameter
ﬂw__t% ifo<t<1
o if 1 <t < oo.

Remark 3.5. Assume that flo — Ay, Let 1 < ¢ < 00,0 <6y <1 and take any
a= ;7 v(t)% belonging to A, 0,4 With

(A%t%J@mgnﬁ%)é+(AmJ@mu»ﬁ?)éguwu%m@f

Then ay = fol v(t)% belongs to Ay because

| reona < [ ot

1 q
< / oo 9t
<\/ .

S HCLHA{goyo}’q;J *

=

(AYfﬁJ@wu»v%);
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By Remark 3.3, it follows that Ay, o}, is equal to Ay 4.7 and also equal to the
(0, ¢q; J)-space considered in [7].

A similar reasoning shows that if A9 — A;,0 < 0 < 1and 1 < ¢ < o0,
then A{O O yad = A91 g

Lemma 3.6. Let A=(Ay, A1) be a Banach couple, let 0<0<1 and 1<qg<oo0.
Then the following holds :

(1) Aoygr = Agg N Ao
(ii) A{lﬁ},q;J c_”41,%7 n A97q
(iii) A{l,O}vq;J (_hzll,q;J N AO,qJ-

Proof. Let a € A{g 0},¢7 and let a = fo be a representation of a satisfying
(3.5). By Holder’s inequality, we get

/ Jeo) 2 < ( / ) ( / (00t o(0)" Cff) </ 1<t-‘9J<t,v<t>>>q%);.

On the other hand, it is clear that
o dt o dt
/ (t_aJ(t,v(t)))q? < / J(t, v(t))q?
1 1

This yields that a = fo U(t)% is also a representation of a in each one of the
spaces Ay, and Ag .7, and (i) follows.

The proofs of (ii) and (iii) are similar. O

Definition 3.7. Let A = (4, A1) be a Banach couple, let 1 < ¢ < oo and
assume that fo, f1 : (0,00) — (0,00) are continuous functions. We write
Agpo pivax = (Ao, A1) (g0, 1.0 to designate the space of all @ € Ay + A; which
have a finite norm

b= ([ (557 ?); () %)3

We are interested in spaces /_1{ fo.fiha:k When fo and fi are any of the func-
tions

at) = 1+ [logt], (t) = t(1+]log]) (3.6)

or a power function. If fy(t) = t? (respectively, fi(t) = t?) with 0 < 0 < 1, we
simply write fl{g,fl},q;;{ (respectively, A{fo,e},q,K) Clearly, Ap, = A{g 0} .a: K w1th
equivalent norms.

Spaces A py.q:c When fo(t) = (1 + |logt|)®, fi(t) = t°(1 + |logt|)*,
0 <6 <1and (ap, ) € R? have been extensively studied in the literature
(see, for example, [19,20]).
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Theorem 3.8. Let A = (Ay, A1) be a Banach couple, let 1 < ¢ < oo and
0 <@ < 1. Then we have with equivalent norms

A{(’,O},q;J = AH,q N AO,q;J = A{&g},q;K-
Proof. Suppose 1 < g < co. The case ¢ = oo can be treated in the same way.
By Lemma 3.6(i), we know that Aggoy4.5 <= Asg N Aogs. Let us show that
Aaq N Ao’q;J — A{979}7Q;K. (37)

1

Let a € Ag,NAg,.. It is clear that (folgt_gK(t, a))q%)q Slalla, , <llall 4, ,~4.,.,-

In order to estimate ( floo (];((tt’; ))q%> * from above, we make the discretization

t =2, v € 7Z, and we work with the equivalent discrete norms. Since a € /_lqu; Js

we can find a representation of a as a = > - w, (convergence in Ag + Ay),

V=—00

with (u,) € AgN Ay and 30__ J(2%,u,) + (3200, J (27, u,,)q)% < llalls,,, - Let
n=1,2,.... We obtain

+ 2"
Ao

Ay

K(2" a) < H 2”: Uy, i U,
V=—00 v=n+1
0 n 0
<O TR%Nw) D T2 )+ 20 Y 27T (2% w)
v=1

V=—00 v=n+1

Slalla,,, + > 2% w) +2" > 272" ).
v=1 v=n+1

The last term can be estimated using Holder’s inequality. We have

2 3w s (3 ) <l

v=n+1 v=n+1

Now, proceeding as in [7, p. 2335, by Hardy’s inequality we derive

(52 - (B 52))

n=1

[e9)
=1

<\
< (Z ni) lal .., + (Z

n=1 n

<lola + (z J<zn,un>q)
n=1

S llall 44,

(150ww))

1
q
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Note that Y >° | L < oo because ¢ > 1. This establishes (3.7).
To complete the proof of the theorem it is enough to prove that

Afo.gyax = Aoy (3.8)

Let a € A{g’g}’q;K. Then

o)
v=1

(27" K(2,a))’

v=—

L€l and  (VT'K(2%,a))_ €L, (3.9)
For v =0,—-1,-2,... we can decompose a = aop, + a1, with a;, € A; and
laow|la + 2"[|arp]la, < 2K(27;a).

By (3.9), |lao.|la, < [217K (2", a)]2% — 0 as v — —oco. For the other values
of v, following [7, Theorem 4.2], we put Ao = 1 and X, = 22" if v = 1,2,....
We decompose a = ag, + a1, with a;, € A; and

HCLO,VHAO + )‘V+1Ha1,VHA1 < 2K<>‘V+1aa>'

So, using again (3.9)

— 0 asv— 0.

2K(Ay1,a) | logAyqa
IOg >\l/+1

larla, < [

)\V+1

Let Uy = Aoy — Aoy—1 = Q1 p—1 — A1y S A() N A17 v E L. Since

M
a—guy
N

v=

< laon-1ll40 + llar,azlla, — O
Ap+Ay

as M — oo and N — —oo, we have that a = >~ w, in Ay + A;.

Put I, = [A,_1,A,) for v = 1,2, ... and consider the function

@uy if2r-1<t<2v=0-1-2,...
’U(t) == @Ul if t c Il
muy iftel,,v=23,....

Then

o g dt
t)— =
/0 U()t Z_/2V110g2 /log2 +Z/ 2v= 2log2
>

V=—0o

= a.
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Moreover, for v =0,1,2,... and 27! <t < 2%,

J(t,o(t) < J(2%u,) S K2V, a) S K(t,a).

For t € I, we have J(t,v(t)) < J(2,w) £ K(4,0) $ {522, and for v = 2,3,
and t € [, we obtain

JA,u,) _ K(A41,0a)
J(t,v(t)) < < :
( 7,0( )) — 21/_2 10g2 ~Y 21/—2

Consequently,

(/ 1<t-9J<t,v<t>>>q%); ([ ator)

Q=

K(t,a) \'dt S (K wa))' [ dr)’

_ ) at NA{Av1,a@) i

~ ”aHA{e,g},q;K * </11 (1 —|—10gt) t - Z ( 2v—2 /fu L
K(t,a)\"dt <~ (KQ,a)\? [ dt)’

- ) K(t,a) \"dt N{Avtr,a) bk

~ “aHA{G,g},q:K + (/]1 (1 —|—10gt> t * Z ( 2v+2 /Iu+2 t

~ H HA{O,Q},q;K'
This yields (3.8) and completes the proof. O
The corresponding result for A gy .7 involves the function § defined in (3.6).

Theorem 3.9. Let A = (Ay, A1) be a Banach couple, let 1 < ¢ < oo and
0 <@ < 1. Then we have with equivalent norms

A{lﬁ}ﬂ;J = Al,q;J N AG,q = A{fﬁ},q;K'

Proof. Let B = (A1, Ao) be the couple A with reverse order and let K and J
be the K- and J-functionals associated to B. Using that

K(t,a) =tK(t™',a) and J(t,a) =tJ(t} a),

it is not hard to gheck that Ag’q = Bl,g,q, ALq;J = Bo,q;J, fl{w},q;(] = B{l_gvo}vq;(]
and Ay 0116 = B{i—g,g},¢;x- According to Theorem 3.8,

Thus we conclude the result. O
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The arguments used in the proofs of Theorems 3.8 and 3.9 may be modified
to give the following characterization of A gy

Theorem 3.10. Let A = (Ag, A;) be a Banach couple and let 1 < g < co. Then
we have with equivalent norms

A{I,O},q;J = Al,q;J N AO,q;J = A{f,g},q;K

In order to give some examples, let (£, 1) be a o-finite measure space. If
1(2) < oo then we are in the ordered case with Lo, < L; and it is shown in
[7, Corollary 4.3] that the Zygmund space Lo o(log L)1 = L., coincides with
(Loos L1)0.00:5- By Theorem 3.8 and Remark 3.3, it follows that

(Lom Ll){@,O},oo;J = Loo,oo(log L)_l for any 0<6<1.

As a direct consequence of Theorem 3.8 and (2.1), we can determine these spaces
when £(Q) = oo.

Corollary 3.11. Let (2, i) be a o-finite measure space and 0 < 6 < 1. Then

. f(@) -
D) 1L 0,0 > SUP =+ sup t7f*(t)

o<t<1 1+ [logt|  1<t<oo
3 tf*(t)
i — sup (¢ + sup ——2—
( ) Hf”(LOO)Ll){l,G},OO;J 0<t£)1 f ( ) 1<t<poo 1 + ’10gt|

() tf™(t)
iii “ sup ———4— 4 sup ——————.
() ”f||(L°°’L1)“’O}’°°” 0<t£)1 1+ |logt| 1<t<poo 1+ |logt|

These interpolation spaces can be described in terms of Lorentz and Lorentz-
Zygmund spaces as follows.

Corollary 3.12. Let (2, p) be a o-finite measure space and let 0 < 6 < 1. We
have with equivalent norms

(a) (Looa Ll){@,O},oo;J — Loopo(log L)_l N L(%,OO)
<b> (Lom Ll){lﬂ},oo;J = L(%po) N L(l,oo) (10g L),l
(¢) (Lo, Ll){l,O},oo;J = Lo oo(logL)_1 N L1,00) (log L)_;.
Proof. Recall that Lo o(log L)1 = L(so,e0)(log L) 1. By Corollary 3.11(i), it is

clear that Lo »(log L)_; f\IL(%,OO) = (Lo, L1)16,0,00,7- On the other hand, using
again Corollary 3.11(i), we obtain

sup 177 () S ((sup 21+ 1108 ) )t aroy s S Iy
0<t<1 0<t<1
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Similarly,

**t
sup (t) 5(
l<t<oo 1 + |log t|

s ||f|| (LOO7L1){9,O},OO;J :

sup (1 + 108 )™ ) [ llte )00y

1<t<oco

This yields that
||f||Loo,oo(10gL)71r]L 1 o 5 HfH(LOO’Ll){é‘,O},oo;J
(§.00)

and establishes (a). Equalities (b) and (c) can be checked with similar argu-
ments. [l

4. Interpolation over the unit square

Let IT = P,P,P3P, be the unit square in R? with vertices P, = (0,0), P, =
(1,0),P3 = (0,1) and P, = (1,1). Let A = (Ap, A1) be a Banach couple and
consider the 4-tuple A = (Ay, Ay, A1, Ag). We imagine Ay sitting on P, and Py,
and A; on P, and P;. Using the coordinates of the vertices of I, we derive the
following version of the .J-functional with two parameters t,s > 0

J(t,s10) = max{(lal| ay, tllalla,, sllalla,, tsllalla,}, € Aon Ay

Let (a, 3) be an interior point to Il and let 1 < g < co. We define the J-
space A(a,),q.0 = (Ao, A1, A1, Ao)(a,8),4,7 as the collection of all those a € Ag+A4,;
for which there is a strongly measurable function u(t, s) with values in Ay N A;

such that
- / / dt ds (4.1)

(/ / (s T(t, 53 u(t, 5)))? Cffds) < 0. (4.2)

The norm in A ),q:7 15 the infimum in (4.2) over all representations of the type
(4.1), (4.2)

Spaces A(aﬁ),q; s are a special case of interpolation spaces generated by con-
vex polygons in R% They were introduced by Cobos and Peetre [13]. Besides
[13], we refer to [8,12,14,18,21] and the references given there for full details on
these interpolation methods. When (o, ) lies in any diagonal of II, the results
are sometimes harder and unexpected. Next we determine A(, ), in those
cases.

and
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Theorem 4.1. Let A = (Ap, Ay) be a Banach couple, let 0 < a < 1 and let
1 <g<o0. Put A= (A, A1, A1, Ap). Then we have with equivalent norms

A{2a70}7q;J zf() <a< %

Aaa)gr = A{LO},q;J if o= %
A{2720¢,0},q;J Zf% <a< ]-a

and -
Apisaygs f0<a <y

A(a,l—a),q;J = A{l,O},q;J ZfOé = %
A{1,2o¢—1},q;J Zf% <a<l.
Proof. Using that A is diagonally equal, we get
J(t,s;a) =tsJ(t7 1,571 a), a€ Ayn Al

This implies that A(a75)7q;J = A(l,ml,g)’q;t] for any (o, 5) in the interior of II.
Hence, it is enough to establish the result for 0 < a < % Suppose also that
1 < ¢ < 0. The proof when g = oo is similar.

We consider first the point (a,«a). Take any a € A{2a70}7q; ;7 and let
a= [;°v(t)% be any representation with

(/ 1(15_2“J(t,v(t)))q%); s J(t,w))q%); < alla,.,

It is easy to check that the integrals

1 0
T = / v(t)ﬂ and w9 = / v(t)@
; ! ! !

are convergent in Ag + A;. Let us show that z; € A(a’a)’q;{] for j =0, 1. Put
o(t) ff<s<tand0<t<1
u(t,s) =
0 in any other case.

We have that

[ Lot [ (f%) o

Moreover, for é <s<tand 0<t<1,

J(t, s;ult, s)) = max{{|[v(t)]| o, tllo(t)][a,} = J (¢ 0(1)).
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Therefore,

<(f 1<te2aJ<t,v<t>>>q$);

S (1] P

To deal with x5 we put

_{u(%) ifl<s<¢and0<t<l
w(t,s) =

0 in any other case.

Then

[t ([ 2)e ()4

and,for%gsgfand0<t<1,wehave
1 1 1 1

v - ,E v - SJ{=v|=))-
t AT £\t

J(t,s;w(t,s)) < max {e

Ao

Consequently,

' % —a_—Q 1 1 qudt ?
||x2||A<a,a),q;J5< / / (t 5 J(g,y(g))) ?7>
5(/ J(t,v(t))q%)q
1

S el 4 0 g
This 1mphes that A{QmO},q;J — A(apc),q;J'

In order to establish the converse embedding, take any a € A(a,a),q; 7 and
choose a representation a = [ [ u(t, s)% % with

A dt ds
(/ / (t J t,s;u(t,s)))!— ; ) < 2||a||1§(a’a)’qﬂ.
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Consider the partition of (0,00) x (0,00) given by the sets

QL ={(t,s) eR*:0<t<1,0<s<t}
Q={(t,s) eR*: 1<t <00, 0<s<1}
Q={(t,s) eR*:0<t <1, t<s<1}
Q={(ts)eR*:0<t<1,1<s<oo}
Qs ={(t,s) ER*: 1 <t<oo,t<s<oo}
Qs ={(t,s) eR*: 1 <t <o0, 1 <5<t}

and write y; = [ fQ (t,s) % 9. We have a = Z?:l y;. We are going to check
that y; € Ag2a.0y.0.7 for 1< j § 6. In the argument we shall use freely that

J(t,s;u(t,s)) = max{1,ts}J <max—{t,s} u(t,s)) :

max{1,ts}’

In Q; we have J(t,s;u(t,s)) = J(t,u(t,s)). For 0 < t < 1, the integral
= fg u(t, s) % is absolutely convergent in Ag N A;. Indeed, using Hoder’s
inequality we obtain

J(t,0(t) < /0 J(t,u(t,s))%

ds

= /Ot J(t,s;ult, s))?

<(/ t ) v (/ t(s-aﬂt,s;u(t,s)»q%);
t“(l%aﬂtsu@s»>f>

Since y; = fol v(t) %, it follows that

19111 4050 0700 < (/l(t—mj(t o))’ %)2
s ([ [saesueor dscff)

S llla g

AN

For o, we write v( fo u(t, s) % for 1<t <oo. Using that J(t, s;u(t, s)) =
J(t,u(t,s)), (t,s) € Qg, we derive

Q=

1

sev0) < [ Tesute S e ( [Tt )

0



98 F. Cobos et al.

Therefore,

1
o dt\ ¢
Il 5 < ([0 000%)

</ [ e sty dfit)

~ ||a“”&(a7a)‘q;]'

Consider now y3. We have

// dt ds // dt ds // dtds
Ys = tS—— tS——+ tS——:Zl—l-Zg.
Qs

Moreover, J(t, s;u(t, s)) = J(s,u(t, s)), (¢,s) € Q3. Hence, changing the role of ¢
and s in the argument for y;, we obtain that 21 € Asq,0},4,7 With 1211l £ g 0y g S
l|lal & (g A similar change in the argument used for y, yields that
1220 A5 000 S llalla, ..., It follows that ys € A(20,0},4.7 With the correspond-
ing estimate for the norm.

As for yy, put v(t) = ftoou(%, s) df for 1 <t < oo. This time, J(t, s;u(t, s)) =
tsJ (%, u(t,s)), (t,s) € Q. We obtain

st [ a(bsa(L)) 2o (oo (b(L)) Y-

Therefore,

Q=

([ s
([ (o) 22

In Q5 we have j(t,s;u(t,s)) = tsJ(%,u(t, s)) To deal with y5, we write
o(t) = [FTu(,s) £ for 0 <t <1 We get

J(t0(t)) < / Y G G)) s
([l G2

=
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It follows that

195 L gy 0 < ( / 2 () %)

([ [ (e (o (b)) 24)

In the integral we have that t27%* < 1 because a < % This yields that

Hy5”A{2a‘0}7q;J S HGHA(OL’&),(Z;J'
Finally, for ys, we derive

oo rt dsdt dt ds dtds
Yo = L ultys) ts——+ ———24+25
LJy

Moreover, J(t,s;u(t,s)) = tsJ(%,u(t, s)), (t,s) € Qg. Consequently, changing
the role of t and s, we can treat z4 as y4 and z5 as y5. This completes the proof
for (o, ). For the remaining case (a, 1 — a), the proof can be carried out in the
same way. O

If Ag < A; we recover [7, Theorem 5.1] as a direct consequence of Theorem
4.2 and Remark 3.5.

Having in mind Theorems 3.8, 3.9 and 3.10, we obtain the following de-
scription of A(a,a),q; 7 and A(ml_a),q; s as intersections of real interpolation spaces
and limiting J-spaces.

Corollary 4.2. Let A = (Ay, A1) be a Banach couple, let 0 < o < 1 and let
1 < q<o0. Put A =(Ag, A1, A1, Ag). Then we have with equivalent norms

A2a,q N AO,q;J Zfo <a< %
A(a,a):lZ;J = Al,q;J N AO,q;J Zfo[ = %
A2*2a,q N AO,q;J Zf% <a<l,

and - -
A1—2oz,q N Al,q;J ’Lf I<ax< %

B B , )
Ai-a)gr = § Aogs NArgs  ifa=3
B B L
Aza1qNArgs if 3 <a <l

Theorem 4.1 and Corollary 4.2 show a symmetry which does not appear in
the ordered case studies in [7]. Moreover, A (a,a),q:] Aoq g forany 0 < o < 1if
Ap — A;. But in the general case, the .J-space may change along the diagonals.
We illustrate this fact in our last result which is a consequence of Theorem 4.1
and Corollary 3.12.
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Corollary 4.3. Let (2, u) be a o-finite measure space. Then

L(im) N Loooo(log L)y if0<a< %
(Loo, L, L1, Lo ) (a,a),000 = § L(1,00)(108 L)1 N Lo sc(log L) 1 if v = %
L(ﬁ,oo) N Lw7m(10g L),l Zf% <a< 1,
and
L(ﬁ,oo) N L(l,oo) (log L),l if0<a< %
(L007 L17 L17 Loo)(oa,l—a)po;J: Loo,oo(log L)—l N L(Loo) IOg L)—l Zf(l/ = %
L(2a1—17oo) N L(LOO) (log L)_l Zf% < a< 1
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