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Very Weak Solutions to the Boundary-Value
Problem of the Homogeneous Heat Equation

Bernard Nowakowski and Wojciech M. Zajgczkowski

Abstract. We consider the homogeneous heat equation in a domain £ in R™ with
vanishing initial data and Dirichlet boundary conditions. We are looking for solutions
in Wpig(2x(0,7)), wherer <2, s <1,1 <p<oo,1<¢q< oco. Since we work in the
L, 4, framework any extension of the boundary data and integration by parts are not
possible. Therefore, the solution is represented in integral form and is referred as very
weak solution. The key estimates are performed in the half-space and are restricted
to Ly(0, 75 W3 (Q)), 0 <a< % and Lq(0,T; Wi¥(€2)), a < 1. Existence and estimates
in the bounded domain €2 follow from a perturbation and a fixed point arguments.
Keywords. Very weak solutions, integral equation, non-regular solutions, anisotropic
Sobolev-Slobodeckii spaces, boundary-value problem, heat equation
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1. Introduction

We examine the following initial boundary-value problem

u—Au=0 in Qx (0,T)=:Q"
u=¢ onSx(0,T)=:5" (1.1)
uli=o =0 1in Q x {0},

where () is a bounded subset in R™ with the boundary S or the entire half-
space R’}. We are intensely interested in the problem of maximal regularity of
solutions in dependence on the boundary data. The solvability and the maximal
regularity of (1.1) has been studied by many authors under various requirements
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on the boundary data. Let us briefly outline certain results which are the closest
to the intended contribution of this work. For a full summary of the research

on solvability of (1.1) we refer the reader to the introduction in [12].
1

The classic case, when ¢ € W;ig’liﬂ(ST), p > 1, was widely studied in
[5, Chapter 4, §3, §4] (for a different approach see also [3, Theorem 4.2]) and
then extended in [8]. Recently, an analogous result (see |2, Theorem 2.1]|) was
obtained for vector-valued parabolic initial-boundary value problem of general

type.
For anisotropic boundary data it was shown in [10, Theorem 3.1] that the

maximal regularity of solutions in Wlfg,’ql(QT) space (see Definition 2.5) can be
achieved only when ¢ € L,(0,T; WPQ_E(S)) ﬂF,”, Z (0,7 L,(S)), where 2 < p <
q < oo and Fp,(0,75L,(S)) is a Lizorkin-Triebel space. Not much later, this
result was improved for any p and ¢ satisfying 1 < p,q < oo in the case of
general equations of parabolic type (see |2, Theorem 2.3]).

The aim of this paper is to prove the existence and uniqueness of such
solutions to problem (1.1) that have the maximal regularity of L,(0,7’; L,(Q2)) or
L,0,T; Wpl(Q)), where 1 < p < o0, 1 < ¢ < 00. In standard approach we could
try to incorporate the classical regularizer technique from [9] but it requires more
regularity for the boundary data than we want to assume. Therefore, we need
another approach which is based on the concept of very weak solutions. Also
note that the case W2120(QT) = Ly(0,T; H'(€)) corresponds to the regularity of
weak solutions but the energy estimate in this space cannot be obtained in the

standard way. This only confirms that we need another definition of solution
to problem (1.1).

Definition 1.1. We say that a function u is a very weak solution to the prob-
lem (1.1) if and only if it satisfies the following integral equation

(1) / / 82? ™) (e, 7) dSedr, (1.2)

where p is an unknown function called the density of double layer, which de-
pends on the boundary condition ¢ and it has to be calculated separately, n is
the unit outward vector and I' is the fundamental solution to the heat equation
and is given by the formula

P(w,t) = { (am)*
0 t <O0.

As mentioned, the function p is a priori unknown but it is a solution to the
Fredholm integral equation of second order

// 8F (n— it 7) (€, 7)dSe dr — %u(n,t), nes, (1.3)
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which we obtain from (1.2) after passing with x — £ € S and using the second
equation of (1.1). By dS¢, £ € S, we denote the measure of S.

For a deeper discussion of the above definition of the solution we refer the
reader to |5, Chapter 4, §1].

To prove the existence of the very weak solutions we solve equation (1.3).
Subsequently, to find the estimates on solutions first we consider the model

problem
—Au=0 inR} x(0,7)

u=¢ inR"!x(0,7) (1.4)
uli=o =0 in R’} x {t =0},

to which the solution has the form

t F I n t_
u(z,t) :—2// O (= g,x ’ 7) o(y',7)dy' dr
Rn 1 Jjn

II’*y'|2+z% , ,
B ———me T oy, T)dy'dr,
2 rRo-1 (t—7) 2

where 2’ = (z1,...,2,1) and ¥ = (Y1, ..., Yn—1) (for further details see Lemma

2.2) and derive necessary estimates. Next, we introduce a partition of unity

with respect to €2 in (1.1) and use the estimates obtained for the half-space.
Now we can formulate three results of this paper:

Theorem 1.2. Let 1 <p < oo, 1 <qg<ooandr,s> 0 be fired. Suppose that
€ Ws(ST). Then there exists a unique solution € W 5(ST) of the integral
equatwn (1.3) (see Definition 1.1) such that ||plyrssry < cllollyrssr).

Theorem 1.3. Suppose that:

(A) pe[l,00), ¢ € [1,00] and ¢ € Ly(0,T; L,(R™1)). Then, the solution u
belongs to Ly(0,T; W (R} )) for every 0 < o < i and

||U||Lq(o,T;Wg(R1)) < c(a,p,T) ”SDHL(I(O,T;LP(R"*))

holds.
(B) p € [1,00), ¢ € [1, oo} and ¢ € Ly(0,T; Wp (R"‘l)). Then Dyu €
Lg(0,T; Ly(RY)) an

1Pl riz,mpy < )l (it )

where by Dy we mean a first order partial derivative along tangent direc-
tion.



132 B. Nowakowski and W. M. Zajaczkowski

p € [1,00), ¢ € [1,00] and ¢ € qu 2 2P(R” 1'% (0,T)). Then d,,u €
Lqy(0,T; L,(R%)) and

Haxnu||Lq(o,T;Lp(R1)) c(n,p) H‘PHW;% 5 (Rr-1x(0T))

Theorem 1.4. Suppose that p € [1,00), ¢ € [1,00] and ¢ € Wp; 2w (8T,
where S € C*. Then u € Ly(0,T; W, (Q)) and

Hu”Lq(O,T;WZ}(Q)) <c(n,p,q,%T) H(pHLq(O,T;Lp(S)) +c(n,p, q,?) HSOHW;;— "%(ST)'
Remark 1.5. In the above theorems we can put 7" = oo except for part (A)
in Theorem 1.3, where we would deal with non-convergent improper integrals
with respect to ¢ (see (4.1)-(4.4)). In Theorem 1.4 the constant ¢ also depends
on time, but this dependence can be eliminated (see [15, Lemma A.1]).

The reader has surely noticed that Theorem 1.2 concerns the existence of
the density of the double layer whereas Theorems 1.3 and 1.4 provide suitable
estimates in the half—space and in bounded domains of solutions in the form (1.2)

for p € qu R (ST). The difference between the existence of solutions and
their estimates by the boundary data is particularly visible when we compare
the function spaces used in all three theorems. Note that Theorem 1.2 cov-
ers a whole range of anisotropic Sobolev-Slobodeckii spaces W”(QT) whereas
the claims of Theorems 1.3 and 1.4 are only restricted to L (0 T; W, () and
L,(0,T;L,(€2)). The reason behind our choice follows from technical difficul-
ties which appear when r and s are non-integers. This case will be covered in
forthcoming paper.

The reader can also easily recognize that Theorem 1.4 contains less results
than Theorem 1.3. The motivation is not to extend the paper and only to show
ideas of the proof in the case of a bounded domain.

Theorem 1.4 plays a crucial role in proofs concerning the existence of global
and regular solutions to the Navier-Stokes equations in cylindrical domains
in R3. It ensures the estimates for the third component of the vorticity equa-
tion, which has clearly the structure of the heat equation with the boundary
data either from Lu(0,T; Ly(S)) or from H2i(ST) (see e.g. [13, Lemma 4.1],
|14, Appendix|, |7, Lemma 3.1|, [15, Lemma 4.3|). These estimates contribute
significantly to the improvement in the regularity of weak solutions.

This paper is divided into five sections. In Sections 1 and 2 the reader
can find the description of the problem and auxiliary results required to prove
all three theorems. Section 3 is devoted to the existence of solutions to prob-
lem (1.1). It contains the proof Theorem 1.2. In Section 4 we present various
estimates for solutions to problem (1.4) which are stated in Theorem 1.3 and
in Section 5 we give the proof of Theorem 1.4.
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2. Auxiliary results

In this section we collect helpful tools for further calculations and introduce the
function spaces that will be used frequently in this paper.

Lemma 2.1. Let I'(x,t) be the fundamental solution of the heat equation. Then
1 =s5s=0

OD Mz, t)de =14 | °

0 r+s>1,

R n

where the symbol DS denotes any derivative of order s with respect to x.

Note that the integral above does not depend on time. The integration is

carried out only with respect to spatial variables.

Lemma 2.2. Any solution to the problem (1.4) in the half-space z,, > 0 has

the form
t 6:[‘1 ! _ / n t_
u(x,t) = —2// (@ g,x 't 7) oy, 7)dy dr
0JRn-1 e
1 t T |I/_y/|2+z2 (21)
n -1 n / /
@t e s

where ¥’ = (x1,...,Tp1) and y' = (Y1, -+, Yn_1)-

The proofs of Lemmas 2.1 and 2.2 can be found in [5, Chapter 4, §1].

Lemma 2.3 (General Minkowski inequality). Let 1 < p < oo and let f be

a measurable function on R™ x R™. Then

(] ,, da:)’l’ <[ ([ rwr dx); ay

For the detailed proof of Lemma 2.3 we refer the reader to [1, Chapter 1, §2].

fz,y)dy
Rm

Lemma 2.4. We have
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Definition 2.5. We say that a function f belongs to the space W;;(QT), where
QCR" p,g>1,1r:s52>0,if and only if

1 lwgz@n = - </0T(/Q ’Di'f(a:,t)‘p dx)g dt>q

0<r'<Jr]

q
p

T T p
r DYf (1) - DY (. 1)
+ /0 /Q/Q o g s dedy | dt

([0

0<s’'<[s

) /T/T(fg

< 00.

O f(x,t) ‘p dx)p dt)

dt dw

oFf (a,t) — 0% " de)
t f(xa ) wf(x,w) T
|t —

w[ T

We say that a function ¢ belongs to the space W#(ST), where S := 9Q is
a compact manifold (provided 2 is bounded and open), if all functions

(pBi)oa; : ay(U;) =R, i€l

belong to W7*(a;(U;)), which is understood as the closed hull of D(S) in
W(ST), whereas (U, ;) is an admissible C™-atlas for S € C" and f; is a
subordinate partition of unity. In this case S N U; is given by the equation
x, = fi(x1,...,2,_1) and the derivatives D" and DU are taken with respect
to the variables xq, ..., x,_1.

For more details, see [11, Chapter 1, §3 and §4].

Lemma 2.6. Suppose that ¢ € C"(S) and € W2(ST). Then ¢ € Wys(ST)
and there exists a constant ¢ such that

[Vrllyresry < cllillyresm
which depends on r and 1.

For proof of this Lemma, see [11, Chapter 1, §4, Proof of Proposition 4.5];
there are slight differences, but they are related to technical details.
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3. The existence of solutions — proof of Theorem 1.2

In this section we prove the existence of solutions to problem (1.1). The proof
is based on the method of successive approximations. The beginning point is
formula (1.3), which we rewrite in the form

u(é,t) — / / N (&t 7). 7) AS, dr = g(£,1), (3.1)

where g(&,t) = —2¢p(&,t) and N(&,t;m,7) is given by

— ’5 B 77| COS(S B 7]7”77) F(
t—T

0
N(éatanﬂT) IQa_nnr(g_Tht_T)

E—n,t—rT).

Therefore (3.1) can be regarded as a product of a weakly singular kernel of
Volterra type and of a weakly singular kernel. By n, we understand the unit
outward normal vector in point n € S and % denotes the normal derivative
with respect to variable 7.

Next we solve equation (3.1). Since the kernel N(,¢;n,7) is unbounded
we first iterate this equation so many times that the obtained iteration equa-
tion possesses a bounded kernel. Before we describe this procedure carefully,
two natural questions may arise: 1. Do the solutions of the iterated and orig-
inal equations coincide? 2. How do we know that the iterated equation has a
bounded kernel? The answers to this questions are guaranteed by two lemmas
that we state below:

Lemma 3.1. There exists an integer number mgy such that for any integer
m > mg every solution to the m-times iterated integral equation of the given
weakly singular equation is the solution of the original equation.

Lemma 3.2. If the singular kernel K(x,t;y,T) has the form

k(z,t;y,7)

K(l’,t;yﬁ):w7

where k(z,t;y,T) is bounded and continuous function, then there always exists
an integer number mqy dependent on o such that for m > my the iterated kernels
K (z,t;y,7) are bounded.

Both Lemmas are proved in [6, Chapter 3, §3] and in [6, Chapter 3, §2]
respectively.
After the first iteration of equation (3.1) we obtain

ue,t) - / / No(€. s, ), 7) AS, dr = gal€, 1)

gal6,1) = g(€.1) - / / Ny(£, 17, 7)g(n,7) dS,dr



136 B. Nowakowski and W. M. Zajaczkowski

and Ny(&,t;n,7) = N(& tin, 1),

t
N2<£7t7?777-):// N1<€,t;OC,S)N1<Oé,S;77,T)dSadS.
0JS

After [ iterations we get

,U(f, t) - (_1)l //S Nl(&vt; m, 7—):“(777 T) dSﬁ dr = gl(fﬂf) ( )
0 3.2

t
m@OZM&O—ALN&JmJMAWJN&M,

where .
Nl(f? ta n, 7—) = // Nl(fa ta «, S)Nl—l(a> 51, T) dSoz dS
0J8
and ,
: le—n|?
N6 tyn, ) = LT i
(t—71) =2

where ¢;(¢,t;n,7) is a bounded and continuous function for ¢ > 7.

Now we see that if [ > n + 1 then the iterated equation has a bounded
kernel. Therefore we can apply the method of successive approximations. We
finally have

Lemma 3.3. Let us rewrite equation (3.2) in the form

/4‘(67 t) = gl(gu t) + Nl:u(& t)’ (33)

where

Ninte,) = (<1)' [ [ Ni(estin o ) as,dr

Assume that g, € W;:;(ST). Then there exists a unique solution p to the above
equation such that € W)s(ST).

Proof. Let pp = 0 be the first approximation. Then we get the following se-
quence for pu,:

M1(€7 t) = gl(fa t) + Nlﬂo(g, t) = gl(& t)
:U’2<€7 t) = gl(€7 t) + N1M1(£7 t) - 91(57 t) + ngl<§7 t)

in(618) = GH(EE) + Nistor (638) = (€ ) + Nugu(&, 1) (3:4)

+ NZgi(&t) 4+ -+ N g€, t)
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where the NF iteration of N is given by the formula

NEgi(6,1) = Ni(NF g€, t) = (- / / NU(E, tim, T)NFLgu(, 7) S, dr
for k=2,3,... and

Nl'g(&t) = Ngi(&,t) = // Ni(& tsm, m)gi(n, 7)dS, dr.

We see that (3.4) builds a sequence of partial sums of the Neumann series

g(&,t) + Nigi(&,8) + N2gi(&,1) + NPgi(6,t) + -+ NP g€, 1) +

We will show that the above series converges in the norm of the space W];’:qs(ST)
for ¢ € Sand t € (0,7), T > 0, by checking the Cauchy condition. Since the
norm of the space W5(S”) consists of four different terms (see Definition 2.5),
each term needs to be treated separately.
Let m > n and let us introduce the quantity |NV;| by the formula
[Ni| == sup [Ni(&,E5m, 7)) (3.5)

§neS
0<t, T<T

Considering the difference
[ = tnllyyrss) (3.6)

and using Lemma 3.4 below we can estimate the first term (m =1, n = 0) by

LU

0<r/<[r]

g

poNE \u
P m T
dsg) dt] < > > (@ INFISIF

0<r’'<[r] k=n+1

Z Dglleg(€7 t)

k=n+1

and the third term (m =0, n = &) by

> ([

0<s'<[s]

q

dsg) dt| < > Z Bl | N |S]F

0<s'<[s] k=n+1

Z ale 9(&,t)

k=

Next we estimate the second and the fourth term by applying Lemma 3.5 and
Remark 3.6 below. Finally the difference (3.6) is estimated by

ij ( S (@] N IS]F + S @l NI ISIF

k=n+1 \0<r'<[r] 0<s'<[s]

T "
+ W] NS )" +2\@|\Nz| SI* )

=2 ( PONLTEEDY |<I>s/|+|\lf|+\@|> NS

k=n+1 \0<r'<[r] 0<s'<[s]
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which can be an arbitrary small number if only n,m are large enough (for
definition of |¥| and |©| see (3.8) and (3.10) respectively). Therefore the Cauchy
condition for the Neumann series is satisfied. The space W (ST) is complete,
hence there exists a limit . To end the proof we must only check that u solves
the equation (3.3) and that p is unique.

Indeed, p solves (3.3). Consider the equality which defines the successive
approximations:

tn = g1 + Nifin—1

and let h = g;+N;u. Subtracting the second equation from the first and applying
the norm of the space W)5(S™) yields

0 = Pllwgzaqsry < INillpcgsm s = lhwgpcor)

Since lim,,_,o ft, = i a.e. in the space W;;(ST), so h = p a.e. and in fact p
solves the equation (3.3).

To prove the uniqueness, suppose that i is another solution of the equation
(3.3). Let ©» = p — fi. Then ¢ satisfies the following homogeneous equation

Y = N,

After n — 1 iterations we get ¢ = N;*1). Taking the norm of the space W;;;(ST)
and using the estimates from Lemmas 3.4, 3.5 and Remark 3.6 we get

Tk

k| ak

T ( S e+ Y |<1>s,|+\\11|+|@r) N8P
0<r'<[r] 0<s'<[s]

Since lim,,_, s ‘:L—T = 0 for a € R the right-hand side tends to zero as kK — oo.

Hence |]1/}||W;,;(ST) must be zero and this implies that the solution p to the

equation (3.3) is unique. This concludes the proof. O
Below we demonstrate various estimates we used in the above proof.
Lemma 3.4. Let |N,| be defined as in (3.5) and let

1Dy | = HD?afngLq(o,T;Lp(S)) ’

where myn € N=1{0,1,2,...}. Then for any k=1,2,...,0<t<T

3 1 % fk
( [([1ororntateop as:) dt) <fo, N ISEE B)
0 S :
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Proof. Let k= 1. Then

(/( /g\D?a:ngl(g, o Sg)ﬁ dt>;
- (/(f(/s ‘/OZD?asz(g—n,t—T)gl(n, 7)dS, dTpdsg)gdt>Lll
</(/’ / Ni(n, T)DEOF (Y (E=m)gu(§—n,t—T)) dSndT‘pdsg)pdt>

< ||Dg*drg sup [N, 7)] || T

nesS,0 <r<T

s}
Qe

lHLq(o,T;pr))
71

t

In the last equality we applied the partition of unity, > _ 4 on S in order
to integrate by parts. In the last inequality we used the general Minkowski
inequality (Lemma 2.3) and Lemma 2.6.

Suppose now that for a given k (3.7) holds. We will show that it is valid
for kK + 1. We have

(/f(/ }D?G?Nzkﬂg(f,t)}p ng)Z dt>;
0 \Js
B (/Ot(/s ( /Ot/s DY OFNi(&§ = n,t —7)Nfgi(n, ) dS), dT’pd&)Zdt)q

which, after introducing a partition of unity > ¢* on S, is equal to

1

</Ot(/s ’Z /Ot/SNl(n’ DO} (U (NN g€ =, =) S, dr\pds»s>gdt>q
C/OE/SNZ(WT) (/j(/S'D?alekgl(f_”’t—T)!png)gdt)ngndT

t t—r1)k
gle|//|<pm,nHN,y’f|5|’f( kﬂ as, dr
0JS .

{k—i—l
(+1)!

_ |¢m7n| |Nl|k+1 |S|k+l

The first inequality above is due to the general Minkowski inequality and
Lemma 2.6. The last equality ends the proof. O
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Lemma 3.5. Let |N| be defined as in (3.5) and let
1

’Dg (& ggl(g t)‘ ’
0| ;:/ // . gw e dSe dSe | dt| + |Ppol,  (3.8)

where r € RY. Then for any k =1,2,... we have

IDINEgi(€ 1)~ DENEa(e 1) ’ .
/ // A8 dSe| at| <|WINPISI L (3.9)

|§ 5/ n+P(T [7])

Proof. Let k= 1. Then

p
‘D Nigi(€,1) 6,Nzgz(f’ﬂf)‘
/ / / — dSe dSe | dt
1€ — ¢

(JU

// DMN (& —n,t—1)gn,7)dS,dr

B
Q=

DYN(E =t — T)au(n, 7) dS, dr

1
q

p 1 %
= £/|n+p(7“—[ﬂ) dS dSﬁl) dt) ’

Next we introduce a partition of unity ) ¢ on S

</0T(/s /5 ‘ 2 /ot/s Ni(& = n,t = 7)D (¥ () ai(n, 7)) dS, dr

-y / N = .t = DY (n)au(n. ) ds, dr|”

1 £\
Sy dsgdsg) dt)

and integrate by parts

</(//‘Z// Ni(n, 7)D (42(€ = mau(§ — m,t — 7)) dS, d7

_Z//Nz 0, DY) (0 (& = )gu(€' — .t — 7)) dS, dr|

1 v
' = f/|n+p(r—[7“]) dS ng/) dt) '

S
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Applying now the general Minkowski inequality and Lemma 2.6 yields

4 q

’D Nigi(€,1) Dg/Nzgl(f n|’ '

Let us now assume that for k given (3.9) holds. We will show that it is true
also for k 4+ 1. We see

q

‘D[ ]Nk+lgl f t) ]Nk+1 (51 ) P
/ // ngdSE/ dt

€ — €’|"“’
T
N </0( SJS

// MN (& —n,t —7)NFgi(n, 7)dS, dr

D[J]Nl(f —n,t— T)legl(n, 7)dS,dr
s

p 1 % %
g 4% dS§/> dt| .

Applying a partition of unity > _*, integrating by parts and using the
general Minkowski inequality and Lemma 2.6, as we did in case k = 1, we
conclude the proof. O

Remark 3.6. Let |N;| be defined as in (3.5) and let

s s PP a
c / T/TOS e~ oatc. ] ) dtdw | + @] (3.10)
= w| + sl - .
0Jo |t —w| T ob

Then repeating the proof of the last Lemma we get

g a

S p p
‘D[ ]leglft —D| ]legl(faw) ik L
// / [f— ] HC D A8 df duw | < [OIINTIST 7

It remains to check that [|g||yrsgr) < c|l@llyresr). This can be easily
seen if we consider the second equation in (3.2), apply any partition of unity

on S and repeat the calculations from this section for each of four terms of the
norm W, (ST).
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4. Estimates in the half space

In this section we estimate the solution u to the problem (1.4) in the half space.

Proof of Theorem 1.3. The proof is divided into four lemmas. Point (A) is
proved in Lemma 4.1 for @ = 0 and in Lemma 4.2 for 0 < a < %. Point (B) is

proved in Lemma 4.3 and point (C) in Lemma 4.4. O

Lemma 4.1. Let us assume that ¢ € L,(0,T; L,(R"™1)), where 1 < p < oo,
1 < g <oo. Ifu is a solution to problem (1.4), then u € Ly(0,T; L,(R%)) and

HuHLq(O,T;LP(Ri)) <c(p,T) ||90HLq(o,T;Lp(Rn—1)) )
where the constant ¢ depends on p and T'.

Proof. From (2.1) it follows that

+ 2
e S fola'—y/,1=7)] dy' dr.
2 Rn—1 T 2
Taking the L, (0,T; Lp(Ri))—norm yields
HuHLq(O,T;Lp(R”))

S(471) (/(/R //RMH +In|90(37—yt7)|dydr
(4m)% </R //R 1#;267

where in the last inequality we used the general Minkowski inequality (Lemma

n—1

2.3) with respect to ’. The integral with respect to ¢’ is equal to (47?)717_17'7,
so using the general Minkowski inequality with respect to x,, gives

1
T ) LA T Iy
:(F(l?’)) /Tﬂp*z (4.1)

ﬁp%Jr% dr ||90HL(1(0,T;LP(R”*1))

<cp, D)oy, 0m.,@-1)

1)

PONE A\
da:) dt)

P
dm ) 1M1z, 072, mn1))

|3

Nl

T

for any 1 < p < oo. This concludes the proof. O

Lemma 4.2. Suppose that ¢ € L,(0,T; L,(R" 1)), where 1 <p<oo, 1<g<oo0.
If uw is a solution to problem (1.4), then u € Ly (0,T; W (R%)) and

||u||Lq(o,T;W;(R1)) < c(a,p,T) ||‘P||Lq(o,T;Lp(Rn—1)) 5

where the constant ¢ depends on p and T and o 1s such that 0 < a < ;1).
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Proof. We write
u(x,t) —u(z,t) = w(@', xn, t) — u(@’, 2p, t) + w(x', 2y, t) —u(2', 25, t) = [} + L.
Let us first consider /;. From Lemma 2.2 it follows that

u(x', xpy, t) — u(t’, z,, t)

o — 2|77

v/ > +22 v/ [>+22

( e %e—h) pa' —y't =)
T
S / / . dy' dr.
n —+a
2 Rn—1 |g; — le

Taking the L,-norm with respect to 2’ and 2’ and applying the general Min-
kowski inequality yields

1
/ / u(z’ xn, ) uJ(r:U’,zn,t)|p 1 v
et S —Ter

2 2
Tn _Zin
e ¥ — e [lo(t = 7) |y oy
T T
S 0 // " dy'dr
n =T
2 Rn—1 |£B’I’L —Z,n|P
U B |
I
T2 T2

1 /t
pot—r1 no1y dT.
Gt o e Dl

Next we take the L,-norm with respect to z, and z, and apply the general
Minkowski inequality

1
! n t)— ! n7t P !
/ ju(a, 0, 1 :gp,z W e
nJRY ]x—z\

p

=

2
n

g e 4r

T2
/ / / _Zn|1+ap dl’n dzn ||SD(t_T)||Lp(]R”*1) dr

1
o |P >
T2 Z'r21 P

1 Tpe “n—Z,e o
- (47‘(‘);/ / / = 1+ap dxndzn HSO(t_T)HLP(Rn—I) dr

1
Oy s = o s

N)\»—t
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Finally we take the L, -norm and apply the general Minkowski inequality. This
shows that

T
1
Il 0, z5wp @ny) < C(P)/O deHSOHLq(o,T;Lp(Rn—l)) (4.2)

<c(p,T) HWHLQ(O,T;LP(R"*U)

if and only if a < %.

Next, let us consider I. Dividing by |z — z|%+°‘ and applying the Holder
inequality with respect to 1’ leads to

1
’ =
p_ b4
1"z, B e el R
D n+2€ 4T e AT — e 4T dy
(4m)z Jo 7727 Rn—1
N - 7
J1
, 1 (4.3)
‘Lliyl‘2 ‘Z 7y/|2 2 p
e ar — e 4r
/ P oy,
/ et =P |
Rn—1 |z — z|

Let us calculate J;. From the Mean Value Theorem we have that, for some
6 < (0,1)

2" — 2| - roe =) , CoE Y
I = / o sl = e — )| dy
Rnfl 27—
3
2p 1
< e(n,p)— |2/ — 2|2
T4

Taking the L,-norm of (4.3) with respect to z and z and using the above
estimate for J; yields

t PR~
Zn _mT2 !
pJry | Jo 7 T

o'~/ /12| 2 v
A A p v
/R L ‘i[] Z,n—&—ap |90(y/7t - T)lp dy/ dr| dz dZ) )
e _
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which in view of Lemma 2.4, the general Minkowski inequality and after inte-
gration with respect to z,, is estimated by

n—1

K R T

C(TL’p) n+1 1
0o 7T 2 T4

e —
zQp
e_lﬁ gt'—’T p dx/dz(i / dT,
/R"l /:L_ /Rnl ’l'/ o Z/‘n—l—ﬂ—p(a—%) |S0(y )| Yy

Changing the variables

/ /
r —y _ _q n—1 __ Z =Yy _ _1 n=1 __
=7, do =2""'rz 47, =7, d=2""'rz d7

gives
t n—1 n—1

1 72 T P

c(nm)/o T"Tl Ti T%(n 1+p( ))
2, |e® T lF P2 !
/
AL L E,W_Hp(a_%) 4’ dz | p(t = 1)l sy dr

t 7'217 7'7;101 Tnle

=) | T T et = )y ey A

t
1
= clnp) | g It = Dl ooy
0o 7 2 2

Next we apply the L,-norm and use the general Minkowski inequality. It yields

q

(2 zn, —u(?, zn, )| g !
[ et s

. (4.4)
< C(n7p) ||90||Lq(0,T;Lp(]R”_1))/O 1+2— L dr
T P

<c(n,p,T) HSO‘|L4(O,T;LP(R"*1))

if and only if a < %. From (4.2) and the inequality above we conclude the

proof. ]

1
Lemma 4.3. Let us assume that ¢ € L,(0,T; WI} P(R™1)), where 1 < p < oo,
1 <q<oo. Then Dyu € Ly(0,T; L,(R")) and it holds

||D$/U<CL’, t)HLq(O,T;Lp(Ri)) S c(n,p) ||(p||Lq(O,T;W;_%(Rn71)) .
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Proof. We follow and generalize |5, Section 4, §3]. In view of (2.1) and Lem-
ma 2.1 we have

Dyu(z,t) = —2 D,0, Ty, xn, 7) (0 —y, t—7)—p(a',t —7)) dy/ dr.
Ra-1

Using Lemma 2.4, the Holder inequality with respect to ' and the general
Minkowski inequality yields

Dz u(z, t) ”L,,(Rn—l)

o0 1 ‘y/|2+12 %
<et) [ [ (st -t e ayar
0O 7T 2 Rn—1 Rn—1

Y R R o R T
Rn—1

(ly|*+a2)?

Applying the Holder inequality with respect to ¢’ gives

1

flp@ =y =@ O da’ N

Dy, )] sy < (/ = ey
Rn—1 2 4

(ly/|*+a2) "=

L

1 v
: / ——— dy/
R”*(\y’?ﬂ%)T*@
1
o le(@ =y t)— (2 t)|P da’ v
/ Jonalp(@' =y t)— (p 1)| 4
2p Rn—1 ‘y‘ —|—x721) 7 t5-1

Next we take the L, norm with respect to x,

c(n, p)

I

1
Joni lp(@ =y 1) — (@' D) da’ \?
||Dm/u(x;t)||Lp(]Ri) S C(”ap) ( Rn-1 = |y/|n72+p dy,

and he L, norm with respect to ¢. This ends the proof. O

1
Lemma 4.4. Suppose that p(2',t) (R X (0,7)), where 1 < g <

€
p < 00. Then Oy, u(x,t) € Ly(0,T; L,(RY)

||8$nu||Lq(0,T;Lp(]Ri)) < c(n,p,T) ||<P||W ;% %P(Rnflx(QT)) :
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Proof. In view of (2.1) and Lemma 2.1 we have

|y/‘2ﬂ% / / /
Op,u(x,t)= 47r — xnxn w p(a'—y t—7)dy dr
R

n—17T 2
v/ 4o / / / /
- 8 e (pld—y t—1)—p(z't—7)) dy dr
2 Rn— 1T2
1 & 1 _\y’le%
_(47r)2// T—%Djy,e i (cp(x'—y’,t—f)—go(x’—y’, t)) dy' dr
0 Rn—l
:2[1 +IQ

Let us consider ;. Taking the absolute value of both sides and using Lem-
ma 2.4 we get

+zn

L] < e / / S (@ — ot — 1) — (!t — 7)] dydr.
Rn 1

Next we repeat the calculations from the proof of Lemma 4.3. This yields

||IIHL,,(0,T;LP(R1)) < c(n,p) ||<P|’Lq(07T;W;—%(Rnil)) : (4.5)

It remains to estimate I,. Since

|]2| < C/ n+2 / 167— |<10(x/ - y/7t - T) - SO(ZE, - y,7t)’ dy d7—7
Rn— 1

which follows from Lemma 2.4, we can take the L, norm with respect to 2’ and
integrate over y'. We obtain

[ee) 1 _i
el oy ¢ [ —ye NG = mt) dr, (4.6)
0

T2

where N(t — 7,t) == ([pu s lo(2/,t = 7) — (', )" dx’)% . Next we rewrite the
right-hand side in (4 6) as follows

T

1 =2 1 o2
c/ —e w7 [N(t —7,t)| —e™ 37 dr,
0 il TO2

where a; + ag = % and apply the Hélder inequality. This yields

1
o 1 _az n q e ]_ qlﬂf2
||]2HLP(Rn—1) <c (/0 To‘lq s2r [N(t —7,t)|? dT) (/0 TOQq,e a7 dq-)

1

© 1 2 1
- e 5 IN(t—7,8)[1dr ) .
20;2—? 0 To1q

In

Q|
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Taking the L, norm with respect to x,, gives

p

12z, ey < © /0 (/O o amm € INE =T ) dT) da,
x

q/
n

> 1 1 _prh q
<c ———¢ 2 da, | [Nt —7,t)" dr
0 0 TP 20421)77
Tn
1
X IN(t -7, t)" |\
:C< / MM)_
o iraz-o)

Integrating with respect to ¢ in ¢g-th power and taking into account the estimate
(4.5) we conclude the proof. O

3 =

hSATS)
Q|

5. Estimates in bounded domains

In this section we give the proof of Theorem 1.4. We start with recalling a
fundamental definition which will be used in (5.6)

Definition 5.1. We will say that S := 02 belongs to C]l., if for every xzy € S

there exist a number r > 0 and a function f: R"! —» R, f € C™(R"') such
that
QN B(xg,r) ={x € B(xg,r): &y > f(T1,...,Tp-1)}.

Proof of Theorem 1.4. For any fixed A > 0 (it will be chosen later) we cover Q
by sets Q¥ Q C UQZO Q") which satisfy
1
g A < dist(2,00) <, QO = Bz r\) N S.
Next we introduce a partition of unity ZkN:AU n®) = 1, which is subordinated to
the covering Q). Then, multiplying (1.1) by n®) we obtain
n®u, — A(p®™u) = =2V Ve — usn® = ¢® in QT
"y =n®e on ST (5.1)
nMuf—g = 0 in Q x {0}.

Let us denote u® := n®u. Then, for k = 0 the solution to problem (5.1) can
be expressed in the form

u O (z,t) = / G(z—y,t—7) 2V (y)Vu(y, 7)— A0 (y)u(y, 7)) dy dr
R™x(0,T)
[ VG-ytr) 2V uly. 7)) dyr
R”x(0,T)

—/ Glrx—y,t—7) (—2V277(0) (y)+An(0)) u(y, 7)dy dr.
R7x(0,T)
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For the last integral the estimate

/ Gla -yt — 1) (~2V%O(y) + A1) uly, 7)dy dr
R7x(0,T)

Lq¢(0,T;Lp(R™))
< c(n,p, q, )\) ”UHLq(o,T;Lp(Q))

holds, which implies that Hu(O)HW;j - < c(n,p g, N lull g, 072,00 -
For £ > 0 we introduce a local coordinate system y = (y;,...,¥y,) with

the center at xék), which we obtain from z through translations and rotations.

Then, from assumptions on S we see that S N suppn® is described by the
equation y, = f® (y1,... yo—1), FF(0) =0, VFP(0) = 0.
Next, we straighten the set Q N suppn® into the half-space through the
mapping ®, z = ®(y), where
7= y/, Zn = Yn — f(k)(y/)
Then, (5.1) in z-coordinates takes the form
WP — Au® = (Agoiy — A)u® 4 ¢® i R x (0,T)
uM|,,—0 = ¢® on R"™ x (0,7)
u|—g =0 in R? x {0}.
Consider now the problem
o) — AP =0 in R? x (0,T)
v, —o = ® on R x (0,T)
v®)g=0  inR" x {0}
Then, the function w® = u®) — yp*) satisfies
wftk) — Aw® = (Ag-1(2) — D) u® +g®)in R? x (0,T)
w0 =0 om R x (0,7)  (5.2)
w)—g =0 in R” x {0}.

V. - (g—q) vz> -V-V
y=-1(z2) Y ly=a-1(2)

2
o0 o0 [0y (92<I>)
_ [ (o2 - (——
<8y y=<I>_1(Z)> ay aZ 33/2

Now observe that

\%

y=0-1(2)
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Next we use the Green representation formula and integrate by parts the term
containing the Laplacian. The integration is justified since the Green function
vanishes on the boundary (see [4] for details). Finally, the solution to (5.2)
takes the form

w™(s, t) :/
RZ

+/R G(s— 2zt —7)

" x(0,T)

2
00 0® ay32q>>
{v((Z 1|+ (B2
<8y y:q)—l(z)) 3y (82 3y2

+/ G(s —z,t —1)g"™(2,7)dzdr.
R

" x(0,T)

VG(s —z,t—7) (8(1)

2
— —1|Vu®dzdr
x(0,T) 8y y=0"1(z)

(5.3)
Vu®dz dr

y=2"1(2)

The first two integrals contain the small parameter \. Let us examine the third
integral. In y-coordinate it has the form

/O/Qﬁ (k)G(S_y7t_T) (—QVU(O)(y)VU(y,T)—An(o)(y)u(yﬂ_)) dydr. (5.4)

We see that near the boundary we may write 7 (y) = nt(fq)l(y)ngz(y), where

the subscripts tan and nor denote the tangent and the normal parts. Since
n,(L]ZZ«(y) = 1 for every k, we infer that (5.4) does not involve differentiation along

the normal direction. Hence we can integrate by parts which leads to

T
[ ViGls = gt = 1) (<290 g)uly. 7)) dy
0 JQnsupp n*)

T
) Gs — .t — 1) (—2V20 () — ApP(y)) uy, 7)dy dr.
0 JQnsuppn*)

Passing to z-coordinate does not introduce tangent derivative, so for the repre-
sentation (5.3) we have the estimate

Hw(k)HWI’%(R"X(O 7))
p,q NG )

(5.5)
k
< e(n.p M WPl o g ) + o018 Tl o, 00
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Taking into account Theorem 1.3 and (5.5) we get instantly that

I ragien <IN g oy

éc(n b, q )‘ Hu k)HLq(o,T;WZ}(R:L_))—i_C(n:pv q, >‘> HuHLq(O,T;LP(Q))

(k)
+H<,0 H 1_% %P(Rnflx(o,T))'

Choosing A small enough and summing over £ yields
||uHLq(O,T;Wé(Q)) < c(n,p,q,Q) HuHLq(O,T;Lp(Q)) +c(n,p,q,9) ||90” -1i-4

To eliminate the first term on the right-hand side, we introduce a partition
of unity {14 }aca on S such that suppt, = Ba(&a, 7). Next we change the
variable in the formula for the solution

u(z,t) // ait ™) p(&, 7) dSedr,

using the mapping ®,,: supp v, — R", & Loy (€', f*(&')]. With this in mind, we
see that

(V&) -1 [ =& = [*(E)]
u(‘T n n+42
2/ o 1+‘Vfa’ (t—r7)2

o/ —€/|%+|zn, ?
T (€ () 1+ VP g (5.6)

c(n) /Ot A VIUE) [ = &) =+ [ @)

(t—r)% o
Hao (5/7 fa <£/>7 T) dél dT?

where £ = R""! Nsupp ¢ (£’) and - denotes the standard inner product. From
the Mean Value Theorem it follows that

—fE) = Ve - o' = &+ zn — ().
Since
VI o = €1 an = £ 2 IVHE) - [ = €N + | — £
we may apply Lemma 2.4 in (5.6). It leads to

t 1 R e
ey <o) [ [ e T e e g

)z

Next we repeat the proof of Lemma 4.1. This concludes the proof. O
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