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Hardy Averaging Operator on Generalized
Banach Function Spaces and Duality
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Abstract. Let Af(z) := m ‘[B(Ole‘) f(t) dt be the n-dimensional Hardy av-
eraging operator. It is well known that A is bounded on LP(2) with an open set
Q) C R™ whenever 1 < p < oo. We improve this result within the framework of
generalized Banach function spaces. We in fact find the “source” space Sx, which is
strictly larger than X, and the “target” space T'x, which is strictly smaller than X,
under the assumption that the Hardy-Littlewood maximal operator M is bounded
from X into X, and prove that A is bounded from Sx into Tx. We prove optimality
results for the action of A and its associate operator A’ on such spaces and present
applications of our results to variable Lebesgue spaces Lp(')(Q) , as an extension of
A. Nekvinda and L. Pick [Math. Nachr. 283 (2010), 262-271; Z. Anal. Anwend. 30
(2011), 435-456] in the case when n = 1 and €2 is a bounded interval.
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1. Introduction

Let R™ denote the n-dimensional Euclidean space and €2 be an open subset
of R™. For an integrable function u on a measurable set £ C R" of positive
measure, we define the integral mean over E by

][E u(z) do = ﬁ [E u(z) de,
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where |E| denotes the Lebesgue measure of E. We denote by B(z,r) the open
ball with center z and of radius r > 0, and by |B(z,r)| its Lebesgue mea-
sure. For a locally integrable function f on €2, we consider the Hardy averaging

operator A, defined by
Af@) = fo) d
B(0,|x)

and the centered Hardy-Littlewood maximal operator M, defined by

M (x) = sup ]i W)

r>0

by setting f = 0 outside 2 (for the fundamental properties of maximal functions,
see Stein [12]).

It is well known that both the operators M and A are bounded on L*((2)
whenever 1 < p < oco. But there is a sufficiently large family of other spaces X
for which M and, consequently A are bounded on X.

In this paper we improve the result of the second author and Pick [10] in
the case when n = 1 and  is a bounded interval within the framework of
generalized Banach function spaces. Under the assumption M : X — X, we
find the ’source’ space Sx and the “target” space T'x such that

(i) the Hardy averaging operator A satisfies
A:Sx =Ty,
(ii) this result improves the classical estimate
A X=X
in the sense that

Txy — X — Sy;

(iii) this result cannot be improved any further, at least not within the envi-
ronment of generalized Banach function spaces in the sense that whenever
Y is a generalized Banach function space strictly larger than Sy, then

AZY7L>TX

and, likewise, when Z is a generalized Banach function space strictly
smaller than Ty, then
A: SX 7L> Z.

As in [10], we treat analogous questions for variable Lebesgue spaces LP() (1)
and obtain several results of independent interest. The key ingredient here is
a certain logarithmic control of the variation of the generating function p(x), a
notion which we call a weak-Lipschitz property or a log-Holder continuity.
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The paper is structured as follows. In Section 2, we introduce generalized
Banach function spaces (shortly GBFS), and collect some properties on GBFS.
In Section 3, we introduce the spaces Tx and Sy, and show that A : Sy — Tx.
Optimality of Sy and T’ is proved in Section 4. In Section 5, we present a key
equivalence between two variable Lebesgue spaces whose generating functions
are “close” in a certain sense. In Section 6, we introduce weak Banach function
spaces. In Section 7, we present applications of our results to variable Lebesgue
spaces LP()(Q), as an extension of [10] in the case when n = 1 and Q is a
bounded interval. In the final section, we also prove optimality results for the
action of the associate operator A’ to the operator A, as an extension of [11].

2. Preliminaries

Throughout this paper, let C' denote various constants independent of the vari-
ables in question, and C(a,b,...) a constant that depends on a,b, .. ..

Let €2 be an open subset of R™. Let M(2) denote the space of measurable
functions on Q with values in [—o00, 00]. Denote by x g the characteristic function
of E. Let the symbol |f| stand for the modulus of a function f, f € M(Q).
Recall the frequently used definition of Banach function spaces which can be
found for instance in [1].

Definition 2.1. We say that a normed linear space (X, ||.||x) is a Banach
function space (BFS for short) if the following conditions are satisfied:

the norm || f||x is defined for all f € M(2), and f € X if and only if

I < o v
[fllx = (I [f] llx for every f e M(S); (2)
if 0 < fo /' fae in @, then [|fullx 7 [1f]lx; (3)
if £ C Q is a measurable set of finite measure, then xp € X; (4)

for every measurable set E C €2 of finite measure, there exists
a positive constant Cp such that [, |f(z)|dz < Cpl|f||x.

(5)

We will work with more general spaces where conditions (4) and (5) are
omitted .

Definition 2.2. We say that a normed linear space (X, ||.||x) is a generalized
Banach function space (shortly GBFS) if the following conditions are satisfied:
the norm || f||x is defined for all f € M(2), and f € X if and only if
1fllx < o005
[fllx =1 1f] [[x for every f € M(£); (7)
i£0 < f, / face. in Q then [ fulx 7|1 fllx. (®)
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Recall that condition (8) immediately yields the following property:

if0<f<g then|flx <lglx. (9)

To see this it suffices to set fi = f, f, = g for n > 2 in (8). It is well-known
that each BF'S is complete and so, it is a Banach space (see [1, Theorem 1.6]).
We prove now by an analogous method that each GBFS is complete.

Lemma 2.3 (Fatou’s property of GBFSs). Let (X,|.||[x) be a GBFS. As-
sume that f, — f a.e in Q and liminf, .o ||f.||x < oo. Then f € X and

[f]lx < liminf, o [ fallx -

Proof. Set h,(z) = inf,,>, |fm(x)|. Then h,  |f| a.e. and by (7) with (8)
we have [|fllx = || [/ llx = limy oo [|an]lx = limpy oo [[infrmzp [ fm(2)] [[x <
limy, o0 inf>p || frn(2) || x = liminf, o0 || ful x-
Lemma 2.4. Let (X, ||.||x) be a GBFS and 0 < f € X. Denote A ={x € Q:
f(z) = o0}. Then |A| =0.

U

Proof. Assume |A| > 0. Set g = fxa. Since g < f, we have by (9) an inequality
llgllx < Ifllx < co. But ¢ = oo in A and so, axa < g for each a > 0 which
yields

Ixallx < W < w for each a > 0.
o o

Thus, ||xallx = 0. This implies x4 = 0 a.e., which is a contradiction with
|A| > 0. O

Lemma 2.5. Let (X, ||-||x) be a« GBES. Assume that f, € X and Y, || fxllx is
finite. Then >~ fx converges to a function f in X and || fllx <> pey I fxllx-
Consequently, X is complete and so, a Banach space.

Proof. Let
g(@) =D @), gale) = |ful@)].

Thus, 0 < g, " g a.e.. Since

n o0
lgnllx <D Illx <D Mfellx < oo,
k=1 k=1

we have g € X by (8). The series > -, |fr(z)]| is finite for almost every x € Q
by Lemma 2.4 and so, the series >~ fi(xz) — f(z) converges for almost every
z € Q. Denote s, = > ,_, fe(z). Then s, — f a.e. and s, — 5,5, = [ — s, €.
as n — 0o. Clearly

n n o
limiansn—smHX:hmian 3 ka <liminf 3 [filx < S Ifilx.
n—o0 n—o0 X n—0o00

k=m-1 k=m+1 k=m+1
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which gives liminf, ,o ||s, — sm||x — 0 for m — oo. Using Lemma 2.3 we
obtain for each m

If = smllx < liminf||s, — sm|x,
n—oo

which implies ||f — s;u||x — 0 for m — oco. Moreover,

1fllx < 1F = smllx +llsmllx < 1 = smllx + D el

k=1

and so, || fllx < > pey I fellx- -

Let X,Y be Banach spaces (not necessarily generalized Banach function
spaces). Say that X — Y if X C Y and thereis C' > 0 such that || ||y < C| f]|x
for all f € X. Recall well-known theorems on Banach function spaces (see
[1, Theorem 1.8]) which assert the implication

(Ifllx <oo=|flly <o0) = X < Y.

In what follows we will need a generalization of this remark. Remark that proof
uses the same idea as in [1].

Definition 2.6. Let (X, ||.||x) be GBFSs. Say that a mapping 7": (X, ||.||x) —
M(Q) is a sublinear nondecreasing operator if the following conditions are sat-
isfied for all @ € R, f, g9 € (X, ||.|lx):

(i) T(af) =aT(f), T(f+9) <T(f) +T(g) ae.
(i) if 0 < f<gae,then 0 <Tf <Tgae.

Lemma 2.7. Let (X, |.]|x), (Y, |-lly) be GBESs and T a sublinear nondecreas-
ing operator on M(QY). Then the following two conditions are equivalent:

(1) [fllx <oo=|Tflly <o0

(ii) there is C' > 0 such that ||Tf|ly < C||f|lx for all f € X.

Proof. We prove only the implication (i) = (ii), since the opposite one is trivial.
Assume that T: X — Y is unbounded. Then there is a sequence 0 < f,, € X such
that ||f.]lx <1 and ||Tf,|ly >n?. Setting f=3> 7 n~2f,, we have | f||x <oc.
Moreover, by the monotonicity of T we have ||T'f|ly > n72||Tf.|ly > n for
each n and so, ||T'f||y = oo which is a contradiction with (i). O

In Sections 3 and 4 we assume
M. X — X. (10)

This assumption is satisfied for a wide family of generalized Banach function
spaces, for instance for Lebesgue spaces LP, Lorenz spaces LP9, some Orlicz
spaces L® and so on.
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3. Spaces Tx, Sy and boundedness of A from Sy

We will now introduce two new function spaces. Given a measurable function f
on R", set

flz) = ess sup | (1)

If x is a Lebesgue point of f, then |f(x)| < f(x), so that

[f(@)] < f(x) ae. (11)

Definition 3.1. Let X be a GBFS and let f be a measurable function on R".
Set

[fllz = 1f1lx
and define the corresponding space Tx = {f : ]76 X}.

Lemma 3.2. Let X be a GBFS. Then Tx is a GBFS.

Proof. We verify only (8). Assume 0 < f,, ' f. Since the space L is a BFS,
it satisfies (3). Hence, we have for each z € R™

fu(x) = esssup | fu ()| 7 esssup | f(8)] = f(x)

[t]=]] [t1= ]|

and by (8) we obtain ||fullrx = [[fullx 2 IIfllx = |If]l7y, which finishes the
proof. O]

Theorem 3.3. Let X be a GBFS. Then the embedding Tx — X holds.
Proof. By (11), we have by the definition of Tx and (9),

[l < [f 1 = ([l - 0
Lemma 3.4. Let X be a GBFS. Then A: X — Tx.
Proof. Fix x € R". If |z| < |y| < 2|z, then

Alfl(y) —]i(m | |[f(w)|dw = C | (w)]dw = CAf|(z).

B(0,]x)

For |y| > |z| we have an inclusion B(0,2|y|) C B(z, 3|y|) and therefore,

M(A[f)(x) 2][ Alf|(w)dw > Cly!_"/ Al f[(w)dw
B(z,3lyl) B(0,2]yl)
and consequently
M) = Clol [ Alfl(w)dw > CAIf|(y).
{w:|y|<|w|<2|y[}
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Hence, setting g(z) = Jﬂ (x), we have g(x) < CM(A|f])(x), z € R". Moreover,
Af(2)] < Alf|(x) < CMf(x). By (10), we havc

[Afllry <AL x = llgllx <CIMA[f)]x <CIALfllx SCIM fllx <C| flx,
as desired. 0

Definition 3.5. Let X be a GBFS. For a measurable function f, we define the
norm

1 llsx = NALf] 7,
and the corresponding space Sx = {f : gm € X}
Lemma 3.6. Let X be a GBFS. Then the space Sx is a GBFS.
Proof. We verify only (8). Assume 0 < f,, ' f. Since the space L' is a BFS,

it satisfies (3). Hence, we have for each x € R”

Afe)=f g 2 fd=Af),

B(0,|z]) B(0,|z)

Since Tx is a GBFS by Lemma 3.2, it satisfies (8), which gives ||f.|lsx =
NAfullre  NAfllzy = || fllsy and finishes the proof. O
Theorem 3.7. Let X be a GBFS. Then the embedding X — Sx holds.

Proof. Let f € X. By the definition of Sx and Lemma 3.4, we have

[ llsx = [[A[flllzx < CllFlx- m

Theorem 3.8. Let X be a GBFS. Then A : Sy — Tx.

Proof. Assume f € Sx. By the definitions of Tx and Sx, we have

[Af e < [[A[flllzy = [[f]ls- .

4. Optimality of Sx and T

In this section, we shall prove optimality of Sx and T.
Theorem 4.1. Assume that Z&Tx is a GBFS. Then A: Tx / Z.

Proof. Take g € Tx \ Z and set h(xz) = g(x). Then h is radially non-increasing,
h > gand h € Tx. Since Z is a GBFS we have h ¢ Z. So, h € Tx \ Z. Since h
is non-increasing, we have Ah > h and so, Ah ¢ Z. n

Theorem 4.2. Assume that Z is a GBFS such that Sx g Z. Then A: Z 4 Sx.
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Proof. Take 0 < f € Z\ Sx. We estimate

Af(t)dt = ds dt
]i(O,IyI) i ]é(ﬂyyl)]i(O,lt)f(S) ’
=C t|7"dt d
7[ B(0,]y[) f(S)/|<t|<y|| | ’

= C][ log vl ds
B(0 |y| 5]

so that
1A [lgy > Ce || ess Sup][ (s) ds|
ly>l=| JB(0,12l) X
= Ce || ess sup][ f(s) ds‘
21> L2l JB(0,]2]) X
> Ce " ess sup][ f(s) ds‘ :
|22 [z| JB(0,2]) X
Since f ¢ Sx, we see that Af ¢ Sx, which completes the proof. O

Remark 4.3. By Theorems 3.3 and 3.7, Tx — Sx. It follows from Theo-
rems 4.1 and 4.2 that the action of the operator A : Sx — T is optimal in the
sense that neither the source space nor the target one can be improved.

5. Variable Lebesgue spaces p0)

We will frequently use the notation B for the unit ball B(0,1) in R™.
Let 1 <p<ooand 1< py < oo. In this section, we consider continuous
exponents p(-) on R" such that

(P1) 1<p™ = inf p(x) < sup pla) = p* < oo
TER™

zeR™
(P2) |p(z) — p| < ————— whenever z € R"
log(e + 1)
(P3) |p(a) — puc] € ———— wh R
0| S —————— whenever r .
PRIl = Nog(e 4 Jal)

If p satisfies (P2), then p is said to satisfy the weak-Lipschitz condition at zero
with respect to p. Moreover, we say that p(-) is weak-Lipschitz or log-Hélder if

(P4) [p(x) —p(y)| <

———— whenever x € R" and y € R™.
log(e + @)
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Definition 5.1. Let {2 be an open subset of R". Let us consider the family
LPO)(Q) of all measurable functions f on ) satisfying

/ )

A
for some A > 0. We define the norm on this space by

p(y)
||f||LP(‘)(Q) :lnf{)\>0/ f(y) dy < 1}
Q

By
The following remark is proved in [3].
Remark 5.2. LP0)(Q) is a BFS.
Lemma 5.3 (cf. [10, Lemma 3.1]). Suppose that p(-) and q(-) satisfy (P1).
Assume that

p(y)
dy < oo

Ch
p(x) —q(x ——  whenever x € R™.
) = o)) < o

Let a > 0. Let f be a nonnegative measurable functions on R™ satisfying
flz) < Colz|™ o] < 1. (12)
Then
/ f(z)P@dx < oo if and only if / f(2)"@dz < co.
Moreover, thire is C' > 1 such that ;

Cil“f”L‘J(')(B) < HfHLP(‘)(B) < CHfHL‘Z(‘)(B)'
Proof. By symmetry, it suffices to prove just the “only if” part. To this end,
suppose that [ f(z)P@dx < 1. Write

f= IXtgrwzn + IXwossw<y = i+ fa

where yp denotes the characteristic function of E. Let a > 0. Since
f(z) < Calz| ™2, |o] <1, we have

&

/Bfl( dx</f1 @) Fla(@)— |dx</f1 1Og( 1) da

and hence

1

/f1 x)d:)s</f V@) (Cy || “)l°g(e+x)d:):<0/f1 @z < C.

Since [g fo(2)1@dx < C, we obtain [ f(z)"®dz < C. This shows the desired
norm inequality:. O]
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Lemma 5.4 (cf. [9, Lemmas 3.12 and 3.15]). Suppose that p(-) and q(-) satisfy
(P1). Assume that there is C5 > 0 such that

C

| < — = whenever |z| > 1.
log(e + |z[)

p(z) — q(x)

Let b > 0. Let f be a nonnegative measurable functions on R™ satisfying
f(z) < Cylzl’, || > 1. (13)
Then

/ f(@)PDdr < oo if and only if f(2)1@dz < co.
R™\B

R"\B

Moreover, there is C' > 1 such that

CileHLLZ(‘)(R"\B) < Hf”LP<'>(R”\B) < CHfHLq<'>(R"\B)-
Proof. By symmetry, it suffices to prove just the “only if” part. To this end,
suppose that fRn\B f(z)P@dz < 1. Write
f = IXtyrwzn + Xwossm<y = A+ fa
Let b > 0. Since f(z) < Cylx|’, |x| > 1, we have

/ fl (x)fI(x)dx < / fl (x)p(x)ﬂq(x)fp(x)\dx
R"\B o

R"\B

C3
S/ f1($)17(50)f1(x)1og(e+\x|)dx
R™\B
C3
< [ Rl ds
R™\B

<C fi(z)Pdz

R"\B

<C.

Let m > n. Since (1 + |z|)™P@ =@ < C and q(x) + |p(z) — q(z)| > p(x), we
obtain

/ foa) 1@ da
R\ B

fole) 1 + / fo() 1 d

{z€R™M\B:fo>(1+|z[)~™}

» - (@) )|p<x>—q<m>
< [ [ pe () e

/{xeR”\B:OSbS(lHﬂCl)m}
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Hence

(2)"Wdz<C+C |  fola)@POWlgz<Cr 0 frapPde<C.
R"\B R"\B R"\B

This shows the desired norm inequality. O]

6. Weak Banach function spaces

In the next section we will use a slightly more general concept of Banach function
spaces than in Definition 2.1. The last two axioms are weakened and so, we will
call these spaces weak Banach function spaces.

Definition 6.1. We say that a normed linear space (X, ||.||x) is a weak Banach
function space (WBF'S for short) if the following conditions are satisfied:

the norm || f||x is defined for all f € M(2) and f € X if and only if

171 < oo "
Ifllx = [l [f] lx for every f € M(Q); (15)
if 0 < fo 7 fae inQ, then [|fullx 7 [Ifllx; (16)
it £ C (2 is a bounded measurable set, then yp € X; (17)
for every bounded measurable set F, ' C (2, there exists a positive (1)

constant Cp such that [, |f(2)|dz < Cgl| ] x-
Theorem 6.2. Fach WBFS is complete and consequently, it is a Banach space.

Proof. The assertion immediately follows from the evident fact that each WBFS
is a GBFS and from Lemma 2.5. O]

Definition 6.3. Let (X, ||.||x) be a WBFS. Define the associate space X' as
the collection of all functions in M (2) with finite norm

nmx:$m{4ﬂwamm:mm§1}

The following theorems are proved in [1] for BFSs, but the proofs can be
copied for WBF'Ss without changes. It suffices to only consider bounded subsets
instead of subsets with finite measures.

Theorem 6.4. Let X be a WBFS. Then X' is a WBFS.
Theorem 6.5. Let X,Y be WBFSs and X &Y. ThenY' & X' .

Theorem 6.6. Let X be a WBEFS. Then X" = X and || f||x» = || f||x for each
feX.
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Definition 6.7. Let XY be WBFSs and 7" : X — Y be a bounded linear
operator. Define an associate operator 1" by

| Tr@at@ae = [ fa)Tg(w)is

forall f € X and g € Y'.
Theorem 6.8. Let X,Y be WBFSs and T : X — Y be a bounded linear

operator. Then T :Y' — X' is bounded, too.
7. Spaces T, and S, and boundedness of A

In this section, we will give applications of our results to variable Lebesgue
spaces LPU)(Q), as an extension of [10] in the case when n = 1 and Q is a
bounded interval.

Definition 7.1. Let 2 be an open subset of R”. Let us consider the family
T,1(€2) of all measurable functions f on €2 satisfying

p
p(x)
t
/ ess sup M‘ dr < o0
Q \ [tz

A
for some A > 0. We define the norm on this space by

p(z)
@D der <1

| fllz,y @ =inf §A>0: / ess sup
Q \ [t=]=]

If p(-) is a constant p, then we write T,(2) and || f||z,q)-

Remark that T).)(2) = Ty for X = LPO(Q).
The following Holder’s inequality is well-known (see [7, Theorem 2.1]). If
() = 425 then

AU@M@WWSCWMMmMNHWm

for some constant C.
Lemma 7.2. Any T,)(?) is a WBFS.

Proof. We know from Lemma 3.2 that T},)(Q2)(= Tpe0)(q)) is a GBFS. To com-
plete the proof, it suffices to verify conditions (17) and (18). Let E C 2 be a
bounded measurable set. Then there is R > 0 with £ C B(0, R).
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Verification of (17). Take A > 1. Then

ess su . t)p(z) 1 p(@) 0 p(=)
/’ Pl lXE() dxg/ ‘— d.CE+/ ‘— dr < 00.
0 A QNB(O,R) | A O\BO,R) | A
Proof of (18). By Hoélder’s inequality, we obtain
/Elf(m)\dl’ < Ol pror gy lf vy < ClF ooy @y = ClF NIz, @) =

The following theorem is proved in [10] for the one-dimensional case (see
Theorem 4.3).

Theorem 7.3. Suppose that p(-) satisfies (P1) and (P2). Then the norms in
Toy(B) and T,(B) are equivalent.

Proof. First suppose f € T,(B). Since fis radially non-increasing, we have

£ f(y)d Fly)Pd g Clzl" 5.
Flo) < Ji T y§<]é L) y) < Clef

Hence (12) holds. Thus, in view of Lemma 5.3, we see that [|f|r, @) <
C||f||Tp(B) ~
Next suppose f € T, (B) with || f[l7, @) < 1. Since f is radially non-

increasing and [ Fly)P@dy < 1, we have
f(w) s][ fly)dy < Of f)PWdy +1 < Cla| ™" +1 < Cla| ™,
B(0,]z]) B(0,]=|)

Hence (12) holds. Thus, in view of Lemma 5.3, we see that || f||z,@®) < C. This
implies that HfHTp(B) < CHfHTp(.)(B)' ]
In view of Theorem 7.3 and the definition of T},..y(B), we have the following.

Corollary 7.4 (cf. [10, Theorem 6.1]). Suppose p(-) satisfies (P1) and (P2).
Then T,(B) — LPV)(B).

Theorem 7.5. Suppose that p(-) satisfies (P1) and (P3). Then the norms in
Toy(R*\ B) and T,,_(R™\ B) are equivalent.

Proof. Since fis radially nonincreasing, (13) with f replaced by fholds as in
the proof of Theorem 7.3. Hence, this theorem follows from Lemma 5.4. O

By Theorem 7.5 instead of Theorem 7.3, we can prove the following.
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Corollary 7.6. Suppose that p(-) satisfies (P1) and (P3). Then T, (R"\B) —
LPO(R™\ B).

Here we consider the following condition:
(P1) 1<p” <p" < .

Remark that (P1’) and (P3) imply 1 < py < 0o. We know the boundedness

of maximal functions in L”()(R™), due to [2].

Lemma 7.7. Suppose that p(-) satisfies (P1"), (P3) and (P4). Then there ezists
a positive constant C' such that

[ M £l oy mmy < CIf |l oo @y
for all measurable functions f € LPC)(R™).

Since |Af(z)| < CM f(z), we obtain the following by Lemma 7.7.
Lemma 7.8. Suppose that p(-) satisfies (P1’), (P3) and (P4). Then A :
LPO(R™) — LPO(R™).

An analogy of the following lemma can be found in [10, Lemma 5.2].
Lemma 7.9. Suppose that p(-) satisfies (P1"), (P3) and (P4). Then A :
LPO(R™) — Ty (R™).

Proof. This lemma follows immediately from Lemmas 7.7 and 3.4. [

The following two lemmas were borrowed from [10] where the 1-dimensional

case is investigated. But it is easy to see the same assertion in the n-dimensional
case.

Lemma 7.10. Let C' > 0. Then the function q(x) = p— ﬁ satisfies (P4).
ogle m

Lemma 7.11. Let p(-) and q(-) satisfy (P4) with constants Cy and Cs, re-
spectively. Then the function h(x) = max{p(x),q(x)} satisfies (P4) with the
constant max{C, Cy}.

Theorem 7.12 (cf. [10, Theorem 5.5]). Let 1 < p < oco. Suppose that p(-)
satisfies (P1') and (P2). Then A : LPO)(B) — T,(B).

Proof. By our assumption, |p(z) — p| < log#

e+ whenever x € B. We set

d = inf,eg p(x) and

C
q(z) = max{d,p— m}.

Then q(x) < p(z) for z € B and ¢(-) satisfies (P1’). Hence LP")(B) — L10)(B)
(see e.g. [7]). Next, by Lemmas 7.10 and 7.11, ¢ satisfies (P4). Thus, by
Lemma 7.9, A : L19(B) — T,y(B) holds. Finally, in view of Theorem 7.3,

Ty (B) = T,,(B). 0
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Definition 7.13. Let us consider the family S,(2) of all measurable functions
[ on Q satisfying || f||s, (@) < oo with the norm

1
P P
Iflls,) = /esssup (][ If(S)!dS> dr | = [[Alflllz,@
Q 1>l \IB.J)

Lemma 7.14. Let 1 < p < oco. Then S,(Q) is a« WBFS.

Proof. We know from Lemma 3.6 that S,(€2) is a GBFS. To complete the proof,
it suffices to verify conditions (17) and (18). Let £ C Q be a bounded measur-
able set with |E| > 0. Take R > 0 such that

|[ENn{z:|z| >R} =0 and |[ENn{z:|z|>R—¢c}| >0 (19)

for each € > 0. Consequently,

QN {z: |z > R/2}| > 0. (20)

1 if <R
Verification of (17). Clearly, Alyg|(z) < { R ;f :i: ; R

™

- 1 if |z| <R

and consequently, A x) < . -
quently IXEI()_{R_ it 2] > R

|z

RP™
Then ||XE||gp(Q) = HA|XE|HL - < fB(o,R) dx + fQ\B(o,R) fapr d < 00.

Proof of (18). By (20) we have

0<L:= / |z|""Pdr < 0.
on{z:|z|> L}

Let f > 0 be measurable. Then we can write

/f(s)ds:L_rl)/f(s)ds(/ \x|_"pdx>;
E E Qnfa:lz[>§}
:Li(/ |x|_"/ f(s)ds pdx>;
N {ailal> 2}
SL_zl’(/ esssup|t| "/ f(s
onfailal> 2} N Jt>[al

19) B PN\
<L P(/ (esssup|t| "/ f(s)ds) dx) :
onfalal>E} N [l B(0,R)
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Since [¢| > |z| > %, we have 2|t| > R and so,

1

/ f(s)ds < L_zl)</ <esssup |t|_"/ f(s)ds)pdx>5
E Qﬂ{x:|x|2%} [t|>]x| B(0,2]t)

1 p g
=L » 2"(/ (esssup(2|t|)_"/ f(s)ds) dx)p.
Qn{z:|z[>LZ} N 2/t >2(z| B(0,2[t])

Write now r = 2¢ and increase the integration domain from QN {z : |z| > R/2}
to 2. We obtain an estimate

/f(s)ds < L% 2”(/ (esssupwn/ f(s)ds)pdm>;
E Q * |r[=2]= B(0,|r])

1 p 1

<L » 2" / esssup|7"|_"/ f(s)ds) dx )"

( Q( Ir|= || B(0,|r]) > )

= C|[fls,):
which finishes the proof. O

By Theorems 7.12 and 3.3, we obtain the following.

Corollary 7.15 (cf. [10, Theorem 6.2]). Let 1 < p < oo. Suppose that p(-)
satisfies (P1') and (P2). Then LP*)(B) — S,(B) — L'(B).

For the second embedding, note that

s> ([ (£ |f(8)|d8)pdx>; = [ 1:)ds = Cl o

Theorem 7.16. Suppose that p(-) satisfies (P1') and (P3). Then A
LPO(R™\ B) — T, (R™\ B).

Proof. To show ||Af||1, ®B) < Cf]lLr¢)(mm\B), Suppose that

/ G@rd < (21)

By our assumption, |[p(z) — peo| < ; whenever z € R” \ B.

__Cc
log(e+|z|

Set d = inf,egnm\g p(z). Then by (P3)

C

T logler a4

() = max {d,pm - } < p(#) < pu

log(e + [z])

Then q(z) < p(z) < ¢(x) for z € R"\ B and ¢(-) and ¢(-) satisfy (P1’) and (P3).
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Since |V (kg )| < L
both satisfy (P4). Thus, by Lemma 7.9, A : LIO(R") — T, (R") and A :

LIO(R™) — Ty (R"). If we consider functions vanishing on B, then we obtain

the functions ¢ and ¢ are Lipschitz and so,

A: LOR\B) - T, (R"\B), A: LIOR"\ B) - Ty, (R" \ B). (22)
Moreover, in view of Theorem 7.5 we have
T, (R*"\B) = T, (R"\B), T;,)(R"\B) =T, (R"\B). (23)

Write
= IXrw>1 + FXqgo<swy<y = fr + fo (24)
By (21) and (24) we obtain

q(x) q(x) p(x) p(z)
L@ s ip@des | in@pd | g

R"\B
[ if@pd
Rn\B

<1.
By (22) we have
/ (esssup | Afi (8)])*@dz < C, (esssup | Afo(8))1@dz < C.
R™M\B  [t[>]z] R™\B  |t|>]|z]

Finally, (23) yields

/ (esssup |Af(t)|)P=dx
R"\B

[t1=]]

< C/ (esssup |Afi(t)])P=dx + C’/ (esssup |Afa(t)|)P=dx
R"\B R"\B

[t]> || [t]>]|
<C,
which finishes the proof with Lemma 2.7. O]

Definition 7.17. Let us consider the Herz type space L#(€) of all functions
f on Q satisfying

r>1

supr? f {7 (y)ldy < .
B(0,r)NQ2

Corollary 7.18. Let 1 < po, < 00. Suppose that p(-) satisfies (P1") and (P3).
Then LPO)(R™\ B) < S,_(R"\ B) < L'~ (R"\ B).
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Proof. By Theorem 7.16, we have LPOR™\ B) — S, (R™\ B). Next we will
show that S, _(R"\ B) < L"#= (R"\ B). Let f € S, _(R"\ B). For r > 1, we

have

Poo Poo
/ ess sup <][ |f(s)|ds) de/ <][ |f(s)|ds) dx
RM\B  [t[>[z] B(0,t]) R™M\B \J B(0,|z)
Poo
o ([ irteas) a
{x:|z|>r} B(0,r)
" Poo
20(7“?00][ |f(3)|ds) )
B(0,r)

Hence f € LV (R"\ B). O
Remark 7.19. For every p € (1,00), we have

T,(B) = S,(B) and T,(R"\ B) < S,(R"\ B).
In fact, these follow from Corollaries 7.4, 7.6, 7.15 and 7.18.

All the assertions of the following corollary follow immediately from Theo-
rem 3.8, 7.12, 7.16, Corollaries 7.4, 7.6, and Remark 7.19.

Corollary 7.20 (cf. [10, Corollary 7.2]). Let 1 < p < co. Then

A:S5,(R") = T,(R"), (by Theorem 3.8)

A:5,(B)— S,(B) (by Theorem 3.8 and Remark 7.19),
A:S,(R"\ B) = S,(R"\ B) (by Theorem 3.8 and Remark 7.19),
A:T,(B) = T,(B) (by Corollary 7.4 and Theorem 7.12)

T,
and
A:T,(R"\B) = T,(R"\ B) (by Corollary 7.6 and Theorem 7.16).
Moreover suppose that r(+), s(+) satisfy (P1") and (P2) with a same p. Then
A:L"O(B) - L*Y(B) (by Corollary 7.4 and Theorem 7.12).
Suppose that r(-), s(-) satisfy (P1") and (P3) with the same p. Then
A L'OR"\ B) = L*(R"\ B) (by Corollary 7.6 and Theorem 7.16).

In view of Theorems 4.1 and 4.2, we can prove the following corollaries.



Hardy Averaging Operator 251

Corollary 7.21 (cf. [10, Theorem 8.2]). Let 1 <p<oo. Assume that Z&T,(B)
is @ GBFS. Then A:T,(B) A Z.

Corollary 7.22 (cf. [10, Theorem 8.3]). Let 1 < p < co. Assume that Z is a
GBFS such that S,(B) & Z. Then A: Z /4 S,(B).

Corollary 7.23. Let 1 < p < oo. Assume that Z & T,(R™ \ B) is a GBFS.
Then A: T,(R"\ B) 4 Z.

Corollary 7.24. Let 1 < p < oo. Assume that Z is a GBFS such that
Sp(R*"\B) & Z. Then A: Z /4 S,(R™\ B).

8. Associate operator A’ and associativity between 7,
and S,

Consider €2 = R™ in what follows. Note that the associate operator A’ to the
operator A is given by

Af@ = [ ) dy

for a locally integrable function f on R", where o, is the volume of the unit
ball in R™. In fact,

/ f(2)Ag(z) dr = / g A'f(y) dy (25)

for nonnegative measurable functions f and g on R™.
By Theorem 6.8, we have the following lemma.

Lemma 8.1. Let p > 1. Then A" : LP(R") — LP(R™).
Lemma 8.2. If f € M(R") is nonnegative, then Af(z) < CM(A'f)(2).

Proof. Let |t| > |z|. If we set g = xp(o, in (25), we find

/ f(x) de < / Af(y) dy,
B(0,r) B(0,r)

so that

][ f(x)de < ][ Af(y)dy < C ][ A f(y)dy < CMA'F) ().
B(0,t]) B(0,[t])

B(z,2]t])

Hence Af(z) < CM(A'f)(z). 0



252 Y. Mizuta et al.

In view of Hardy’s inequality (see [8]), we see that if p > 1 and a < o then

/ (MM /{x:usm}f (x)’$'ad$)p dy < C / f(zyda

and if p > 1 and a > ﬁ,then

J (e /{ mz,yw}f(x)'f”'ad”f)p <0 [rere @)

for nonnegative measurable functions f on R".
Let U,(R™) = {f € M(R") : A|f] € L*(R")}.

Lemma 8.3. If p > 1, then U,(R") = S,(R"™).
Proof. First we show U,(R™) C S,(R"). Let f € U,(R") be nonnegative. By
Lemma 8.2 and the boundedness of M, we have

/ Af(z)Pdz < C / M(A'f)(z)Pdz < C / A'f(z)Pdz. (27)

Therefore Af € LP(R™), which implies U,(R™) C S,(R™).
Next we show S,(R") CU,(R"). Let fe€S,(R™) be nonnegative. Note that

/ ) dy =Y / | ) d
{y:]z|<|yl} ; {y:27 7V z|<|y|<27 x|}

J=
o0

<[ i) dy
= {y:lyl<27 =]}
00 27+1\x|
<C / (/ fly dy) " ldt
; 27|z B(0,t) )

= C’/ (/ fy) dy) .
2lz| \JB(0,t)
Hence we have

[ Asapar= oy ( |y|”<>dy) da
{ylw\<|y|}
C Ydy |ttt | da
[(L (L, foa)ea)
C "d dx.
(/{Ziv|< 2|} )’Z‘ Z) !

IN

IN
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Now, using (26) with o = n, we have

which gives [A'f(z)Pdz < C [Af(z)Pdz < Cf;l\f/(x)pdx and therefore
A'f € LP(R™). This 1mphes that S,(R™) C U,(R"). O

Since A’f (x) = A'f(x), we have the following corollary in view of the proof
of Lemma 8.3.

Corollary 8.4. Letp > 1. Then A" : S,(R") — T,(R").
By Theorems 3.3 and 3.7, we have immediately the following.

Corollary 8.5. Letp > 1. Then A’ : S,(R") — S,(R"), A" : T,,(R") — T,,(R™).
The following lemma is proved easily.

Lemma 8.6. For nonnegative measurable functions f and g on R™, there holds

/f ) drx < / (ess sup f(x)) Alg(y) dy.
|z[>]y]
Proof.

/ ) dx = /f <][ o) dy) dx
ot [ ( [ e f(@lg(eie) dy

<o | (ez?fr;p“@) e 1 00000)
= / (elsxslfllylpf(m)> A'g(y) dy. O

Theorem 8.7. Let p > 1. Then (T,(R")) = S, (R") and their norms are
equivalent.

Proof. Take g € Sy (R™) > 0. By Holder’s inequality, Lemmas 8.6 and 8.3, we
get

/If )lde < || fllo@ny 149 Lo gy < Clf Iz Iglls, @),
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from which it follows that [|g[/(r,®)y < Cllgls, &) and Sy (R™) C (T,(R"))".
We show the converse norm inequality. First take g with [|g[|s @) = 1.
We set
fo=A((A'9)" ).

Then, by Lemmas 8.1-8.3 and by the boundedness of maximal operator on L”

ol ey = [ oo < o (AP ) @) < Cf (A9 ) Vi,
hence
1ol @) < O/A@(“’)(p/_l)pdm = C/A’g(l’)”'dx < Clglg @y = C-

Moreover, by relation (25) we get [|fo(z)g(z)|dz = [ A((A'g YY) (2)g(x)dx
= [Ag(z)P T A'g(x)dr = [ Ag(z)'dx = fA’ ) dr = ||g||% @ = 1 Thus

lol@y =  sup /!f !d:v>0/\fo 2)|dz = C

[ £ 117 (mmy <1

Hence
Clglls, @y < lgllz,@my < Cligls, @ (28)
for g € S, (R™).
Next take g > 0 with g ¢ Sy(R"), that is, ||gl[s &) = oc. Set gn(z) =
min(g(x),n) XBon)(r). Since g, are bounded with bounded support and S
is a WBFS by Lemma 7.14, we have ||gn|s, &) < oo for all n. Moreover

gn /g ae. and so, [|gulls, @& Hg”sp,(Rn = 00. In view of Theorem 6.4,
we see from (28) that HgH(Tp(Rn))/ = 00, which implies g & (T,(R™))" and hence
(T,(R™)) C Sy (R™), as required. O

The following theorem shows the optimality of spaces S,(R"™),T,(R"™) for
the operator A'.

Theorem 8.8. Let p > 1 and let Y,Z be WBFSs with Z 2 S,(R") and
T,(R") 2Y. Then A': Z /4 S,(R"), A': T,(R") 4 Y.

Proof. Remark first that we have
Afa) = o | oI~ Fw)dy > CF(22) (29)
(0,2lzD\B(0,|z|)

for each radially non-increasing f > 0.
Take a WBFS Y such that T,(R") 2 Y. Let g € T,(R") \'Y and set
h(z) = g(5). Then h is radially non-increasing, h > g > g and h € T,(R").
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Since Y is a WBF'S, we have h ¢ Y. So, h € T,(R") \ Y. Since h is radially
non-increasing, we have by (29) A'h(z) > Ch(2z) > Cg(z) which implies that
AhgY.

Next take a WBFS Z such that Z 2 S,(R"). If h € Z\ S,(R"), then we
see from (27) that A'h ¢ LP(R™). Since A’h is radially non-increasing, we find
from (29) an inequality A’(A’h)(x) > CA’h(2z) and we obtain by Lemma 8.3
that A'(A'h) & LP(R™), or A'h & S,(R™). O

As an immediate consequence, we obtain the following corollary.

Corollary 8.9. Let p > 1 and let Y,Z be WBFSs with Z 2 S,(R") and
T,(R") 2Y. Then A': Z / T,(R™), A': S,(R") /Y.
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