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Abstract. Classical solutions of nonlinear second-order partial differential functional
equations of parabolic type with Dirichlet’s condition are approximated in the paper
by solutions of associated implicit difference functional equations. The functional
dependence is of the Volterra type. Nonlinear estimates of the generalized Perron type
for given functions are assumed. The convergence and stability results are proved
with the use of discrete functional inequalities and the comparison technique. In
particular, these theorems cover quasi-linear equations. However, such equations are
also treated separately. The known results on similar difference methods can be
obtained as particular cases of our simple result.
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1. Introduction

Let functions f: A — R and ¢ : Ey U JyF — R be given (the relevant sets are
defined in Section 2.1). Consider a nonlinear second-order partial differential
functional equation of parabolic type of the form

Oz (t,x) = f(t,z,2,0,2 (t,x),0pz (t,2)) (1)
with the wnitial condition and the boundary condition of the Dirichlet type

z(t,x) =p(t,z) on EyUOyE, (2)
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where 0,2 = (04,2, ...,04,2), Opz = [axisz] :szl.
to give a consistent, convergent and stable irriplicit finite difference method
for finding an approximate solution of problem (1), (2). The equation may be
nonlinear with respect to second derivatives. Such an equation is called strongly
nonlinear. The functional dependence is of the Volterra type (e.g., delays or
Volterra type integrals).

Partial differential equations of parabolic type give mathematical models of
nonstationary processes of heat exchange or mass transport. Some complicated
kinds of these phenomena involve equations with a functional term. Differential
difference equations (e.g., with time or spatial delays) describe fast heat changes
in nuclear reactors, while differential integral equations are used for integral heat
sources in an anisotropic medium. Both can be connected with our equation.
Such equations also describe nuclear reactor dynamics.

We prove a theorem on error estimates between an exact and approximate
solutions of implicit discrete functional equations of the Volterra type. The
error is estimated by a solution of the initial comparison problem for a recurrent
discrete inequality. We also give a theorem on the existence of the exact solution.
We apply this general idea in the investigation of the convergence and stability of
implicit difference functional schemes generated by problem (1), (2). A similar
technique for explicit problems was studied by Z. Kamont, H. Leszczyriski [6, 8]
and by L. Sapa, K. Kropielnicka [13,26]. Moreover, such a technique for implicit
quasi-linear problems was considered by Z. Kamont [10].

Let a;; : A4 - Rand F : A¥ = R, i,j = 1,...,n, be given functions
(see Section 2.1). If we assume that each a;; is non-positive or non-negative
in A4, then these results in particular cover a quasi-linear differential functional
equation of the form

The aim of this paper is

Oz (t,x) = Y i (1,4, 2) Opayz (£, ) + F (t,3,2,0,2 (t,2)) . (3)

ij=1

To omit this condition, another scheme is also studied.

We assume the existence of a classical solution of problems (1), (2) and
(3), (2). Theorems on the existence and uniqueness of such solutions for some
special parabolic differential functional equations with different boundary con-
ditions can be found in [3-5,21,31] and the references therein.

Our results can be extended to weakly coupled systems.

Explicit or implicit difference methods for general strongly nonlinear para-
bolic differential functional equations with Dirichlet’s or a nonlinear boundary
condition have been considered by Z. Kamont, K. Kropielnicka, H. Leszczynski,
M. Malec, C. Maczka, W. Voigt, M. Rosati, M. Netka [6,8,9,15-17,20] and
others. In those papers, the Lipschitz or Perron conditions with respect to z
are assumed. In our paper, we generalize the Perron estimate, multiplying a
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function ¢ by some nondecreasing function p (see assumption (F}) in Section 4).
The similar generalized Perron type estimate was introduced by L. Sapa in [26]
and was considered in [13] also, where the explicit methods were studied. If f is
differentiable with respect to z, then our generalization admits 0, f unbounded
with respect to p, ¢. This considerably extends the class of problems which
are solvable with the method described. Under the assumptions adopted, our
nonlinear equation includes as special cases the quasi-linear equation (3) and
a strongly nonlinear equation with a quasi-linear term (see Examples 6.1, 6.2).
Neither of these cases appears in the cited papers. This result is new, even
for equations without a functional term or another type (see [11,14,18,19]).
Moreover, unlike [9], we do not assume the strong monotonicity condition with
respect to z. Add that, unlike [26], the Courant-Friedrichs-Levy condition on
the steps of a mesh is omitted (see Remark 5.6). These are the main results of
our paper.

An implicit finite difference method for quasi-linear parabolic differential
functional equations similar to (3) with Dirichlet’s condition has been considered
by K. Kropielnicka [12].

The results concerning numerical methods, differential functional and dif-
ference functional inequalities or the uniqueness theory, appearing in the papers
of P. Besala and G. Paszek [1,2], C. V. Pao [22-24], R. Redheffer and W. Wal-
ter [25,30], J. Szarski [27-29] and numerous others, do not apply to nonlinear
equations and quasi-linear equations with such a general functional dependence
as in our paper.

The paper is organized in the following way. In Section 2 notation is intro-
duced and some definitions are formulated. Section 3 deals with the theorems
on the existence and uniqueness of the exact solution and on error estimates
of approximate solutions for discrete functional equations of the Volterra type.
The assumptions for the differential functional problem (1), (2), the definition
of the implicit finite difference functional scheme and the assumptions on the
steps of a mesh are given in Section 4. In Section 5 the convergence of the im-
plicit difference methods for (1), (2) and (3), (2) is proved. Finally, in Section 6
the numerical examples are presented.

2. Notation and definitions

2.1. Sets and function spaces. Let T > 0, X = (Xy,...,X,), 70 > 0,
T=(T1,...,Tn), where X; >0, 7, > 0 for i = 1,...,n, be given. Define

E=[0,T] x (-X,X) c R""",

Ey=[-70,0] x [-X —7,X + 7] C R"™, (4)
WE =10,TIx ([-X —7,X +7]\ (=X, X)) c R"™.
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Let, moreover,

O =EUE,UdE, :
Q,=Qn([—7,t] x R"), tel0,T]. 5)

Denote by M, , the class of all n x n symmetric real matrices. Define the
sets

A:EXC(Q7R> XRnXMTLXn7
AY=E x C(Q,R), (6)
A = Ex C(Q,R) x R".

The mazimum norms in R™ and M,,,, are denoted by || - ||, while in the
space of continuous functions C' (2, R) by || - |-
For a fixed ¢ € [0, T7,

I2llg, = max { | (ax)| : (%v, z) € U} (7)

is a seminorm in C (Q, R), where z € C' (2, R).

For a fixed t € [0,T7], the symbol || |l r), stands for a semi-norm in the
space of linear and continuous functionals L (C' (©2,R),R), generated by the
semi-norm || ||, in the space C' (2, R), i.e.

[Allcor), =nf{n=0: Vh € C(Q,R) [Ah] < plh[lg,}, (8)
where A € L(C (Q,R),R).

2.2. Discretization, difference and interpolating operators. We use vec-
torial inequalities to mean that the same inequalities hold between the corre-
sponding components. We write x ¢y = (z1y1, ..., Tyyn) for z = (z1,...,2,),
y = (Y1,---,yn) € R™ Define a mesh on the set ) in the following way. Let
(ho,h') = h, " = (hy,...,h,), stand for the steps of the mesh. Denote by H
the set of all h such that there exist Ny € Z and N = (Ny,...,N,) € N”
with the properties: Nohg = 79, N oh' = X + 7. Obviously, H # () and there
are Ko € N and K = (Ky,...,K,) € Z" such that Kohy < T < (Ky+ 1) hy,
Koh <X < (K+1)oh'. For h € H and (u,m) € Z'"", m = (mq,...,m,),

we define nodal points (¢, z(™)), (™ = <x§m1), . ,x%m")>, in the following
way
tW = phy, 2™ =mok.

For h € H, we put

Ryt = {(t(“),x(m)) : (p,m) e 2} (9)
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Define the discrete sets

E,=ENR"™,
Eon=EyNR™,
OE, = EN R, (10)

Oy = EpUEppUdyEy,
Q=0 ([-70, "] xR"), p=0,..., K.

Let, moreover,
Bf = {(tW, 20" € B, : 0< p< Ky—1}, (11)

Li={tW: 0<pu<Ky}p, LF={t"W:0<pu<K,—1}. (12

For a mesh function z : 0, D A, — R and a point (t(“),x(m)) € A, we
put 2™ = z (¢W) M) |z|mm) = |20em)] - We denote the space of all such
functions by § (Ax, R) and call it the space of mesh functions. In § (Ap, R), we
introduce the mazimum norm

2]l 4, = max {[m | (£00,20) € 4}, (13)

where z € § (4, R).
For a fixed p € {0,1,..., Ko},

Il , = max {|2m] - (#7,2) € Q) (14)

is a seminorm in the space § (2, R), where z € §F(Q,R). For a function
z: I, D Ay — Ry, we put 2z = 2z (t(“)), t € Ay, where Ry = [0, +00).
Put y = 1+ 2n? and

A== ) he{=1,01}, i=1,...,n, |\ <2}, (15)

where [A] = [A1| + -+ + |A,]. Note that x is the number of elements of A. Let
¢ A— {1,...,x} be a function such that ¢ (\) # ¢ (X) for A # X. Put

io = (0). (16)

We assume that < is an order in A defined in the following way: A < X if
() < (X) Elements of the space RX we denote by { = (&,...,&,). For
a function z € §(Q,R) and a point (t(”),:p(m)) € FEj; we define the vector
Zepms = (21,...,2) € RX, z; = Z(“’m“b_l(i)), i=1,...,% where ¢)~! is the
inverse function of .

Write I' = {(i,7): 1 <4,j <mn, i# j} and suppose that I'y,I"_ C T" are
such that T, UT_ =T, T, NT'_ = { (in particular, it may happen that T, = ()
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or I'_ = (). We assume that (i,j) € 'y when (j,7) € 'y and (4,j) € I'_ when
G eT.
Let z € § (2, R) and (t(“), x(m)) € Ej,. Set
5Z,+Z(MM) _

[Z(M,m-‘rei) . Z(u,m)] 7 5;Z(N,m) — [Z(M’m) _ Z(H,m—ei)] , (17)

1
h;

S| =

where e; = (0,...,0,1,0,...,0) with 1 in the ith entry, i = 1,...,n. We apply
the difference quotients &g, 6 = (01,...,0,), 6@ = [0]7 ;- given by

5 m) — hl [lthm) e
0
1
iz = 5 [65 2 4 gz ()] fori=1,...,n,
iz = 5;51._2(“”") fori=1,...,n, (18)

1
8; 2™ = 3 (6,07 2 + 676520 for (i,5) € T,

1 ..
8,2 = 3 [51*(5;2(’“‘”) + 51-_5]-_2(“’7”)} for (i,j) € I'y.

We use these operators to approximate derivatives in equations (1) and (3).
We say that an operator G, : § (2, R) — C(Q,R) is an interpolating
operator if it has the properties:

(i) for all z € C*%(Q,R)

lim [|Ga [7] — 2]l = 0,

where Z := z|q, is the restriction of z to €,
(ii) there is D > 0 such that for all 2,z € F (2, R)

G 2] = GaFllla, < Dllz—7l,, . #=0.....K.

We apply these operators to approximate the functional term in equations (1)
and (3). An example of G, is the well-known linear operator 7}, introduced
in [7]. For T}, we may put D = 1.

3. Discrete functional equations and inequalities

We consider an implicit discrete functional equation with the initial boundary
condition. Next, we give two theorems respectively on the existence and unique-
ness of a solution of this problem and on the estimate of the difference between
the exact and approximate solutions. They will be applied in the proofs of the
theorems on a convergence of the difference methods in Section 5.
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Suppose that a functional Fj, : E;" x §(Q4, R) x R¥X — R is given. For
(W, ™), 2, &) € EfxF (4, R)xRX, we write Fy [z, gem = F, (¢, z(m) 2, €).
Given ¢, € F(Eop U doER, R), we consider the discrete functional equation

B = T [z, Z<u+1,m>]w’m) (19)

with the initial boundary condition

Z(H:m) — @EL“’m) on EO.h U ath- (20)
Note that the numbers z(”+1’m+w_1(i)), i = 1,...,x, appear in 2, y1m> SO

(19), (20) is an implicit problem.

We say that the functional Fj satisfies the Volterra condition when for
all (tW 2zM) e B 2,7z € §(W,R) and £ € RX, if z|g, , = Z|q,,, then
Fn [z, 6™ = F,[2,¢]“™. Observe that the Volterra condition states that
the value of Fj, at (t(“), ™z, 5) depends on (t(“), (), 5) and the restriction
of the function z to the set €2, , only. However, this well-known condition does
not imply the existence of a solution for (19), (20) so we give a suitable theorem.

The following assumptions on Fj, will be needed.

Assumption H[F}].

(Hy) Fpn, h € H, is of the Volterra type.

(Hs) There exist the partial derivatives O, F, on E;" x §(Q4,R) x RX,
i = 1,...,x, and O, Fulz, -](“’m) is bounded for each (tW, z(™ z) €
Ef x § (4, R), where i is defined in (16).

(H3) The conditions

8§¢‘Fh [276](u7m) 2 07 1= 17"'7X7 i?’éim (21)
X

Z Og, Fn 2, 5](“’m) =0 (22)
=1

are satisfied at each (t(“), (™) z,f) € B xF (2, R) x RX.

Theorem 3.1. If assumption H[Fy] is satisfied, then there exists exactly one
solution v € §F (Q, R) of problem (19), (20).

Proof. We use induction on p and the Banach fixed-point theorem. By (20), the
vectors v, 1 = —Np, ... ,0, are known. Suppose that 0 < p < Ky —1 is fixed
and that the solution v of problem (19), (20) is given on 2, ,. We prove that
the vector v#*1) exists and that it is unique. Define 7 € § (2, R) as follows:
plEm) = g(m) for (t(ﬁ),x(m)) € Oy, o™ = 0 for (t(ﬁ),x(m)) e U\ p-
It is sufficient to show that there exists exactly one solution of the system of

equations
Z(”H’m) _ ];-h [577 Z<#+Lm>](u,m) 7 —K<m< K, (23)
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with the boundary condition
Lutlm) gpé’”l’m) on Oy Ey,. (24)
From (H,) there is @, > 0 such that Qn > —0g Ful[0, gem ¢ e RX,
—K<m<K. It is clear that system (23) is equivalent to the following one
1

_ (p+1,m) ~ (,m)
= z + Fp (v, 2 m } , 25

or 1 [Qh n [0, 2<pt1ms] (25)
—K <m < K. Define

o (ut1m)

_ {x(m) . x(m) c [_X -7, X +7’]} ,
aosh {2t 2™ e [-X — 7 X + 7]\ (=X, X)}.
We consider the space of mesh functions § (S, R). For ¢ € §(Si, R), we write
¢ =¢ (™) and for a point ™ € (=X, X), we put (cpm>=((1, ..., ¢ ) ERX,

G = C(mJ”/’ 1(1)), i =1,...,x. The norm in the space § (S, R) is defined as
IC]], = max { |§ ‘ : m) € Sh} Consider the complete metric space

X ={CeF (SR ¢ =g, o0 € 0yS |

with a metric generated by the norm || ||.. We apply the operator W, : X, — X,
defined by

m 1 m ~ m m
Wil(™ = 5 | @™ 4 B Cens] ] foral™ € Si\00S (26)

and
W, [d(m) = cp%““’m) for ™ € 9,9,,. (27)

We prove that

[Wi [¢] = W []

on Xh. (28)

It follows from (26) and the mean value theorem that
W m " —w [
O (=0 + 3 86 [5, P (¢~ ) ”1

=1

Qh
(29)

{ (Qh + 06, Fa [5, P ) (-0

i } ( ‘- C)(me L)) }

1#i0,i=1

Tt
_l’_
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for 2™ € S, \ 9oSh, where P™) ¢ RX are intermediate points. The above
relation and (Hj) give the estimate

Qn

O 1 for ™ € Sy \ 9Sh.  (30)
h

Wa g™ = wi [ <

lc—=¢

*

According to (27) we have W, [(]"™ — W, ¢] ™~ 0 for 2™ ¢ OoSp. This
completes the proof of (28). It follows from the Banach fixed-point theorem
that the operator W), has exactly one fixed point (* € X} and consequently,
vF1) = ¢* is the unique solution of (23), (24). Hence the proof is complete
by induction. O

Let YV, € §(Q,R) be a fixed subset. Suppose that a function w € Y, a
function 7 : I, — R, and 7, € R satisfy the conditions

Llutlm) Fi [z, Z<u+1,m>]<u’m)‘ < 7(“) on E}f? (31)
S(wm) _ ¢§L“’m)‘ <%, on Ey,UO0yE}. (32)

The function w satisfying the above relations is considered an approximate solu-
tion of (19), (20). We give a theorem on the estimate of the difference between
the exact and approximate solutions of (19), (20).

Theorem 3.2. Suppose that Assumption H|F}| is satisfied and

(i) on : I} x Ry — Ry is nondecreasing with respect to the second variable
and

‘]:h [Zaz<u+1,m>](u’m)_‘/—_.h [27 z<;H-1,m>](lu7m)‘ So-h (t(ﬂ)’ ||Z - zHQhH) (33)

for (t(“),x(m)) EE, zeF(U,R), Z€Y),,
(ii) w € Y, and there are 7 : I, — Ry, 7, € Ry such that relations
(31), (32) hold,

(i) B : I, — Ry is nondecreasing and satisfies the recurrent inequality
5(u+1) > oy (t(“), 5(#)) + 7(107 p=0,.. . Ky—1, (34)

and B0 >7,.
Then
lw = vllg,  <BY, p=0,... K, (35)
where v € § (2, R) is the unique solution of problem (19), (20).

Proof. The existence of the unique solution v € § (2, R) of (19), (20) follows
immediately from Theorem 3.1. We prove assertion (35) by induction on .
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It follows from (20), (32) and assumptions (ii), (iii) that inequality (35) is
satisfied for p = 0.

Assuming (35) to hold for a fixed p, 0 < u < Ky — 1, we prove it for p+ 1.
Define m € Z" as follows

lw — o|“T™) = max {|w — p|WFm) (¢t () € Qh} : (36)
We show that
lw — U|(u+1fn) < gD, (37)

If (tw+), 2™) € yEy, then (37) follows from assumption (iii). Consider the
case when (tW+1) 2(™) € Ej,. Equation (19) gives

(U) N v)(ﬂ—i—l,fh)

=Fn [Uh w<u+1,m>](u’m) —Fn [U, w<u+17m>](u,ﬁ¢)+ wHHLm) (38)

= Fi [0, war o] Fi [0, 0 s = Fi 0, 0y )

From (38), assumption (Hs) and the mean value theorem, we obtain

(1w = )T (1= 0 Fy o, PO

= Fh [w7 w<ll+1,’ffl>](“’m) - -Fh [U, w<u+17m>](#7m) — Fh I:w7 w<u+1’m>](ﬂ,m) (39)
X m ~ — .
+ wFLm Z O, Fi [v, PHTLM] () (w— U)(u+1,m+w 1)
1#50,=1

where P+17) ¢ RX is an intermediate point. Relations (31), (39), assumptions
(Hs), (i)—(iii) and the induction assumption lead to the estimate

fw— [0  [1 = O, Fy [o, PO

X N (40)
< on (ﬂu))g(u))+7(u)+|w_v|(ﬂ+1vm) Z 0e, T [U7p(u+17m)](“’ )
i#i0,i=1

Inequality (40) and assumptions (Hs), (iii) imply (37). Hence, by the induction
assumption and the monotonicity of 3, the proof is complete by induction. [J

Remark 3.3. Let the assumptions of Theorem 3.2 be satisfied with
Oh (72?/) = (]- + LhO) Y, (tay) € Il—:_ X R-‘m

where L > 0 and there is 5 € R, such that ) < h¢y, p=0,..., Ky—1. Then
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(i) if L > 0, then

(14 Lhg)—1

_ _exp (LT)—1
Jw—vlg, , < (1+Lhg)* 7,47 L Ll

< exp (LT)7p+7 7
for p=0,..., Ko;
(ii) if L =0, then
Jw — UHQh'# <Ho + phoy <7 +T7
for u=0,..., K.
These estimates may be obtained by solving the initial comparison problem

(see assumption (iii)).

4. Differential and difference functional problems

We need the following assumptions on the functions f, ¢, the interpolating
operator G, and the regularity of a solution u of (1), (2).

Assumption F[f, u,Gy].
(F1) f of variables (t,z,2,p,q) € A is continuous on A.
(Fy) There exist the partial derivatives

Of =Opfs-- -, 0pf), Oof = [alwf]:j:l

on A and 0y, f, 9, f, 4,5 =1,...,n, are bounded on A.
(F5) The matrix d,f is symmetric and

Og, f(P) =20 and 0O, f (P)#0 for (i) € I'y,
04, f (P) <0 for (i,5) € I'-

at each P € A.
(Fy) There are functions o : [0,7] x Ry — Ry, p: RZ — Ry such that:
(i) o is continuous and nondecreasing with respect to both variables,
moreover, o (¢,0) =0 for t € [0,7],
(ii) p is nondecreasing with respect to both variables,
(iii) for each ¢ > 0 and £,y > 0, the maximal solution of the Cauchy
problem
W (t) =co (t,Dw(t)) +¢&, w(0)=eg (42)
is defined on [0,7] and the function @ (t) = 0 for ¢t € [0,7] is the
maximal solution of (42) for each ¢ > 0 and €,69 = 0, where D
appears in the definition of the interpolating operator Gy,
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(iv) the generalized Perron type estimate

f (t2,2,p.0) = f (2. Z,p.0) < p(lpll llal) o (112 = Zllg,) (43)

holds on A.
(F5) ue CH%(Q,R) is a solution of (1), (2).
(Fs) For each z,%Z € § (S, R) if 2]q, , = Z|q, ., then G}, [2]
uw=20,...,Ky, he H.

= GnlZ] o

|Qt(u) W)

Remark 4.1. Assumptions (i) and (iv) in (F}) imply that the function f is of
the Volterra type. That is, if (t,2) € E and 2,z € C (2, R), z|g, = Z|q,, then
f(tx,z,p.q) = f(t,2,Zp,q) for p e R, ¢ € My

Remark 4.2. Tt is required in assumption (F3) that for each (i,j) € T the
function g;; (P) = sign 9,,, f (P), P € A, is non-positive on A or non-negative
on A. This assumption can be also considered as a definition of the sets 'y
and I'_. Moreover, simple calculations show that assumption (Fg) is true for
G =Ty, (see [7]).

Remark 4.3. Let the Fréchet derivative 0, f (¢, x, z,p,q) € L(C (,R),R) for
(t,x,z,p,q) € A. Assumption (F}) holds for example if ||0, f (¢, z, 2, p, q)HC(Q’R)t
< p(llpll, llgll) on A, where p : R — R is nondecreasing with respect to both
variables; e.g. p (y1,y2) = ayy + bys + ¢, a,b,c = const > 0, y1,y2 € Ry (see
Examples 6.1-6.3). Then we may put o (t,y) =y, t € [0,7], y € Ry. It is
true in particular for all f satisfying the Lipschitz condition with respect to z.
Examples of nonlinear ¢ are given in [7,9].

We now define an implicit finite difference functional scheme which will be
applied to approximate a classical solution of the differential functional problem
(1), (2). Tt is the system of algebraic equations

{ Soz ™) = f (t(“), e B oz HFLm) 5(2)Z(u+1nn))
(44)

Spm) (pg“’m) on FEyp U0yEp,

where ¢, € § (Eopn U doER, R) is a given function, Gy, is a given interpolating
operator and z € § (25, R).
We shall use the following assumptions on the steps h of the mesh €.

Assumption S[h|.
(S1) The steps h = (ho,h’) € H are such that

h; "1
j#ig=1 "
ateach Pe A;i1=1,...,n.
(S3) There is ¢g > 0 such that hihj_1 <cfori,j=1,...,n.



Implicit Difference Methods 325

Remark 4.4. For the mixed derivatives d,, f, (i,j) € I', the sign conditions
are formulated in assumption (F3) (see Remark 4.2). Moreover, inequality (45)
can be fulfilled only in case 0,,,f (P) >0 ateach Pe A, i=1,...,n.

5. Theoretical study of the scheme

5.1. Convergence of the difference method. We now turn to the main
problem of this paper, the convergence of the difference method (44). We begin
with a useful lemma.

For £ = (&,...,&,) € RX we put

1 1
5;_&'0 - h_ [fw(ei) - 51‘0] ) 51‘_51'0 = h_ [gio - fiﬁ(—@i)] ) (46)

7

i=1,...,n (see (16)). The expressions

(55@'0 = (51&'0’ ce 7571&0) ’ 6(2)&0 - [5ij§i0]2j:1

are defined in the following way

0:&iy = % (6 &0 + 67 &) fori=1,...,n,
0iiiy = 05 0 & fori=1,...,n,
) 1 6767 676+ for (i,7) €T (47)
ijgio—é[i jfio"‘ i jfio} or (i,j) €',
1 e .
5ij€i0 = 5 [5:—5;—&0 + 51 5j Szo} for (Z,j) € F+.

Consider the functional Fy, : E,J[ X §(Qn, R) x RX — R defined by
Fi [z, €)% = 2m) L po f (400 20 Gy (2], 664, 8P, - (48)
Note that
Fi |z, Z<#+1,m>](“’m) = ylum) hof (t(“), x(m)7 G 7] 75Z(M+Lm)7 5(2)Z(u+17m)) )

Therefore difference scheme (44) and problem (19), (20) with F}, defined in (48)
are the same.

Lemma 5.1. Let Assumptions F[f,u, G| and S[h] hold. Then the functional F,
defined by (48) satisfies Assumption H[Fy].

The proof of the above lemma is analogous to that of [9, Lemma 4.6] and
it is therefore omitted (see also the proof of Lemma 5.4).
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Let U := ulg, € §(Qn, R) be the restriction of a solution u € C*? (2, R) of
the differential functional problem (1), (2) to the mesh €, and let v € § (25, R)
be the solution of the finite difference functional scheme (44). We say that the
difference method (44) is uniformly convergent if

li - = 0.
lion [0 = vllg, =0

Theorem 5.2. Let Assumptions F|f,u, G| and S[h| hold and suppose that there
is a function vy : H — Ry such that

o — g™ <o (h) on EppUdE, and  limao(h) =0.  (49)
_>

Under these assumptions:

(1) there exists the unique solution v € § (2, R) of (44),
(i) there is an o : H — Ry such that

U — v||QW <a(h) for0<pu<Ky and lima(h)=0. (50)

h—0

Proof. Let F, : Eif x § (2, R) x RX — R be defined by (48). The existence
of the unique solution v € F (2, R) of (44) follows from Theorem 3.1 and
Lemma 5.1.

To prove (ii) we apply Theorem 3.2 and Lemma 5.1. The solution v satisfies
(19), (20) and there is a function v : H — R such that

)U(u+1’m) — .Fh [U, U<H+1,m>](#7m)‘ S ho’)/ (h) on E}J{
and limy, 0y (h) = 0. Let a constant d > 0 be such that
|0p,u (t, )|, [Opoyu(t,2)| <d for (tx) €Q, i, j=1,....n (51)

(see (F5)). We denote by Y}, the class of all functions z € F (2, R) with the
property:
|<5iz(“’m)| , |6ijz(“’m)| <d for (t(“),x(m)) ek, i,7=1,...,n.

Obviously, U € Y},. Suppose that z € §(2;,R), Z € ¥}, and (t(“),x(m)) € E;.
We prove that

‘fh [Z7z<u+1,m>](lu’m) - fh [Z z<,u—|—1,m>]('u’1n)‘

(52)
<z =2, , +hop(dd)o (19, D1z =l )
It follows from Assumption F'[f,u,G}] that
]:h [Z7 E<,u+1,m>](ﬂ7m) _]:h [27 z<u+1,m>](u7m) ‘ ( )
53

<|lz=Zlg, +hop ([0 || [|6@z0+1m] ) a(tW,llGh[z} —Gh[Z] IIQM)-
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The use of the monotonicity of p, o and the properties of the interpolating
operator G, in (53) implies (52).

Denote by n : I, — R, the solution of the initial comparison difference
problem

{ D =¥ 4 hop (d,d) o (89, D) + hoy (h), p=0,...,Ky—1, 50
77(0) = (h).

It follows from Theorem 3.2 and Lemma 5.1 that

U =vllg,, <n", n=0,..., Ko (55)
Consider the Cauchy problem

W () =p(d,d)o (t.Dw (1) +7(h), w(0)="10(h) (56)
and its maximal solution w (-; h) : [0, 7] — Ry (see (F}y)). It easily follows that
W Sw(t(“);h) <w(T;h) forpu=0,..., Ky (57)
and limy,_,ow (¢; ) = 0 uniformly on [0,7]. Put a(h) = w (T;h). The proof is
complete. n

5.2. Quasi-linear equation. We are interested in the mumerical approxima-
tion of a classical solution of problem (3), (2).

We need the following assumptions on the functions F', ¢, coefficients a;;,
the interpolating operator G and the regularity of a solution u of (3), (2), as
well as on the steps h of the mesh €.

Assumption QF[F, A, u, Gy).

(QF,) F of variables (t,z,z,p) € A and a;, i,j = 1,...,n, of variables
(t,z,2) € A4, are continuous on A and A4, respectively.

(QFy) There exists the partial derivative 9,F = (9,,F,...,0,,F) on A" and
0y, F,i=1,...,n,are bounded on A”; a;;, 4,7 =1,...,n, are bounded
on A4,

(QF3) A= [ay];,_, is symmetric.

(QFy) There are functions o : [0,7] x Ry — R4, p; : Ry — R such that:

(i) o is continuous and nondecreasing with respect to both variables,
moreover, o (t,0) =0 for t € [0, 7],
(ii) p; is nondecreasing,
(iii) for each ¢ > 0 and &,e9 > 0, the maximal solution of the Cauchy
problem
w (t) =co(t,Dw () +¢, w(0)=¢ (58)
is defined on [0,7] and the function w () = 0 for t € [0,7] is the
maximal solution of (58) for each ¢ > 0 and ¢,e9 = 0, where D
appears in the definition of the interpolating operator Gy,
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(iv) the generalized Perron type estimate and Perron type estimate

|F(t,z,z,p) — F(t,z,z,p) < pr (Ipl) o (.12 = Z|lg,),  (59)
|aij (t,2,2) —a; (t,2,2)] < o (¢ ]|z —Zlg,) (60)

where 7,7 = 1,...,n, hold on A and A4, respectively.
(QFs) u e CH?(Q,R) is a solution of (3), (2).
(QF@) For each 2,2 € 3(9}“ R) if Z‘Qh_# = E’Qh‘u, then Gh[Z] |Qt(u) :Gh[E] |Q
w=0,..., Ko, heH.

t(H) ’

Assumption QSIh].
(QS1) The steps h = (ho,h’) € H are such that

hi
=5 |OpF (P) + aii (t,2,2) = Iy Z ]amt:cz)|>0 (61)

J#LJ= 1

for all (t,z,2) € Aand P€ A i=1,...,n
(QS2) There is ¢y > 0 such that hihj’1 <c¢ofori,j=1,...,n

Remark 5.3. Assumptions (i) and (iv) in (QF}) imply that the function F' and
coefficients a;; are of the Volterra type; see Remark 4.1.

We now put

n

f(taxazvpa Q) = Z Qi (t,{L‘,Z) qij + F(t,x,z,p) (62)

i,j=1

for (t,z,z,p,q) € A, and consider difference method (44) with this f for (2), (3).
If we apply Theorem 5.2, then we need Assumptions QF[F, A, u, G|, QS[h] and
the following assumption on the matrix A: for each (7, ) € ', the function

i (t,x,2) = sign ay; (t,x,2)  for (t,x,2) € A?

is non-positive on A* or non-negative on A4 (see (F3)). It is easily seen that
p (y1,y2) = n’ys + p1 (y1) for y1,y2 € Ry satisfies (F}).

We prove that the condition of the coefficients a;; being of the same sign
in A4 can be omitted if we modify the difference operator 6. More precisely,
we consider problem (44) with dg, d, d;, ¢ = 1,...,n, given in Section 2, and
we define 9,5, ¢,7 =1,...,n, 1 # j, by

8,2 =[5 87 2 575 ] a (109, 20, G [2]) <0

5”2,(,u+1 ,m)

=—[670F 2 46757 2] f g (60, 20, G [2]) >0

l\DI)—‘[\DIt—*
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where z € § (Qy, R), (t®,2™) € E,. Observe that the finite difference func-

tional scheme (44) with f given by (62) and d;; by (63) depends on the sign of

a;; at (t", 2™ Gy [2]) and this sign does not have to be the same in A
Consider the functional Fy, : E;" x § (24, R) x RX — R defined by

Fi |z, f](u,m) = Hwm) | ho Z aj (t(ﬂ)7 x(m)7 Gy, [Z]) i (64)
ij=1

b hoF (89,20, G, [2], 56,

(see (48)). The expressions 0&;,, 6;i&iy, © = 1,...,n, are defined by (47), (46)
and

0i5&i =

where £ € RX, z € §(Q,, R), (t(“),x(m)) €E’ i,j7=1,...,n,i+# j. Note that

(6707 & + 07076, if ag (89, 2™, Gy [2]) <0,
(65)

N =N~

[5?5;7&0 + 51-_5]-_&0} if a;; (t(”), ™ G, 2]) >0,

Fi (2, Z<p+1,m>](”’m) = 2™+ hy Z Q5 (t(u), 2. G, [Z]) 5ij2’(”+17m)
ij=1
+ hoF (W, 2 G, [2], 521

It is clear that difference scheme (44), with f defined in (62) and ¢;; modified
in (63), and problem (19), (20) with F}, defined in (64) are the same.

Lemma 5.4. Let Assumptions QF[F, A,u,Gy] and QS[h] hold. Then the func-
tional F, defined by (64) satisfies Assumption H[Fy).

Proof. Tt follows from Remark 5.3 and the properties of (), that assumption
(H,) is satisfied.

Write QW™ [z] = (t(“),x(m), Gy, [z]), P [z €] = (t(“), ™ Gy (2], 0&,).
Define the sets

P = {(i,j) €T+ ay (QU™ []) =0}, T =T\TE™.
Let, moreover,
A={ eA: Fie{l,....n} A=¢;or A= —¢;},
A&"m):{)\EA: 3(i,5) e TV™ A =e; + ¢ or)\:—ei—ej},

A(“’m):{AeA: 3(i,j) €TU™ X =e; ¢ Or/\:_eiJrej}’

A = A\ ({0} URUAL™ LA™Y

*
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y (QF»), (QF3), we have

8&0./_"}1 [Z f 2h02 h2au um) ])
1 m
tho Y o oy (@ )]
(ijer
m m h m
afzp(ei)fh [275](% ) 2h Pi ( ’u ) [ 76]) + h_gau (Q(M ) [Z])
n 1 .
—ho Y 5 lay (QUM )]
jAig=1 "
m h m ho m)
Ocsccap i[5 = =500 F (PO [2,6]) + 5 (QU [2])
n 1 .
—hy Y m’% (Q»m™ [2])],
jALi=1 "
afw(ewrej)‘/t-h [Z’ f](u’m) = aﬁw(ferej)"rh [27 6] ()
ho m . (1m)
= S, QW™ 2]), (i,5) eTy™,
Oeye, ey o) nlz, g0 = = O, ., ey Th [2, ¢
— ho (1,m) ;o (p,m)
- thhjam (Q [2]) ’ (7'7.]> S F— )

Oy Fu 2,61 =0, A€ Al

i =1,...,n. The above relations and assumption (Q.S;) imply (Hs), (H3). This
completes the proof. O

Theorem 5.5. Let Assumptions QF[F, A,u, G| and QS[h] hold and suppose
that there is a function vy : H — R such that

plm) goé“ ™ < (h) on Ey,U0E, and }Lin% v (h) =0. (66)
%

Under these assumptions:
(i) there exists the unique solution v € § (2, R) of (44),

(i) there is an oo : H — Ry such that
U =vllg, , <a(h) for 0<p<Ko and lima(h)=0. (67)

h—0

Proof. The proof of this theorem is similar to that of Theorem 5.2. We apply
Theorems 3.1, 3.2 and Lemma 5.4. Let F, : B x § (2, R) x RXx — R be
defined by (64).
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The existence of the unique solution v € §F(Q,,R) of (44) follows from
Theorem 3.1 and Lemma 5.4.

To prove (ii) we apply Theorem 3.2 and Lemma 5.4. The solution v satisfies
(19), (20) and there is a function v : H — R, such that

‘U(#H’m) — Fn[U, U<u+1,m>](u’m)‘ < hgy(h) on Eli_

and limj,_,oy (h) = 0. Let a constant d > 0 be such that

|0, (8, )]

Gxixju(t,x)‘ <d for (t,x) €, 1,j=1,....,n (68)

(see (QF5)). We denote by Y}, the class of all functions z € § (2, R) with the
property:

|5iz(“’m)| , |(5Z-jz(“”m){ <d for (t(“),x(m)) ek i,j=1,...,n.

Obviously, U € Y},. Suppose that z € F (2, R), Z € Y}, and (t(“),x(m)) € E;.
We prove that

‘}—h [Za E<u+1,m>](u’m) —Fn [Z, z<u-1-1,m>](ﬂ’m)‘ (69)
< 2= llo,,, + ho (24 + p1 (@) 0 (19, D}z = 2], )
It follows from Assumption QF[F, A, u, Gy that
’Jrh [sz<u+1,m>](#’m) _Fh [E, E<u+1,m>](u’m)‘
< ||2_2||Qh<# (70)
+ho| Y 18574 4y (HéE(““’m)ID] o (19, 1Galz] =Gl )
ij=1

The use of the monotonicity of p;, 0 and the properties of the interpolating
operator Gy, in (70) implies (69).

An analysis similar to that in the proof of Theorem 5.2 shows that asser-
tion (67) is satisfied with « (h) = w (T; h), where w (;h) : [0,T7] — R is the
maximal solution of the Cauchy problem (56) with p (y1,y2) = n*y2 + p1 (v1),
y1,y2 € R4. This concludes the proof. O]

Remark 5.6. Observe that we do not assume in Theorems 5.2 and 5.5 the
Courant-Friedrichs-Levy conditions

1 1
1— ZhOZ Faqiif (P) + ho Z m |a‘1¢jf(P)‘ >0, (71)
i=1 "t v

(i,5)€T
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"1 1
1— QhOZﬁaii (t.z,2)+ho o la (t,2,2) > 0, (72)
i=1 (iper

P € A, (t,z,z) € A4 respectively, which are typical in explicit methods
(see [26]).

Remark 5.7. Let Assumptions of Theorems 5.2 or 5.5 hold and let f be
Lipschitz continuous with respect to z,p,q. Put G = T}, where T}, is well-
known interpolating operator introduced in [7]. It follows from the properties
of the difference quotients and T}, that if v € C*?(Q,R) and v, = O (||h]),
then U —v = O (||h]]), and if u € C** (2, R) and vy = O (hg + ||I]|?), then
U—-—v=0 (ho + HhIHQ)

Remark 5.8. Suppose that the assumptions of Theorems 5.2 or 5.5 are satisfied
and, moreover, there is a constant ¢ > 0 such that

[swm|, [§Pw®™ | <z on B, (73)

for all solutions w € § (2, R) of perturbed finite difference functional schemes
of (44). Tt follows from an analysis of the proofs of these theorems that the
difference methods presented are stable. It is enough to replace U by w. If
p, p1 = const, then condition (73) can be omitted.

Remark 5.9. All the results of this paper can be extended to weakly coupled
differential functional systems. One part of each system may be strongly nonlin-
ear and the other quasi-linear. This is a new result even in the case of systems
without functional terms. For simplicity we consider one equation only.

6. Numerical results

To illustrate the class of problems which can be treated with our methods, we
consider a strongly nonlinear differential equation with a quasi-linear term and
two quasi-linear differential integral equations with deviated variables. Dirich-
let’s problems below cannot be solved with the numerical methods known to
date.

Put n = 2. Let E = [0,0.01] x (—0.01,0.01)*, Ey = {0} x [<0.01,0.01]* and
0E, = [0,0.01] x ([—0.01,0.01]*\ (=0.01,0.01)*).

Example 6.1. Consider the strongly nonlinear differential equation

Ovz (t,x,y) = arctan (0,2 (t, 2, y) + Onyz (t, 2, y) + Oyyz (¢, 2, y)]
+ [2 + cosz (t7 Z, y)] [afmz (t7 Z, y) + a&?yz (tv Z, y) (74)
+0yy2 (¢ 2, y)] + [sinz (¢, 2,9)] 0wz (¢, 2,y) + g (¢, 2, y)
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for (t,z,y) € E, with the initial-boundary condition
z(t,z,y) =sintcos (x +y) for(t,z,y) € EyUIEy, (75)

where g (t,2,y) = arctan [3sint cos (x 4 y)] + (6sint + cost) cos (x + y) + 3sint
cos(z + y) cos [sint cos (z + y)| + sintsin (x + y) sin [sin ¢ cos (z + y)].

Observe that the right-hand side of (74) has a strongly nonlinear term and a
quasi-linear term. Note that f (t,x,y, z,p, q) = arctg (qu + %q12+ %qm + q22) +
24 cosz (t,2,y)] (@1 + 3q12 + 3¢21 + qo2) + [sinz (£, 2, y)|p1 + g (¢, x,y) does
not fulfill neither the Lipschitz nor the classical Perron conditions, but the gen-
eralized Perron condition (43) is true with p (y1,92) = y1 + 3y2 and o (t,y) = v.
The function u (¢, z,y) = sintcos (z + y) is an analytic solution of (74), (75).
Put hg = hy = hy = 1073, For each t®™ we use one hundred iterations of the
Newton method to solve the implicit difference scheme. Let €42, Emean be the
largest and mean values, respectively, of the errors |U — v| at time ).,

+(1)

gmam 5mean
0.001 1.31 x 107 461 x 1077
0.002 1.31 x 1076 4.64 x 1077
0.003 1.31 x 107 4.64 x 1077
0.004 1.31 x 107 4.64 x 1077
0.005 1.31 x 1076 4.64 x 1077
0.006 1.31 x 107 4.64 x 1077
0.007 1.31 x 1076 4.64 x 1077
0.008 1.31 x 10~ 4.64 x 1077
0.009 1.31 x 107 4.64 x 1077
0.010 1.31 x 1076 4.64 x 1077

Table 1: Errors of the difference method with T),

Note that the Courant-Friedrichs-Levy condition (71) for such steps is not
satisfied and the explicit method given in [26] is not convergent. In fact, the
eITOTS Emazs Emean Of that method exceeded 10% and 10**, respectively.

Example 6.2. Consider the quasi-linear differential integral equation with de-
viated variables

Oz (t,x,y) = {2+c0s (/z /Zz(t,g, ¢) d(d&)]

X [Opgz (t, 2, y) + Opyz (t, 2, y) 4+ Oyyz (t, 2, y)]
+ [sinz (¢, z,y)] 0x2 (t,z,y) + 2 (0.5t,0,0) + g (¢, x,y)

(76)

for (t,z,y) € E, with the initial-boundary condition
z(t,x,y) =sintcos (x +y) for (t,z,y) € EyUOIEy, (77)
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where g(t,z,y)=(6sint+cost) cos(z+y) + 3sint cos(x+y) cos(4 sint sin x sin y)
+sintsin(z+y) sin[sin ¢ cos(z+y)] — sin(0.5¢).

Note that f (t,2,y, 2,p,q) = |2+cos (7, [, 2 (1,6 Q) dCdg) | (an + Sao
+ %qm + ng) +[sinz (t, z,y)] p1 + 2 (0.5¢,0,0) + g (¢, z,y) does not fulfill neither
the Lipschitz nor the classical Perron conditions, but the generalized Perron
condition (43) is true with p(y1,¥2) = y1 + 12y + 1 and o (t,y) = y. The
function w (t,z,y) = sintcos (z + y) is an analytic solution of (76), (77). Put
ho = hy = hy = 1073, For each t™ we use the method of an inverse matrix to
solve the implicit difference scheme. Let €,,42, Emean be the largest and mean
values, respectively, of the errors |[U — v| at time ¢,

+()

Emazx Emean
0.001 9.99 x 10~ 7.03 x 10714
0.002 1.99 x 1073 1.40 x 1073
0.003 2.99 x 1073 2.11 x 1073
0.004 3.99 x 1073 2.81 x 1073
0.005 4.99 x 1073 3.51 x 1073
0.006 5.99 x 1073 422 x 1073
0.007 6.99 x 1073 4.92 x 1073
0.008 7.99 x 1073 5.63 x 1073
0.009 8.99 x 1073 6.33 x 1073
0.010 9.99 x 1073 7.03 x 1073

Table 2: Errors of the difference method with 73,

Note that the Courant-Friedrichs-Levy condition (72) for such steps is not
satisfied and the explicit method given in [26] is not convergent. In fact, the
eITOTS Epmazs Emean Of that method exceeded 102 and 10%°, respectively.

Example 6.3. Consider the quasi-linear differential integral equation with de-
viated variables

Oz (t,x,y) = Opez (t,2,y) + Oyyz (t, 2, y)
+ [cos (/x /y 2 (t,€,Q) dgdﬁ)} Oayz (t, 3, y) (78)
+ [sin 2 (t,?vi y;]yaxz (t,x,y) + 2 (0.5t,0,0) + g (t, z,y)
for (t,z,y) € E, with the initial-boundary condition
z(t,x,y) =sintcos (v +y) for (t,z,y) € EyUIEy, (79)

where g(t,2,y) = (2sint+cost) cos(x+y) + sint cos(z+y) cos(4sint sin z siny)
+sint sin(z+y) sin[sin t cos(z+y)] — sin(0.5¢).
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Note that f(t,2,9,2,p,q¢) = qi1 + Go2 + & [Cos <f fy (t,€,Q) d§d§>] q12

+1 [COS <f fy (t,€,0) dCdﬁ)] qo1 + [sin 2(t, z,y)] p1 + 2(0.5¢,0,0) + g(t, z, )
does not fulfill neither the Lipschitz nor the classical Perron conditions, but
the generalized Perron condition (43) is true with p (y1,42) = y1 + 6y2 + 1 and
o (t,y) = y. The function u (¢, z,y) = sintcos (z + y) is an analytic solution of
(78), (79). Put hg = hy = hy = 1073. For each t*) we use the method of an
inverse matrix to solve the implicit difference scheme. Let €,,42, Emean b€ the
largest and mean values, respectively, of the errors |[U — v| at time ¢,

t(ﬂ) Emax Emean
0.001 9.98 x 10~ 7.03 x 10~*
0.002 1.99 x 1073 1.40 x 1073
0.003 2.99 x 1073 2.11 x 1073
0.004 3.99 x 1073 2.81 x 1073
0.005 4.99 x 1073 3.51 x 1073
0.006 5.99 x 1073 422 x 1073
0.007 6.99 x 1073 492 x 1073
0.008 7.99 x 1073 5.63 x 1073
0.009 8.99 x 1073 6.33 x 1073
0.010 9.99 x 1073 7.03 x 1073

Table 3: Errors of the difference method with 7T),

Note that the Courant-Friedrichs-Levy condition (72) for such steps is not
satisfied and the explicit method given in [26] is not convergent. In fact, the
eITOTS Emazs Emean Of that method exceeded 10%' and 10?°, respectively.

The results shown in the tables are consistent with our mathematical anal-
ysis. The tables of errors are typical of difference methods.
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